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ABSTRACT. Starting from sufficient conditions for regularity of weak solutions
to quasilinear parabolic systems, necessary conditions for loss of regularity are
formulated. It is shown numerically that in some situations loss of regularity
("blow up”) really happens accordingly to these conditions.
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1. PREFACE

This paper is devoted to the problem of nonregularity of solutions to quasilinear
parabolic systems. For one second order parabolic equation the ”blow up” of so-
lutions was considered in many papers and a lot of very important results were
obtained. There is no need to give in this short paper a survey of these results. The
only thing we would like to mention is that almost all of these results are based
mainly on some variant of the maximum principle for one second order parabolic
equation. For general parabolic systems this method can not be applied.
Therefore we choose the following way: the sufficient conditions, which one of the
authors [5] had received for the regularity of weak solutions we apply to get neces-
sary conditions for the loss of regularity. Since it was proved that these regularity
conditions are sharp or unavoidable we shall see numerically that in some cases the
necessary conditions become sufficient.

We show numerically that loss of regularity really happens for solutions of the
so—called chemotaxis system. It is clear that the necessary conditions can not be
sufficient for all systems. The last situation takes place, for example, for the solu-
tions of the two—dimensional semiconductor system where under natural conditions
the weak solutions are regular for all times.

2. NECESSARY CRITERION FOR -LOSS OF REGULARITY

At first we shall remind the results concerning the regularity of weak solutions for
quasilinear parabolic systems.
Consider a quasilinear parabolic system

Oeu — Z D;ai(z,t,Du) =0 (2.1)

1=0
inside a cylinder @ = (0,T) x Q,t € (0,T)) and z € Q, where Q C R" is a
bounded m-dimensional domain with a sufficiently smooth boundary 092 and T
is an arbitrary positive number. Here u(z,t) = {u(l)(m,t),... ,u(N)(:c,t)} is an
unknown N-dimensional vector-function, defined on Q. The so—called coefficients

ai(z,t,p) = {a{ )z, t;p),. .. , o (z, t; p)}

are also N-dimensional vector-functions depending on (z,t) € @ and

p; = (pgl),... ,pgN)) (1,7 =0,1,...,m).

The expression Du = (Dou,Diu,...,Dyu) denotes an ordered system of un-
known functions u© = Dou and its first derivatives Dyu = wu; with respect to zx
(k=1,...,m). '

We suppose that the following conditions are satisfied:
| I. All the coefficients satisfy the Carathéodory conditions, i.e. they are measur-
able with respect to (z,t) € @ and continuously differentiable with respect
to p.
I1. There exists such a big number g(m) > 1 that the relations
1) Yu € Ly {[0,T); W(Q)} = Va; € Ly(Q)
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2.) Yu € L {[0,T); W)} = L(u) € Ly(Q)
hold.
II1. Denote

(k)
A= {0“ (2.2)

O }
6]) ‘(i,j=0,1,... m; kl=1,..,N)

and let AT and A~ be correspondingly the symmetric and skew-symmetric
parts of A. Let {);} be the spectrum of A* and {a,} the spectrum of the
~ symmetric matrix

C=ATA" - A~AY —(A7)% (2.3)
Suppose that ’
:1Intfp)\ =A>0, iil’t;,)pA,- =A<+ (2.4)
and
is:tppa,- =0 < +oo. (2.5)
Denote
K = { e 0% 0 )
TN for o < =5 .
Theorem 2.1. Let the conditions 1., II., III. be satisfied and the inequalities
g:; <C(l+p) Gk=1,...,m) (2.7)

take place.
If the inequalities

K2 (14 232) [1 + (m - mm—n]1,m23}

: (2.8)
2K* <1 : m=2

hold then any weak solution of the system (2.1) u € Lz{[O,T), Wzsl)(Q)} will
satisfy the Héolder condition both in t and = with some small positive ezponents in

Q.

The condition (2.7) is a very restnctlve one. Without this condition we have the
following. ‘

Theorem 2.2. Let the assumption L., II., III. be fulfilled, 2—m < a < 0 form > 2
and o = 0 for m = 2. If the inequality

K—a—i—m—Z 1 a(m — 2)

<1 2.9
at+m-—2 m—1 ( )



takes place then for any weak solution u € L, {[O,T), Wél)(ﬂ)} the estimate

sup | |ul’|z — zo|™ dx
:Boenn

+ sup | |Dul’ |z — zo|* dedt < +oo (2.10)
t=T Zo€fly '

15 true.

Therefore a necessary condition for the loss of the Hélder continuity for the weak
solution of (2.1) under the assumptions of the Theorem 2.1 will be the following

K2 (14 22) 14 (m-2)(m—-1)]>1, m>3 }

(2.11)
2K? > 1 m =2

A necessary condition for the unboundedness of the expression

Eu] = sup [ |[u’|z — zo|* dz
ToEN

+ sup / |Dul? |z — zo|* dzdt  (2.12)
t=T moeﬂﬂ :

under the assumption of (2.9) the Theorem 2.2 will be the following

—atm-2 /[ a(m-2)
K at+m—2 1- m—1 2 1 m Z 3 } (213)

K*=1 m =2
Remark. From (2.6) always follows that K < 1.

3. COUPLED SYSTEMS

In this paragraph we shall consider systems of the type

m m N
Btu(k) - ZD;aEk)(m,t, Du) + Z E b?;’lD" [u(h)Dju(l)]

1=0 1,7=0 k(=1

=0, (3.1)

where bﬁ’f’l are constants.
First we apply the criterium (2.13). Suppose that there exists a weak solution
U(t,z) of the system (3.1) for which the expression E[U] (2.12) is finite for the
cylinder Qo(n) = (0,70 —n) x £, where 7 is an arbitrary sufficiently small positive
number. If we’ll have that

lim E[U] = oo, (3.2)
n—0

then Tp will be the blow up time for the fixed solution U(¢,z). It is clear that for
this Ty the necessary criterium (2.13) should take place. From the other side if we
substitute U(¢, z) in the part of the last term of the left-hand side of (3.1) we get

m m N
009 [ 5t muy+ 55 35 0, 000 <0, (59

1=0 1,7=0 k,l=1

It is clear, that if
sup |U(t, a:)l <€, (3.4)
Q .
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where € is a sufficiently small number then all conditions of the criterium (2.9) for
the system (3.3) are satisfied. So, to find a Tp, for which (3.2) takes place we have
to construct the matrix A (2.2) for the system (3.3) and to apply (2.13). T, will be
found from the growth rate of the left-hand side of (3.4).

The same consideration can be applied for the criterium (2.11). But in this case the
module of Hélder continuity for u(¢,z) should tend to infinity. In this case for the
system (3.3) it should be taken in account that the coefficients (3.3) should satisfy
the condition (2.7). It means that U(t, z) should be differentiable with respect to z.
Therefore if the solution U(t,z) is loosing the differentiability at some point (2o, zo)
the value t, gives also the first value of ¢, at which the loss of regularity happens.

4. THE SYSTEM OF CHEMOTAXIS AND SEMICONDUCTOR TYPE
As a special realization of (2.1) we consider the system
Ou = Au — V - (uVv),
80w = alAv — fv+yu inQ,
u(0,) =uo >0, v(0,) = v >0,
v-Vu=v-Vvu=0 ondf.

(4.1)

Here o, 8 and 6 are positive constants, v is the outward normal to Q.

With v > 0, the system (4.1) was introduced in [4] for modelling the dynamics
of a population (concentration u) moving in { and driven by the gradient of a
chemotactic agens (concentration v) produced by the population itself.

If ¥ < 0, the system (4.1) can be interpreted as a special variant of a semiconductor
model for the drift of electrons (concentration u) under the electric field given by
the antigradient of the electrostatic potential v [6].

The behaviour of solutions to (4.1) depends strongly on the sign of the paramter .
In the semiconductor case (7 < 0) (4.1) has a unique global solution for arbitrary
-smooth ug > 0 [2]. Moreover, this solution decays exponentially in time to the
unique equilibrium state :

U, (4.2)

where

The situation turns out to be more complicated if ¥ > 0. It is clear (see for example
[5]) that for small 4%, there exists a smooth solution. However it can be expected
that for sufficiently large v, the solutions may explode in finite time. A hint for
this situation was given in [3].

We want to illustrate the blow up situation by some numerical evidence. Our main
aim is to check the criterium (2.13) empirically.

In order to calculate K? from (2.6) we have to specify the matrix (2.2). Since we are
interested in necessary conditions for loss of regularity, we can consider a simplified
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matrix, yielding upper resp. lower bounds for A resp. A and o. Thus, omitting
1,7 = 0in (2.2), we find

1 0 00
0 1 0 0
A= ~U 0 a 0 = U(t) = ”U(t))llw
0 U 0 «a
and
1 1 U (U
A=‘2“(0+1+g), ='2”(Oé+1—9),9= (a“l)—*'Uz:U:E(E"'Q)'

For numerical solving the system (4.1) in the chemotaxis case (y > 0) we used a
modified version of the well-tried code ToSCA [1] which was originally designed
to solve van Roosbroeck’s semiconductor equations (y < 0) in two—dimensional
domains ) with the help of the finite elements method.

During our numerical calculations we fixed the data as follows:

m=2, Q=(0,a) x(0,a), a =m;
a=1,8=016=1,y=1 (4.3)

‘U0=0.

We take

2
U =p* +e€ (e_(m2+y2) — 1) ,e=01Lu" =« (E) +8=11 (4.4)
v a
or
=p*+ee” (=*+7), (4.5)

From the homogeneous Neumann boundary conditions follows that the solutions
of (4.1), realizing the initial values (4.4) resp. (4.5), satisfy

u(t) = U = u*, p = YU = 1.0557
resp.
u(t) = o, p = 1.1557.

Our numerical results can be summarized as follows:

(i) the solution of the problem (4.1), with the parameters (4.3), (4 4) exists
globally and satisfies the following relation

lim u(t) - w']l, = 0,

where ||-||, denotes the norm in Ly();
(i) the solution of the problem (4.1), with the parameters (4.3), (4.5) blows up
in finite time T so that

: *
i Jlu(t) = w']l, = oo.



These statements are illustrated by some pictures. Fig. 1 shows K?(t)(t = T') and
[u(t) — u*||, corresponding to the initial value (4.4) (x = mu = 1.0557). Fig. 2
shows the same quantities for (4.5) (4 = mu = 1.1557). Fig. 3 shows the solution
u = u(t,-) to (4.1), (4.3), (4.5) at different times ¢;. .

K**2(t), mu=1.10557 L2-Norm u (t)=-u*, mu=1l.0557
*10-2 1 ! I L ! ! ) 1 ! x107t L 1 L 1 L L L ' :
79.76 o 0.20 -
79.60 - 0.16 i

d N 4 -
79.44 ' L 0.12 7 L
79.28 ¥ 0.08 r
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T T T T T T T T 1 T T T T T T T T T
10.00  30.00 50.00  70.00  90.0¢10° 10.00  30.00 50.00 70.00  90.0610°

—+— K**2(t), mu=1.10557 —+— L2-Norm u{t)-u*, mu=1.0557
Fig. 1
K**2 (t), mu=1.1557 L2-Norm u(t)-u*, mu=1.1557

1 1 1 I 1 4 1 1 1 1 1 1 1 1 1 1 L 1
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0.86 1 r 0.50 —’/ -

T T T T T - T T T T T T T T T T T T
40.00  120.00 200.00 280.00 360.600% 40.00  120.00 200.00 280.00 360.000%

—+— K**2(t), mu=1.1557 —+~—  L2-Norm u(t)-u*, mu=1.1557
Fig. 2



u(t,.), t=0, mu=1.1557

u(t,.), t£t=2.4045E+3, mu=1.1557
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Remark. We also considered the case § = 0 and found no qualitative differences
compared with § = 1. Only the blow up time T} turns out to be smaller.

5. THE STATIONARY PROBLEM

The Figures 1 and 2 indicate the relevance of criterium (2.11) for the global be-
haviour of solutions to parabolic systems like (4.1). However, in fact (2.11) is an a
posteriori criterium, since U = ||u(t)|| , enters the matrix A and hence the quan-
tity K. Of course, it would be desirable to have an a priori criterium involving u
instead of u(t,-).

A first step in this direction was taken [3], where the authors proved the existence
of a positive number ¢* with the property, that radially symmetric positive initial
values uo with 4o > ¢* can be constructed such that the solution u to (4.1)
explodes in finite time, provided § = 0,m = 2, Q) = disk.

Our numerical experiments confirm these a.nalytlcal results and suggest that the
first positive eigenvalue p* of the problem

—aAh+Bh=ph inQ, h=0, (5.1)
v-Vh=0 ondQ .
is a candidate to be a lower bound for ¢*. Unfortunately, we have no rigorous prove

for this conjecture. To make it plausible we start from the stationary problem in
its usual form

V- (Vu—uVv) =0, u =,
—aAv+Bv=7u inQ, (5.2)
v-Vu=v- -Vv=0on Q.
Since we are looking for positive solutions u, we can take

u=ce"

From the first equation in (5.2) we find
V- (V) =0, / vdQ = T |
and consequently
w = const, e'“"’fe"dQ =7 |Q].

Hence the second equation in (5.2) yields

‘!)

—alAv + v = U, || ——= Tedn inQ (5.3)
v-Vv=0 on 69.
Evidently, v = v* = %uo is a solution to (5.3).
To find a possibly bifurcation solution v besides this trivial one we set
v=v*"+h, h=0.

Inserting v into (5.3) and linearizing with respect to h, we get just the eigenvalue
problem (5.1) with g = YUo.



Remark. Clearly, it holds
Yuo <0< p*, iy<O.

This corresponds to the global attractivity of the equilibrium in the semiconductor
case [2].

By the way, it is easy to see, that (5.2) has only the equilibrium solution v
ify <0.

Indeed, let v be a solution of (5.3). Then, testing (5.3) with the negative part
z = (v —v*)_ and using Jensen’s inequality, we find

0= / [a[Vz]2 + 8 (U - %) zl dQ

>ﬂf(v—~——|gvtlf§-)zd9
Zﬁ/zzdﬂ

and thus v > v*. Because of 7 = v* this implies

= g—ﬂo’

v =%

Remark. It would be interesting to know more about solutions of (5.3) in the
chemotaxis case v > 0.
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