Weierstraß–Institut

für Angewandte Analysis und Stochastik

im Forschungsverbund Berlin e.V.

Preprint ISSN 0946 – 8633

On Polynomial Collocation for Second Kind Integral Equations with Fixed Singularities of Mellin Type

G. Mastroianni^1, C. Frammartino^1, and A. Rathsfeld^2

submitted: 13th February 2002

1 Dipartimento di Matematica Università degli Studi della Basilicata C/da Macchia Romana I-85100 Potenza Italy E-Mail: mastroianni@pzmath.unibas.it frammartino@pzmath.unibas.it

2 Weierstraß-Institut für Angewandte Analysis und Stochastik Mohrenstr. 39 D-10117 Berlin Germany E-Mail: rathsfeld@wias-berlin.de

Preprint No. 715 Berlin 2002

WIAS

1991 Mathematics Subject Classification. 45L10, 65R20, 65N38.

Key words and phrases. integral equation of the second kind, Mellin kernel, polynomial collocation, convergence rate, quadrature, recursion.

Edited by Weierstraß–Institut für Angewandte Analysis und Stochastik (WIAS) Mohrenstraße 39 D — 10117 Berlin Germany

Fax: + 49 30 2044975 E-Mail (X.400): c=de;a=d400-gw;p=WIAS-BERLIN;s=preprint E-Mail (Internet): preprint@wias-berlin.de World Wide Web: http://www.wias-berlin.de/

Abstract

We consider a polynomial collocation for the numerical solution of a second kind integral equation with an integral kernel of Mellin convolution type. Using a stability result by Junghanns and one of the authors, we prove that the error of the approximate solution is less than a logarithmic factor times the best approximation and, using the asymptotics of the solution, we derive the rates of convergence. Finally, we describe an algorithm to compute the stiffness matrix based on simple Gauß quadratures and an alternative algorithm based on a recursion in the spirit of Monegato and Palamara Orsi. All together an almost best approximation to the solution of the integral equation can be computed with O(n^2[log n]^2) resp. O(n^2) operations, where n is the dimension of the polynomial trial space.

1 Introduction

A lot of mathematical problems in mathematics, physics, and engineering can be reduced to the solution of a second kind integral equation over the interval with a kernel function in form of a Mellin convolution or, more generally, to a Cauchy singular integral equation with additional terms of Mellin convolution type (cf. e.g. [8, 3]). For the numerical solution of such equations, many different methods have been proposed including spline methods (cf. [33]), quadrature methods based on composite rules (cf. [16, 23]), h − p methods (cf. [10]), as well as discretization schemes based on polynomial approximation (cf. [7, 21, 33]). The polynomial methods are the best possible if weighted polynomials form the eigenfunctions of the integral operators. Usually, these p-methods converge exponentially fast. In applications where exponential convergence is not possible or not realistic, we believe that, nevertheless, the polynomial methods are best even if asymptotic error estimates predict the same rate of convergence for h or for h-p methods. This fact has been observed in many similar situations (cf. [31, 30, 36]). Moreover, inside the class of polynomial methods, we expect the Nyström method to be faster than collocation and collocation to be faster than Galerkin. The errors, however, should be smaller for Galerkin than for collocation resp. smaller for collocation than for the Nyström method, the last fact being confirmed in [25]. So the polynomial collocation seems to be a good compromise between low complexity and high approximation order.

Motivated by applications to complex iterative procedures for non-linear problems, Junghanns, Roch, Silbermann, Weber, and one of the authors have started to analyze the collocation for Cauchy singular equations in the case that no invariance property for the polynomial trial spaces is satisfied [22, 20, 18]. To combine the collocation method with transformation techniques and to treat new kind of equations, Junghanns and one of the authors have derived a quite general stability and convergence result for Cauchy singular equations including perturbations of Mellin convolution type. On the other hand, Russo and one of the authors have obtained new results on the Marcinkiewicz inequality and on the error of polynomial interpolation [26]. The goal of this paper is to combine the stability and the approximation result to derive an error estimate for the collocation at least for the special case of second kind equations including Mellin convolutions. Note that a collocation for a special equation of this type has been proposed in [25], but no proof has been given so far.

The decisive point for the applicability of such a collocation scheme is the computation of the collocation matrix. A naive approach to compute the integrals of the global trial functions in the entries of the collocation matrix may lead to an operation count of O(n^3), where n denotes the number of degrees of freedom. A more sophisticated approach based on composite quadrature rules over geometrically graded meshes and on Gauß quadratures for oscillatory weight functions leads to a complexity of O(n^2[log n]^2). Note that the proof of the fact that the quadrature approximated collocation is a small perturbation of the exact collocation and has the same order of convergence is a rather standard. Indeed, one only has to apply exponential error estimates of Gauß rules for analytic functions. However, we abstain from repeating these arguments here. Following an approach by Monegato and Palamara Orsi, we consider special kind of rational Mellin convolution kernels and propose a recursive algorithm for the assembling of the matrix. Unfortunately, this recursion of [29] is unstable for integrals of smooth Mellin kernels, i.e. the recursion applied to almost singular Mellin kernels is to be combined with a quadrature algorithm for integrals of smooth Mellin kernels. Of course, the quadrature algorithm is more time consuming than the recursion. So we present a new modification of the recursive algorithm which is stable. All together we arrive at an algorithm with no more than O(n^2) arithmetic operations. Moreover, we hope that the presented ideas can be useful also for the design of fast O(n) algorithms, which are analyzed so far for h-methods, only.

For simplicity sake, we restrict ourselves throughout this paper to Mellin convolutions with singularities fixed at the left end-point of the interval. The case of additional Mellin kernels with singularities fixed at the right end-point of the interval can be analyzed in the same manner. Moreover, the results remain true if the Mellin operators are multiplied not only from the left but also from the right by a smooth function, or if a finite sum of such operators appears. The smoothness assumptions on the right-hand side, on the kernels and on their Mellin transforms can, obviously, be relaxed. For instance, the C^∞ regularity can be replaced by a differentiability condition of finite degree depending on the rate of convergence. The error estimate and algorithm for the Cauchy singular operator equation will be considered in a forthcoming paper.

The plan of this paper is as follows. First, we shall introduce the integral equation and describe well-known invertibility results on the corresponding integral operator in Section 2. In Section 3 we shall recall the well-known asymptotic expansion for the solution and the transformation technique to improve the asymptotics. The polynomial collocation and a corresponding stability result from a previous paper will be introduced in Section 4. This stability result will be combined with the asymptotics and with results from approximation theory to derive rates of convergence in Section 5. In Section 6 we shall describe an algorithm based on a simple quadrature and an alternative algorithm based on the exploitation of recurrence relations. In particular, we shall show that a polynomial approximation of degree n can be computed with no more than O(n^2) arithmetic operations. Numerical experiments will be presented in Section 7. All technical proofs are shifted to Section 8.

2 The Integral Equation

We consider the second kind integral equation Au = f with fixed singularities of Mellin convolution type given by u(x) + b(x) ∫_1 −1 k ( 1 + x 1 + y ) u(y) 1 + y dy +

∫_1 −1 k_0(x, y) u(y) dy = f(x), −1 < x < 1. (2.1)

Here b is a function from the class C^∞[−1, 1]. The Mellin kernel k is supposed to be a continuous functions over the half axis R_+ := (0, ∞). For two real numbers α and β with α < β, we suppose that the Mellin symbol

^k(z) := ∫_∞ 0 y^{z−1}k(y) dy is analytic in the strip {z ∈ C : α < ℜe z < β}. Moreover, we assume the differentiability and decay condition sup z: α<ℜe z<β | | | d^k dz^k ^k(z)(1 + |z|)^{1+k} | | | < ∞, k = 0, 1, 2, . . . . (2.2) For simplicity, the kernel function k_0 : [−1, 1] × [−1, 1] −→ C and the right-hand side f : [−1, 1] −→ C are supposed to be C^∞ smooth. We consider (2.1) as an operator equation in the weighted Lebesgue space L^2_σ and seek the unknown solution u in L^2_σ. Here, the norm and the inner product in the Hilbert space L^2_σ is given by ⟨u, v⟩_σ := ∫_1 −1 u(y)v(y)σ(y) dy, ‖u‖_σ := √ ⟨u, u⟩_σ , (2.3) where σ is a Jacobi weight σ(y) := (1−y)^{σ+} (1+y)^{σ−} with exponents σ_+ and σ_− such that −1 < σ_± < 1 and α < σ_−/2 + 1/2 < β. According to the three terms on the left-hand side of (2.1) we split the operator A into the sum I + bK + K_0.

The class of equations (2.1) resp. the class of systems of such equations includes important boundary integral equations (cf. e.g. [2, 3]) and equations with fixed singularities (cf. e.g. [8]). It is well known that the Mellin convolution operator I + b(−1)K over the interval can be transformed into a Wiener-Hopf operator over the half axis R_+ simply by substituting the variables x = 2e^{−t} − 1 and y = 2e^{−s} − 1. The Fourier transform of the arising Wiener-Hopf kernel is the Mellin transform ^k of the Mellin convolution kernel k. The perturbation operator bK − b(−1)K + K_0 is compact. Hence, we get

Theorem 2.1 The operator A on the right-hand side of (2.1) is Fredholm if and only if its symbol does not vanish, i.e. if

1 + b(−1)^k ( 1 2 + σ_− 2 + iξ ) ≠ 0, ξ ∈ R. The index of A is zero if and only if the winding number around zero of the symbol curve { 1 + b(−1)^k ( 1 2 + σ_− 2 + iξ ) : ξ ∈ R }

vanishes. Operator A is invertible if and only if it is Fredholm with index zero and if the homogeneous equation Av = 0 has no solution different from zero.

Throughout this paper we shall assume that A is invertible. To guarantee the convergence of the collocation method, to derive the rate of convergence, and to enable a simple algorithm for the assembling of the stiffness matrix, we need further assumptions on k and σ. These conditions will be introduced in the corresponding Sections 4, 5, and 6.

3 The Asymptotics of the Solution and a Transformation Technique

Clearly, the solution u is a C^∞ function over (−1, 1]. The technique to establish the asymptotics of the solution u to (2.1) at −1 is well known for a long time. An abstract setting for a quite general equation including (2.1) is treated in [9]. From this paper we infer

Theorem 3.1 Suppose the assumptions of the last section are satisfied and that the Mellin transform ^k(z) is meromorphic in {z ∈ C : ℜe z < β} with no more than a finite number of poles ζ^p_k , k = 1, 2, . . . , k^p_m and zeros ζ^z_k , k = 1, 2, . . . , k^z_m in each complex strip {z ∈ C : −m < ℜe z < β}, m = 1, 2, . . . . Moreover, we suppose, for any ε > 0, sup z: −m+ε<ℜe z<β−ε |z−ζ^p_{k′} |>ε, k^′=1,2,...,k^p_m

| | | d^k dz^k ^k(z)(1 + |z|)^{1+k} | | | < ∞, k = 0, 1, 2, . . . .

Then the solution u of (2.1) admits the asymptotic expansion u(x) ∼ ∞∑ i=0 m_i∑

k=0 λ_{i,k}(1 + x)^{κi} [log(1 + x)]^k, x −→ −1. (3.1)

Here, the λ_{i,k} are complex coefficients, the m_i are non-negative integers, and the exponents κ_i are complex numbers with ℜe κ_0 ≤ ℜe κ_1 ≤ ℜe κ_2 ≤ . . . and ℜe κ_i −→ ∞ for i −→ ∞.

The numbers −κ_i are the poles of the Mellin transform ^f of the right-hand side f in (2.1), the zeros of the Mellin transform 1 + b(−1)^k, and the shifts of these points by negative integers. The m_i correspond to the multiplicity of these poles and zeros. Note that, for smooth right-hand sides f, the zeros of ^f are the non-positive integers. Since we consider solutions in L^2_σ only, we may suppose ℜe κ_0 > −1/2 − σ_−/2.

Unfortunately, the singular terms in (3.1) are difficult to approximate by polynomials and by other continuous functions if κ_i is not an integer and if ℜe κ_i is small. Therefore, we recommend to apply the following transformation technique to produce an equivalent equation with larger exponents in the asymptotic expansion (3.1): We simply introduce a bijective transformation of the interval Φ : [−1, 1] −→ [−1, 1], substitute the variables x and y in (2.1) by x = Φ(t) and y = Φ(s), and multiply the equation by the expression √ Φ^′(t)(1 + Φ(t))^{σ−} /(1 + t)^{σ−} . Setting

ũ(t) := u ( Φ(t) ) √ Φ^′(t)

(1 + Φ(t))^{σ−} (1 + t)^{σ−} , f̃(t) := f ( Φ(t) ) √ Φ^′(t)

(1 + Φ(t))^{σ−} (1 + t)^{σ−}

(3.2) and assuming Φ(t) ∼ t for a neighbourhood of the point 1, we get ‖u‖_σ ∼ ‖ũ‖_σ, and (2.1) is equivalent to

ũ(t) +

∫_1 −1 ~k(t, s) ũ(s) ds = f̃(t), −1 < t < 1, (3.3) ~k(t, s) := { b ( Φ(t) ) k ( 1 + Φ(t) 1 + Φ(s) ) 1 1 + Φ(s)

+ k_0 ( Φ(t), Φ(s) )} × √ Φ^′(t)

(1 + Φ(t))^{σ−} (1 + t)^{σ−} √ Φ^′(s)

(1 + Φ(s))^{−σ−} (1 + s)^{−σ−} . If the interval transformation satisfies 1 + Φ(t) ∼ (1 + t)^q with q a real number greater or equal to one, then (3.3) is of the same structure as (2.1). Though, for practical implementations, we recommend a transformation in the spirit of [23], we now consider the simplest transformation 1 + Φ(t) = 2^{1−q}(1 + t)^q with an integer parameter q ≥ 1, i.e. we set Φ(t) = 2^{1−q}(1 + t)^q − 1. In this case the kernel ~k takes the form ~k(t, s) := { b ( Φ(t) ) k ( (1 + t)^q (1 + s)^q ) 1 2^{1−q}(1 + s)^q

+ k_0 ( Φ(t), Φ(s) )} × q2^{1−q}(1 + t)^{(q−1)/2} (1 + t)^{qσ−/2} (1 + t)^{σ−/2}

(1 + s)^{(q−1)/2} (1 + s)^{−qσ−/2} (1 + s)^{−σ−/2} = b ( Φ(t) ) m ( 1 + t 1 + s ) 1 1 + s + k_0 ( Φ(t), Φ(s) ) q2^{1−q}(1 + t)^{(q−1)(1+σ− )/2}(1 + s)^{(q−1)(1−σ−)/2},

m(t) := qk (t^q) t^{(q−1)(1+σ− )/2} , ^m(z) = ^k ( z + (q − 1)(1 + σ_−)/2 q ) . Though the kernel of the non Mellin part is not perfectly smooth, we get the asymptotic expansion from (3.2) and (3.1). ũ(t) ∼ ∞∑ i=0 m_i∑

k=0 ~λ_{i,k}(1 + t)^{~κ}i [log(1 + t)]^k, t −→ −1, (3.4)

~κ_i := q [ κ_i +

1 + σ_− 2 ] − 1 + σ_− 2 . Hence, due to ℜe κ_i > −1/2 − σ_−/2, we can make ℜe ~κ_i as large as we like if we choose q sufficiently large. Since (3.3) is of the same type as (2.1), the convergence results and the results on the assembling of the stiffness matrix from the subsequent sections apply to the transformed equation (3.3) and provide improved orders of convergence. Moreover, the presented transformation technique is also useful to enforce the condition (4.3) for the convergence of the collocation.

Sometimes it is helpful to choose the parameter q of the transformation such that ~κ_0 is not large but a non-negative integer. If the multiplicity m_0 is zero and if the real parts of ~κ_i, i > 0 are sufficiently large, then the resulting function ũ with the asymptotic expansion (3.4) can be approximated by polynomials with high rates of convergence. On the other hand, if κ_0 is the unique exponent κ_i in (3.1) with minimal real part and if its multiplicity index m_i is zero, then often (2.1) is multiplied by (1 + x)^{−κ0} and a new unknown function ũ(x) := u(x)(1 + x)^{−κ0} is introduced. This way the badly behaving first term λ_{i,0}(1 + x)^{κ0} is transformed into a constant term which is easy to approximate by polynomial functions. We note, however, that, in contrary to the transformation technique leading to (3.3), such a multiplication step may change the invertibility properties of the equation and the new solution may be a completely different one.

4 Collocation Based on Polynomial Trial Functions

We set ϑ_± := 1/4 − σ_±/2 and consider the new Jacobi weight ϑ(x) := (1 − x)^{ϑ+} (1 + x)^{ϑ−} . For n ∈ N, we introduce the trial space ϑP_n of complex valued polynomials of degree less than n multiplied by ϑ. The collocation points are the zeros of the nth orthogonal polynomial corresponding to the the Chebyshev weight φ(x) := √ 1 − x^2, i.e. they are defined by x^φ_{kn} := cos(πk/(n + 1)), k = 1, 2, . . . , n. Now the collocation method consists in seeking an approximate solution u_n ∈ ϑP_n of u the solution to Au = f by solving

(Au_n) (x^φ_{kn}) = f (x^φ_{kn}) , k = 1, 2, . . . , n. (4.1)

This system can be written equivalently as A_nu_n := M_nf, where A_n := M_nA|_{ϑPn} and where M_n denotes the interpolation projection given by M_nf ∈ ϑP_n and M_nf(x^φ_{kn}) = f(x^φ_{kn}), k = 1, . . . , n. Introducing the Chebyshev polynomial of the second kind U_n(x) := √ 2/π sin((n + 1) arccos(x))/ sin(arccos(x)) and choosing the Lagrange basis

ℓ̃^φ_{kn}(x) := ϑ(x) ϑ(x^φ_{kn}) U_n(x) (x − x^φ_{kn})U^′_n(x^φ_{kn}) , (4.2)

the projection M_n is given by M_nf := ∑_n k=1 f(x^φ_{kn})ℓ̃^φ_{kn}. Now the collocation is called convergent if, for any f ∈ L^2_σ and for any f_n ∈ ϑP_n with f_n −→ f, the solution u_n of A_nu_n = f_n exists uniquely at least for sufficiently large n and if this u_n tends to the exact solution u of Au = f in the norm of L^2_σ . Endowing the trial space ϑP_n with the norm induced from the space L^2_σ , we call the collocation method stable if the approximate operators A_n are invertible at least for n sufficiently large and if the norms ‖A_n‖ and ‖[A_n]^{−1}‖ are bounded uniformly with respect to n. Note that this notion is equivalent to the boundedness of the condition numbers of the matrices of A_n with respect to the scaled basis {ℓ̃^φ_{kn}/ω_{kn}} with ω_{kn} := √ π/(n + 1) √ φ(x^φ_{kn})σ(x^φ_{kn}), φ(x) := √ 1 − x^2 (cf. the subsequent Equation (8.3)).

Next we recall the main result from [19] for the special case of our equation (2.1). To this end we need the following notation. We suppose the condition (recall the conditions α < 1/2 + σ_−/2 < β and −1 < σ_− < 1 from Section 2) α < σ_− 2 < 1 + σ_− 2 < β. (4.3)

Furthermore, we introduce the operator A_− := (a^−_{j,k})^∞_{j,k=0} ∈ L(ℓ^2), which is a limit of the discretized operators A_n, as follows. We denote the matrix of A_n with respect to the Lagrange basis {ℓ̃^φ_{kn}} by (a^n_{j,k})^n_{j,k=1} and define the entry a^−_{j,k} of A_− by the limit relation

a^−_{j,k} := lim_{n−→∞}(j + 1)^{1/2−σ−} a^n_{(j+1),(k+1)}(k + 1)^{−1/2+σ−} .

In [19] the existence of the limit A_− has been shown and an integral representation has been derived. Moreover, it has been proved that the limit belongs to the Gohberg-Krupnik algebra of operators generated by Toeplitz matrices with piecewise continuous generator functions. For operators of this algebra, Fredholm property and index are known. The main result of [19] applied to the case of second kind equations with Mellin convolution kernels claims

Theorem 4.1 Suppose the conditions of Section 2 and (4.3) are satisfied. Then the collocation method is convergent and stable if and only if

i) The operator A ∈ L(L^2_σ) is invertible (cf. Theorem 2.1). ii) The null space of the operator A_− ∈ L(ℓ^2) is trivial.

Remark 4.1 In principle condition i) is easy to check. The Fredholm property with index zero follows according to Theorem 2.1 if the Mellin symbol ^k is known. The additional condition on the triviality of the null space of A follows usually from the physical background or from an equivalence to a boundary value problem for a partial differential equation. To check condition ii), however, seems to be hopeless in the general case. Therefore, it is good to know that condition ii) is not “essential” in the sense that the case of condition i) fulfilled but condition ii) violated is very rare and exceptional: Indeed, fix a Mellin kernel k_M , and a smooth kernel k_0, as well as σ. Choose k = zk_M with z ∈ C . Consider the set Σ of all complex numbers z such that condition i) holds. The set of points in Σ such that condition ii) is violated is at most countable, and the accumulation points of this set are in the complement C \ Σ. If the exceptional case should occur, then the numerical method should be modified slightly. One way to do this is the so called i_∗ modification introduced in [16] and used also e.g. in [23, 33].

Note that the additional assumption σ_± ≠ 1/2 in (2.7) of [19] is dropped in the last theorem. For our special case (2.1), this assumption is redundant. Indeed, let us have a look, for instance, at the condition σ_− ≠ 1/2. Since there is no Cauchy singular operator in the equation, we may apply the main theorem of [19] equivalently to the modified equation (with a slightly relaxed continuity assumption on the kernel k_0) ũ(x) + b(x) ∫_1 −1 k ( 1 + x 1 + y ) [ 1 + x 1 + y ]_ε ũ(y) 1 + y dy + ∫_1 −1 k_0(x, y) [ 1 + x 1 + y ]_ε ũ(y) dy = f(x)(1 + x)^ε, −1 < x < 1,

where ε > 0 is chosen sufficiently small and where the modified integral operator is considered in L^2_{~σ} with ~σ(x) := (1 − x)^{σ+} (1 + x)^{σ−−2ε}. This way we arrive at the same numerical solution and we measure the error in the same norm.

5 The Rate of Convergence

Next we derive the error estimate. We suppose that the conditions for the convergence of the collocation method (cf. Theorem 4.1) are satisfied and that the formula (3.1) for the asymptotics is valid. Moreover, since the solution u is smooth in the neighbourhood of

1, we have to approximate u by polynomials without weight in the vicinity of 1. In other words, we choose σ_+ := 1/2. We prepare the estimation of the error of collocation u − u_n by the following three lemmata dealing with the interpolation error of u, with a smoothing property of K, and with the continuity of the interpolation M_n mapping the space C_ν into L^2_σ. Here, for the Jacobi weight ν(x) := (1 − x)^{ν+} (1 + x)^{ν−} , ν_± := (σ_± + 1)/2, the space C_ν is the Banach space of all functions v continuous on (−1, 1) such that the norm ‖v‖_{ν,∞} := sup_{x: −1<x<1} |v(x)ν(x)| is finite. Moreover, from now on we use the letter C to denote a generic constant the value of which varies from instance to instance.

Lemma 5.1 Suppose σ_+ := 1/2 and (3.1) for u ∈ C^∞(−1, 1]. Furthermore, denote by j ≥ 0 the lowest integer index such that the corresponding exponent κ_j in (3.1) satisfies either [κ_j + σ_−/2 − 1/4] ∉ Z ∩ [0, ∞) or m_j ≠ 0. Then the interpolation error can be estimated as ‖u − M_nu‖_σ ≤ Cn^{−1−2ℜe κj −σ−} { [ log n]^{mj} if [κ_j + σ_−/2 − 1/4] ∉ Z ∩ [0, ∞) [ log n]^{mj −1} if [κ_j + σ_−/2 − 1/4] ∈ Z ∩ [0, ∞).

(5.1)

Lemma 5.2 Suppose that k_0 is a C^∞ kernel function and that k satisfies (2.2) with α and β such that α < 1/2 + σ_−/2 < β. Both the Mellin convolution operator K with the Mellin kernel k and the integral operator K_0 with the kernel function k_0 map L^2_σ continuously into C_ν .

Lemma 5.3 The interpolation projections M_n are continuous operators from C_ν to L^2_σ, and, for a constant C > 0 independent of n and of v ∈ C_ν , we get ‖M_nv‖_σ ≤ C √ log n ‖v‖_{ν,∞}. (5.2) The proofs for the last three lemmata will be given in Section 8.

From the continuous equation Au = f and the approximate equation A_nu_n = M_nf including the stable sequence of approximate operators A_n, we arrive at u − u_n = u − M_nu + M_nu − A^{−1}_n M_nf = u − M_nu + A^{−1}_n [M_nAM_nu − M_nAu] , ‖u − u_n‖_σ ≤ ‖u − M_nu‖_σ + C‖M_nA[M_nu − u]‖_σ, C := sup_n ‖A^{−1}_n ‖ < ∞.

Using (5.2), A = I + bK + K_0, and M_nI[M_nu − u] = 0, we continue ‖u − u_n‖_σ ≤ ‖u − M_nu‖_σ + C √ log n ‖[bK + K_0][M_nu − u]‖_{ν,∞}. However, the operator of multiplication by the bounded continuous function b is bounded in C_ν and the smoothing properties of K and K_0 in Lemma 5.2 yield ‖u − u_n‖_σ ≤ ‖u − M_nu‖_σ + C √ log n ‖M_nu − u‖_σ ≤ C √ log n ‖u − M_nu‖_σ. This together with (5.1) implies

Theorem 5.1 Suppose the assumptions in Section 2 and the assumptions and convergence conditions of Theorem 4.1 are fulfilled. Finally, suppose u ∈ C^∞(−1, 1] and (3.1). If j ≥ 0 denotes the lowest integer index such that the corresponding exponent κ_j in (3.1) satisfies either [κ_j + σ_−/2 − 1/4] ∉ Z ∩ [0, ∞) or m_j ≠ 0, then the error u − u_n of the polynomial collocation method (4.1) satisfies ‖u − u_n‖_σ ≤ Cn^{−1−2ℜe κj −σ−} { [ log n]^{mj +1/2} if [κ_j + σ_−/2 − 1/4] ∉ Z ∩ [0, ∞) [ log n]^{mj −1/2} if [κ_j + σ_−/2 − 1/4] ∈ Z ∩ [0, ∞).

6 The Assembling of the Collocation Equations

6.1 A Remark on the Complexity of the Algorithm

Recall that the collocation equations (4.1) can be written as A_nu_n := M_nf where A_n := M_nA|_{ϑPn}. If we use the Lagrange basis (4.2) and seek u_n in the form u_n := ∑_n 1 u_n(x^φ_{kn})ℓ̃^φ_{kn}, then A_nu_n := M_nf is equivalent to the linear system of equations ( a^n_{j,k} )_n j,k=1 ( u_n(x^φ_{kn}) )_n k=1 = ( f(x^φ_{jn}) )_n j=1 , a^n_{j,k} := ( Aℓ̃^φ_{kn} ) (x^φ_{jn}). (6.1)

Due to the stability result of Theorem 4.1 and the subsequent Marcinkiewicz equality (8.3), the condition numbers of the diagonally preconditioned stiffness matrices (a^n_{j,k})^n_{j,k=1} are bounded uniformly with respect to n (compare [24]). Thus we can solve (6.1) iteratively by no more than O(n^2) arithmetic operations.

More precisely, such an iterative solution of the linear system up to the size of the discretization error of Theorem 5.1 requires O(log n) iteration steps and O(n^2 log n) operations. To get rid of the log n factor in the asymptotic complexity analysis, one has to consider a sequence of discretization levels with n = n_k := 2^k from the lowest level n_0 = 1 to a highest level n_K . On each level n = n_k the corresponding system (6.1) is to be solved iteratively up to an accuracy in the size of the discretization error for the level n = n_k described in Theorem 5.1. The initial solution for the iteration on level n_k is taken to be the interpolation of the final solution of the previous level n_{k−1} if k > 0 and to be zero if k = 0. This way the number of necessary iteration steps stays bounded independently of the level n_k, and the number of all arithmetic operations is O(n^2). If the system (6.1) is selfadjoint positive definite or can be transformed to such a system by multiplying with diagonal matrices, then one should choose the conjugate gradient method for the iterations. If the system (6.1) is not of such a structure, then, for example, the GMRes method seems to be a good choice.

In practical computations, however, the iterative solver is usually implemented such that an estimated solution error is less than a prescribed tolerance like the machine precision. Though this requires more operations than the preceding optimal multilevel approach, we prefer the usual way for its simplicity.

In order to get an overall algorithm of complexity O(n^2) we should be able to assemble the stiffness matrix (a^n_{j,k})^n_{j,k=1} with no more than O(n^2) arithmetic operations. For special Mellin kernel functions k, we present two different approaches. First (cf. Section 6.2) we introduce a quadrature algorithm which requires O(n^2[log n]^2) arithmetic operations. Second (cf. Section 6.3.1), based on recurrence relations, we propose an algorithm of O(n^2) arithmetic operations (cf. the analogous methods for special weakly singular operators in [32, 4, 28, 11] and for Mellin operators in [29]). Since the classical recurrence relation becomes seriously unstable, we introduce a non-standard modification in Section 6.3.2. For a precise notion of instability and ill-conditioning, we refer to [5].

6.2 The Assembling by Quadrature

6.2.1. We need the stiffness matrix with respect to the polynomial interpolation basis {ℓ̃^φ_{kn} : k = 1, . . . , n}. However, we shall compute the stiffness matrix with respect to the basis of orthonormal polynomials in the trial space, i.e. we consider the orthonormal basis {ϑU_m : m = 0, . . . , n − 1} of the space ϑP_n ⊂ L^2_σ and determine the first of the two matrices B = ( b^n_{j,m} ) j =1,...,n, m=0,...,n−1 , b^n_{j,m} := ( (bK + K_0)ϑU_m )( x^φ_{jn} ) , C = ( c^n_{j,k} ) j=1,...,n, k=1,...,n , c^n_{j,k} := ( (bK + K_0)ℓ̃^φ_{kn} )( x^φ_{jn} )

for K and K_0 defined with the kernels k and k_0, respectively. To get the matrix C with respect to the interpolation basis {ℓ̃^φ_{kn} : k = 1, . . . , n}, one has to apply the simple basis transform T given by T : ( u_n (x^φ_{kn}) )_n k=1 → ( η_m )_{n−1} m=0 , u_n = n−1∑ m=0 η_m [ ϑU_m ] = n∑ k=1 u_n (x^φ_{kn}) ℓ̃^φ_{kn},

η_m = n∑ k=1 [ √ 2π n + 1 sin ( πk(m + 1) n + 1 ) ϱ (x^φ_{kn}) ] u_n ( x^φ_{kn} ) , ϱ := φ/ϑ. Obviously, since the evaluation of the matrix product C = BT requires O(n^3) operations, this product is never computed. Instead, whenever the iterative solution of (6.1) requires the multiplication of a vector by C, we multiply first by T and then by B.

6.2.2. First we consider the case of the kernel k_0. We have to evaluate the entries of the matrix D = ( d^n_{j,m} ) j =1,...,n, m=0,...,n−1 , d^n_{j,m} := ( K_0ϑU_m )( x^φ_{jn} ) = ∫_1 −1 k_0 ( x^φ_{jn}, y ) U_m(y)ϑ(y) dy.

Clearly, for this integral we use the Gauß quadrature based on the orthogonal polynomials with the weight function ϑ. Suppose this rule is given by

∫_1 −1 f(y)ϑ(y) dy ∼ N∑ ι=1 f(x^ϑ_{ιN} )ω^ϑ_{ιN} . Then the entry d^n_{j,m} of our stiffness matrix is approximated by the quadrature sum

d^n_{j,m} ∼ N∑ ι=1 k_0 ( x^φ_{jn}, x^ϑ_{ιN} ) U_m(x^ϑ_{ιN} )ω^ϑ_{ιN} = N∑ ι=1 d^{ny,n}_{j,ι} d^{tr,n}_{ι,m} , (6.2)

D^{ny} = ( d^{ny,n}_{j,ι} ) j=1,...,n, ι=1,...,N , d^{ny,n}_{j,ι} := k_0 ( x^φ_{jn}, x^ϑ_{ιN} ) ω^ϑ_{ιN} , D^{tr} = ( d^{tr,n}_{ι,m} ) ι =1,...,N m=0,...,n−1 , d^{tr,n}_{ι,m} := U_m(x^ϑ_{ιN} ).

In other words, since we use the same quadrature rule for all entries, the matrix D is approximated by the product of the two matrices D^{ny} and D^{tr}. The matrix D^{ny} is a typical Nyström discretization of K_0 and D^{tr} is a transform which maps the vector of coefficients with respect to the basis of orthogonal polynomials to the vector of function values evaluated at the quadrature knots. To ensure a small quadrature error in (6.2), we choose N such that the Gauß quadrature rule is exact at least for all polynomials U_m with m < n, i.e. such that n/2 < N < Cn. Using U_m(x) := √ 2/π sin((m+1) arccos(x))/ sin(arccos(x)) and assuming that each value of the kernel k_0 can be computed with a fixed number of operations, the matrices D^{ny} and D^{tr} can be computed with no more than O(n^2) arithmetic operations. Similarly to the matrix product C = BT in Subsection 6.2.1, for a fast algorithm, the product D^{ny}D^{tr} must not be computed. Instead, whenever the iterative solution of (6.1) requires the multiplication of a vector by D, we multiply by D^{tr} and by D^{ny} separately.

For the quadrature error in (6.2), we remark that at most n − 1 degrees of the polynomial exactness degree 2N − 1 of the Gauß quadrature are used to approximate the polynomial U_m in the quadrature. The remaining N^′ := 2N − 1 − (n − 1) degrees are spent for the approximation of the kernel k_0. If this polynomial approximation error is less than the discretization error (cf. Theorem 5.1) times an additional O(n^{−1}), then the error due to the quadrature approximation in (6.2) is less than the discretization error. In other words the convergence estimate in Theorem 5.1 remains valid for the approximate solution u_n computed with the quadrature discretization (6.2) if the Gauß order N is chosen such that sup −1≤x≤1 sup_{p∈P} N′ ‖ ‖ ‖k0(x, ·) − p ‖ ‖ ‖_{L∞} ≤ C n^{−2−2ℜe κj −σ−} [ log n]^{mj +1/2}. No doubt, this is satisfied for C^∞ kernels k_0 if N > n(1/2 + ε) for any prescribed small real number ε > 0. If ε is sufficiently large, then the presented algorithm works even for a kernel function k_0 with finite degree of smoothness.

Finally, we remark that, for N = n and σ = φ^{−1}, we get ϑ = φ and the Gauß knots of the quadrature rule and the set of collocation points coincide. In this case D^{tr} is the inverse of transform T from Subsection 6.2.1 and the stiffness matrix with respect to the Lagrange basis {ℓ̃^φ_{kn}} of the collocation discretization for K_0 is simply the matrix D^{ny} of the Nyström method.

6.2.3. Next we turn to the integration of the Mellin kernels which are typically analytic with the exception of fixed singularities at ±1. The additional multiplication operator b in A = I + bK + K_0 results in a simple multiplication of b^n_{j,m} by b(x^φ_{jn}). Hence, for simplicity, we may suppose b ≡ 1. Moreover, we restrict our consideration to the following special case. We suppose that the function k involved in (2.1) takes the form

k(t) := t^χ p_N (t) p_D(t) , (6.3) where χ is a real number and p_N and p_D denote polynomials such that the difference of the degrees deg p_D − deg p_N is greater than zero, such that p_N (0) ≠ 0, and p_D(t) ≠ 0 for 0 ≤ t < ∞. Note that (2.2) holds for such a k with α = −χ and β = −χ+deg p_D −deg p_N . For such kernels, we have to compute E = ( e^n_{j,m} ) j =1,...,n, m=0,...,n−1 ,

e^n_{j,m} := ( KϑU_m )( x^φ_{jn} ) = ∫_1 −1 k ( 1 + x^φ_{jn} 1 + y ) 1 1 + y U_m(y)ϑ(y) dy. In other words, we only have to set up an efficient quadrature rule for the computation of the integral ∫_1 −1 f(y)U_m(y)ϑ(y) dy, f(y) := k ( 1 + x^φ_{jn} 1 + y ) 1 1 + y . Here the integrand function f is analytic on [−1, 1] and meromorphic on C with poles ζ well separated from the set [−1, 1], i.e. such that |ζ + 1| > ε/n, that |ζ − 1| > ε/n, and that |ℜe ζ| > ε min{|ζ + 1|, |ζ − 1|} holds for a fixed ε > 0. Using the formula U_m(y) = √ 2/π sin((m+1) arccos(y))/ sin(arccos(y)) and substituting y = cos(t), we have to approximate

I := √ 2 π ∫_π 0 f ( cos(t) ) ϑ ( cos(t) ) sin ( (m + 1)t ) dt. We define an appropriate quadrature using the techniques of geometrical mesh refinement (cf. [35]) and of product quadrature for oscillatory integrals (cf. [4]). Thus we first introduce a quadrature partition of [0, π] and then we define a quadrature rule for each subinterval.

The quadrature partition is introduced in two steps. First we define a graded mesh with subinterval lengths equal to π/(m+1) times a power of two. This special choice of lengths will help us to restrict the number of precomputed quadrature weights and knots. Then we further subdivide the two intervals adjacent to the end-points 0 and π.

The first partition is given by

0 =: ~t^m_0 < ~t^m_1 < . . . < ~t^m_k′_{+k}′′_{+1} < ~t^m_k′_{+k}′′_{+2} := π, ~t^m_k := πl^m_k m + 1

l^m_k :=

0 if k = 0

m^′_k′ if k = 1 m^′_k′ + ∑_{k−2} j=0 2^{l′k′−1−j} if 1 < k ≤ k^′ + 1 m^′_k′ + ∑_k′_{−1} j=0 2^{l′j} + ∑_{k−k}′_{−2} j=0 2^{l′′j} if k^′ + 2 ≤ k ≤ k^′ + k^{′′} + 1

m + 1 if k = k^′ + k^{′′} + 2.

Here the integer numbers l^′_k, l^{′′}_k, m^′_k′_{+1}, m^{′′}_k′′_{+1} with m + 1 = 2^{l′0} + 2^{l′1} + . . . + 2^{l′k′−1} + m^′_k′ + 2^{l′′0} + 2^{l′′1} + . . . + 2^{l′′k′′−1} + m^{′′}_k′′ and l^′_0 ≥ l^′_1 ≥ . . . ≥ l^′_k′_{−1}, l^{′′}_0 ≥ l^{′′}_1 ≥ . . . ≥ l^{′′}_k′′_{−1}, are defined as follows. We fix a grading parameter q with 0 < q < 1. By recursion we define the numbers l^′_i, m^′_i, i = 1, . . . , k^′ − 1 and l^{′′}_i , m^{′′}_i , i = 1, . . . , k^{′′} − 1. We choose m^′_0 to be the largest integer less or equal to (m+1)/2 and set m^{′′}_0 = (m+1)−m^′_0. Starting with m^′_0, for given m^′_k, we define l^′_k such that 2^{l′k} ≤ q · m^′_k < 2^{l′k+1} and m^′_{k+1} := m^′_k − 2^{l′k} . We proceed for k = 0, . . . , k^′ − 1 until we get q · m^′_k′ < 1. Analogously, we define the numbers l^{′′}_i and m^{′′}_k beginning with m^{′′}_0 . The resulting partition ~t^m_k is graded towards 0 and π. Indeed, we observe

l^m_l = m^′_k′_{+1−l}, l = 1, . . . , k^′ + 1, (1 − q)m^′_i ≤ m^′_{i+1} = m^′_i − 2^{l′i} ≤ m^′_i − 0.5 · 2^{l′i+1} ≤ (1 − q/2)m^′_i, i = 0, . . . , k^′ − 1

and, from these and from the analogous estimates with m^{′′}_i and l^{′′}_i , we conclude the grading conditions (1 − q)~t^m_i ≤ ~t^m_{i−1} ≤ (1 − q/2)~t^m_i , i = 2, . . . , k^′ + 1, (1 − q)[π − ~t^m_i ] ≤ [π − ~t^m_{i+1}] ≤ (1 − q/2)[π − ~t^m_i ], i = k^′ + 1, . . . , k^′ + k^{′′}. The resulting subintervals [~t^m_{i−1}, ~t^m_i ] of the first partition have lengths of the desired form power of two times π/(m + 1) by construction.

To complete the quadrature partition in a second step, we subdivide the two intervals [~t^m_0 , ~t^m_1 ] and [~t^m_k′_{+k}′′_{+1}, ~t^m_k′_{+k}′′_{+2}] adjacent to the end-points 0 and 1. We add the points of { (1 − q)^l~t^m_1 : l = 1, 2, . . . , l^′ } ∪ { π − (1 − q)^l [ π − ~t^m_k′_{+k}′′_{+1} ] : l = 1, 2, . . . , l^{′′} }

to the previous partition {~t^m_l : l = 0, . . . , k^′ + k^{′′} + 2}. Here the integer numbers l^′ and l^{′′} are chosen such that

(1 − q)^{l′} ~t^m_1 ≤ π n < (1 − q)^{l′−1} ~t^m_1 , (1 − q)^{l′′} [ π − ~t^m_k′_{+k}′′_{+1} ] ≤ π n < (1 − q)^{l′′−1} [ π − ~t^m_k′_{+k}′′_{+1} ] . We denote the final partition by {t^{m,n}_k : k = 0, . . . , N_{m,n}}. According to the quadrature partition we split the integral I into the sum of integrals over the subdomains. I = √ 2 π N_{m,n}∑

j=1 I_j , I_j := ∫_tm,n_j t^{m,n}_{j−1} f ( cos(t) ) ϑ ( cos(t) ) sin ( (m + 1)t ) dt. For each of these integrals, we have to introduce a quadrature. We distinguish three cases. First we consider the integrals over the intervals [~t^m_{k−1}, ~t^m_k ], k = 2, . . . , k^′ + k^{′′} + 1, then those over the remaining intervals not adjacent to the end-points, and finally those over the two adjacent intervals [t^{m,n}_0 , t^{m,n}_1 ] and [t^{m,n}_{Nm,n−1}, t^{m,n}_{Nm,n} ].

First suppose I_j is the integral over [~t^m_{k−1}, ~t^m_k ], 2 ≤ k ≤ k^′ + k^{′′} + 1 and, without loss of generality, that 2 ≤ k < k^′ + 1. Substituting t = ~t^m_{k−1} + s2^{l̃}/(m + 1) with l̃ = l^′_k′_{−k+1}, we arrive at I_j = (−1)^{lmk−1} 2^{l̃} m + 1 ∫_π 0 [ fϑ ] ( cos ( ~t^m_{k−1} + s 2 l̃ m + 1 )) sin ( 2^{l̃}s ) ds. To the last integral we apply a product quadrature rule of order n_p. More precisely, we choose the function s → sin(2^{l̃}s) as the product weight and the Gauß-Legendre nodes as quadrature knots. If {x^1_{l,np} : l = 1, . . . , n_p} is the set of zeros of the n_p-th Legendre polynomial, then we get σ^k_{l,np} := π ( 1 2 + 1 2 x^1_{l,np} ) , w^k_{l,np} := ∫_π 0 n_p∏

l^′=1 l^′≠l s − σ^k_l′_{,np} σ^k_{l,np} − σ^k_l′_{,np} sin(2^{l̃}s) ds,

I_j ∼ (−1)^{lmk−1} 2^{l̃} m + 1 n_p∑

l=1 [ fϑ ] ( cos ( ~t^m_{k−1} + σ^k_{l,np} 2 l̃ m + 1 )) w^k_{l,np} .

We note that the integrand s → [fϑ](cos(~t^m_{k−1} + s2^{l̃}/(m + 1))) is analytic, and, due to the geometric quadrature partition, the quotient of length of subdomains over distance to singularity point can be estimate by C|~t^m_k − ~t^m_{k−1}|/~t^m_{k−1} ≤ C~t^m_k /~t^m_{k−1} ≤ C/(1 − q). Consequently, we get an error estimate less than any negative power n^{−r}, r > 0 provided we choose n_p > c_p log n for a suitable constant c_p = c_p(r). In other words a small order n_p is sufficient. For small n_p, the weights w^k_{l,np} can be computed analytically using integration by parts. Alternatively, the weights can be precomputed by quadrature with a larger number of quadrature knots.

Second, we suppose that the integration interval [t^{m,n}_{j−1}, t^{m,n}_j ] of I_j is not adjacent to the endpoints and that it is contained in [~t^m_0 , ~t^m_1 ] or [~t^m_k′_{+k}′′_{+1}, ~t^m_k′_{+k}′′_{+2}]. For the sake of definiteness, we assume [t^{m,n}_{j−1}, t^{m,n}_j ] ⊆ [~t^m_0 , ~t^m_1 ], i.e. 1 < j ≤ l^′. Now the length of the interval is relatively small such that the factor t → sin((m + 1)t), t^{m,n}_{j−1} < t < t^{m,n}_j is not oscillatory anymore. Again the integrand is analytic and we simply apply a Gauß-Legendre rule of order n_g > c_g log n. We get I_j ∼ n_g∑

l=1 [ fϑ ] ( cos ( t^{m,n}_j + t^{m,n}_{j−1} 2 + x^1_{l,ng} t^{m,n}_j − t^{m,n}_{j−1} 2 )) × sin ( (m + 1) ( t^{m,n}_j + t^{m,n}_{j−1} 2 + x^1_{l,ng} t^{m,n}_j − t^{m,n}_{j−1} 2 )) t^{m,n}_j − t^{m,n}_{j−1} 2 w^g_{l,ng} , w^g_{l,ng} := ∫_1 −1 n_g∏

l^′=1 l^′≠l s − x^1_l′_{,ng} x^1_{l,ng} − x^1_l′_{,ng} ds.

The efficient computation of the Gauß-Legendre nodes x^1_{l,ng} , l = 1, . . . , n_g and of the corresponding quadrature weights w^g_{l,ng} , l = 1, . . . , n_g is well established. Third, we suppose the integration interval is [t^{m,n}_0 , t^{m,n}_1 ] or [t^{m,n}_{Nm,n −1}, t^{m,n}_{Nm,n} ]. For the sake of definiteness, we consider [t^{m,n}_0 , t^{m,n}_1 ]. This time the factors t → f(cos(t)) and t → sin((m + 1)t), t^{m,n}_0 < t < t^{m,n}_1 are analytic and non-oscillatory, but t → ϑ(cos(t)) is weakly singular. The singular factor in the last function is t → t^{2ϑ+} . Hence, we apply the Gauß-Jacobi quadrature rule for the weight function [−1, 1] ∋ s → ~ϑ(s) := (1 + s)^{2ϑ+} . Setting ϑ^#(s) := ~ϑ([arccos(s) − t^{m,n}_1 /2] 2/t^{m,n}_1 )^{−1}, the function [fϑϑ^#] turns out to be smooth. With an order n^′_p > c^′_p log n and the Gauß-Jacobi nodes x^{~ϑ}_{l,n}′_p , l = 1, . . . , n^′_p corresponding to the weight ~ϑ, we obtain

I_1 = t^{m,n}_1 2 ∫_1 −1 [ fϑ ] ( cos ( t^{m,n}_1 2 + s t^{m,n}_1 2 )) sin ( (m + 1) ( t^{m,n}_1 2 + s t^{m,n}_1 2 )) ds = t^{m,n}_1 2 ∫_1 −1 [ fϑϑ^# ] ( cos ( t^{m,n}_1 2 + s t^{m,n}_1 2 )) × sin ( (m + 1) ( t^{m,n}_1 2 + s t^{m,n}_1 2 )) ~ϑ(s) ds

∼ n^′_p∑

l=1 [ fϑϑ^# ] ( cos ( t^{m,n}_1 2 + x^{~ϑ}_{l,n}′_p t^{m,n}_1 2 )) × sin ( (m + 1) ( t^{m,n}_1 2 + x^{~ϑ}_{l,n}′_p t^{m,n}_1 2 )) t^{m,n}_1 2 w^p_{l,n}′_p ,

w^p_{l,n}′_p := ∫_1 −1 n^′_p∏

l^′=1 l^′≠l

s − x^{~ϑ}_l′_{,n}′_p x^{~ϑ}_{l,n}′_p − x^{~ϑ}_l′_{,n}′_p ~ϑ(s) ds.

Again the computation of the Gauß-Jacobi nodes x^{~ϑ}_{l,n}′_p , l = 1, . . . , n^′_p and of the corresponding quadrature weights w^k_{l,n}′_p , l = 1, . . . , n^′_p is well established. All together we can compute each entry of the stiffness matrix with no more than O([log n]^2) quadrature knots and arithmetic operations. For the whole matrix we need no more than O(n^2[log n]^2) operations. The error is less than any prescribed power Cn^{−r}, r > 0 if the constants c_p, c_g, and c^′_p for the quadrature rules are chosen suitably large. Hence, the discretized polynomial collocation converges with the same rate as described in Theorem 5.1.

6.3 The Assembling by Recurrence Relations

6.3.1. In Subsection 6.2.2 we have seen how to compute the part of the matrix corresponding to the smooth kernel k_0 with no more than O(n^2) arithmetic operations. Hence, we need a fast recursive algorithm only for the part of the matrix corresponding to the Mellin kernel k. To employ the recursion technique, we need the special type of kernels introduced in (6.3). Clearly, we can split the kernel of (6.3) into the sum

k(t) := I∑ i=1

L_i∑

l=1 B_{i,l} t^χ (t − ζ_i)^l (6.4)

with constant coefficients B_{i,l}, with ζ_i the zeros of p_D, and with L_i the multiplicity of ζ_i. Therefore, we can restrict our consideration to kernels of the form

k_l(t) := t^χ (t − ζ)^l , ^k_l(z) := −π ζ^{z+χ−l} ( z + χ − 1 l − 1 ) e^{−iπ(z+χ)} sin ( π(z + χ) ), (6.5)

ζ^z := e^{z[log |ζ|+i arg ζ]}, 0 < arg ζ < 2π with integer parameters l = 1, . . . , L. We derive the subsequent formulae for this elementary type of kernel. Using (6.4), it is easy to compose the recursion for general kernels k of the type (6.3).

For k = k_l, we have to compute b^{n,l}_{j,m} = (1 + x^φ_{jn})^χM^{m,l}_l (x^φ_{jn}) with the so called modified moments M^{m,l}_l (x^φ_{jn}), i.e. M^{m,l′}_l (x^φ_{jn}) := ∫_1 −1 ϑ(y) (1 + y)^{χ−l+1} U_m(y) [ [1 + x^φ_{jn}] − ζ[1 + y]

]_l′ dy. (6.6)

To compute these by recursion, we replace m by m + 1, insert the recurrence relation U_{m+1}(y) = 2yU_m(y) − U_{m−1}(y) valid for m = 1, 2, . . . , replace the factor y before U_m by the expression ζ^{−1}[(1 + x^φ_{jn}) − ζ] − ζ^{−1}[(1 + x^φ_{jn}) − ζ(1 + y)], and obtain M^{m+1,l′} l (x^φ_{jn}) = 2 [ ζ^{−1}(1 + x^φ_{jn}) − 1 ] M^{m,l′}_l (x^φ_{jn}) − M^{m−1,l′}_l (x^φ_{jn}) − 2ζ^{−1}M^{m,l′−1}_l (x^φ_{jn}), m = 1, 2, . . . . (6.7)

Clearly, this is the recursion for the computation of the second kind Chebyshev polynomials with the additional inhomogeneity −2ζ^{−1}M^{m,l′−1}_l (x^φ_{jn}). Moreover, the point y from the interval [−1, 1] in the recursion for the Chebyshev polynomials is replaced by ζ^{−1}(1 + x^φ_{jn}) − 1. To get the initial values M^{1,l′}_l (x^φ_{jn}) and M^{0,l′}_l (x^φ_{jn}) of the recurrence relation, we use U_1(y) = 2yU_0(y) and U_0(y) = √ 2/π and get from (6.6) with m = 1 that

M^{1,l′}_l (x^φ_{jn}) = 2 [ ζ^{−1}(1 + x^φ_{jn}) − 1 ] M^{0,l′}_l (x^φ_{jn}) − 2ζ^{−1}M^{0,l′−1}_l (x^φ_{jn}). (6.8)

For M^{0,l′}_l (x^φ_{jn}) with ϑ_− −χ+l −1 > −1 and ϑ_+ > −1, we infer from [15, Equation 3.197.8]

M^{0,l′}_l (x^φ_{jn}) := √ 2 π ∫_1 −1 ϑ(y) (1 + y)^{χ−l+1} 1 [ [1 + x^φ_{jn}] − ζ[1 + y]

]_l′ dy (6.9)

= √ 2 π 2^{ϑ++ϑ−−χ+l}(1 + x^φ_{jn})^{−l′} B ( ϑ_+ + 1, ϑ_− − χ + l )

×_2F_1 ( l^′, ϑ_− − χ + l; 1 + ϑ_+ + ϑ_− − χ + l; 2ζ 1 + x^φ_{jn} ) . B(μ, ν) :=

∫_1 0 x^{ν−1}(1 − x)^{μ−1} dx, 2F_1(a, b; c; z) := ∞∑ k=0 (a)_k(b)_k (c)_k z^k k! , (a)_k := a · (a + 1) · . . . · (a + k − 1).

Here B is the beta function and_2F_1 the hypergeometric series. If no good code for the computation of B and_2F_1 is available, then the integrals of M^{0,l′}_l (x^φ_{jn}) can be computed by quadrature. Since the integrand is analytic for y ≠ ±1, a composite quadrature, defined over a partition geometrically graded towards the points ±1 and with appropriate Gauß rule over each subinterval of the partition, will do the job with O(log n) operations (cf.[35] or compare Subsection 6.2.3). For all the n integrals O(n log n) arithmetic operations are required.

The recurrence relation (6.7),(6.8) for a fixed l^′ requires that the values M^{m,l′−1}_l (x^φ_{j,n}), m = 1, 2, . . . have been computed first. Thus we have to compute M^{m,0}_l (x^φ_{j,n}), m = 1, 2, . . . , and then we use (6.7),(6.8) to get the values M^{m,1}_l (x^φ_{j,n}), m = 1, 2, . . . . Using these we use (6.7),(6.8) to get the values M^{m,2}_l (x^φ_{j,n}), m = 1, 2, . . . , and so on.

Finally, it remains to determine the values of M^{m,0}_l := M^{m,0}_l (x^φ_{jn}) which, in fact, are independent of x^φ_{jn}. These modified moments including the Jacobi weight ϑ(y)(1 + y)^{−χ+l−1} and Chebyshev polynomials of the second kind U_m can be computed analogously to the modified moments including the Jacobi weight ϑ(y)(1 + y)^{−χ+l−1} and Chebyshev polynomials of the first kind T_n (cf. [32]). We are grateful to D. Occorsio for pointing out this fact and providing us with the formulae. The recursion is 0 = ( ϑ_+ + ϑ_− − χ + l + m + 1 ) M^{m+1,0} l + 2 ( ϑ_+ − ϑ_− + χ − l + 1 ) M^{m,0}_l + ( ϑ_+ + ϑ_− − χ + l − 1 − m ) M^{m−1,0} l , (6.10)

M^{1,0}_l = 2 ϑ_− − χ + l − 1 − ϑ_+ ϑ_+ + ϑ_− − χ + l + 1

M^{0,0}_l , (6.11)

M^{0,0}_l = √ 2 π 2^{ϑ++ϑ−−χ+l}B ( ϑ_+ + 1, ϑ_− − χ + l ) , (6.12)

where B(·, ·) stands again for the beta function. If no better code for B is available, then the integral M^{0,0}_l can again be computed by quadrature similarly to the integrals in (6.9). We emphasize that all these steps in the recursion for l^′ = 0, . . . , l and for x^φ_{jn}, j = 1, . . . , n require no more than O(n^2) arithmetic operations.

6.3.2. In Section 8 we shall analyze the stability of the recurrence relations. Unfortunately, the recursive algorithm (6.7) is not stable. Therefore, we shall modify the algorithm. Sometimes, if a recursive computation is not stable, it is recommended to take the recursion in the backward direction starting from an approximate value for the number with the largest index (cf. [5, 12, 32, 27]). Though this is not helpful in our situation, our modification is in the same spirit.

Clearly, setting z := [ζ^{−1}(1 + x^φ_{jn}) − 1], the solution of the recurrence relations up to m steps is equivalent to the solution of the linear system of equations T_m(g)ξ = η with

T_m(g) :=

1 −2z 1 0 . . . 0 0 1 −2z 1 0 0 0 0 1 −2z 1 0 0

. . .

0 1 −2z 1 . . . . . . 0 1 −2z 0 1

,

ξ := [ M^{m+1,l′} l (x^φ_{jn}), M^{m,l′}_l (x^φ_{jn}), M^{m−1,l′}_l (x^φ_{jn}), . . . ,

M^{2,l′}_l (x^φ_{jn}), M^{1,l′}_l (x^φ_{jn}), M^{0,l′}_l (x^φ_{jn}) ]_T , η := [ − 2ζ^{−1}M^{m,l′−1}_l (x^φ_{jn}), −2ζ^{−1}M^{m−1,l′−1}_l (x^φ_{jn}), −2ζ^{−1}M^{m−2,l′−1}_l (x^φ_{jn}), . . . , −2ζ^{−1}M^{1,l′−1}_l (x^φ_{jn}), −2ζ^{−1}M^{0,l′−1}_l (x^φ_{jn}), M^{0,l′}_l (x^φ_{jn}) ]_T . If we suppose that the value M^{m+1,l}_l (x^φ_{jn}) is known, then we can delete the first column and the last row and write the recursion in the form T_{m−1}(g̃)ξ̃ = η̃ with

T_{m−1}(g̃) :=

−2z 1 0 . . . 0 1 −2z 1 0 0 0 1 −2z 1 0 0

. . .

0 1 −2z 1 . . . . . . 0 1 −2z

,

ξ̃ := [ M^{m,l′}_l (x^φ_{jn}), M^{m−1,l′}_l (x^φ_{jn}), . . . , M^{2,l′}_l (x^φ_{jn}), M^{1,l′}_l (x^φ_{jn}), M^{0,l′}_l (x^φ_{jn}) ]_T , η̃ := [ − 2ζ^{−1}M^{m,l′−1}_l (x^φ_{jn}) − M^{m+1,l′}_l (x^φ_{jn}), −2ζ^{−1}M^{m−1,l′−1}_l (x^φ_{jn}), −2ζ^{−1}M^{m−2,l′−1} l (x^φ_{jn}), . . . , −2ζ^{−1}M^{1,l′−1}_l (x^φ_{jn}), −2ζ^{−1}M^{0,l′−1}_l (x^φ_{jn}) ]_T . Now the modified recursion consist in the following. We compute the value M^{m+1,l′}_l (x^φ_{jn}) by the quadrature approach of Section 6.2.3. The values M^{i,l}_l (x^φ_{jn}), i = 0, 1, . . . , m are determined by solving the system T_{m−1}(g̃)ξ̃ = η̃. This stable tridiagonal system (cf. the last proof in Section 8) can be solved by a direct solver (the so-called sweeping method which is called progonka in Russian [34]) in no more than O(n) operations. Doing so for each x^φ_{jn}, we arrive at an algorithm for the assembling of the matrix with no more than O(n^2) operations.

7 Numerical Test

For our numerical test, we consider the second kind equation of Mellin convolution type (2.1) choosing b ≡ 1 and

k(t) := − 1 π t t^2 + 1 , ^k(z) = − 1 2 cos (_π 2 z ), k_0(x, y) := 1 x + y + 3

. (7.1)

Note that the main part I + K without the integral operator K_0 corresponds to the double layer kernel over a polygon with a reentrant corner of the size 3π/2. The solution u belongs to the space L^∞ and (3.1) turns into

u(x) ∼ λ_0 + λ_1(1 + x)^{2/3} + λ_2(1 + x)^1 + λ_2(1 + x)^{4/3} + . . . , x −→ −1. (7.2)

To improve the asymptotics, we apply the transformation technique of Section 3 setting x = Φ(t) = 2^{1−q}(1+t)^q−1 with q ∈ Z∩[1, ∞). More precisely, we apply the transformation (3.2), (3.3) with σ_− = −1 since this choice results in an isometric transform of the space L^∞. This way we arrive at the equation (3.3) with ~k(x, y) = m([1 + x]/[1 + y])/[1 + y] + ~k_0(x, y) and

m(t) := −q 1 π t^q t^{2q} + 1 , ^m(z) = − 1 2 cos (_π 2 z q ),

~k_0(x, y) := q2^{1−q}(1 + y)^{q−1} [2^{1−q}(1 + x)^q − 1] + [2^{1−q}(1 + y)^q − 1] + 3 . The Mellin kernel k splits into the elementary kernels of Subsection 6.3 according to the formulae −q 1 π t^q t^{2q} + 1 = i 2π 2q−1∑

j=0 (−1)^j e^{iπ[1/2+j]/q} t − e^{iπ[1/2+j]/q} , − 1 π t t^2 + 1 = − 1 π ℜe 1 t − i , −2 1 π t^2 t^4 + 1 = − 1 π ℑm e^{iπ/4} t − e^{iπ/4} + 1 π ℑm e^{i3π/4} t − e^{i3π/4} . The condition (2.2) for the transformed equation (3.3) is fulfilled with α = −q, β = q and the asymptotic expansion (3.1) with

ũ(x) ∼ ~λ_0 + ~λ_1(1 + x)^{2q/3} + ~λ_2(1 + x)^q + ~λ_2(1 + x)^{4q/3} + . . . , x −→ −1. (7.3) Further, we consider L^2_σ again and we choose σ(x) = φ(x) := (1 − x)^{1/2}(1 + x)^{1/2}. The solution ũ ∈ L^2_σ with (7.3) remains unchanged. Due to this weight σ, we get ϑ(x) ≡ 1, and our trial space is the polynomial space P_n without weight. This choice of the trial space is the best possible because the first term λ_0 of the asymptotics (7.3) is contained in P_n. The condition (4.3) holds at least for q ≥ 2. Unfortunately, for q = 1, the technical condition (4.3) is violated. Nevertheless, we conjecture that the polynomial collocation is stable also with q = 1. For definiteness, we choose the right-hand side f such that the solution u is u(x) = (1 + x)^{2/3}. In other words

f(x) := (1 + x)^{2/3} −

(1 + x)^{2/3} 2π [√ 3 2 log ( 2^{2/3} − √ 32^{1/3}(1 + x)^{1/3} + (1 + x)^{2/3} 2^{2/3} + √ 32^{1/3}(1 + x)^{1/3} + (1 + x)^{2/3} )

+2 arctan ( 2^{1/3} (1 + x)^{1/3} ) + arctan ( 2 · 2^{1/3} (1 + x)^{1/3} + √ 3 )

+ arctan ( 2 · 2^{1/3} (1 + x)^{1/3} − √ 3 )]

+ (2 + x)^{−1/3} 6 [ 9 · 2^{2/3}(2 + x)^{1/3} + 6(2 + x) log ( 2^{1/3} + (2 + x)^{1/3} )

−3(2 + x) log ( 2^{2/3} + (2 + x)^{2/3} − 2^{1/3}(2 + x)^{1/3} )

+6(2 + x) √ 3 arctan ( 2 + x − 2 · 2^{1/3}(2 + x)^{2/3} √ 3(2 + x) ) + − √ 3π(2 + x) ] . (7.4) n e_n (q = 1) o_n (q = 1) e_n (q = 2) o_n (q = 2) 1 4.27·10^{−3} 2.46·10^{−1} 2 5.26·10^{−3} -0.30 9.97·10^{−3} 4.63 4 2.69·10^{−3} 0.97 8.52·10^{−4} 3.55 8 8.51·10^{−4} 1.66 6.71·10^{−5} 3.67 16 1.99·10^{−4} 2.10 4.58·10^{−6} 3.87 32 3.96·10^{−5} 2.33 2.87·10^{−7} 4.00 64 7.20·10^{−6} 2.50 1.69·10^{−8} 4.08 128 1.24·10^{−6} 2.54 9.74·10^{−10} 4.12 256 2.08·10^{−7} 2.58 5.51·10^{−11} 4.14 512 3.42·10^{−8} 2.60 3.09·10^{−12} 4.16 1024 5.54·10^{−9} 2.63 1.72·10^{−14} 4.17

Table 1: Convergence of polynomial collocation with k_0 from (7.1).

In accordance with Theorem 5.1, we expect that the error of the collocation method (4.1) is of the size O(n^{−3/2−4q/3}) if q is not a multiple of three.

We have applied the polynomial collocation under the choices q = 1, 2. Using the quadrature algorithm of Section 6.2.3, we have computed the stiffness matrices. The orders of the quadratures n_p, n_g, and n^′_p have been chosen to be the minimal numbers such that increasing these values does not improve the discretization errors. E.g., for n = 512 and q = 1, we have set n_p = 7, n_g = 6, and n^′_p = 7. Clearly, the smaller discretization error for n = 512 and q = 2 requires higher values of quadrature orders. In particular, we have chosen n_p = 13, n_g = 16, and n^′_p = 15. The linear systems of equations have been solved up to an accuracy of 10^{−16} by a few number of GMRes iterations (for the preconditioning of the iterative solver compare [24]). We have determined the approximate values (cf. the subsequent Equation (8.3))

e_n := ‖M_nũ − ũ_n‖_L2_σ = n∑ j=1 | |ũ(x^φ_{jn}) − ũn(x^φ_{jn}) | |^2φ(x^φ_{jn}) sin ( jπ n + 1 ) π n + 1

for the weighted norm error ‖ũ−ũ_n‖_L2_σ of the collocation approximation ũ_n to the solution of (3.3). Approximate values for the orders of convergence (i.e. minus the exponent of n in the estimate of Theorem 5.1) have been computed by

o_n := log e_{n/2} − log e_n log 2 . The values presented in Table 1 are quite close to the predicted values 2.8333 . . . for q = 1 and 4.1666 . . . for q = 2.

Next we have tested the recurrence relation of Section 6.3.1. First, we have computed the generalized moments

M^{m,l′}_1 (x) :=

∫_1 −1 U_m(y) [ (1 + x) − i(1 + y) ]_l′ dy, l^′ = 0, 1, m = 0, 1, 2, . . . .

n e_n (q = 3) o_n (q = 3) 4 6.64·10^{−4} 8 4.41·10^{−5} 3.91 16 1.26·10^{−6} 5.13 32 1.71·10^{−8} 6.20 64 1.33·10^{−10} 7.01 128 7.96·10^{−13} 7.38 256 4.72·10^{−15} 7.40 512 3.94·10^{−16} 3.58

Table 2: Convergence of polynomial collocation with k_0 ≡ 0.

For l^′ = 0, the recursion yields M^{2m+1,0}_1 = 0 and M^{2m,0}_1 = √ 2/π · 2/(2m + 1). Only for the case l^′ = 1, we need to compute by recursion. Choosing x = −0.9 (case of almost singular integral in entry of stiffness matrix), we get, for the recursive approximation of M^{30,1}_1 , an error of 4.22 · 10^{−13}. In other words, to compute almost singular integrals, the unstable recursion is acceptable. However, if x = 1 (case of smooth integrand in entry of stiffness matrix), then we get, for the recursive approximation of M^{30,1}_1 , an error of 1.71 · 10^3, and the unstable recursion must not been used. On the other hand, using the stable recursion from Section 6.3.2, the corresponding errors for M^{m,1}_1 , m = 0, 1, . . . , 29 are less than 4.97 · 10^{−15} and 4.51 · 10^{−16}, respectively. To check the assembling of the stiffness matrix by recursion, we have set the smooth kernel k_0 to zero. Correspondingly, to get the solution u(x) = (1 + x)^{2/3} we have deleted the third term of the right-hand side f in (7.4). Using the recursion from Section 6.3.2 to compute the stiffness matrix, we have obtained exactly the same results as with the quadrature approximated collocation. These results for the case k_0 ≡ 0 are quite similar to those in Table 1. Whereas the calculations for q = 1 and n = 1, 2, 4, 8, . . . , 1024 requires 579 seconds with quadrature, the algorithm with recursion reduces the computing time to 10 seconds (pentium II, 233 MHz). The calculations for q = 2 and n = 1, 2, 4, 8, . . . , 1024 requires 1237 seconds with quadrature and 13 seconds with recursion. Though our quadrature code is not optimized, a reduction in computing time is obvious. Remember that, for each entry of the polynomial collocation, the quadrature is over the whole interval and not over the small support of a finite element function as for spline collocation. Using recursion, the “quadrature” over the whole interval is realized by a very small number of arithmetic operations.

Finally, we have applied the polynomial collocation with transformation parameter q = 3 to the convolution equation with k_0 ≡ 0 and k from (7.1). Again the right-hand side f has been chosen such that u(x) = (1 + x)^{2/3} and ũ(t) = (1 + t)^2. Now the proof of Theorem 5.1 implies that the collocation solution converges faster than any finite power of 1/n. The numerical results in Table 2 confirm this fact as far as this is possible with the limited accuracy (double precision) of the computer.

8 The Proofs

Proof of Lemma 5.1. In this proof, without loss of generality, we shall assume that u(x) = (1 + x)^{κ0} [log(1 + x)]^{m0} . The other terms in the asymptotic expansion (3.1) and smooth remainder terms can be treated in a similar fashion. First, we assume the additional condition [κ_0 + σ_−/2 − 1/4] ∉ Z ∩ [0, ∞).

We denote the polynomial interpolation at the points x^φ_{kn}, k = 1, . . . , n of a function v by L_n(φ, v). Then we get M_nu = ϑL_n(φ, [ϑ^{−1}u]) and ‖u − M_nu‖_σ = ‖ ‖[[ϑ_{−1}u] − L_n(φ, [ϑ_{−1}u])]ϑ√σ ‖ ‖ L^2 = ‖ ‖ ‖ [ [ϑ^{−1}u] − L_n(φ, [ϑ^{−1}u]) ]√ φ ‖ ‖ ‖_{L2} .

To estimate the error of interpolation applied to [ϑ^{−1}u] we utilize Theorem 3.1 of [26] (compare also [6] for estimates similar to the following). According to this we continue ‖u − M_nu‖_σ ≤ C n^{1/2} ∫_{1/n} 0 Ω^k_φ([ϑ^{−1}u], t)^√_{φ,2} t^{1+1/2} dt, k ≥ 1, Ω^k_φ([ϑ^{−1}u], t)^√_{φ,2} := sup_{0<h≤t} ‖ ‖(△^k_{hφ}[ϑ^{−1}u])√φ ‖ ‖_{L2(Ihk)} ,

(△^k_{hφ}[ϑ^{−1}u])(x) := k∑ i=0 (−1)^i ( k i ) [ϑ^{−1}u] ( x + kh 2 φ(x) − ihφ(x) ) , I_{hk} := [−1 + 2h^2k^2, 1 − 2h^2k^2].

However, if we choose k sufficiently large and if we estimate the finite difference operator △^k_{hφ} by the derivative, then we arrive at | |(△^k_{hφ}[ϑ^{−1}u])(x) | | ≤ C ( d^k dx^k [ϑ^{−1}u] ) (x) [hφ(x)]^k ≤ Ch^k(1 + x)^{ℜe κ0−1/4+σ−/2−k/2}[log(1 + x)]^{m0} , (8.1) ‖ ‖(△^k_{hφ}[ϑ^{−1}u])√φ ‖ ‖^2_{L2(Ihk)} ≤ C h^{2k} ∫_{1−h}2_{/C} −1+h^2/C | | |(1 + x)^{ℜe κ0+σ−/2−k/2}[log(1 + x)]^{m0} | | |^2 dx

≤ C h^{2[2ℜe κ0+σ−+1]}[log h^{−1}]^{2m0} . (8.2)

Finally, we obtain

Ω^k_φ([ϑ^{−1}u], t)^√_{φ,2} ≤ C t^{2[ℜe κ0+(σ−+1)/2]}[log t^{−1}]^{m0} , C n^{1/2} ∫_{1/n} 0 Ω^k_φ([ϑ^{−1}u], t)^√_{φ,2} t^{1+1/2} dt ≤ C n^{1/2} ∫_{1/n} 0 t^{2[ℜe κ0+(σ−+1)/2]−3/2}[log t^{−1}]^{m0} dt ‖u − M_nu‖_σ ≤ C n^{2[ℜe κ0+(σ−+1)/2]}

[log n]^{m0} ,

which is the desired error bound.

Analogously, we get the error bound for the alternative cases. The only difference in the treatment of the case [κ_0 + σ_−/2 − 1/4] ∈ Z ∩ [0, ∞) and m_0 > 0 is that one of the logarithmic factors drops out in the estimate for the derivative of [ϑ^{−1}u] (cf. (8.1) and (8.2)). The difference in handling the case [κ_0 + σ_−/2 − 1/4] ∈ Z ∩ [0, ∞) and m_0 = 0 is that the derivatives of [ϑ^{−1}u] in the corresponding estimates (8.1) and (8.2) stay bounded such that the factor h^{2k} leads to arbitrarily high orders of convergence.

Proof of Lemma 5.2. The integral operator K_0 with the smooth kernel function k_0 is well known to map any kind of weighted Lebesgue space into any Banach space of differentiable functions even without weight. In particular, it maps L^2_σ compactly into C_ν . Hence, we only have to prove the assertion for the Mellin operator K. Clearly, the norm of this mapping from L^2_σ to C_ν can be estimated as

‖K‖^2 ≤ sup_{x: −1<x<1} ν(x)^2

∫_1 −1 | | |k ( 1 + x 1 + y ) 1 1 + y σ(y)^{−1/2} | | | 2 dy ≤ C sup x: −1<x<1 ∫_0 −1 | | |k ( 1 + x 1 + y )| | | 2 [ 1 + x 1 + y ]_{1+σ−} 1 1 + y dy + C ≤ C sup x: 0<x<∞ ∫_∞ 0 | | |k ( x y )| | | 2 [ x y ]_{1+σ−} 1 y dy + C. Substituting z = x/y and dz/z = −dy/y, we continue ‖K‖^2 ≤ C ∫_∞ 0 |k(z)|^2 z^{1+σ−} 1 z dz + C ≤ C ∫ ℜe z=(1+σ_−)/2 | | |^k(z) | | |^2 dz + C,

where in the last step we have used the fact that the Mellin transform maps L^2_{σ−/2} isometrically onto the L^2 space over the line {z : ℜe z = (1 + σ_−)/2}. This fact is a simple reformulation of Plancherel’s theorem according to which the classical Fourier transform is unitary. In view of the last estimate, of α < (σ_− + 1)/2 < β and of (2.2), we obtain the desired boundedness property.

Proof of Lemma 5.3. Since the nth order Gauss rule

∫_1 −1 fφ ∼ ∑_n k=1 λ^φ_{kn}f(x^φ_{kn}) with λ^φ_{kn} := π[φ(x^φ_{kn})]^2/(n + 1) corresponding to the Chebyshev weight function φ and the Chebyshev nodes of the second kind x^φ_{kn} is exact for polynomials of degree less than 2n, we obtain (compare also the Marcinkiewicz inequality in [26])

‖M_nv‖_σ = n ∑ k=1 ω^2_{kn} |v (x^φ_{kn})|^2, ω_{kn} := √ π n + 1 φ (x^φ_{kn}) σ (x^φ_{kn}). (8.3)

Consequently, we get ‖M_nv‖_σ ≤ sup_{k=1,... ,n} |v (x^φ_{kn}) ν (x^φ_{kn})| n ∑ k=1 ω^2_{kn} | | |ν (x^φ_{kn})^{−1} | | |^2.

It remains to prove that the last square root is less than a constant times √ log n. However, due to 2(1/4 + σ_±/2 − ν_±) = −1/2, the square of the last square root can be estimated by π n + 1 n∑ k=1 ( 1 − cos ( πk n + 1 ))_{−1/2} ( 1 + cos ( πk n + 1 ))_{−1/2}

≤ C 1 n n/2−1∑

k=1 ( πk n + 1 )_{−1} + C 1 n n∑ k=n/2 ( π[n + 1 − k] n + 1 )_{−1}

≤ C 1 n n/2−1∑

k=1 ( k n )_{−1} + C 1 n n/2∑ k=1 ( k n )_{−1} ≤ C log n .

Proof of the Instability of (6.7) and the Stability of the Modification.

First we consider the linear system of equations T_m(g)ξ = η (cf. Section 6.3.2). The solution ξ and the right-hand side η are finite sections of two infinite vectors containing the Fourier coefficients of two integrable functions with respect to the orthogonal polynomials U_m. Hence, stability may be defined to mean that the condition number of the linear system T_m(g)ξ = η is bounded uniformly with respect to m (cf. e.g. [17, Chapters 7 and 8]). However, the T_m(g) are finite sections of a Toeplitz matrix with the analytic generating function g(t) := 1 − 2zt^{−1} + t^{−2}. The uniform boundedness of the condition numbers of the T_m(g) is equivalent to the condition g(t) ≠ 0 for any t ∈ C with |t| ≥ 1 (cf. [14] and compare the characteristic equation (34) in [13, Section V.4] and (8.7-4) in [1, Section 8.7]). Thus the recursion is stable if and only if the two roots t^{−1}_± of the polynomial g(t) have a modulus less than one, i.e. if |t_±| > 1, t_± := z ± √ z^2 − 1. (8.4)

Unfortunately, we have |t_±| = 1 for real z ∈ [−1, 1]. For any other z, only one of the t_± has a modulus greater than one, and the other modulus is strictly less than one. Thus (8.4) is violated and the recursion is unstable.

To get a better feeling for the kind of instability, we look at the recursion as a form of an iteration. The latter reads as ξ_{m+1} = Eξ_m + η_m with ξ_m := [M^{m,l′}_l (x^φ_{jn}), M^{m−1,l′}_l (x^φ_{jn})]^T and η_m := [M^{m,l′ −1}_l (x^φ_{jn}), 0]^T . The matrix E is given by

E := [ 2z −1 1 0 ] . (8.5)

If the spectral radius of E is larger than one, then the errors will grow exponentially during the iterative process. The spectral radius of E is max{|t_−|, |t_+|} with t_± from (8.4). In other words, we arrive at the same criterion of stability. However, if max{|t_−|, |t_+|} is equal or slightly larger than one and if the maximal number m of recursion steps is not too big, then the errors grow slowly and the recursion computes acceptable values. In particular, for x^φ_{jn} close to −1, the value z is close to −1 resulting in a mild degree of instability.

Next we consider T_{m−1}(g̃)ξ̃ = η̃ (cf. Section 6.3.2). The generating function g̃ of the Toeplitz matrix takes the form g̃(t) := t − 2z + t^{−1}. The uniform boundedness of the condition numbers of the T_{m−1}(g̃) is equivalent to the conditions g̃(t) ≠ 0, |t| = 1 and wind g̃ = 0 (cf. [14]). Here wind g̃ is the winding number of the closed smooth curve {g̃(e^{is}) : 0 ≤ s ≤ 2π}. Observing g̃(e^{is}) = 2[cos s − z], we easily get wind g̃ = 0 for ℑm z ≠ 0. For real z, we get wind g̃ = 0 from |z| > 1.

Concerning the recursion (6.10) we remark the following. For large m the recurrence relation is almost of the form M^{m+1,0}_l = M^{m−1,0}_l . This however can be analyzed as above. The matrix E takes the form (compare (8.5))

E := [ 0 1 0 0 ] . The corresponding eigenvalues have modulus one, which means a slight instability, only.

Acknowledgements. The third author has been supported by a grant of Progetto innovativo GNCS–INDAM during his visit in Potenza. We should like to thank D. Occorsio for a number of valuable comments.

References

[1] Bakhvalov, N.S, Numerical methods- Analysis, algebra, ordinary differential equations, in Russian, (Translations into French, Italian, and Spanish) Nauka, Moscow, 1975.

[2] Costabel, M., Boundary integral operators on curved polygons, Ann. Math. Pura Appl. 133, pp. 305–326, 1983.

[3] Costabel, M. & Stephan, E., The method of Mellin transform for boundary integral equations on curves with corners, Preprint TH Darmstadt 761, Fachbereich Mathematik, 1983.

[4] Davis, P.J. & P. Rabinowitz, Methods of numerical integration, Computer Science and Applied Mathematics, Werner Rheinboldt, 1984.

[5] Deufelhard, P. & Hohmann, A., Numerische Mathematik-Eine algorithmisch orientierte Einführung, (translation into English, 1995), de Gruyter, Lehrbuch, Berlin, New York, 1991.

[6] Ditzian, Z. & Totik, V., Moduli of smoothness, SCMG, Springer-Verlag, New York, 1987.

[7] Dow, M.L. & Elliott, D., The numerical solution of singular integral equations, SIAM J.

Numer. Anal. 16, pp. 115-134, 1979.

[8] Duduchava, R., Integral equations with fixed singularities, Teubner-Texte zur Mathematik 24, BSB B.G. Teubner Verlagsgesellschaft, Leipzig, 1979.

[9] Elschner, J., Asymptotics of solutions to pseudodifferential operators of Mellin type, Math.

Nachr. 130, pp. 267–305, 1987.

[10] Elschner, J., The h − p version of spline approximation methods for Mellin convolution equations, J. Integral Equations Appl. 5, pp. 44–73, 1993.

[11] Frammartino, C. & Russo, A.G., Numerical remarks on the condition numbers and the eigenvalues of matrices arising from integral equations, Proceedings of the Workshop on Advanced Special Functions and Integration Methods, eds.: G. Dattoli, H.M. Srivastava, and D. Cocolicchio, Proceedings of a workshop, Melfi, 2000.

[12] Gautschi, W., Minimal solutions of three-term recurrence relations and orthogonal polynomials, Math. Comp. 36, pp. 547–554, 1981.

[13] Gelfond, A.O., Computation of finite differences, in Russian, Gos. Izd. Tekh.-Teor. Lit., Moscow, Leningrad, 1952.

[14] Gohberg, I. & Feldman, I.A., Convolution equations and projection method for their solution, AMS, Translation of Math. Monographs 41, Providence, Rhode Island, 1974.

[15] Gradshteyn, I.S. & Ryshik, Tables of integrals, series, and products, 5th edition of translation from Russian, Academic Press, San Diego, London, 1994.

[16] Graham, I. & Chandler, G., Higher order methods for linear functionals of solutions of second kind integral equations, SIAM J. Numer. Anal. 25, pp. 1118–1137, 1988.

[17] Higham, N.J., Accuracy and stability of numerical algorithms, SIAM, Philadelphia, 1996.

[18] Junghanns, P. & Rathsfeld, A., A polynomial collocation method for Cauchy singular integral equations over the interval, TU Chemnitz, Fakultät für Mathematik, Preprint 2000-12, to appear in: Electronic Transactions on Numerical Analysis.

[19] Junghanns, P. & Rathsfeld, A., On polynomial collocation for Cauchy singular integral equations with fixed singularities, WIAS-Preprint 625, 2000, to appear in: Integral Equations and Operator Theory.

[20] Junghanns, P., Roch, S., & Silbermann, B., On the stability of collocation methods for systems of Cauchy singular integral equations on the interval, Comp. Technologies 6, pp. 88–124, 2001.

[21] Junghanns, P. & Silbermann, B., Zur Theorie der Näherungsverfahren für singuläre Integralgleichungen auf Intervallen, Math. Nachr. 103, pp. 109-244, 1981.

[22] Junghanns, P. & Weber, U., Local theory of projection methods for Cauchy singular integral equations on the interval, Boundary Integral Methods: Numerical and Mathematical Aspects, ed.: M.A. Golberg, Computational Mechanics Publications, Series: Computational Engineering, Southampton, Boston, pp. 217-256, 1998.

[23] Kreß, R., A Nyström method for boundary integral equations in domains with corners, Numer. Math. 58, pp. 145–176, 1990.

[24] Laurita, C. & Mastroianni, G., Condition numbers in numerical methods for Fredholm integral equations of the second kind, submitted.

[25] Mastroianni, G. & Monegato, G., Nyström interpolants based on the zeros of Legendre polynomials for a non-compact integral equation, IMA J. Numer. Anal. 14, pp. 81–95, 1994.

[26] Mastroianni, G. & Russo, M., Lagrange interpolation in weighted Besov spaces, Constr.

Approx. 15, pp. 257–289, 1999.

[27] Monegato, G., A stable Nyström interpolant for some Mellin convolution equations, Numer.

Algorithms 11, pp. 271–283, 1996.

[28] Monegato, G., Product integration for one-dimensional integral equations of Fredholm type, Atti Sem. Mat. Fis. Univ. Modena XXXIX, pp. 73–86, 199.

[29] Monegato, G. & Palamara Orsi, A., Product formulas for Fredholm integral equations with rational kernel functions, Report 3/1988, Dipartimento di Matematica, Politecnico di Torino, 1988.

[30] Monegato, G. & Scuderi, L., Approximation of non-smooth solutions of linear integral equations on bounded intervals, Suppl. Rend. Circ. Mat. Palermo, II Ser. 52, pp. 101–124, 1995.

[31] Monegato, G. & Scuderi, L., Higher order methods for weakly singular integral equations with non-smooth input functions, Math. Comp. 67, No. 224, pp. 1493–1515, 1998.

[32] Piessens, R., Modified Clenshaw-Curtis integration and applications to numerical computation of integral transform, P. Keast and G. Fairweather (eds.), NATO ASI Series 203, pp. 35–51, 1987.

[33] Prößdorf, S. & Silbermann, B., Numerical analysis for integral an related operator equations, Operator Theory: Advances and Applications Vol. 52, Birkhäuser Verlag, Basel, Boston, Berlin, 1991.

[34] Samarskij, A.A. & Gulin, A.V., Numerical methods, in Russian, Moscow, Nauka, 1989.

[35] Schwab, C., Variable order composite quadrature of singular and nearly singular integrals, Computing 53, pp. 173–194, 1994.

[36] Scuderi, L., A collocation method for the generalized airfoil equation for an airfoil with a flap, SIAM J. Numer. Anal. 35, pp. 1725–1739, 1998.

[37] Szegö, G., Orthogonal polynomials, AMS, Colloquium Publications XXVII, Providence, Rhode Island, 1975.

[38] Van der Cruyssen, P., A reformulation of Olver’s algorithm for the numerical solution of second-order linear difference equations, Numer. Math. 32, pp. 159–166, 1979.