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Abstract. We investigate the flow between a shallow rotating cone and a stationary plate. This

cone and plate device is used in rheometry, haemostasis as well as in food industry to study the
properties of the flow w.r.t. shear stress. Physical experiments and formal computations show that
close to the apex the flow is approximately azimuthal and the shear—stress is constant within the
device, the quality of the approximation being controlled essentially by the single parameter Re €?,
where Re is the Reynolds number and € the thinness of the cone-plate gap.
We establish this fact by means of rigorous energy estimates and numerical simulations. Surprisingly
enough, this approximation is valid though the primary flow is not itself a solution of the Navier—
Stokes equations, and it does not even fulfill the correct boundary conditions, which are in this
particular case discontinuous along a line, thus not allowing for a usual Leray solution. To overcome
this difficulty we construct a suitable corrector.

1. Introduction. The cone-and-plate apparatus (CPA) consists of a shallow
rotating cone on top of a stationary plate, both surrounded by a circular cylinder, see
Fig. 1.1. Liquid is flowing inside the device. When the angle a between the cone and
plate is very small and the rotational speed w is low, the flow is basically azimuthal,
i.e. streamlines are concentric circles, the velocity profile is linear and the shear-rate
is constant, like in Couette flow. Thus the most well-known motivation for the use
of CPA has been a viscometer, mainly used for very viscous or viscoelastic fluids.
Recently, it has been used to study fine properties of biological fluids under shear
stress. For instance in haemostasis [14], CPA is used as a flow chamber to investigate
shear—induced platelet aggregation (STPA) and interactions between platelets and the
vessel wall in blood flow. According to [11], STPA has been implicated as a potential
mechanism underlying thrombotic events occurring in blood vessels in which shear
stresses are inordinately large, such as may be present in the vicinity of a stenosed
coronary artery. CPA is also used in food industry to control the viscosity of some
food products.

In fact the flow pattern is only approximately azimuthal: as the angle @ and rotational
rate w increase, the fluid near the cone experiences an increasing centrifugal force
that promotes radial fluid motion towards the periphery of the device. Thus a radial
secondary flow develops, streamlines turn into spirals, until the onset of turbulence.
This phenomenon was apparently first observed in [4], then numerically computed in
[5]. The appearing of secondary flow was clearly identified in [9] where it is shown to be
controlled by a single parameter Re €2, with € = tan @ and Re the Reynolds number.
In the latter paper, the authors considered an infinite domain, so that boundary effects
were neglected and the analysis relied on formal asymptotic expansions.

From a mathematical view point CPA has been much less studied than Couette flow
between cylinders, see [3, 7]. Indeed the cone-plate geometry gives rise to a quite
different picture: whereas in Couette flow there is an exact analytical solution that
becomes unstable, in CPA flow no analytical solution is available but only an ap-
proximate one, which is stable, at least in the small gap limit. In our paper, we give
a precise mathematical proof of the fact that the flow is approximately azimuthal.
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Fic. 1.1. Cone and Plate device, with angle o magnified.

One difficulty of the proof stems from the poor regularity of the boundary condi-
tion. Due to a discontinuity located at the intersection of the cylinder and the cone,
the solution cannot belong to W12(Q). Navier-Stokes equations with poorly regular
boundary conditions have been investigated by D. Serre [10]. The idea is to subtract
from the solution a suitable corrector, so that the singular part be removed. Here
we construct a corrector, still azimuthal, which will slightly perturb the basic flow,
essentially only in the vicinity of the singularity. Moreover, we give estimates for these
approximations which allow us to analyze the nonlinear stability of the primary flow.

The paper is organized as follows. In Section 2 we perform the natural scalings.
Some useful notations are collected in Section 3 and the formal asymptotical analysis
leading to the basic (primary) flow is performed in Section 4. We investigate the a
priori singularity of the solution, introduce a suitable corrector and derive a suitable
weak formulation in Section 5. We state the main results in Section 6, which we
prove by means of careful energy estimates. Finally, in Section 7, we show numerical
simulations confirming the abstract results and revealing further properties of the flow
in this apparatus.

2. Problem setting and scaling. Let Q. be the domain filled by the fluid, see
Fig. 1.1, which we suppose to be Newtonian, of kinematic viscosity v and constant
density p. The small parameter is € = tana. The radius of the outer cylinder is
denoted by R. Let O be the cone apex, Ozj its axis, Oz x5 the plane in a rectangular
Cartesian coordinate system (z;,z2,z3) and corresponding basis (e, ez, e3).

The incompressible Navier—Stokes equations with no—slip Dirichlet boundary condi-
tion read: Given an initial function ug, find a velocity field u = (u1,u2,u3) and a
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pressure field p, such that for ¢ > 0

du+ (u-V)u—vAu+ le =0 in Q, (2.1a)
p

divu=20 in Q., (2.1b)

u=0 on ((z3 = 0) U (r = R)), (2.1¢c)

u=rw-ey on(rz=r-¢€), (2.1d)

u(-,0) = ug in Q.. (2.1e)

Here and in the following, w is the angular velocity of the cone, r the distance to
the vertical axis and ey the azimuthal direction, see also below. In order to bring
(2.1a)—(2.1e) into non dimensional form and to make the domain independent of e,
we set
3
R’ R’ Re’
so that ) = {(il,iQ,:f::g) ER0<7<1, 0< i3 <7 with 7 =/32 +56%} is the new
fixed domain. Define the different parts of the boundary

f‘lzz{ieafl;f:i-3},f‘2:={§ce6fl; §;3=0},f‘3:={ieaﬁ;f=1}.

T3 = t=wt

The corresponding kinematic scaling is
O L SR p
'""Ro’ 7 Rw ° Rwe’ R2w2p’
so that i = (41,42,43) is the new unknown velocity and p the new pressure. As
corresponding Reynolds number we define

Re = sz/u.

p= (2.2)

Other choices for typical length and velocity are possible, see Section 6.

Since there is no danger of confusion, from now on let us drop the “ ™ ” for the sake
of brevity and denote the scaled variables again by u, p etc. With the above consider-
ations, problem (2.1a)—(2.1e) transforms into the following anisotropic Navier—Stokes
equations: Find u = (u1, u2,u3) and p, such that for ¢t > 0

1
Oiu; +u-Vu; — R—Aeui +9p=0 inQ,i=1,2 (2.3a)
e
1
€2 (3,5U3 +u-Vuz — R—Aeu;;) +d35p=0 in Q, (2.3b)
e
divu=0 inQ, (2.3c)
u=g on 99, (2.3d)
u(,0) =ug in Q, (2.3¢)
where A, is an anisotropic Laplacian, defined by
AN 1
< ~ oz? €2 0z’

and the boundary data is collected in

r-eg only,
g = 0 on I'y,
0 on I's.
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3. Notations and auxiliaries. Hereafter, ||-|| = ||-||o, and for G C Q, ||lw||; =
(Jg |w|?)1/2 denotes the usual L?(G)-norm for scalar as well as vector— and matrix—
valued functions on G, (-, -) is the L?~inner product. To avoid confusion, vector-valued
functions will always be denoted with boldface characters.
For 0 < rg < 1 define Q,, := {z € Q; 7 < ro}.
We will need the following function spaces.

V={peCP@; V- p=0}

V (resp. H) is defined as the closure of V in H}(Q) (resp. L*(Q)).

We shall frequently use cylindrical coordinates (r,8,z3). We recall some formulas,
which will be used below. The cylindrical coordinates are defined by

r=14/z? + 2%, z1 =rcosf, T3 = rsinb

with the corresponding basis
1 1

e, = ;(zlel + z0€2), €g= ;(—zzel + z1€2), es.

Thus a 3D vector field w can be decomposed as
W = w,.e, + wgeg + wses.
Furthermore, define the horizontal part vy of a 3D vector field v by
Vg :=vie1 + vees
Likewise Vg := €101 + e2ds and
IwllE = Iwrl& + € lwsl&-

In the sequel we will use the same notation for a function f depending on the Eucledian
basis or cylindrical coordinates: f(z1,z2,z3) = f(r,0,z3). This abuse of notation will

not lead to confusion.
The following differential operators transform like:

1
V =e,0, + —eg0y + €303, 0Opey = —e,., Oye, = ey,
T

1 1
divw = =8,(rw,) + ~8pwg + J3ws,
r r

_ 12 ow 1 0%w H*w

Av= o e ) Y ee T oy

2 w 2 wWe
Aw = (A’u},,. - T—2891U0 — 7‘_21‘) e+ (AUJO + T—239’UJT - T—2) -eg + Aws - e3.
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4. Formal asymptotics. Multiplying (2.3a) by €2, sending € to zero and then
formally equating (2.3a) yields

0%u
w7 "
so that ug is linear in z3:
ug = Ag(z1,z2)z3 + By (z1,z2).
Taking into account the boundary conditions on I'; and I's we formally get
up = z3(—z2/r), uz = z3(z1/7).
Plugging this in the incompressibility equation (2.3c) gives
Ozuz = 0,
which, with the boundary condition on I'y allows us to derive
uz = 0.
Hence the velocity field is completely characterized within the device:
u=uz;3-eq (4.1)

This is what is called the primary flow and will be denoted by .

REMARK 4.1. The primary flow has only a 6-component (swirl), i.e. 1is purely
azimuthal. Its modulus depends on z3 only. It satisfies the no—slip boundary conditions
on the cone T'y and on the plane Ty but violates the boundary condition at the outer
cylinder T's.

In the physical variables, the primary flow is
- WwT3
u=—-6€yg.
The resulting shear stress has constant magnitude:

w
To zq () = prOsii = pv_ - es. (4.2)

This basic flow is indeed observed in physical experiments and the shear stress (4.2)
is used to measure fluid viscosity, see [9], provided that Ree€? is small enough. Now,
the surprising fact is that the primary flow is not a solution of the Navier—Stokes
equations. Indeed, we compute

1 1 z3 T (4.3)
e —— .ep— = -e,. .
Re Rerz ° T

Tt is easy to see that (4.3) is not a gradient, so @i cannot be a solution of the Navier—
Stokes equations. Furthermore, if we take the formal limit of (2.3a)—(2.3b) we get for
the pressure

Adi+ (0-V)a=

2
dp=23 (4.4)
r
1 I3
=——— 4
9ep Re r’ 5
O3p = 0. (4.6)



Of course (4.4)—(4.6) cannot hold simultaneously.
For the same reason, as

1 _ 1 I3
—EAGU. = Er_2 - €g, (47)

neither is the primary flow solution of Stokes equations.

5. A suitable corrector and weak formulation. The boundary data g ob-
viously exhibits a discontinuity at the line v := {z; r = 1,z3 = 1}, which excludes
W12(Q) regularity of the solution. This means that the usual energy inequality makes
no sense. In order to cure this, we shall construct a “corrector” u* = ¢(r, z3)-eg defined
by

—Au*=0 in Q, (5.1a)
uv=g-—1 on 9. (5.1b)

REMARK 5.1. Since u* is azimuthal, it satisfies
divu* = 0.

Hence, the corrector u* is simply the Stokes flow, with zero pressure gradient, which
cancels the primary flow @ at the outer cylinder boundary.

The corrector u* is determined by the scalar function ¢ which in turn is given by

Lp=0 in €, (5.2a)
p=g" on 00 (5.2b)
with
0 only,
g~ = 0 onTy,
—z3 on I3,
and
1

;Ce’(/) = _Ae"/) + 7'_2"/)

Again the boundary data does not belong to W'/22 (09), so that one cannot simply
use the standard energy method. Instead, we first give an existence result from clas-
sical potential theory and then proof pointwise and local energy estimates in Lemma
5.4.

Let us first recall ([6], Section 6.3) the concept of subsolutions for the elliptic equation
Len=0.

DEFINITION 5.2. A function 1 € C°(Q) is a subsolution if and only if for every ball
B € Q and every solution n of Len = 0 in B, the inequality ¢ < n on OB implies also
¥ <nin B.

Note that, by the maximum principle, a function 1 belonging to C2(f2) such that
L) < 0 is a subsolution.



LEMMA 5.3. There are functions u*, ¢ = ¢(r,z3) € C%(Q), solutions of (5.1) and
(5.2) respectively, where the boundary conditions (5.1b), (5.2b) hold in the sense that

u*(z) = g(z) —(z), $(ea) = g"(2)

for all z,, — z, with © € ON\y.

Proof.
Applying Perron’s method to problem (5.2) we get a solution ¢ € C2(Q) by setting

¢(z) := sup{y(z) | ¢ subsolution, ¢ < g* on 80N},

see [6], pp. 102-106. Since the domain  satisfies the exterior sphere condition, the
boundary values are attained continuously for all points where g* is continuous. Fur-
thermore, for symmetry reasons, the solution does not depend on 6. Finally, setting
u* := ¢ - e we obtain a solution of (5.1). O

We now establish some estimates for the corrector.

LEMMA 5.4. Let ¢ be the solution of (5.2) from Lemma 5.8 and 0 < ro9 < 1. Then
we have the following properties:
) -1<¢<0inQ, gl =|u*e =1,
i) |p(r,z3)| < Ce?r  for 0<r<ry, 0<z3<r,
iii) |u*la,, = [4la,, < C€,
w) [0s¢lle,, < Ce,
where in 11)-1v) the constants C depend on ro: C = C(rp).

Proof.
i) Since —1 < g* < 0, the specific construction of ¢ := sup{y(z) | ¥ subsolution, ¢ <
g* on 00N} allows to deduce the first inequality. The rest of i) is obvious.

ii) We shall construct a function 1 = 9 (r, z3) which is a subsolution. For this define

h(r) = or, for 0 <r <y,
r= a(r —ro)3 + 6r, forrg <r <1,

with some small 0 < § < 1 to be determined below and a = ﬁ

The function A fulfills:
h e C?([0,1]), h(0)=0, h(1)=1.

Now define 9(r, z3) := —h(r)w(z3) with w(z3) := sin("32).
Clearly, ¥ < g* on 99Q. Furthermore we have

K (r)  h(r) 7r

T T

(Lep)(r,23) = (R"(r) +

For 0 < r < 7¢ this gives

(Lep)(r, z3)

I
—
|
|
|
|
—~
1

N
(=%}
=

~—
€

—~
8

w

~
AN
(en]

We want to choose § such that L4 < 0 also for r > rg.
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Now, for g < r <1 we have:

h' —ro)?+4 1—rg)®> 6
h"(r) + (T):6a(r—r0)+M§6a(l—ro)+M+—

T T To T

On the other hand

h(;‘) n ( m )2h(7‘) — (a(,,, _ ,,.0)3 + 51') (l2 + (21)2) > g + 57"0(%)2'

2€ T €

r

12(1 4 7o)€ 1-4§

If we choose § = we easily verify, recalling a =

w212 (1 —rg)? + 12(1 + ro)€e? (1 —rp)3’
that
1— 2
6a(1 —ro) + 2 =T 5 (T,
) 2e
Thus also for rg < r < 1 we have
Ly <0 inQ, P <g*<0 on o
Again by definition of Perron’s solution we have
—e2Cr < —h(r) < ¢Y(z) < p(z) <0 inQ (5.3)
fOI'0<'I'S’I'0 a.ndw1thC= W
iii) follows now easily with the help of ii):
TO T
||¢||2 < 42 02 3d d — 4022_71' 5
Q,, S€2m ™ dz3dr =€ 570
0 0
C the constant from ii).
iv) Let n € C*°([0,1]) be a cut-off function fulfilling
0<n<1, n(r)=1 forr €10,7o], n(r) =0 forr € [ry,1],
In'(r)| < for r € [0,1]

L —To

with some r1, 1o < r; < 1, e.g. let us define r1 := (1+17¢)/2. Multiplying Lc¢ = 0 by
n?¢$ and integrating by parts we get

T T 1 1 T T
//Tn2{|3T¢|2 + 6—2|83¢|2 + r_2|¢|2} dzsdr + 2//T3T¢(3T7))n¢dm3dr =0.
0 0 00

~ S
-~

(I

To see that integrating by parts is possible, we recall that ¢ is smooth in Q,,\{0},
see [6], and use some additional arguments for the origin.
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From this we estimate

(1 < %/ / P10 +27 / v (Brm)".
0 0 0 0

Absorbing the first term on the right hand side in (I) we get
ry T
<4 [ [ré@m? <o,
00

where we have used (5.3) to bound |¢|2 by |¢|> < Ce*. This yields

1
6—2||33¢’||?z,0 < (I) < C(ro)e?,
which implies

[836]l0,, < C(ro)e®
0

We now define the corrected primary flow

=1+ u*.

(5.4)

(5.5)

Let us decompose u into u = @1 + v, where v has now homogeneous boundary data
viaq = 0. Note that uz = v3. Testing the nonlinear terms in the horizontal momentum

equation (2.3a) with a test function ¢ € V we get

(u-Vug, @) = ((@+v)-V(i+vy),en) =

(- Vi, og) + (@ Vv, og) + (v Vi,og) + (v Vv, pg) =

(ﬁVﬁa‘PH)+(ﬁvaa‘pH)_(vV¢H’ﬁ)+(vvaa¢H)a

where the last step follows from integration by parts and observing that V -v = 0.

The nonlinear term in the axial momentum equation (2.3b) can be treated as:

(u-Vuges, ) = ((i + v) - Vs, @3) = (i - Vs, @3) + (v - Vs, p3).

Now we define the following forms:

a(y,p) = L ((VH¢H7VH‘PH) + €Z(VH¢'3,VH803))

" Re
+ ((63¢Ha Bspy) + € (03¢, 53903))

Re €2

+(ﬁ' ) V¢H7‘PH) - (¢ ’ V‘PHvﬁ) + Ez(ﬁ ) V¢3a‘p3)a

b(wa"p)‘P) = (W . V’/’Ha‘PH) + 62(W . V¢37§03)7

1(p) = o (Ackt i) — (i~ Vil o).
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The next lemma states that these forms are well defined for functions in V.

LEMMA 5.5.
a,b,1 are continuous bilinear, trilinear and linear forms on V, respectively.

Proof.
For a(-,-) the assertion follows from the estimate

11 )|
Ree?’ Re’ R
+(1+ ) [llo V] - el + Il [Vl - 48]

For b(-,-,-) we conclude in the usual way:

[b(w, %, 9)| < (1+€) [[wza]| V¥ - plls
< C(1+€) [wlla l9lla o] -

The estimate for 1(-) is a little bit more involved. Let us start with (A, ¢ g).

la(, )| < max (Z— Vo[- [Vell

[(Acth, ppr)| = [(Ae(@+ u”), )| = [(Acll, ¢ )|

< lleall 1% u<¢hﬁwﬁ (5

because of (4.7). It remains to bound (ii - Vi1, ¢g).

[((@- V)i, op)| < [[@- Vi - gl

Recall that

(a-V) =a,0, +agi

790 + a303.
As 1 is purely azimuthal,
- U a2
(-V)ia= g gt =—"""¢er

To estimate the last term on the right hand side we split the integration over 2 in a
part €, and the complement Q\,, with, say, ro = 1/2.
From Lemma 5.4 ii) it follows:
> 2 4
1, <ce<c.

For the other part we get from Lemma 5.4 i)

¢2

1 2
16, < 5l < C

10



Combining the above estimates we finally get

|la- Vil < C.
We summarize:
C
()| < (R—L + C2) |exll

with some constant Cy. O

LEMMA 5.6. The bilinear form a satisfies the coercivity condition
a(w,w) > o Vw|? - g|lw]*

for w € V, where a and 3 are positive constants depending on € and Re.

Proof. We first proof the assertion for w € V, for general w it follows from a density
argument. We compute

€2 1 -
||33"VH||2+E||VHw3||21L E||53w3||2—(W'VWH, i).

1 1
a(w,w) = E||VHWH||2+R6 =

The terms (- Vwg, Wg), €2(ii - Vws, w3) vanish because i is divergence—free and w
has compact support. Therefore we only need to estimate

~ ~ c 1
(W Vwpg, 1) < [t VWa| - [w] < §IIVWH||2 + %IIWII?

Choosing ¢ = min (7, zo=z) yields the desired result. O

Proceeding in the usual way to derive a weak formulation for the Navier—Stokes equa-
tions from (2.3a)—(2.3e) and taking into account the above considerations for the
nonlinear terms we arrive at the following notion for a weak formulation.

DEFINITION 5.7.
Let ug € H be a divergence—free initial function. We call u a weak solution of problem

(2.8a)—(2.3¢) iff

i) v=u~—1i€ L (]0,00[; H) N L}, (0, 00[; V),

it) for all p € V the following identity holds in the distributional sense:

(Osv, ) +a(v, ) +b(v,v,p) = 1(p),

i) v satisfies the energy inequality

v <2 /0 {av,v) +19)} + lluo - &I for a.e.t >0,

iv) the initial condition is fulfilled in the weak L?-sense:

u(t,") ~uy fort—0 weakly in L*(Q).

11



REMARK 5.8. We require that weak solutions u of the problem are such that u — 1
are in LZ (]0,00[; V) and satisfy the energy inequality. Note that it is still an open
problem whether every distributional solution of Navier—Stokes equations with regular

boundary data fulfills the energy inequality.

THEOREM 5.9. Let ug € H. Then there is at least one weak solution of problem
(2.8a)—(2.3e).

Proof. Owing to Lemma 5.5 and Lemma 5.6, the existence of such a weak solution u
can be established by a Galerkin procedure in the usual way, see for instance [12]. O

6. Asymptotic stability. We can only expect the primary flow to be a good
approximation for u, if the flow is somehow laminar. This means we need an assump-
tion on the smallness of Re. The analysis below shows that it is sufficient to assume
Ree < C. Note that Ree can be interpreted as a Reynolds number UL /v with typical
velocity U = Rw and typical length equal to the gap width L = Re. Our numerical
results confirm the necessity of a condition on Re. However, computationally the
condition seems to be a little bit less restrictive, namely to be of the kind Ree? < C,
see Section 7.

We now state our analytical results on the stability up to the boundary of the corrected
primary flow, under the above mentioned smallness assumption.

THEOREM 6.1.
Let ug € H be given, 0 < € < 1/2 and Ree < 1/4/3. Then the following estimate
holds for any weak solution u and for a.e. t > 0:

lla(®) =&l < flluo — @ffexp (= ) +C Ree”.

t
2 Ree?

For the shear strain we have the bound

2 Re €2
t

t
1
: / |05 (ur(s) — @)[2ds < luo — &) + C Re?el
0

for allt > 0. In the above estimates the constants C are independent of € and Re for

1<Re< 1\/4/3.
€

REMARK 6.2. If we scale back to the original domain )¢, and if we still denote the
original scale velocity by u, we obtain the relative error

[lu(t) — @llzz@, _ lluo = dllz20.)

lallzz) = [l

exp (— ) + C Re €.

2 Ree?

The error consists of two parts, the first one decreasing exponentially with a relaxation
time proportional to Re €2, the second part does not vanish because ii is not a solution
of Navier-Stokes equations.

Now, due to the specific shape of the boundary corrector, we are able to obtain the
same estimates for the primary flow in a vicinity of the cone apex.

12



THEOREM 6.3. Let ug € H be given, 0 < € < 1/2, 0 < rg < 1 and Ree < /4/3.
Then the following estimate holds for any weak solution u and for a.e. t > 0:

llu(®) - @lle,, < {luo —affexp (= +CReé.

g —

)
2 Re €2

For the shear strain we have the bound

2 Re €2
t

t
1 ~
¢ [100us(6) = el ds < 25 ug ~ G + € Ree
0

for all t > 0. In the above estimates the constants C = C(ry) are independent of €
1 /4

and Re for 1 < Re < —\/;.
€

Proof. The statement is a direct consequence of Theorem 6.1, the triangle inequality
and Lemma 5.4 iii), iv) respectively. O

This last result explains why the primary flow is a good approximation of the true
solution in the wvicinity of the cone apex, when Ree€? is small enough, according to
physical experiments [9] and it explains also why the CPA device can be used as a
viscometer.

Proof of Theorem 6.1: The basic idea of the proof is to take advantage of the very
> 1. We

high vertical diffusion terms which predominates due to the factor 5
ee
start with the energy inequality iii) of Definition 5.7: For a.e. t > 0

t

t
IVOIE + g [ {IFavIE + Zl0vI} < [ {160 + (v T, @)} + o - .
0 0

(6.1)
The terms (@i - Vvy,vy), €(i - Vus,vs), (v-Vvy,vy) and (v - Vus,v3) vanish
because both v and 11 are divergence—free and v is zero on the boundary.
The right hand side of (6.1) was already estimated in the proof of Lemma 5.5. Thus
we conclude the following energy estimate in the distributional sense:

Ld

2 dt (185vEll? + € |05vs )

1 1
2 2 2 2
IVII? + = (19 avall? + €1V |) + =

< Cslvall + val - IVavall + [lvsll - |85 vl (6.2)

with C5 = % + Cs, the constants Cq,C> as in Lemma 5.5.
The last two terms on the right hand side of (6.2) can be estimated by Young’s
inequality, the vertical Poincaré inequality which for this particular domain reads

[wll < 1/v/2||8sw|| for w € V, and the condition Ree < /4/3:
1 5 Re 9
. < — e
val - 19 avl < oV aval? + 2 va

1 Re
< —|Vv S P 2
< [ Vaval® + 2 [oval
1
6Re €2

1
< 2 IVaval®+ 105V |2 (6.3)
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and

3Re €2
[[vs]|®

|B5vs]?

1
Jos |- 195Vl < 52— l18sval® +

1 5  3Re €2
3Re €2 185 va]” + 8

1 1
WHHSVH”2 + ﬁ||33v3||2- (6.4)

Absorbing the quadratic terms (6.3), (6.4) on the left hand side of (6.2) and then

throwing away the terms with horizontal gradients we arrive at

d 2 1 2 2 2
VI + 25 15V > + €210l )
1
< 2Cs||ve| < Foc |ve|® + CZReé. (6.5)

Using again the vertical Poincaré inequality in (6.5) yields

1
Ree?

d
ZIvIP + [IvII* < C3 Re€?,

With the help of Gronwall’s Lemma we conclude

—t
Ree?

V@I < flluo — @[|* exp(—3) + C5Re”€".

The estimate for the shear stress is now a direct consequence of the above bounds:

From (6.5) we can derive in the same way

1
2 Re €2

d
v+ l0sv]|[* < C3Re €.

Integrating this relation with respect to time from 0 to ¢ and using the estimate for
Iv(@®)|l| we get the stated result. This completes the proof of Theorem 6.1. [ |

7. Numerical simulations. In this section we present some numerical results
to study the behavior of the solution and compare with the estimates of the analysis.
Since for small Reynolds numbers there is a unique stationary limit which in turn is ax-
isymmetric it is convenient to numerically solve for axisymmetric solutions of problem
(2.32)—(2.3e). To this end we use the axisymmetric version [13] of the method and the
implementation described in [1, 2]. The code is based on a finite element discretization
by the Taylor—Hood element in space and by a variant of the fractional step —scheme,
an operator splitting for time discretization. The axisymmetric code solves for the
unknowns (u(r, z3),ug(r, z3), u3(r, z3)) and p(r, z3), where u, := 4=, ug := 2. This
scaling allows for a proper variational formulation of the axisymmetric Navier—Stokes
equation in appropriately r—weighted Sobolev spaces, see also [8].

The numerical examples were carried out on a sequence of successively refined meshes
to make sure that the discretization error is sufficiently small.

We performed simulations for all (Re,€) € {100,200, 500, 1000, 5000, 10000, 15000} x
{0.01,0.02,0.05,0.1,0.2,0.3,0.4}.

The time evolution was run until a steady state was reached. Figures 7.1 — 7.3 show
the difference of the stationary limit for u to the primary flow @ with respect to €, Re
and Re €?, respectively. The numerical results confirm the estimate of Theorem 6.3
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very well. From Figure 7.3 it can be seen that the behavior is determined by the single
parameter Ree?. Figures 7.4 — 7.6 show the stationary solution on an axisymmetric
cut of  for fixed € = 0.1 and different values of Re. Clearly the influence of increasing
Re on the secondary flow can be seen.

A closer quantitative analysis of the data in Figures 7.1 — 7.3 suggests that the “thres-
hold”, for which the decay of the error in terms of Re €? is linear, is given by a condition
like Ree? < C, C ~ 150. This is somewhat in contrast to the assumption made for
the analysis, namely that Re e has to be small, which is a little bit more restrictive.
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Fic. 7.2. [|u —u|q,  versus Re, ro = 0.5; the triangle has slope 1.
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Fic. 7.4. Level lines of ug (left) and meridional flow (ur,€eus) (right); ¢ = 0.1, Re = 100,

[|(ur,€eu3)| o = 0.589 -2 (scale of r2-azis exaggerated).
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