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‘Wavelet Approximatic)n Methods for
Pseudodifferential Equations I: Stability and
‘Convergence

W. Dahmen, S. Prossdorf and R. Schneider*

Abstract

This is the first part of two papers which are concerned with generalized
Petrov-Galerkin schemes for elliptic periodic pseudodifferential equations in R™
covering classical Galerkin methods, collocation, and quasiinterpolation. These
methods are based on a general setting of multiresolution analysis, i.e., of se-
quences of nested spaces which are generated by refinable functions. In this part
we develop a general stability and convergence theory for such a framework which
recovers and extends many previously studied special cases. The key to the anal-
ysis is a local principle due to the second author. Its applicability relies here on a
sufficiently general version of a so called discrete commutator property. These re-
sults establish important prerequisites for developing and analysing in the second
part methods for the fast solution of the resulting linear systems. These methods
are based on compressing the stiffness matrices relative to wavelet bases for the
given multiresolution analysis.

Key words: Refinable functions, wavelets, periodic pseudodifferential operators, gen-
eralized Galerkin-Petrov schemes, discrete commutator property, stability analysis,
convergence estimates.

AMS subject classification: 65R20, 656N35, 65N30, 45105, 45E10, 41A25, 41A63,
47G30.

1 Introduction

While initially typical applications of wavelets were concerned with signal and image
analysis there have been recent attempts of applying wavelets to the solution of integral
or differential equations (cf. [5, 3, 20, 22]). The objective of this paper is to analyse the
potential of wavelet methods for the solution of pseudodifferential equations. At this

*The third author has been supported by a grant of Deutsche Forschungsgemeinschaft under grant
number Ko 634/32-1.



stage we focus on the model case of periodic pseudodifferential equations to exploit
the full advantages of Fourier transform techniques in connection with appropriate -
representations for the class of operators under consideration. However, we do consider
variable symbols and it should be mentioned that this class covers all the classical
examples such as Hormander’s class, in particular, those arising in connection with
boundary element methods.

The present investigation draws upon two major sources of motivation. On one
hand, a significant number of earlier papers (see, for instance, [38, 39, 37] and the
literature cited there) treat Galerkin or collocation methods separately for special cases
of operators and for various special choices of trial and test functions. Here we attempt
to propose a general framework that allows us to develop a unified approach to all these
cases and also to extend previous results. It seems that ascending sequences of nested
spaces which are generated by the translates and dilates of a single refinable function
provide a suitable setting for that purpose. Of course, spline spaces form a typical
example which fits into this context. We will see that the essential conditions that
will entail optimal convergence rates and stability of the methods can be conveniently
formulated in terms of the Fourier transform of the refinable function.

On the other hand, such sequences of refinable spaces, often called multiresolution
analysts (cf. [27, 30, 23]), offer convenient ways of constructing wavelet bases. Thus,
one expects that the present setting should be able to take advantage of the recent
interesting developments in this direction. In this regard, there are two issues which
are of central importance for the present purposes, namely the preconditioning effect of
wavelet bases [14], as well as the possibility of compressing stiffness matrices relative to
wavelet bases. Such a compression technique has been proposed in [5] where, however,
only operators of order zero where discussed. '

This latter issue will be addressed in detail in a forthcoming second paper, while we
concentrate here on convergence and stability analysis for generalized Petrov-Galerkin
methods in the general framework of multiresolution analysis.

~ In Section 2 we collect some important facts on refinable functions that will be
needed throughout the sequel. Specifically, we formulate appropriate periodized ver-
sions. Some prerequisits about the class of pseudodifferential operators which are to
be investigated are presented in Section 3 where we also formulate the generalized
Galerkin-Petrov schemes. In Section 4 we characterize stability of these methods first
for the case of constant coefficient operators in terms of the so called numerical symbol
which is a simple expression involving the symbol and the Fourier transform of the
refinable function. '

One possible approach to stability analysis for variable symbols is a reduction to
the case of constant symbols by means of a certain local principle which could be
viewed as a numerical counterpart to the well-known principle of freezing coefficients.
Of course, the basic idea of localizing techniques has a long history in the theory as
well as in the numerical analysis of partial differential equations. Here we focus only on
those methods for pseudodifferential equations which can be formulated as projection
methods. The first papers addressing this particular aspect seem to be [45, 46], where
classical Galerkin schemes with trigonometric trial and test functions are analysed.
In [36] collocation methods with piecewise linear trial functions for singular integral



equations are investigated. The analysis in [36] already involved implicitly a certain
discrete commutator property which also played then a crucial role in various subsequent
papers treating one-dimensional problems (see e.g. [2, 33, 34, 35, 43]). An explicit
abstract formulation of this principle was first given in [32, 33]. For an overview of
the various univariate results see also [40]. First multivariate applications for tensor
product spline spaces were obtained in [37, 38, 12].

In Section 5 we will prepare the ground for the application of this local principle
in the present general multivariate setting. The main ingredient is a certain super-
approzimation result which should be of some independent interest. With these prereq-
uisites at hand we characterize in Section 6 the stability of generalized Petrov-Galerkin
schemes in terms of the ellipticity of the numerical symbol and establish corresponding
optimal convergence rates for the approximate solutions.

2 Refinable Functions

Splines have been successfully employed for the numerical solution of operator equa-
tions. If an approximate solution in some fixed spline space, i.e., for a fixed set of knots,
is to be updated subsequent knot insertion provides a powerful tool for increasing the
flexibility and hence accuracy of the approximating spaces. The corresponding numer-
ical manipulations become particularly simple when dealing with equidistant knots in
which case each spline space is spanned by integer shifts of dilates of a single B-spline.
This is a canonical example of what is usually referred to as multiresolution approzi-
mation framework as it typically arises in connection with the construction of wavelets
(see e.g. [8, 17, 23, 27, 30, 41]).

A In general, the main ingredient of such a multiresolution approximation is a so
called refinable function ¢ € Lo(IR™). By this we mean that ¢ satisfies a refinement
equation

o(z) = Z arp(2z — k) , z€ R", (2.1)

kezr

where the mask a = {ax}rezn is some fixed sequence in ¢;(Z"). To stress the depen-
dence on a, we will sometimes say ¢ is a-refinable. We will be primarily interested in
compactly supported refinable functions but in some cases it will be important to relax
this assumption. It is shown in [23] that for many purposes it suffices to assume that
¢ belongs to the space

Lo:={f € L(R") : Y |f(-=k)| € L([0,1]")}.
kezn
It is clear that any function ¢ € L,(/R™) which has compact support or for which

[ |p(z)]*dz decays exponentially, as |k| tends to infinity, belongs to £,. Here
k+[0,1]" .

|z| := (z,z)'/? is the Euclidean distance and (z,y) := ¥7_; z;7; denotes the standard
scalar product of z,y € @™.
We define the Fourier transform of f € L,(IR") by

fo) = [ f@)eds .
S

1/2



It is known that £, C Ly(JR™) (see [23]) so that ¢ is continuous and (2.1) implies
that for any [ € IV

(1:[ ) #(27"y), | (2.2)

where

) — Z ake—iZW(y,k).’

kezn

Thus ¢ and hence ¢ would vanish identically if a(0) < 2". It is also easy to see that,
when

" =a(0)= ) ax, (2.3)

keZzm™

the products H§-=1 2 "a(277y) converge uniformly on compact sets in €™ so that any
nontrivial solution to (2.1) must satisfy ¢(0) # 0. Thus we may assume in the following
without loss of generality that (2.3) as well as

4(0) = 1 | (2.4)
hold.

[t is remarkable that refinability combined with additional smoothness properties,

has a number of important far reaching consequences which we will record for later use.

To this end, we will employ standard multiindex notation, i.e., 3% = % e %’J%, la| =
1 n

ap + -+ .

Proposition 2.1 Suppose ¢ is a- reﬁnable where we assume (2.8) and (2.4). Then the
following properties hold. :

(i) If ¢ belongs to CIR™) and z*¢(z) is in Ll(ll?f‘).for ve Ny, |v] < d, then ¢

satisfies Fix-Strang conditions of order d, i.e.,
(0°¢)(k) =0 , lo|<d, ke Z"\{0} . (2.5)
Thus, in particular, when ¢ € C%(IR") has compact support, (2.5) is valid.

(i) If ¢ € CYIR™) has compact support, then there exists a positive real number
p = p(a) <1 and a constant ¢ depending only on the mask a such that

0%(z) = (y)| < cle—yl*, =z,yeR", |of=d (2.6)

(iii) If ¢ has compact support and belongs to C4(IR™), then for every P € II4(IR™), the
space of polynomials of degree at most d on IR", there exists a unique polynomial

Q € I14(IR™) such that
P(z) = Z Q(k)p(z — k), z € IR, (2.7)

kezn

and

P-Q¢€ Hd_l(Rn).



(1) is proved in [7], Theorem 8.4. Property (ii) is also implicitly contained in Section
7 of [7] and is proved explicitly in [14]. Theorem 9.1 in [7] covers (iii).

For sufficient conditions on the mask a to ensure dth order differentiability of the
corresponding a-refinable function ¢ the reader is referred again to [7].

The second important property which we will require is that the integer translates
of ¢ are stable in the sense that

[ Mlea(zm) ~ 1A * @l Lo (), (2.8)

where A ~ B means that there exist two positive constants c;, ¢ such that ;A < B <
¢ A holds uniformly with respect to all parameters the quantities A, B may depend
on. Here ||AIZ,(zn) = Zrezn |M1% || - I, (rm) denotes the usual Ly-norm on IR", and
the semi-discrete convolution X * ¢ is defined by

/\*'99 = Z )\k(P(' - ]C)

kezn

Again cardinal B-splines or, more generally, certain cube-splines satisfy both (2.1) and
(2.8) (cf. e.g. [T, 23]). '

In terms of the Fourier transform of ¢ the stability of ¢ is well-known to be equiv-
alent to

[¢o)(w) = > |pw+k)>>0 forall wel0,1]", (2.9)
keZn

where for

(f,9) = [ J(@)g@)da,

we define in general

[f5lw):= > flw+kgw+E) = 3 (fg(-— k)b, (2.10)

keZm keZzn

Note that the trigonometric series on the right hand side of (2.10) is known to converge
absolutely whenever f,g € L2 (see Theorem 3.1 in [23]).

It is known [23] that stability (2.8) is implied by the somewhat stronger notion of
algebraic linear independence of the shifts of ¢, which means that the mapping

A A @ (2.11)

is injective on the space of all complex-valued sequences A defined on Z™. Again
cardinal B-splines or, more generally, certain cube splines have this property.

In subsequent sections we will frequently have to work with a function ¢ which .
satisfies the following requirements:

e ¢ is refinable, has compact support and belongs to C¢(IR").

e The integer shifts of ¢ are algebraically linearly independent.



In this case we will briefly say that ¢ satisfies condition Cd
It is also known [4] that linear independence of integer translates of a compactly
supported function implies their local linear independence, which means that -

(A @)(z)=0 for z€Q,

for any open domain 2 C [R"™ implies A\y = 0 for which suppe(- — k)N Q # 0. It
is shown in [18] that for a given compactly supported function ¢ with locally linearly
independent translates there exists a functional F' such that

Flo(-— k) = bopy k€ 2", (2.12)

and
1/2
|F(g>|5c( / |g<w)|2dx) . g€ L), (213)

holds for some constant ¢ independent of g.
We now turn to an appropriate periodic setting based on the above notions. Iden-
tifying one-periodic functions, i.e., functions f satisfying

flz+ k)= f(z), forall ke Z",
with functions on the n-dimensional torus
T" =IR"/Z",

the periodization operator

=)= 2 f (z+k) (2.14)

keZzm

maps Ly(IR") into Lo(7™). Likewise we will identify for notational convenience the
cosets [z] := z+ Z™, € IR", with its representer z € [0,1]". For any function ¢ € £,
we define now

L=2%[p(2 —k), keZm (2.15)

Specifically, for any refinable function ¢ € £, we define the finite dimensional spaces
VI :=span {¢] : ke Z™}, (2.16)

where

Z™ = 7" (2ZT).
Since by (2.1) and (2.15)

ol = 2"/1 3" a2t 2k — )] =272 Y am_nglt!
eZn meZ™

we conclude

VocViC...cVic Vit C...C Ly(T"). (2.17)



One easily confirms now from corresponding results on the non-periodic case [23]
that, under the above assumptions,

U Vi=Ly(T™). | (2.18)
1€Ng '

~ We will refer to the sequence {V7};ez as the periodic multiresolution analysis generated

by .
Let for any two one-periodic functions u,v

(u,v)o 1= / u(z)v(z)dz.
(01"

Next, note that for any g € £,, u € Ly(T™)

([g],U)g = (gs U) (219)
so that, for any f,g € £,

(L1 [9D)o = (£, [g]) = (If], 9)- (2.20)

One easily derives from these facts the following observation.

Remark 2.1 Let f,g € L, satisfy

(f,9(- =€) =boe, E€Z™

Then o |
(f1,90)0 =k, k,l€Z™, j€ N,

More generally, if n is any functional of compact support satisfying
n(g(- +£)) =bog, ¢€Z™,

then - | |
ni(v) = 2*n1/2n(v(2“7(: +k))) (2.2

(O
N
—_
N

satisfies

ni(gi) = 6y, kL€ Z™, j € N,

The following facts are now immediate consequences of (2.12), (2.13) and Remark
2.1. ‘

Lemma 2.1 If ¢ satisfies C§ then one has for Fl(v) := 27™/2F(v(279(- + k))), where
F satisfies (2.12) and (2.13),

F/i(%"%) = 5k,£, k,[ € Zn’j, ' (222)

and

o
[
[N
N—

1/2
|F,z'(uf)|5c(z / luf<x>12dz) , (2:
=3 (k+o,1]7)

where ¢ is independent of j,k and wi € V7.



3 Periodic Pseudodifferential Operators and Nu-
merical Approximation Methods

In this section we shall introduce a class of periodic pseudodifferential equations which
will be studied throughout the remainder of this paper. Pseudodifferential operators on
smooth manifolds are usually defined in terms of local representations and partitions
of unity ( see e.g [21, 48, 44]).

However, for our purposes it is more convenient to represent them by means of
Fourier transforms. It will be seen that the resulting class of operators covers all clas-
sical pseudodifferential operators so that confining our discussions to this class will not
impose any essential restrictions. The approximation methods that will be used for
the solution of corresponding pseudodifferential equations will be formulated as gener-
alized Galerkin-Petrov schemes. In particular, this framework covers also collocation
methods. :

The Fourier transform on 7™, often referred as discrete Fourier transform, of a
function f € Li(7") is defined by

J©) = Fraf(©) = [ e f(@)da , €€ 2", (3.1)

Tn

and, conversely, due to Fourier’s inversion formula, f can be recovered under suitable
smoothness assumptions by the Fourier series

flz)y= 3 F(eema | zeT. (3.2)

Let e = (6;4)3_, denote the jth coordinate vector and define
A=(r—1,...,7—1T

where s

(rif)(z) == f(z +€).
We shall use the subscrlpt £ in A(g) to indicate that the multinomial A® acts on the
variable &.

We are now ready to mtroduce the notion of a global symbol. For r € IR, let S7(T™)
denote the set of all functions o € C®(T™ x Z™) satisfying

108A%0(z,€)| < Cap(l + €)1 forall z €T, (€ Z™. (3.3)

The function o € S™(7™) is called a global symbol of order r on 7.
For a given symbol ¢ € S"(7™) we define the global pseudodifferential operator
o(z, D) by
o(z, Dyu(z) = Y ™ g(z,€)a(¢) , u e C°(T). (3.4)
Eezn
The symbol of a global pseudodifferential operator on 7™ is uniquely defined up to
a smooth function t' € S™®°(T") = N,erS™(T") (see [1, 28]).



In what follows we restrict ourselves to the following subclass of S"(7™). For any
p € @ with Rep = r we denote by ¥#(7™) the class of all symbols ¢ € S™(77)
which admit a decomposition o = g + o;, where o, € S™ (T”) with some r; < r and

o9 € C®°(T™ x IR*\{0}). Here we will assume that

oo(z,0) =

and that o is positively homogeneous of degree p, i.e.,
oo(z, A) = Mag(z,€) for A>0, E#0. (3.5)

Since Rep = r, 0¢ is automatically contained in S™(7™).

The main result in [28], [29] (see also [1]) and a corresponding version for operators
on the torus [38] asserts that all the classical pseudodifferential operators defined in
[25], including those appearing in boundary element methods (see [51, 11, 13, 50]),
can be described by a global symbol and vice versa. Accordingly, we will denote by
Ur(7T™) (®#(7™")) the class of pseudodifferential operators of the form A = o(z, D)+ K
where ¢ € S"(T") (2#(7™)) and K given by Ku(z) = Tf k(z,y)u(y)dy with k €

C®(T™ x T"), is a smoothing operator.
Finally, for o € S7(7™) the pseudodifferential operator o(z, D) is said to be elliptic
if there exist C, R > 0 such that

lo(z,&)| > C|é|]" for || >R, zeT™. . (3.6)

A simple and useful instance of an elliptic operator is induced by the function
E— (&), € € Z™, where (§) = |€] if € # 0. Further we set (£) = 1 if £ = 0. It is
well-known that for s € IR, one can define the Sobolev spaces H°(7T™) by

HY(T™) = {u € D'(T") : (DY°u € L*(T™)} (3.7)

equipped with the norm

lulls = (3 (&) la(€))= . (3-8)

fezn

and the inner product

(u’v)s = Z (5)2sﬁ(€)1~)—(5‘)‘ . , (39)

¢ezn

Notice that H=*(7™) can be identified with the dual space of H*(7™") with respect to
the sesquilinear form (f, u)o.
Recall that a pseudodifferential operator A € U"(7™) maps

A:HNTY) — H™"(T") , s€ R, (3.10)

boundedly.
- Our central objective is to solve the pseudodifferential equation

Au=f (3.11)



on 7" for u € H*(T™), where A € ®*(T"), Reu =r, and f € H*™"(T™).

“Let the spaces V7 be defined by (2.16) with respect to some fixed refinable function
. We will study a rather general class of numerical schemes for the solution of (3.11)
based on a fixed compactly supported distribution

neH®(), (3.12)

where s’ > 0 satisfies AV? C H*(T"), and where I' C IR" is some fixed reference
domain such as a hypercube. Thus, defining for g € H*' (IR")

ni(g) =27 y(g(27(- + k))), (3.13)

the space _ '
X7 :=span{n] : ke Z™} (3.14)

is contained in (AV7)', the dual of AV7. The corresponding Galerkin-Petrov scheme is
then given by

ni(Aw') = ni(f), ke Z™. (3.15)
Specifically, the choice n = §(: — wyp), i.e.,
n(g) := g(wo), (3.16)

gives rise to the type of collocation schemes studied in [42] for n = 1 and in (38, 12]
for arbitrary spatial dimension and tensor product spline spaces, while

n(9) = (9,%) (3.17)

corresponds to the standard Galerkin scheme. Of course, one has to assert that (3.15)

o

admits a unique solution. Our approach to this question as well as to the correspond-
ing convergence analysis is based on an appropriate notion of stability which will be
formulated in the following section.

4 Stability for Constant Coeflicient Operators

In this section we will confine the discussion to the case of constant coefficient operators.
The general case will be reduced later to this situation by means of principle of locally
freezing coefficients established in [33].

Thus we consider here the equation

o(D)u = f, (4.1)

where

o € C2(R"\ {0}), o(0)=1,

is positively homogeneous of degree u € @, Repu =r, i.e., o |zn€ E#(7T"). Throughout
this section ¢ will be a fixed refinable and stable function in H*(/R") whose additional
properties will be specified when there is any need. Writing

W= (u c k€ Z™), wApii= > upl eV
kezmi

10



(3.15) gives rise to a linear sytem involving the circulant matrix

Al = (ai,m)k,mezn,j = (a/{k_m])k,meZ"J, (4.2)

where . . . '
ar :=ni(o(D)ys), ke Z™, (4.3)

and [k —m] := (k — m)mod2’. It is well-known that the unitary matrix

. (o9=in[2 —2mi2™I (k,m)
F = (277 )k’mem (4.4)
diagonalizes A7, i.e., .
F'A'F = (akbkm)kmezmi (4.5)
where .
D ai ¢=2miz I kim) (4.6)

meZ™I
In the following let 7 denote the Fourier transform of 7 in the distributional sense, i.e.,

() = n($) holds for any ¢ € S.
Theorem 4.1 Suppose the series

o(w) = [o@f)(w) = 3 o(w+m)p(w+m)i (w+m) (4.7)

meZ™

converges absolutely for w € T™. Then the eigenvalues oy (4.6) arising from the
Galerkin-Petrov scheme (3.15) are given by

=1, op=2"a(277k), ke Z™, jec N, (4.8)
Proof: By (2.19) and (2.15) we have

#(&) =27lg(27¢), ¢e (4.9)
so that, in view of (3.4),
(Apb)(z) =277 3 o(6)p(2” ’5) i), | (4.10)
Eezn

Upon combining (4.3), (4.10), and (3.13), we obtain
¢ = 270 (Agh(27 (- + k)
= 27 30 o(&)p(27IE)eMm T My (2T

¢ezn

= 27 3 o(Op(ORRTE T, (+11)

¢ezm

Using the homogeneity of o € £#(7™), (4.11) and (4.6) yield

w=2" % (Z a(f)sa(z-fﬁ)mem-f<mf>) g2 )

meZm™l \{EL™

11



By our hypothesis, we may interchange the summation in the above double sum so
that the orthogonality relation '

S e _ | 270 €= EH2C with (€ 2
e ’ = i
mezZnI 0  otherwise,

provides . _ .
o = 20# 2 o(§+277k)p(E+277k)n(E + 2-7k),
gezn
proving the assertion. a

As in [38] we will refer to the periodic function « defined by (4.7) as the numerical
symbol of the approximation method (3.15). Our next step toward defining our notion of
stability is to introduce discrete Sobolev norms and discrete Bessel potential operators.
To this end, let f(w) denote the symbol of the forward difference operator A, i.e., the
¢-th component of §(w) is given by

Op(w) = e¥™ — 1, (4.12)
(see e.g. [39]), and define ‘
1 if w=0,
N (w) = e (4.13)
[0(w)]* if weT™\{0}.
Now let _ . _
| A = F! (diag (29X (2770))) F, (4.14)
Ie. _
(As’j)k,m — 2—nj Z zjs/\s(2—jl/)e27ri2—-7(k—m,u)’
veZmnJ
and define the norm
W5 = | A W[ gy zmiy, wi €T (4.15)

The space @%" equipped with the norm | - 1ls.; is denoted by A*(Z™7) and we refer to
h*(Z™) as a discrete Sobolev space with discrete Sobolev norm || - ||s,;-
We are now in a position to formulate what we mean by stability. Writing briefly
n’(9) = {ni(9)}rezms,
we note that ‘ . ‘ o
| PAW ) = Adw
The scheme (3.15) is called (s, )-stable if there exists some constant ¢ > 0 such that
“Ajuj”s—r,j 2 C”uj”s,j ' (4.16)

holds for all u/ € ~*(Z™7), uniformly in j € IVo.

So far we have hardly made any assumptions on 1 and ¢ relative to o. A convenient
hypothesis for proving stability in the above sense may be stated as follows. The triple
(o,9,7n) is called admissible if the following properties hold:

12



(i) The series (4.7) converges absolutely, and
(i) if

P(C+w)ll(¢ +w)| = o(lw]), w—0, (4.17)
uniformly in { € Z™ \ {0}, where r is the order of o.

Remark 4.1 If the convolution n*p belongs to Cd/(R”), is also refinable, and |z|* (n+
¢v)(z) € L1(IR"), then by Proposition 2.1 n * ¢ satisfies Fiz-Strang conditions of order
d'. Therefore, (4.17) holds for r < d'. Moreover, if @ satisfies condition C3 (cf.
Section 2) so that ¢ € H*(IR™) for s < d + p(a), one easily concludes from (2.5) and
the fact that ¢ is entire, that the triple ({-)*°, ¢, ) is admissible.

The following observation relates the discrete Sobolev norms to the continuous ones
and justifies (4.16).

Proposition 4.1 Suppose that for o € H*(IR™) the triple ((€)*,¢,p) is admissible
and that ¢ is stable. Then

| [0 #° @ | ogrmy ~ W]ls5, W/ €@, (4.18)
uniformly in 7 € INy. ‘
Proof: Choosing o(D) = (D)* and n = ¢, i.e., X7 = Vj, we obtain, in view of (3.8),
w2 = (D), Yo = wiGHw,

where G’ denotes the stiffness matrix for (D)?*. By Theorem 4.1 (4.8) and (4.7), its
* eigenvalues are given by

af =250 37 e+ 27k[P|p(E + 27 R) 2, ke z™\ {0}
Eezn : '

Admissibility ensures that this series converges absolutely. On the other hand, the
eigenvalues A}’ of the matrix (A®7)*A* are

Apl = 2%010(277k)|*, ke 2™\ {0}.
Observe next that outside a fixed neighborhood of zero in 7™ one has
lw + ¢|*/10(w)|* > 1 >0, forall (€ Z™

Moreover, by the boundedness of the sum Y ;e zn |w + ¢]**|@(w + ()|* on 7™ and since
|0(w)|** > ¢, outside a neighborhood of zero, we conclude that there
0 < O(W)* < 3w+ {*I@(w+ O < glo(w)l™. (4.19)
Cezn™
But since $(0) = 1 (see Proposition 2.1), condition (4.17) guarantees that |§(w)|** and
Ycezn lw+ (**|@(w + {)|* have a zero of the same order at w = 0. Hence (4.19) holds
everywhere on 7". Therefore there exist constants ¢, ¢’ > 0 such that

A Seof <N, ke ZM\ {0}, j€ . (4.20)
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This finishes the proof. a
We mention in passing that the analogous equivalence

272V, ~ v GOl (4.21)

where C} := [C(27 - —k)] and C(z) is the fundamental cardinal spline function of some

coordinate degrees dy,...,d,, s <d;+1/2, i =1,...,n, was established in [38].
Adhering to the terminology of [38], we call the numerical symbol « of a homo-

geneous pseudodifferential operator of order r elliptic if there exists a constant ¢ > 0

such that
o Jafw)
weTn\{0} |0(w)|"

These notions are related as follows.

> c. f (4.22)

Theorem 4.2 If ¢ € H*(T™) and (o,¢,n) is admissible, then the corresponding
Galerkin-Petrov scheme (3.15) is (s,r)-stable if and only if the corresponding numerical
symbol is elliptic.

Proof: By (4.15) we have
AW |[s—rj = [[A*T7 ATAT*IV || gy m),
where we have set v? := A®/u’. Note next ﬁhat the eigenvalues of the matrix
(As—r,jAjA-s,j)*(As-—r,jAjA—s,j)
are given by fy = 1 and
O Be=[2a@TRNTURA @R, ke ZM\ {0} (4.23)

It is easy to see that the eigenvalues (4.23) are uniformly bounded away from below
by a positive constant if and only if the numerical symbol a(w) is elliptic. Hence

”As—r’jAjA—s'jVj“gz(zn,j) > C”Vj”gz(zn,j), (424)

proving that the ellipticity of the numerical symbol implies (s, r)-stability.
Conversely, suppose a were not elliptic. Then there exists a sequence {k;};en,, k5 €
Z™ | such that ‘ ' ;
a(277k)|1277k)|TT = 0, j — oo. (4.25)
Note that

vi .= 9=in/2 (627ri(kj,2—fk)) ,
keZzmnd

is the normalized eigenvector to the eigenvalue /B, given by (4.23) and (4.25). Setting
w o= ATV

we obtain

—_
I

1w?|ls = 1V ]lea (z2ms) (4.26)
S AT AT ATV |y zmsy = €y B
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But by (4.25) we know that Br; — 0, j — oo, contradicting (4.26). This completes
the proof. a

Since admissibility ensures that the asymptotic behavior of o and of the numerical
symbol coincide near zero the same arguments as used in [38] allow to establish the
following fact.

Proposition 4.2 If (o,¢,n) s admissible and if the numerical symbol of the homoge-
neous pseudodifferential operator o(D) is elliptic, then o(D) is elliptic.

As pointed out in [38, 39] the ellipticity of the pseudodifferential operator does in
general not imply ellipticity of the numerical symbol. ,

To analyse stability and convergence properties of the schemes (3.15) for variable
symbols it is convenient to rephrase these schemes as projection methods. To describe
this, let, for some s’ > 0, n € H~*(T') be a given functional as described in (3.12)
above.-

We will then seek for an appropriate ‘dual function’ ¢ € H*(IR"™) N L, satisfying

n(e(- —§&)) =boe, E€Z". (4.27)
The mappings , .
Qiur= > mi(u)di (4.28)
ke Zmi

project H*(7™) onto the spaces
Y= span (¢l : k € Z™). (4.29)
It is then clear that solving (3.15) is equivalent to finding u/ € V7 such that

Q,;Au’ = Q;f. (4.30)

Let us briefly comment on the construction of ¢. One easily verifies that (4.27) is
equivalent to

[$A(w) =1, weT™ (4.31)

Usually ¢ can be found by first looking for a compactly supported function v € H*(IR")
satisfying B : ,
[l w) #£0, weT™. (4.32)

In fact, since 7 and 4 have compact support

[Fil(w) = 32 n(r(- +€)e e,

Eezn

is a trigonometric polynomial which, on account of (4.32), does not vanish on 7™

Hence
— 2mi(€,w)
= = gee
[¥7](w) gezzn
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is a well-defined trigonometric series with exponentially decaying coefficients g¢. By
construction, the Fourier transform of the function

=g+ © (4.33)
is given by ()
A _ ¥ (w

Thus ¢ satisfies (4.31) and therefore (4.27).

Remark 4.2 Suppose v satisfies C§ and let p € (0,1) denote the Holder coefficient of
the dth order derivatives of vy (see Proposition 2.1). Let ¢ be given by (4.84). Then
((-)**, ¢, ¢) is admissible for s < d + p.

Proof: By (4.34) one has
S w+OPbw+ O = HAW)I? Y (w+ ¥ + P,

ez Eezn

whence, in view of (4.32), the assertion follows. O

We immediately conclude now from Proposition 4.1 and Remark 4.1

Remark 4.3 Let v satisfy C3 and let the projectors Q; be defined by (4.28) and (4.33).
Then the scheme (8.15) is (s,r)-stable if and only if there exists some constant ¢ such
that '

1Q; AW ||s—r > ¢ ||ui|ls, for all v’ € VI j € IN. (4.35)

The above framework covers the following cases of particular interest.

(I) Classical Galerkin scheme:

1(9) = (9,9), Y=¢, s=0, X' =Vi=Y’,

[n fact, the stability of ¢ (2.8) assures, in view of (2.9), that (4.32) holds, so that
in this case

o) = s (4.36)

is well-defined.
(II) Biorthogonal Galerkin-Petrov scheme:
y=p=¢, s=0, VI =Yj7', X =span{n£:k e Z™},

where n € Lo(IR™) is a compactly supported refinable function which is biorthog-
onal to ¢, i.e.,
(psn(-—§)) =bog, €€ T, (4.37)

(cf. [9, 16]) so that

[(ﬁ;ﬂ(w) = [&-ﬁ](w) =1, g¢ = 60,6: £ € .an
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(III) Collocation scheme:
7(g) = g(wo) for some wy € T".

In this case

" n € H*([0,1]") for any s > n/2. (4.38)

Here one has to find a compactly supported continuous function v (which could
differ from ¢) such that the corresponding spaces Y7 have suitable approximation
properties and such that

> y(wo + € £ 0, we T, (4.39)

ezn

to which (4.31) specializes in this case. In the context of cardinal spline inter-
polation (4.39) has been established for various choices of wy and several types
of multivariate B-splines and box splines (see e.g. [6]) which suggests classical
spline spaces as typical candidates for Y7, '

(IV) Quasiinterpolation: When « is a tensor product B-spline or box spline explicit
dual functionals of the form

n(g):= Y.  c(D"9)(0) (4.40)

VEN Jv|<d!

such that
n(y(- =¢)) = 6o, E€ZT,

are known (see e.g. [15]). Hence one can take

¢ =7, 3>d’+g.

5 Discrete Commutator Property and
Super-Approximation

Throughout this section we will assume that the refinable function 7 satisfies C§ for
some d € INy and that the projectors @); are defined by (4.28), (4.31) and (4.33),
where n € H=*(T") for some s’ > 0 is some fixed functional as described in (3.12). We
will continue denoting by p € (0,1) the Holder coefficient of the dth order derivatives
of v whose existence is asserted by Proposition 2.1 (ii). We will reserve the special
notation P; for the orthogonal projectors (relative to the inner product (-, -)o) onto the
corresponding spaces Y7, defined by (4.29). If there is any reason to distinguish the
range of P; we will write Py;.

The objective of this section is to develop various approximation properties of the
operators ); or P; which will form the corner stones for our subsequent analysis of the
schemes (3.15) for the case of variable symbols.

It will be convenient to employ certain equivalent norms on H*(7") which allow us
to describe local properties of the operators ;. The analysis is complicated somewhat
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by the fact that in many cases of interest the functions ¢, defined by (4.34), do not have
compact support. We will always assume this to be the case in the following and will

not comment on possible simpler arguments for the special case of compact support.
To this end, define for A € IR™ the #th order forward differences of u by

(Afu)(z) = Z: ()t +im,

The corresponding ¢th order L,-modulus of continuity is then given as

we(u, t, Q) := sup | A% ullo (), (5.1)
<t

where || - ||o(2) denotes the usual Ly-norm relative to some domain  C IR" and
Qpri={z€eR":2+jheN, j=0,...,4}. In addition we will need the corresponding
modified modulus

~ 1/2
we(u,t,Q)q 1= ((2t)"" / ||Aﬁu||3(9h,z)dh) . (5.2)

[_t,t]"

It is known [19] that

we(u,t,Q)g ~ we(u,t,Q)2, t—0, (5.3)
We are now ready to introduce the Besov-norm
lullgs, () = [lullo() + Julw(9), (5.4)
where for any fixed £ € IN, £ >t
[ulfy (Q) := D 25wy (u, 279, Q)3 (5.5)
J=0

Here, according to (5.3), we could replace wy in (5.5) by w, whenever this is convenient.
It is known that for domains  with sufficiently regular boundary (for instance
‘minimally smooth’ in the sense of Stein [47] will do for our purposes) and for 0 <t < ¢,
the set of all functions in Ly(2) for which the above expression is finite, agrees with

HY(2) and that
1) ~ 11 sz, (@), 0<t<?, (5.6)

(see e.g. [19, 49]).

We will omit any reference to the underlying domain when working on the torus

.
Finally, the norm »
el = Nulls + 32 2%241(P; — Pi—a)ulls (5.7)
jJEN
satisfies [14]
I-llva ~ - llsg, for 0<t<d+p, (5.8)
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which, in particular, implies that Y7 c HY(7™) for t < d + p.

We begin presenting direct and inverse estimates for an essentially symmetric scale
of fractional order Sobolev spaces. The basic form of these estimates is, of course,
quite familiar and their validity has been established for various special types of ap-
proximation spaces and Sobolev norms. Classical versions involve Sobolev norms of
integer order while the general case follows usually by interpolation techniques. We
will include here a proof without making explicit use of interpolation theorems since,
on one hand, we are not aware of any reference which would be suitable for the present
general setting and since, on the other-hand, the ingredients of the proof will be of
immediate use for the subsequent developments.

A key step is the following basic estimate.

Lemma 5.1 For any 0 < t < d + 1 there exists a constant ¢ such that for all u €
HYT") and j € IN _ ,
llu = Pjullo < ¢ 277 ||ull.. (5.9)

Proof: The same arguments as in the proof of Theorem 6.1 in [14] confirm that, under
the given assumptions on ¢, one has ‘

||u — P]’U,”O S C Wd+1(u, 2—j)2, u € L2(Tn), (510)

where c is independent of u and j € INy. Thus, when ¢ = d + 1 the assertion follows
from the well-known estimate

war (4, 7)e < € T Jullaps (5.11)
which holds uniformly in 7 > 0 and u € H*(7T™) (see e.g. [24]). If t < d + 1 we have

1P —ull} < o279 (22w (u,279)3)

< 27 ( > 22mtwd+1(U,2_m)g)

meNy
< ¢ 2—2””'“”?32‘,2)

so that the assertion follows from (5.6). ' 0O

It is now an easy matter to prove the followihg direct and inverse estimates.

Theorem 5.1 Let —d—1<s<d+p, —d—p <t <d+1and s <t. Then the
~ Jackson estimate

lu = Pyulls < c2C=9ull, (5.12)

holds for all w € H(T™), where ¢ is independent of j and u.
Moreover, when s < t < d+p there exists a constant ¢ such that for allw’ € V7, j €
INy the Bernstein estimate '
lwlle < 27l (5.13)

18 valid.
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Proof: In fact, note first that

0, m < j;
(Pr, — Pr—1)(Pju — u) = (5.14)
(Pm—1 — Pn)u, m > 7j.

Thus, using again (5.6) and (5.7), we get for s < d + p

1Pju—ully ~ [[Pu—ullg+ > 22 ||(Pn = Pm1)(Piu — w3
m=1
> 2
= |Pu—ullf+ > 22™||(Pn — Pa-1)ully
m=j+1
< ey 2P

m=j5+1

where we have used Lemma 5.1 in the last step. This proves (5.12) for 0 < s < t. The
case s < t < 0 follows by a simple duality argument:

(u - Pju, ’U)Tn (u,v - P;v)T"
sup = sup
ver=s(17) o]l ver=(r7)  |[vll-s
(u,v = Plv)rs |[v — Piv|| -
= sup ;
ver~(1) |lv—=Fioll- ol

< e flulli2,
which confirms (5.12) in this case as well. In the case s < 0 < ¢ one argues similarly

(u — Pju,v)7n (u — Pju,v — Piv)7n |lv — Prvllo
sup = sup -
veEH=5(T") l[v]l-s veH=*(T") [l = Pollo lvll-s
¢ llu = Pyull2”

<
< ¢ 206Dy,

where we have used Lemma 5.1 in the last step. This completes the proof of (5.12) for
the asserted range of s, t.
Likewise (5.8) and Lemma 5.1 provide

. . J .
W) < el llz + 22 2™ (P — Pr-1)¥ g
m=1

J .
< e 2,

m=0

which proves (5.13) thereby finishing the proof of Theorem 5.1 0

- Remark 5.1 The direct estimate (5.12) implies that the orthogonal projectors P; are
uniformly bounded in H*(T™) for |s| < d+ p.
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We will determine next to what extent the Jackson estimate (5.12) and Remark 5.1
remain valid for the larger class of operators ();. The analysis will, however, be much
more involved and will make explicit use of the representation (4.28). We begin with
collecting some auxiliary facts.

Lemma 5.2 Under the above assumptions on n there exists for any s > s’ a constant

c such that for allu € H*(T"),j € IN and k € Z™

i ()* < e (ull§Th) + 27 lull2(T)) -
Proof: For any s > s’ we have
k()] = 277227+ E))] < e 27 u(27 (- + K))1o(D). (5.15)
Noting that Afu(277(z + k)) = AL, ,u(y) when y = 279 (z + k), we obtain
wart (27 P27 (- 4+ £)), 27 T)a = wagr (u, 27971, T9),. (5.16)

)
) and (5.15) that

N

Thus we conclude from (5.

P < (nuno D) 5 92y (u, 25 m)
=0
= (nun () +2° 2”222*'“)%“(%2-““),rfg)z) (5.17)
=0
< ¢ (JlullaTd) + 272 lul|X(1})) ,
as claimed. O

Next, note that, by definition of ¢ (4.33), a straightforward calculation yields

S gl (5.18)
kezm
where ' .
gp = Z Goic_k, k€ Z™, (5.19)

ez

and g¢ are the coefficients appearing in (4.33). It will be convenient to use the following
notation. For any domain 2 C 7" let

0f =279k +Q), 0, ={le 2™ :0}n(suppri) # 0},

Specifically, we will briefly write O := [0,1]". One easily concludes now from the
exponential decay of the coefficients g¢ that there exists some constant ¢, independent

of j € INo, k € Z™, for which

> Y gl Y Y ldl<e (5.20)

meZm™I IED'}:,«/ keZmd leﬂi,-y
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Lemma 5.3 Suppose s’ < d+p (cf. (3.12)). Then for any 0 <t < d+p,s’ < s there
exists a constant ¢ such that for u € H*(T")

IQsull(0h) < e 2 30 3 il (llello(T]) + 277 [ulls(T))

lezm™i meDi 7
where [ is the domain from (3.12).

Proof: We infer from (5.18) that
161100 < 3 gl I1alle

J
mEDkﬁ

< 2 Y gl (5.21)

J
meuk,'r

where we have used the inverse estimate (5.13) and the fact that |77, |lo < c in the last
step. The assertion follows now from (5.20), (5.21), Lemma 5.2, and (4.28). 0

Let F be the dual functionals appearing in Lemma 2.1 relative to 7 satisfying Cd
and consider the associated projectors

Giu:= Y, Fi(u).

kezZmi

Lemma 5.4 Let Q C IR" be some fized bounded domain satisfying the uniform cone
property (cf. [24]). Then there ezists a constant ¢ such that

1Gju = ullo(R}) < € wapr(w, 27, )2, w € Lao(TT), (5.22)

where . . . .
@ = {57 : (supp ) N O # 0}.
Moreover, for 0 < s <t, s<d+p, t<d+1, one has

G — ulls(2) < ¢ 277 ull (), we H(T™). (5.23)

Proof: Without loss of generality, we may assume that j is sufficiently large so that
Q] CC T™. Since ~ satisfies C§ and since G is a projector, we infer from Proposition
2.1 that G, reproduces all polynomials of degree d on Qf, so that

IGu = ull (o) < NIG;(u = PI(Q) + llu —pll(2h),  (5.:24)
and therefore, on account of (2.23), when s = 0,

y — J : _ )7
IGsu—ulo(®) e _int = pllo(() (5.25)

A Whitney type estimate (cf. [19]) ensures the existence of a polynomial py € II4(R")
such that B o .
lu = pollo(%) < ¢ war1 (v, 277, Q)2 u € La(), (5.26)
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which, in view of (5.25), proves (5.22).
. Now we can use again (5.6) for the standard interpolation argument, i.e., (5.26)
yields

| e N2
v = pollo(§2;) < c27 (222ltwd+1(u’2—17ﬂfc)§)

1=0

< e 27 uflf(Q), - (5.27)

which, by (5.26), confirms (5.23) for s = 0.
As for 0 < s < t, note first that (2.23) yields

1G5 (w = po)ls(%) < e 3 llu—pollo(TE)IElls

J
kleuk,‘r

< e 2|lu —pollo)(Q) < c 277 ull(QF),  (5.28)

where we have used (5.13) and (5.27) in the last two steps, respectively. Furthermore,
by (5.6),

. . J .
lu —poll3(Q%) < ¢ (Ilu = poll5(Q%) + >° 2% wapa(u — po, 27, Q4)3
=0

+ Z 2231wd+2(u _pO,z_l, ‘;c)g) (529)
=741
=: C (T1 + T2 + Tg)
Taking we(u,t, Q)2 < ¢ ||ullo(2), (5.27) provides for ¢t < d + 2,
J : . .
Ty < ¢ 32 2% |u— poll§(Q%) < e 275 |lulF(2). (5.30)

1=0

Observing that A%™2py = 0, we note next that for s <t

T, < c 9~2i(t—9) Z 221(t_s)22lswd+2(u,2"1,(2?;)3

I=5+1
< e 2740wl F(9). (5.31)
The assertion follows now from (5.25), (5.28), (5.29), (5.30), and (5.31). ]

Lemma 5.5 For 0 < s < t, s < d+p andt < d+ 1 there exists a constant c
independent of j € INg, k € Z™ such that for any u € HY(T™)

1Qju — ulls(0)) < ¢ 2969 37 ( > lg{_ml) [lll(T9).

1€Z™ \mea] _
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Proof: Since Q;u — u = Q;(v — Gju) + (Gju — u) we obtain
1Q5u — ulls(OF) < 1Qs(u = Giu)lls(TE) + [[u — Gjull(OE). (5.32)
By Lemma 5.3 we get ‘

1Q5(u = Gsu)lls(0]) < c2* 3 (IGsu— ullo(T)

leZni

+ 2—j3’||Gju—unsl(P{))( > igf.mi). (5.33)

'm.El:Ii)_y
Invoking Lemma 5.4, the right hand side of (5.33) can be estimated by
c? X | X loal | (27 ul(TD),
l€Z™ \meo]

which proves the assertion of Lemma 5.5. a

We are now ready to prove the following extension of Theorem 5.1 and Remark 5.1.

Theorem 5.2 Let s,s' < d+p, 0 <s<tands <t <d+ 1. Then there ezxists a
constant ¢ < oo, independent of j, such that

1Qiu —ulls < ¢ 279 Iull,, we HYT™), je N, (5.34)

as well as
1Qsulls < ¢ llulls, we H(T"), j€ N (5.35)

Proof: By (5.3), (5.6) and the fact that the modified moduli of smoothness permit
summing over the respective domains we may invoke Lemma 5.5 and obtain

IQiu—uli<ec 3 [1Qu—uli())

kezmi

< 27BN (Z > g ||u||t(f{>) (5.36)

kezmi \lezmi mEDi,v

< c27¥l=) ST {Z > ol }{ > (Z Igzj_ml) IlUII?(f‘f)}-

keZmnJ leZzm™i meD-}i,*] lezmi megiﬁ

By (5.20), the right hand side of (5.36) can be bounded by

c 2= { 2 ( 2 'gf-m')}“un?(f{)s«:z-zf“-”nuu?,

lezm™i | kez™i megin
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where we have used the fact that diam f‘f ~ 279, This proves (5.34). The bound (5.35)
follows now from (5.34) with s =1¢. -0

The subsequent considerations are motivated by the following observation. If n(g) =
g(wo), for some wy € 77, i.e., if @; is a Lagrange interpolation projector, one trivially
has

Qifu = QifQsu (5.37)
for every fixed cut-off function f and any v € C(7™"). ’ »

In general, the projectors @); will not satisfy (5.37) but we will show that un-
der certain circumstances (5.37) will hold at least asymptotically for the whole class
of projectors considered above. As a first step in this direction we will establish a
super-approximation result which, due to its close connection with (5.37), is some-
times referred to as discrete commutator property.

Theorem 5.3 Let —d -1 < s < d+p, s <t < d+ p. There erists a constant
0 < 6 <1 and a constant ¢ = c(s,t,6) such that one has for any f € C°(T") and any
u € VI

1= Pl < € 2755959l ol o (5.35)
where || f|l1,00(2) 1= max)|<i sSupgeq 0" f(2)| and || - ||i,00 := || - ll1,00(T™). Specifically,
one can take

0:=1-np.
Proof: As before let . .
Gilw) = 3 Fi(w (5.39)
kezmi

~ define the projectors onto the spaces Y7 which appear in Lemma 5.4. For a given
f € C®(T"), v € Y7, and any constant b let ¢’ := fu? and g} := (f — b)u/. One
readily verifies that . ' . .
Gig’ =9 =Gigy — g5,
so that we conclude from (5.22) in Lemma 5.4 that
IG;g" — g 1l0(O4) < ¢ wasr (98,277, 0%)a. (5.40)
Next note that | |
ARG 15(Q) < e (Ilf = blIE o (DNAT w7 I[3(0)
d+1 .
+ D NAL 5 el AR " [3(2,0))
g=1
where Qg4 1= Uico(Ih + Q). Thus, since the constant b is arbitrary, we get
1Gi* = B0 < e @Y1 sowan (v, 277, 01

d+1 . . . N
+ 2027 f I o wari—i(w, 277, OF)3). (5.41)

=1
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Since u? € C4(T™) we may use (5.11) again to conclude thaf
wd+1—l(\uj,2"j> 0))3 < wanai(w, 277, 00)F < ¢ 275Dy, 1< I<d 4L
Thus, upon summing over k € Z™7, we infer from (5.41) that
I1Gig” = gl15 < € 121,00 (2 ¥ wara (u?, 277, T)5 + 272D |[2). (5.42)
Now fix some s” with d < s” < d + p. Since obviously
Wat1(Uy 8, T™)2 < wayr(u,t)2

we derive from (5.42) the estimate

1Gig” =95 < e I llEpce (272C" D@ waa(wf, 277)3) + 279Dl )

< e[ flli 02 e (z 22" gy (w9, 272 + nu-fn;‘;) .
lelN

Hence, by (5.6), we obtain
1G59” = ' llo < € | flla+1,00277 ) | o (5.43)

Note that 6 := 1 —p < d+ 1 — s” so that, in view of the inverse estimate (5.13), the
estimate (5.43) implies, in particular,

IGig” = ¢llo < ¢ I fllarr,oo27727 ]I, (5.44)

for t < s”.
Since one trivially has

I1Pig’ — ¢’llo < |Gig” — ¢ llo,

and since s” < d+ p may be chosen arbitrarily close to d + p, the assertion of Theorem
5.3 for s = 0 follows now from (5.44).
Since u! € V™ for all m > j, (5.43) implies

1Png’ — ¢’ llo < ¢ || flla+1,002 ™D ||, (5.45)

where c is independent of m > 7,5 and u’/. Recalling (5.14) and using (5.6) and (5.7)
again, provides for s > 0

I1Pig — g2 < ¢ Y 22™|[(Pn — Pu1)(Pig® — )l

m=0
o0
< e )2 Pug’ — 45 (5.46)
< el lr00 (2.2'2’“““‘5?) 112,
m=j -
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where we have used (5.45) in the last step. Hence
1Pig" = glls < € 277 £l g ol || o (5.47)
Thus (5.13) provides for any s <t < 5"

1Pig” — ¢l ¢ 279D £l g o[l (5.48)

<
< e 277270 flluga ol

where we have set again § =1 — p > 0. This proves the assertion for s > 0.
Now suppose —d — 1 < s < 0. Since I — P; = (I — P;)? the Jackson estimate (5.12)
yields ' .
1Pig” = g’lls < ¢ 2°1|(F; — )&’ [lo-

Thus applying (5.45) to the right hand side of the above estimate and employing again
the inverse estimate (5.13), confirms (5.48) also for the negative range of s < ¢. This
completes the proof. ~ a
Observing that for every projector Q; onto V7
Qju—u = Q;(u — Pju)+ Pu —u, (5.49)
and recalling Theorem 5.2 yields

Corollary 5.1 Let ' < s <t <d+ p. Then there ezists a constant 0 < 6 < 1 and a
constant ¢ = ¢(s,t,8) such that for any f € C*(T") and any v € V7

I = Q) (Fe)lls < e 2772770 fllagncollw e

The following duality argument shows that (5.38) is closely related to another super-
approximation result for the orthogonal projectors P;. Using selfadjointness gives

IBA = Byl = sup_ (u,(1 = P)FPwe (5.50)
< sw_llu=Pull (1= P)FProll-e. (551)

Thus applying the direct estimate (5.12) to the first factor and (5.38) to the second
factor on the right hand side of (5.50) provides

Corollary 5.2 Let |[s| < d+ p and s <t < d+ p. Then there exists 6 € (0,1) and
some constant ¢ = ¢(s,t,6) such that

I f( = Pyulls < ¢ 27722770 fllaollulle,  we HY(T™). (5.52)

Corollary 5.2 shows the full Sobolev scale for which (5.37) holds in an asymptotic
sense for orthogonal projectors. The remainder of this section is devoted to establishing
a similar result also for the projectors @);, which will be the second important ingredient
for the subsequent stability analysis.
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Theorem 5.4 Lets' <t <d+1, 0 < s<d+pands <t. Then there ezists a sequence.
{6;}ienw with limj_ 8; = 0 and a constant ¢ such that for any f € C®(T"), u €
HY(T™) | ,

1Q;£(1 = Qs)ulls < € &2 || Fllara ool - (853)
Proof: Let |

rei= Y |9l

mEDiﬁ
and let {N;};en be an increasing sequence of integers such that

lim N; = oo, lim N;277 = 0.
J—c0 J—00

[t follows from the exponential decay of the coeflicients ge, |{| — oo that

= >, rrp—0, j— oo, (5.54)
leZ™I\Ky

where

Ki;:={leZ™ : N;2|0(27(1 - k))| < 27}.
Now note that for any b € IR
Qif(I — Q) = Q;(f — b)(I - Qj)-
Thus Lemma 5.3 yields

195 £(1 = Q3)ullo(B}) = 1Q5(f = b)(I = Q3)ulls(O) (5.55)
< e2 3 m (1 = ) = Qi)ullo(T) + 27 I(f = bi)(I = Qs)ull(TY))
lezm9

=<ﬂ”{2}+ > }mMMﬂWOU—%W%@D

l€Kk,; 1€eZ™I\Ky ;
+ 27(f = b = Q)ull« (1))
= 27 (51 +5%,).

Next note that
{ S e (IF = )T = Q)ullo(Td) + 279 (f — bi)(T — Qj)ullsf(l‘{))}

leZ™i\Ky ;
<2¢ > e (I0F = b)(T — Qi)ull3(T)) (5.56)

IGZ"'J-\K;:,J'

+ 275 (f = b (I = Qy)ull3(TY)) -
Choosing some fixed point z; € Df; and setting by := f(zx), we obtain

I(f = 8T = Qa)ull3(T)) < IIf = billowo(TDllw — Quull3(T])
| < 2| FI1F eollw — QsuliB(TY), (5.57)
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while by (5.6),

N =) = Qy)ull2(TY) < c(II(f—bk)(I Q;)ul|A(TY) (5.58)
+ 222‘” war (f = )T = Q)u, 279, T])2).

For the sake of brevity let fi := f — bg, vj := (I — @;)u and note that as in the proof
of Theorem 5.3

IARF (Feo)lB(Q) < e (1ell5 o DN AT 0515(2)
d+1
L IA o (DIAT v (), (5:59)
so that by (5.58) and (5.57)

1 = B) (I = @3)ull2(T) < e (Il fullf oo (Tl = Quell3(I)

11l o (T) 222“’wd+1(vj,2-q,r{)§ (5.60)
q=1
oo d+1
+ 00 Z Z 224" Py p(v5,27 T )2
=1 p=1

< e el o) (I = Qa3 (T) + llu — QuullE(TY)

+ e I 00 (e = Qiullfooy, (T) -
Of course, when s’ = 0, one simply gets

I(F = B)(I = Qi)ullz(T]) < e 1 Fulls oo (TDHII = @i)ull§(TY)- (5.61)
At any rate, substituting (5.57) and (5.60) into (5.56) provides

1/2
Y < [/ lla+1,00 <€j Yo Tk (““ Qull3(Ty) + 275 |lu — qullif(Ff))) :

IEZ"'j\R'kJ (
5.62)

As for ¥; we employ a similar argument but distinguish two cases. If s’ = 0 we get

o< e Y mll(f = fla))(I = Q;)ullo(Th)

leKy ;
- ‘ 1/2
< chz‘fuful,oo(Z rl| Q5w — ul[5( i)) , . (5.63)
leKy ;:

where we have used in the last step Schwartz’s inequality and the fact that the sum over
71 remains bounded. If s’ > 0, the term || fi[o, oo(l"’) can be estimated by N;277|| f||1,c0
since diam (U{T¥ : [ € K} ;}) ~ N;277. Hence, as in (5.60), we obtain for [ € K ;.

ICF = b)( = @)ull3(TY) < e LI oo (V5279)? (e — Qiual3(T)
+ = QuulZ () + ¢ 1 i ollu = Qsullfucsy, (7). (5.64)
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Hence, by Schwartz’s inequality,

P < e ( > il (f = F=))(T = Q5)ull3(TY) (5.65)

leKk,;

+o2 3 n,kn(fff(xk>><f—czj)u||§/(ri>>.

I€Kk,;

Thus, using (5.63) and (5.64) yields

21 < e M2l Do ruk (v — Qaull3(T) + 277 ||u — Qull2(TY))

leKy ;

+ 27N e 2 rrellu = Quullfu_yy, (TY). (5.66)
lEI\"k,J’

Thus, setting

. max {, /&, 2=("=("-1)4+)i N2=3} if s’ > 0,
. max { /&, N;277} if s' =0,

- we obtain from (5.20), (5.55), (5.62), and (5.66)

1Q:£(7 = Qul(T) < ¢ P9 flunee 3 rue (Ilu = Quull3(T)

lezmi
n 2—2j(s'—1)+“u _ Qi“”%s'-n,,(rf)ff' 2-21‘5'”u _ qu”i(m)) _ (5.67)

Now the same argument as in the proof of Theorem 5.2 yields, upon summing over

ke zm™
1Q: A= Qi)ull? < e 8222 f 0o (lu = Qrulld + 2754 D4 lu = Qullfuy,
| £ 275y — QulA(TY)),

so that the assertion follows from Theorem 5.2 (5.34). This completes the proof. O

6 Stability Analysié for Variable Symbols

This section is concerned with a stability and convergence analysis for the class (3.15)
- of generalized Galerkin-Petrov schemes applied to the pseudodifferential equation

Au=f (6.1)

on 7", where A € U¥(7T"), Rep = r. Our strategy is to reduce the problem to the

case of a homogeneous constant coefficient operator studied in the previous section.
Throughout this section we will assume that the function ¢, which generates the

trial spaces V7, satisfies Cg for some d € INy (see Section 2). We will continue denoting
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by @, the projectors from Sections 4 and 5, defined relative to some function « satisfying
now Cg' for some d' € INy which may differ from d. Accordingly, we denote by
p, p' € (0,1) the Holder coeflicients of the d, d'th order derivatives of ¢, , respectively.
Since we will be concerned with the spaces V7 generated by ¢ as well as with the
spaces Y7 generated by v we will distinguish the corresponding orthogonal projectors
by writing Pyj, Pyj, respectively.

In Section 5 we have collected some prerequisites to prove a series of approximation
properties involving the pseudodifferential operator A € ¥"(7™). These facts, in turn,
will allow us to characterize stability and convergence properties for the above class of
Petrov-Galerkin schemes. As before we will always assume in the following that (3.12)
holds.

For a linear operator A from a normed linear space X into a normed linear space
Y we denote its norm by ||A||(x.y) := sup || Auly.

lull x <1

Proposition 6.1 Suppose s’ < d+p—r,8 <d +1and -d—1<s < d+p. The
sequence {A;}jen, of finite dimensional operators

Aj = Q;APy;
converges strongly to the operator
A:H(T") = H(T")

whenever 0 < s —r < d + p'. Moreover, when @); agrees with the orthogonal projector
Pyi, the assertion remains valid for —d—1<s—r <d +p'.

Proof: By (3.10), Theorem 5.2 (5.34) we obtain for ' +1 > t—r > s’ and s <t < d+p -

[Ajulls—r < N APvsulls—r + (1 = Q) APysulls—r
< c(lulls + 27 APy ulle-r)
< (lulls + 27N Pysulle) < cfulls

where we have used the inverse estimate (5.13) and Remark 5.1 in the last step. There-
fore it suffices to establish the convergence on a dense subset of H*(7™). Thus for
u € C(7T™) we obtain as before for s <t < d+p

1(4; = Aulls—r < (1 = Qs)APvsulls—r + | A(Pys = Dulls—r
¢ (277 ulle + || Pyiu — ulls) (6.2)

<
< e 277 full,

where we have used again Theorem 5.2, or (5.12) when @; = Py;, (3.10), and in the
last step again the Jackson estimate (5.12). Since the right hand side tends to zero for
fixed u the assertion follows. -0
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Corollary 6.1 Let0 <s—r<d +p', or—-d—1<s—r <d + p' when Q; = Py;.
For any cut-off function f € C®(T™) with compact support one has

sup ||Q;f Pyill(zrs=r(rn).ms=r(7n)) < 00 - (6.3)
JEN,

and :
‘ [Py fo7|ls < ellv?]]s (6.4)
forallvieY?, j€IN and —-d—1<s<d + . '

Proof: Since f € U°(7™) (6.3) is covered by Proposition 6.1, while (6.4) follows from
(5.12) and (3.10) since f € ¥O(7T™). : O

Proposition 6.2 Let f € C°(7T™) be a fized cut-off function. Then for —d—1 < s <
d+p, s <d+p—-—r,0<s—r<d+p and —d—1<s—r <d +p, respectively,
when Q; = Py;, one has

”QJA([ - PVj)fPVjII(HS(Tn):Hs-r(Tn)) — 0 as ] — 00 . (65)

Proof: The triangle inequality and (3.10) yield

NQIA = Pys)fPysulls—r < [|A(I = Pys) fPysulls—r (6.6)
HI(I = Q)AL — Pyi) fPysulls—r < ¢ (|[(I = Pys)fPyiulls
+ (I = Q;)A(I = Pyi)fPviulls—r).

Applying Theorem 5.3 to the first summand and Theorem 5.2 for d+p >t > s, t—1 >
s', to the second summand above, (6.6) can be estimated by

¢ (27 flulls + 277 I NA(L = Pys) f Pysulle—r) (6.7)
< e (27 Nulls + 277N = Pys) fPysulle) < e (277 lulls + 2702770 Pyjull,)

where we have used Theorem 5.3 in the last step again. Applying the inverse estimate
(5.13) to the second summand on the right hand side of (6.7) yields, in view of Remark
5.1, finally,

|Q5A(I — Pyi) f Pysulls—r < 277 |fulls

where ¢ is independent of 7. This completes the proof. a

Let us denote by L3o(7™) the set of those functions g in L2(7") for which there
exists some y € 7™ such that g restricted to the unit n-cube with center y has support
strictly contained in the interior of that cube. Following [38] we denote for y € 7™ by
My the localizing classes of functions in C®(7™) N Lap(7™) which are equal to one in
some neighborhood of y. It is clear that for every f, € M, there exists a g, € M,
such that fy(z)g,(z) = gy(z), ¢ € T™. Moreover, for every set {f,},e7n» there exists a
finite subcollection {fy, }ier and a periodic function g € C®(7™) such that

(Z fu)g=1 on T™. (6.8)

el

Finally, we will need the following version of Seeley’s lemma [21, 44].
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Theorem 6.1 Let u €@, s € IR, Rep =71 and ¢ = a¢ € > *(T"). Then

inf o(z, D) + K||(gs(rry:mge-r(77)) < su oo(z, &
o L )+ Kllsrryme=rim) zET",E]:ll o(2, )l

holds for every r' <.

We are now in a position to prove the following local equivalence of approximation
operators.

Proposition 6.3 Suppose s,s’,r satisfy the hypotheses of Proposition 6.2. Let A €
UH(T™), Rep =1 and y € T™ Then there exists a homogeneous function o,(§) of
degree p such that for each € > 0, there are T, € U™ (T"), r' < r, and f, € M,
satisfying

1Qi((A = oy(D))fy + Ty) Pyillprs(any:mrs—r(amy) < €, (6.9)

for all j > jo(e).
Proof: For o4 =09+ 01 € *(7") and fixedy € 7", let

ay(§) = oo(y,¢) ©(6.10)

which, by assumption is a positively homogeneous function of degree . More precisely,

oy is determined by :

Lim sup |oa(y, &) — oy ()] €77 =0 (6.11)
l€1>R

Thus, Seeley’s lemma Theorem 6.1 ensures that for each € > 0 there exists a T, €

UT(T™), ' <r—1,and f, € Lyo(T™) N C®(T™) such that

”(A - O'y(D))fy +‘Ty”(H"(T”’):H3_"(T")) < € . (612)
Now we proceed as in previous proofs estimating for any v € H*(7")

1Q;((A = oy (D) fy + Ty) Prsulls—r < |l(0a(, D) = ay(D)) fy + Ty) Prsuls—
+ (1 = @5)((0a(, D) = oy(D)) fy + Ty) Pysulls—r \ (6.13)
< ellPriulls + 27 ((0a(, D) = 0y (D)) fy + 1) Pyillirs

where we have used (6.12) and Theorem 5.2 for s’ <t —r < d + p — r. The second
term on the right hand side of (6.13) can be bounded by

¢ 27909 (I((D)~*(A = oy(D))fy = (A= ay(D) (D)™ (6:14)
(D)7 Ty = Ty(D)**) Pusullows + (A = 0y(D)) fy + T)(DY ™ Prsulls—s) -

Note that (D)=*T, — T,(D)*=* = (D)*=*T" where T" = Ty, — (D)*~*T,(D)t=% € W' (T™)
for ' < r — 1. The operator

A= (D)7 (A= 0y (D) fy = (A= oy (D)) f,(D),
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in turn, is of order r + ¢ — s — 1 (see e.g. [21, 48, 26]). Thus, on account of the inverse
estimate (5.13), the first summand on the right hand side of (6.14) can be bounded in
terms of

¢ 279 APysulleer + DY T Prsullyy < ¢ 279 Praulliey  (6.15)
< e 27 9i 1= Pyl = ¢ 27 |l -

The second summand on the right hand side of (6.14) can be estimated again with
the aid of (6.12) and the inverse estimate (5.13) giving

2 |(D)~* Prsull, < ¢ 27| Pyulls S cellPraull, . (616)

Combining (6.15) and (6.16) and choosing jo = [log, ¢/e] where ¢ is the constant in
(6.15) completes the proof. : a

According to (4.7), let 3
' 0 (,) = [0 () (6.17)
denote the numerical symbol relative to the constant coefficient operator o, (D) defined

above in (6.10).
The numerical symbol «,, is called elliptic if there exists a constant ¢ > 0 such that

11 .
]an(w,y)l 2 clwlra w € [“'5)'2']“'? y €T . (6'18)

: We will now begin to formulate stability properties of the scheme (3.15). Adhering

to the terminology of [32, 33]), we call the scheme (3.15) or the sequence {Q;APy;}jen
locally (s,r)-stable if for each y € T™ there exist g, € M, and operators Ty, T", €
Ur'(T™), r' < r, and bounded linear operators C, ;, D, ; mapping V7 into itself such
that

Qigy(0y(D) + Ty)Cy; ~5—r QjgyPys, (6.19)
Dy ;Q;i(0y(D) +T'))g,Pvi ~s PyigyPys, (6.20)
and
sup ”Cy,j“(Hs—r(Tn):Hs(Tn)) < o0, :;up “Dy,j”(Hs—r(’]’n):Hs(Tn)) < 00, (621)
JEN JEN

where for any two sequences of operators Bj, C; the notation B; ~, C; stands for
Jlilg ||B] - Cj”(H.!(Tn):H:(Tn)) = 0.
Proposition 6.4 Let s',s,r satisfy the assumptions of Proposition 6.2. Suppose A €

WH(T™), Reu = r is invertible as an operator from H*(T™) to H*™"(T™). Then the
scheme (3.15) is (s,r)-stable if and only if it is locally (s,r)- stable.
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Proof: First suppose (3.15) is (s, r)-stable and write briefly B; := Q,;BPy; whenever
B is some operator with appropriate domain and range. Thus, by Remark 4.3, the
operators A; satisfy

1A s 2 co llw'lls, v € V7, j 2 jo € No,
for some constant ¢y independent of j > jo. Let us also abbreviate for any f € C*(7™)
7= PuifPys, [} = QifPys.

In view of Proposition 6.2 and Proposition 6.3, for each ¢ € (0,1) and any y € 7"
there exist f, € M, and T, € U™ (T™),r' < r such that

AH{A; = (0u(D))i }AT + (T)illrecrmyars—rizmy) < ¢/co (6.22)
for j > j0. Choose g, € M, so that g, = ¢, f,. We infer from Theorem 5.3 that
Aj_l(o'y(D))j(gy);D = (%);3 + Agl{(ay(D))J’ - Aj}(gy)f
=s (I + By,j)(gy);') + AJTI(Ty)j(gy)f, (6~23)

where
By; = A7 {((¢,(D)); — A) ()Y — (T,);}-
Since by (6.22)
”By,j”(HS(Té):Hs(Tn)) <g<l,

the linear operators I + B, ; are invertible and

(T + Byi) ™ amyaserny < (L= )7

whenever j > jo. Hence (6.23) implies (6.20) with Dy ; := (I + B,;)"'A;". In an
analogous way one derives relation (6.19) In order to prove the converse, suppose now
that (6.19) and (6.20) hold for ally € 7™ and j > jo. Then we conclude from Theorem
5.4 that :

Dy (04(D) +Ty) (9,)F = (9, | (6.24)

and
(9)5 (04(D) + T,); Cyj ~ami (94)7- (6.25)
 Recall that for a, € M, one has

Aay —a,A€ U7 (T™) for r' <.

Thus we infer from Proposition 6.3 and Theorem 5.4 that for each y € 7™ there exist
ay € My, T, € U™ (T™), r' < r and a continuous operator B, ; on V7 satisfying

lim [(@)§ {45 = (0(D);} = (Bus = (T)i)lgr-crmpari—rrep =0 (6.26)

and
”By,jCy,j”(Hs-'(’f"):m—r(f[n)) <g<l.
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Now choose f, € M, such that fya, = f,g, = f,, we see from (6.26) that
]l_lglo ”(fy)J {A; = (0y(D));} - (fy)j {Byq' - (Ty)j}'”(Hf(T”):H"“’(T")) =0 (6.27)
Combining (6.25) and (6.27), we find that

(fy)?AjCy,j Xs—r (fy)g2 ((I + By,;Cy;) — (1,);Cy ;) -
Thus
(f)7 AiGus omr (£)F (I = (T,)iGys), (6.28)
where
Gy = Cyi(I + By,jcy,j)_l
Obviously, one has

sup |Gy, ll(Ee=r(Try:me (7)) < 00.

We select now a finite number of functions f,, € M,, @ = 1...,N such that the
function f:= YN, f,, € C=(T™) is invertible. Setting

N
ji= ZPfoy;Gy;,ja
=1

and employing Proposition 6.2, we obtain that

N . N
A;C oy S F)P 4G + 3. QTG 5,
=1

=1

where

T, = Afy — fuA€ U (T™).
Setting T! := T; — f,,Ty; € U™ (T™), we apply (6.28) and get

N
A;C5 =5, f]Q + ZQJ’TiIGyi,J‘- (6.29)

=1
Finally, let
B N
Gj = Cj - Z PVjA_lTiIGyi,j'
i=1
It follows from (6.29) that ) ‘
AjCj o~ f]Q + VVJ‘,

where

W;: Z DTGy, ;-

On account of Theorem 5.2, Corollary 5.1 and Proposition 6.1, the operators Q;—A; A~!
converge strongly to zero in H*~"(7™). Thus, because the operators T} : H*(T") —
H*="(T™) are compact,

Jim ([l grs=r(rayrs=rizmy = 0.
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Hence,A,-(j'j oy fJQ Since, in view of Theorem 5.4 and Corollary 6.1, (f;))‘1 yp
(f1)9 and sup; ||(f™1)?|| < oo, there exist operators D; such that

Jim 1D; - Ci(F IV Nare=r(zmymrs@ny =0

and
Aiju’ =u’, u €V SHII\)/ HDj”(Hs-'r(Tn):Ha(Tn)) < ©0.
J€E )

Hence, because V7 has finite dimension, A; is invertible and (A4;)~* = D;. This proves
the (s,r)-stability of the sequence {4;};jen,- O

Proposition 6.5 Suppose the hypotheses of Proposition 6.4 are satisfied. Then the
Galerkin-Petrov scheme (3.15) for the operator A is (s,r)-stable if and only if the
scheme is (s,7)-stable for the operator oy(D) for ally € T™.

Proof: If the scheme (3.15) is (s,r)-stable for the operator o,(D) for all y € 77,
the relations (6.19), (6.20) are fulfilled with g, =1, T, = T, = 0 and C,; = Dy; =
((04(D));)"". Thus, by Proposition 6.4, the scheme (3.15) is (s, r)-stable for the oper-
ator A.

Conversely, assume the scheme (3.15) is (s, )-stable relative to A. Then by Propo-
sition 6.4, the relations (6.19), (6.20) hold for each y € 7™. Since 7™ is a compact
manifold, there exists Ny € IV such that for all y,y’ € 7™ and 7 > jo, there is a vector
k € Z™ such that g, := g,(- —277k) € M,. Note that the spaces V7, Y7 as well as
the projections Py;, @; are invariant under translation by 277k. Let Tu := u(- +277k).
Taking also the translation invariance of the operators o,(D) into account, we deduce

from (6.19) and (6.20) that for fixed y € 7™ and all y' € T™, 7 > jo

ngy’(o'y(D) + Ty’)Cy',j ~o_r Qigy Pyi,

and

Dy ;Qi(oy(D) + Ty)gy Prs =25 Pyigy Pvi,
where Dy ; := 771Dy ;7,Cyr j := 77 Cy ;7 and Ty := 77'Ty7, T} := 77T 7. Therefore
the sequence {(oy(D));};en is locally (s,7)-stable for all y € 7™. Thus, by Proposition
6.4, {(cy(D));}jen is (s,r)-stable for all y € T™. O

Combining now Remark 4.1, Remark 4.2, Theorem 4.2 and Proposition 6.5 estab-
lishes the main result of this section.

Theorem 6.2 Let s',s,r satisfy the hypotheses of Proposition 6.2. Suppose A €
UH(T™), Rep = r is invertible as an operator from H*(T™) to H*""(T™). Then the
scheme (8.15) is (s,r)-stable if and only if the numerical symbol oy is elliptic.

We are now in a position to estimate the convergence of the schemes (3.15).
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Theorem 6.3 Let A : H*(T") — H*"(T™) be an invertible pseudodifferential oper-
ator in UH(T™), Rep = r where —d — 1 < s < min{d+p,d +p'}, 0 < s—-r <
d+p, =d—1<s—r <d+p when Q; = Py, respectively, and s’ < d+p—r.
Suppose that for some t > s such that d'+1 > ¢t —r > s’ the right hand side f in (6.1)
belongs to H*""(T™). Finally, assume that the scheme (8.15) is (s,r)-stable. Let u*
denote the ezact solution of (6.1) and let u? denote the unique solution of (3.15) whose
existence is asserted by Theorem 6.2. Then

= wlly < ¢ 2796w, (6.30)
If, in addition 8" < s —r, one even has
|u* = w?]|e <277 |[w*,, max{—d-1,r} <t'<s. (6.31)

Finally, in case of the classical Galerkin scheme, i.e., Q; = Py;, (6.31) holds for
max{—d—1,-d—1—-r} <t <t

Proof: Ford'+1 >t —r > s’ Theorem 5.2 yields

1Qif = flls=r < 27|l = 277079 Au7| -,
< 27w (6.32)

where we have used, (3.10) in the last step.
Next, recall from (6.2) that

1(QiAPy: = AYallo—r < e 27767 (6.33)

“whenever 0 < s —r < d + p’ or whenever —d —1 < s—r < d' + p' for Q; = Py;. Now
note that . '
o = willy < (P — Dl + | Pysus” — ]l (6.34)

On account of the stability (4.35) of our scheme (3.15), we have

1Prow —wlls < e |QiA(Pysu™ — )|l

<
:<—_ ¢ |Q;APyiu* — Au™||s—r + || Au" — Q; AW ||5wr
But Q;Au’ = Q; f since Au* = f. Thus
1Pvsw —lls < ¢ (I1(QiAPys — Ayulls—r + 1Qsf — flls—r)
so that (6.34) yields

lu” = @ls < [[Pviv” —u'lls + ¢ [[(QiAPys — Aju™|ls—r

+ cll@if = flls— - , (6.35)

Substituting the estimates (5.12), (6.33), and (6.32) in the right hand side of (6.35)
yields (6.30).
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Now suppose that s < s—r and recall that the invertibility of A as an operator from
H?*(T™) to H*="(T™) implies its invertibility as an operator from H*(7™) to H"~"(T")
for any t' € IR, i.e., there exists a constant cy > 0 such that '

[Aullo—r > collulle, we HY(TT). (6.36)
This regularity result yields for ¢’ < ¢

lu* —wlle < flu" = Pysu®|le + || Priw* — ]l
< e 279w, + | APy v — AW, (6.37)

where we have used also (5.12). Moreover, using (3.10), we obtain

IAPy;w* — Avlor < |A(Pysu® = w)llo—r + | = A [lo—,
< c|[Priv’ —uw o + |If = Qifllo— + Q5 Au" — Av!||u—s.

(5.12) and Theorem 5.2 provide now for s —r > ¢/, t' — 7 > 0.

IAPysu" = Aw|lor < 27O (s + || fllo=r + | Aw]s-r)
< 2O (s + 1) (6.38)

since || flls—r = ||Auw*|ls—r < ¢||u*||s by (3.10). Again, when Q; = Py, the restriction

t' —r > 0 may be relaxed to —d — 1 <t/ —r.
Since by assumption s —r > s’ we conclude from (6.30) for ¢ = s that

1]l < efu”]s

which, in view of (6.38) proves (6.31). The remaining part of the assertion follows from
using Theorem 5.1 (5.12) instead of Theorem 5.2 in (6.38). " o
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