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Abstract

The general reverse diffusion equations are derived. They are applied to
the problem of transition density estimation of diffusion processes between two
fixed states. For this problem it is shown that density estimation based on
forward-reverse representations allows for achieving essentially better results
in comparison with usual kernel or projection estimation based on forward

representations only.

1 Introduction

Consider the SDE in the Ito sense
dX =a(s, X)ds + o(s, X)dW (s), to<s<T, (1.1)

where X = (X!,.., X9T, a = (a%,...,a?)" are d-dimensional vectors, W =

(W1, ..,W™)T is an m-dimensional standard Wiener process, o = {¢¥} is a d x m-
matrix, m > d. We assume that the d x d-matrix b := oo ", b = {b¥/}, is of full rank
for every (s,z), s € [ty,T], = € R%. The functions a(s, z) and 0% (s, z) are assumed
to be sufficiently good in analytical sense (for example, their first derivatives are
continuous and bounded). This particularly implies existence and uniqueness of
the solution X;,(s) € RY, X;,(t) =z, to <t < s < T, of (1.1), smoothness of
the transition density p(t,z, s,y) of the Markov process X, and existence of all the

moments of p(-,-, -, y).

The aim of this paper is the construction of a Monte Carlo estimator of the unknown
transition density p(t,z,T,y) for fixed ¢,z,T,y, which improves upon classical ker-

nel or projection estimators based on realisations of X; ,(7) directly.

Classical Monte-Carlo methods allow for effective estimation of functionals of the

form
1(f) = / p(t, 2, T, ) f (v)dy. (1.2)
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These methods exploit the probabilistic representation I(f) = E f(X;(T)). Let
X;. be an approximation of the process X;, and let Xt(z) (T) forn=1,...,N be
independent realizations of X; (7). Then I(f) may be estimated by

-y 3 ()

1/2

with a statistical error of order N~ */, provided the accuracy of approximating X,

by X;. is sufficiently good.

The problem of estimating the transition density of a diffusion process is more in-
volved, see [1], [6], [7]. For an approximation X;,, it is natural to expect that
its transition density p(¢,z,T,y) is an approximation of p(¢t,z,T,y). Indeed, if
X 2(T, h) is the approximation of X, ,(T") obtained via numerical integration by the
Euler scheme with time step h, then the density p(¢, z, T, y) converges to p(t, z, T, y)
uniformly in y when the step size h tends to zero, see Bally and Talay [2|. Further,
in [6] and [7] it is shown that the quantity

ﬁh(ta Z, T7 y) =FE ¢h(Xt,:c(T’ h) - y)

with ¢p(z) = (20h?)~%2exp {—|z[?/(2h%)} converges to p(t,z,T,y) as h — 0.
In [6] strong schemes of numerical integration were used, while [7] applied weak
schemes. Combining these result with the classical Monte Carlo methods leads to

the following estimator of the transition density

plt 2, T,y) = Zm( DEME (13)

where X (T h), n=1,...,N, are independent realizations of X;,(T,h). More
generally, since the random variables X,, = )_(t(;) (T,h) of independent realizations
of X;(T,h)for n=1,...,N areii.d. with the distribution that approximates the
distribution of X;,(7T), one may estimate the transition density p(¢,z,T,y) from
this sample by using standard methods of nonparametric statistics. For example,

the kernel (Parzen-Rosenblatt) density estimator with a kernel K and a bandwidth

plt,z,T,y) = N(Sdz < ) (1.4)

see e.g. [4]. Clearly, proposal (1.3) is a special case of this estimator with kernel K

d is given by

being the standard normal density and bandwidth § equal to the step of numerical

integration h.



The estimation loss p(t,z,T,y) — p(t,z,T,y) can be split up into an error due to
a numerical approximation of the process X by X and an error due to the kernel
estimation which depends on the sample size IV, the bandwidth § and the kernel
K. The loss of the first kind can be reduced considerably by properly selecting a
scheme of numerical integration and choosing a small step h. The most important
loss, however, is caused by the kernel estimation. It is well known that the quality
of density estimation strongly depends on the bandwidth § and the choice of a
suitable bandwidth is a delicate issue (see e.g. [4]). Even an optimal choice of the
bandwidth § leads to quite poor estimation quality, in particular for large dimension
d. More specifically, if the underlying density is known to be two times continuously
differentiable then the optimal bandwidth 6 is of order N~'/(4*+4) leading to the
accuracy of order N—2/(4+d) gee [4]. For d > 2, this would require a huge sample
size N for providing a reasonable accuracy of estimation. In the statistical literature

this problem is referred to as “curse of dimensionality”.

Note that the “curse of dimensionality” problem doesn’t encounter by the estimation
of functionals I(f) in (1.2). Similarly, via probabilistic representations based on

reverse diffusion, Monte Carlo estimation of functionals of the form

r'g) = [ sawt.a. T,z (1.5)
goes with root-N accuracy also, see Section 3. In this paper we aim to propose a
method for estimating the transition density p(¢, z,T,y) of a diffusion process which
allows for root-N consistent estimation for particular values of ¢, z, T, and y. In this

method both the forward and reverse diffusion process are involved.

In Section 2, we discuss some probabilistic representations for the functionals I(f)
n (1.2), which thus lead to different Monte-Carlo methods for the evaluating of
I(f). Also we show how the error of the Monte Carlo estimation can be reduced by
the choice of a suitable probabilistic representation. In Section 3, we introduce the
reverse diffusion system in connection with probabilistic representations for func-
tionals of the form (1.5). In Section 4, we explain how the combination of forward
and reverse diffusion can be used for efficient Monte Carlo estimation of the transi-
tion density. We introduce two different estimators which we refer to as kernel and
projection estimators. General properties of these estimators are studied in Sec-
tions 6 and 7. In Section 5 we demonstrate the advantages of combining the forward
and reverse diffusion for transition density estimation at a simple one dimensional

example. We show by an explicit analysis of an Ornstein-Uhlenbeck type process
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that root-N accuracy can be achieved. In Section 8 we compare the computational
complexity of the forward-reverse kernel estimator with the usual forward kernel
estimator and give some numerical results for the example in Section 5. We con-
clude that, in general, for the problem of estimating the transition density between
two particular states the forward reverse estimator outperforms the usual estimator

based on only forward diffusion.

2 Probabilistic representations based on forward dif-

fusion

In this section we present a general probabilistic representation and the correspond-
ing Monte Carlo estimator for a functional of the form (1.2). We also show that the
variance of the Monte Carlo method can be reduced by choosing a proper represen-

tation.

For a given function f, the function

ul(t,2) = B f(X0ulD)) = [ plt,2,7,0) 1)y (21)
is the solution of the Cauchy problem for the parabolic equation
du 1<~ 0%u 4 ou
Lu:=—+ = b (t — 't - =0 T,z)= .
v Gty L e+ e =0 Ul = S

Via the probabilistic representation (2.1), u(¢, ) may be computed by Monte-Carlo
simulation using weak methods for numerical integration of SDE (1.1). Let X be
an approximation of the process X in (1.1), obtained by some numerical integration
scheme. With )_(t(f;) (T) being independent realizations of X;.(T"), the value u(t, z)

can be estimated by
| N
~ (n)
U= — nEI f (Xm (T)) . (2.2)

Moreover, by taking a random initial value X (¢) = £, where the random variable

¢ has a density g, we get a probabilistic representation for integrals of the form

1(f,9) = / / g(@)p(t, z, T, ) (y) dz dy.



The estimation error |u — u| of the estimator @ in (2.2) is due to the Monte-
Carlo method and to the numerical integration of SDE (1.1). The second er-
ror can be reduced by selecting a suitable method and step of numerical integra-
tion. The first one, the Monte Carlo error, is of order {N~! Var f(X,,(T))}/? ~
{N~!Var f(X,,(T))}/? and can, in general, be reduced by using variance reduction
methods. Variance reduction methods can be derived from the following generalized

probabilistic representation for u(t,z):
u(t, z) = E[f(Xeo(T))Xeo(T) + X2 (T))], (2.3)

where X;,(s), Xi.(s), Xi.(s), s > t, is the solution of the system of SDEs given
by

dX = (a(s,X) —o(s, X)h(s,X))ds + o(s, X)dW (s), X(t) ==z,
dX =h'" (s, X)XdW (s), X(t) =1, (2.4)
dX = FT (s, X)XdW (s), X(f) = 0.

In (2.4), X and X are scalars, and h(t,z) = (h'(t,z),...,h™(t,z))" € R™, F(t,z) =
(Fl(t,z),..,F™(t,z))" € IR™ are vector functions satisfying some regularity con-
ditions (for example, they are sufficiently smooth and have bounded derivatives).
The usual probabilistic representation (2.1) is a particular case of (2.3)—(2.4) with
h =0, F =0, see, e.g., [5]. The representation for h # 0, F = 0 follows from

Girsanov’s theorem and then we get (2.3) since EX = 0.

Consider the random variable 1 := f(X:,(T))X;+(T) + X; (7). While the math-
ematical expectation E'n does not depend on A and F', the variance Varn =
En? — (En)? does. The Monte Carlo error in (2.2) is of order /N-1Varn and
so by reduction of the variance Var n the Monte Carlo error may be reduced. Two
variance reduction methods are well known: the method of importance sampling
where F' = 0, see [10], [12], [15], and the method of control variates where h = 0,
see [12]. For both methods it is shown that for sufficiently smooth function f the
variance can be reduced to zero. A more general statement is given in Theorem 2.1

below, see also [11]. Introduce the process
n(s) = u(s, X1(8)) X z(s) + Xez(8), t<s<T.

Clearly n(t) = u(t,) and n(T) = J(X10(T)X4(T) + X (T).



Theorem 2.1. Let h and F' be such that for any x € IR™ there is a solution of the
system (2.4) on the interval [t,T|. Then the variance Varn(T) is equal to

Varn(T)=FE /tT Z (Z ol = - + uh? + FJ> ds (2.5)

provided that the mathematical expectation in (2.5) exists.

In particular, if h and F satisfy

Za” -+ uhd + FI =0, j=1,...,m,
then Varn(T) = 0 and so n(s) is deterministic and independent of s € [t,T).
Proof. The Ito formula implies

=1

dn(s) = Xyo(s)(Lu)ds + X,u(s) > (Z aif% + uh? + Ff) dW7(s)

j=1

and then by Lu = 0 we have

/ Xyo(s Z (Z 0¥ 2 pubd + F’) dWi(s').
Hence, (2.5) follows and the last assertion is obvious. O

Remark 2.1. Clearly, h and F' from Theorem 2.1 cannot be constructed without
knowing u(s,z). Nevertheless, the theorem claims a general possibility of variance

reduction by properly choosing the functions A?, and F?, j =1,...,m

3 Representations relying on reverse diffusion

In the previous section a broad class of probabilistic representations for the integral
functionals I(f) = [ f(y)p(t,z,T,y)dy, and more generally, for the functionals

ffg p(t,y, T, y)f(y)d:c dy is described. Another approach is based on
the SO called reverse diffusion and has been introduced by Thomson [14] (see also
[8], [9]). We here derive the reverse diffusion system in a more transparent and more
rigorous way. The method of reverse diffusion provides a probabilistic representation

(hence a Monte Carlo method) for functionals of the form
I"(g) = /g(:r)p(t, z,T,y)dz, (3.1)

6



where ¢ is a given function. This representation may be easily extended to the
functionals I(f,g).

For a given function g and fixed ¢ > 0 we define

v(s,y) = /g(x')p(t, ', s,y)de, s>t

and consider the Fokker-Planck equation (forward Kolmogorov equation) for p(¢, z, s, y),

d

Z 6y 6y] (s,9)p) — Z 3?!1' (ai(sa Y)p)-

Then, multiplying this equation by g(z) and integrating with respect to = yields the
following Cauchy problem for the function v(s, y):

= Z 8y 8y1 ,y)v) — Z 8?;1 (ai(s, y)’l)), s >t,
v(t y) = g(y).

We introduce the reversed time variable s = T + ¢ — s and define

76(8’:1/) = U(T+t_§7y)7
a'(5,y) = d(T+t-3y),
bi(5,y) = bI(T +t—5,y).

Clearly, v(T,y) = v(t,y) and

d

d

1 8 5

1 P’ s e (5 ) -
2i;8y’8yf(b (5,4)0) Zay'(a Gy =0, §<T, (3.2)

i=1

o(T,y) =v(t,y) = g(y).

Since b = bii and so b = b, the PDE in (3.2) may be written in the form (with
s instead of s)

—i—Za s,

(s,y)v =0, s <T,(3.3)

~ 0 1~

Ly = (9s+ Zb”(sy
2,7=1

where

i o _. 1. 5%
O‘(s’y)_z&yj_a’ Zayay]

j=1 i=1

So we obtain a Cauchy problem in reverse time and may state the following result.
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Theorem 3.1. I*(g) has a probabilistic representation,

I*(g) = v(T,y) = v(t,y) = Eg(Yey(T))Vey(T)], (3.4)

where the vector process Yy, (s) € IR* and the scalar process Y, (s) solve the stochas-

tic system

dY = a(s,Y)ds +5(s,Y)dW (s), Y(t) =1y,

(3.5)
dY = c(s,Y)Vds, V() =1,

with 5(s,y) = o(T + t — s,y) and W being an m-dimensional standard Wiener

process.

It is natural to call (3.5) the reverse system of (1.1). The probabilistic representation
(3.4)—(3.5) for the integral (3.1) leads naturally to the Monte Carlo estimator v for

v(T,y),
D= > (V) 9, (36)

where (Yt(;n),j)t(?), m = 1,...,M, are independent realizations of the process

(Viy, Viy) that approximates the process (V;,, Viy) from (3.5).

Similar to (2.3)—(2.4), the representation (3.4)—(3.5) may be extended to
v(T,y) = Eg(Yy(T)Vey(T) + Yo (T)], (3.7)
where Y} ,(s), Vey(s), Yi,(s), s > t, solves the following system of SDEs,

dY = (afs,Y) — &(s,Y)h(s,Y))ds + (s, Y)dW (s), Y(t)=

Y,
dY = c(s,YV)Vds + h' (s, Y)VdW (s), V() =1, (3.8)
dY = FT(s,Y)VdW (s), Y(t) = 0.

In (3.8), Y and Y are scalars, h(t,z) € IR™, and F(t,z) € IR™ are arbitrary vector

functions which satisfy some regularity conditions.

Remark 3.1. If system (1.1) is autonomous, then b, @, o, &, and ¢ depend on

y only, b (y) = b (y), @ (y) = a'(y), and so 5(y) can be taken equal to o(y).

Remark 3.2. By constructing the reverse system of reverse system (3.5), we get
the original system (1.1) accompanied by a scalar equation with coefficient —c. By

then taking the reverse of this system we get (3.5) again.
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Remark 3.3. If the original stochastic system (1.1) is linear, then the system (3.5)

is linear as well and ¢ depends on ¢ only.

Remark 3.4. Variance reduction methods discussed in Section 2 may be applied to
the reverse system as well. In particular, for the reverse system a theorem analogue

to Theorem 2.1 applies.

4 Transition density estimation based on forward-
reverse

representations

In this section we present a probabilistic representation for the target probability
density p(t,z,T,y), which utilizes both the forward and the reverse diffusion system.
Next, we give two different Monte Carlo estimators for p(¢,z,T,y) based on this
representation: a kernel estimator and a projection estimator. A detailed analysis

of the performance of these estimators is postponed to Sections 6 and 7.

We start with a heuristic discussion. Let ¢; be an internal point of the interval

[t,T]. By the Kolmogorov-Chapman equation for the transition density we have

p(t,z,T,y) = /p(t,x,tl,x')p(tl,x',T, y)dz'. (4.1)

By applying Theorem 3.1 with g(z') = p(t,z,t1,2'), it follows that this equation

has a probabilistic representation,
p(ta .’E, T) y) = Ep(t, .’L', t17 Yt1,y(T)) yt1,y(T)' (42)

Since in general the density function ' — p(t,z,%1,2") is unknown also, we can-
not apply the Monte Carlo estimator @ in (2.2) to representation (4.2) directly.
However, the key idea is now to estimate this density function from a sample of
independent realizations of X on the interval [¢,¢;] by standard methods of non-
parametric statistics and then to replace in the r.h.s. of (4.2) the unknown density
function by its estimator, say ' — p(¢,z,t;,2'). This idea suggests the following
procedure. Generate by numerical integration of the forward system (1.1) and the
reverse system (3.5) (or (3.8)) independent samples Xt(;)(tl), n=1,...,N and

(Vi™(T), )7t(1my) (T)), m =1,..., M, respectively (in general different step sizes may

t1,y
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be used for X and V). Let p(t,z,t1,2') be, for instance, the kernel estimator of
p(t, z,t1,2") from (1.4), that is,

N o (n) !
—~, n __ t,$
p(t,:z:,tl,x)——N(sd nEIK <—(5 :

Thus, replacing p by this kernel estimator in the r.h.s. of (4.2) yields a forward

representation of the form (2.1) which in turn may be estimated by

(m)
Bt z,T,y) = [Nad ZZ ( b tl) NYtl,y (T)> yt(lmy)(T)

m=1 n=1

(4.3)

We will show that this heuristic idea really works and leads to estimators which
have superior properties in comparison with usual density estimators based on
pure forward or pure reverse representations. Of course, the kernel estimation of
p(t, z,t1,2") in the first step will be crude as usual for a particular z’. But, due to a
good overall property of kernel estimators, namely, the fact that any kernel estima-
tor is a density, the impact of these point-wise errors will be reduced in the second
step, the estimation of (4.2). In fact, by the Kolmogorov-Chapman equation (4.1)
the estimation of the density at one point is done via the estimation of a functional
of the form (4.2). It can be seen that the latter estimation problem has smaller
degree of ill-posedness and therefore, the achievable accuracy for a given amount of

computational effort will be improved.

Now we proceed with a formal description which essentially utilizes the next general

result naturally extending Theorem 3.1.
Theorem 4.1. For a bivariate function f we have
// (t,z,t1, 2" )p(t, ¥, T, y) f (2, y')dz'dy’

F(Xiw(tr), Yo,y (T)) Yoy (T)]; (4.4)
where X, ,(s) obeys the forward equation (1.1) and (Yy, 4(8), Vi, 4(5)), s > t1, is the
solution of the reverse system (3.5).

Proof. Conditioning on X;,(t;) and applying Theorem 3.1 with g(-) = f(z',-) for
every z’ yields

= [sltn2) ( JECE YA y)dy') dz’

O
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Let Xt(z) (t1), n=1,...,N, be a sample of independent realizations of an approx-
imation X of X, obtained by numerical integration of (1.1) on the interval [t,#;].
Similarly, let (_t1 y( )yt1 y( )), m =1,...,M be independent realizations of a
numerical solution of (3.5) on the interval [t;,7]. Then the representation (4.4)
leads to the following Monte Carlo estimator for J(f),

T= e SO (R ), V) 9 (45)

Formally, J(f) — p(t,z,T,y) as f — daiag (in distribution sense), where dging (2, y') 1=

do(z' —y') and d; is the Dirac function concentrated at zero. So, aiming to estimate
the density p(t,z,T,y), two families of functions f naturally arise. Let us take

functions f of the form
z —
1@ 9) = sl ) = 8K (=Y
where 072K (u/8) converge to dy(u) (in distribution sense) as § | 0. Then the
corresponding expression for J coincides with the kernel estimator 7 in (4.3). As

an alternative, consider functions f of the form

F@ ) = for(@,y) Zw

where {p,, £ > 1} is a total orthonormal system in the function space Ly(IR?) and
L is a natural number. It is known that f, — Ogiag (in distribution sense) as

L — oo. This leads to the projection estimator,

N M L L
r 1 (n —(m S(m ~ A~
7 = LS S S (X00) o (D) D) - Y w49
n=1m=1 f=1 =1
with
LN
8=~ e (X0w), ZW( () V)
n=1

The general properties of the kernel estimator are studied in Section 6 and the
projection estimator is studied in Section 7. As mentioned previously, by selecting
properly a weak scheme and step size h, approximate solutions of systems of SDEs
can be simulated sufficiently close to exact solutions. Therefore, in what follows we
do not distinguish between the process X;.(s), respectively (Y%, ,(s), Vi, 4(s)), and
their approximation X;,(s), respectively (Y3 ,(s), Vi, 4(s)). Moreover, by skipping

these not really essential technicalities we may keep our exposition more transparent.
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Remark 4.1. In general it is possible to apply variance reduction methods to the
estimator J in (4.5), based on the extended representations (2.3)—(2.4) and (3.7)—
(3.8).

5 The explicit analysis of the forward-reverse kernel
estimator in a one dimensional example
We consider an example of a one dimensional diffusion for which all characteris-

tics of the forward-reverse kernel estimator introduced in Section 4 can be derived

analytically. For constant a,b, the one dimensional diffusion is given by the SDE
dX = aXdt+ bdW (1), X(0) =z, (5.1)

which is known for @ < 0 as the Ornstein-Uhlenbeck process. By (3.5), the reverse
system belonging to (5.1) is given by

dY = —aYds+bdW(s), Y(t) =y, s>t (5.2)
dy = —alYds, Y(t)=1. (5.3)

Both systems (5.1) and (5.2) can be solved explicitly. Their solutions are given by
t
X(t) =e*(z + b/ e~ "dW (u))
0
and

Y(s) = e“(St)(y—Fb/ e DWW (u)),
t

y(s) — efa(sft),

respectively. It follows that

e?at -1

2a

t
EX(t)=e"z, VarX(t)= b262”t/ e 2 dy = b = o%(t)
0

and, since the probability density of a Gaussian process is determined by its expec-
tation and variance process, we have X (t) ~ N (e*z,0?(t)). The transition density
of X is thus given by,

1 (ea(s—t)x o 2)2

t,2,8,2) = —————=exp|———5———
Px( ) 2n0%(s — ) Pl 20%(s — t)

. (5.4)
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Similarly, for the reverse process Y we have Y (s) ~ N (e ¢ty e~2a(s"52(5 — )
and so
1 (e—a(s—t)y o 2)2

pY(ta Y, S, Z) = \/27'('672“(5775)0'2(3 — t) exp[— 26—2a(sft)o-2(s — t)

]

is the transition density of Y.

We now consider the forward-reverse estimator (4.3) for the transition density (5.4),
where we take ¢t = 0 and 0 < ¢; < T. For simplicity, we don’t deal with variance

reduction, i.e, we take h = 0 and F' = 0. It follows that

o—o(T—t1) M

N
px(0,2,T,y) ~ v = “MNS Z ZKnma (5.5)

m=1 n=1
where

t1 T —
Kom = K((e™(z+b / e~ ™) () — =T (y 4+ b / 2 u=10) g7 m) (3)))51)
0

t1

= K((e®z —e Ty 4 o(t)) UM — e T (T —1,)VM™)§ 1) (5.6)

with U™ and V(™ being i.i.d. standard normally distributed random variables.
Note that in general ¢ in (5.5) and (5.6) may be chosen in dependence of both N
and M, so 6 = 0y, in fact. It is clear that (5.5) collapses to a classical (pure)

forward estimator or (pure) reverse estimator if ¢; = 0, or ¢; = T, respectively.

By choosing the Gaussian kernel

K(:) = exp(~ ), (5.7)

it is possible to derive explicit expressions for the first and second moment of {x i
in (5.5). In particular, for the expected value we have

1 (ez —y)°
\/27r (62e2e(T—4) 4+ o2(T)) eXp[_2(5262a(T—t1) + O.Q(T))] (5.8)

Eéyu =

and for the variance it follows that

—N-M+1 A
Var (§ym) = 27rMN(B+:2(T)) exp|— B+02(T)]
M—1 _ A
+ 27rMN\/B+02 (T—tl)\/B+202 (T)—02(T —ty) eXp[ B+20‘2(T)_0'2(T—t1)]
N-1 _ A
—l_QWMN\/B-FUZ(T)—UZ(T_tl)\/B+U2(T)+02(T_t1) eXp[ B+a2(T)+o2(T—t1)]

efa(Tftl) A
2 MN6+/B+202(T) exp|— B+202(T)]' (5.9)
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with the abbreviations A := (e*Tz — y)?, B := §%¢**(T~%)_ Since in Sections 6
the forward reverse kernel estimator will be analysed quite general, we here sketch
the derivation of (5.8) and (5.9) just briefly. It is convenient to use the following

standard lemma which we state without proof.

Lemma 5.1. Let U be a standard normally distributed random variable and let the
kernel K be given by (5.7). Then,

2
EXP[—zf—zqz]

EK(p+qU) = .
(p+4qU) 27(1 + ¢?)

In (5.5) the K, are identically distributed and so (5.8) follows straightforwardly
by application of Lemma 5.1. The variance expression can be derived as follows.

We consider the second moment
oT-t;) M N M N

E& = M2N252 3N D EKumKum (5.10)

m=1 n=1 m'=1n/=1

and split the sum into four parts: n # n' and m # m'; n = n' and m # m’;
n#mn' and m =m'; n =n' and m = m'. Then, to each part we apply Lemma, 5.1
with appropriate substitutes for p and g. After collecting the results, (5.9) follows
by Var (§nm) = E &5 ar — (B énu)?

We now compare the bias and variance of (5.5) for 0 < ¢; < T with the classical
cases t; = 0 and ¢; = T. The bias in (5.8) converges to zero for § | 0, since we have

eaTz_ 2
eXP[—%]

EéN,M - (1—'—0(62)) :pX(O,.’E,T, y)(1+0(62))

So, the bias is of order O(§?) and thus the same as in the classical situation for a
kernel given by (5.7). For t; = T we obtain the classical pure forward estimator and

by substituting t; = 7" in (5.9) we get the variance of the classical forward estimator,

eaTz_y)z aTz_y)Z
T)_ 1 exp[—m] 1 exp[—m]

V. _ _
ar (£ N.M 2N §,/62 4+ 202(T) 27N 6%+ 0*(T) ’

where M has dropped out since there is no reverse simulation in fact. Similarly, for

(5.11)

t; — 0 we obtain the classical reverse estimator with variance

“Tac—y)2 aTz_y)z
e—aT exp[—m] 1 exp[—m]

2w M §/62€29T 1 202(T) C2rM 52627 +02(T)

Var ( ;1,’7\40) = (5.12)

where now N has dropped out since we have only backward simulation. Now,

comparison of (5.9) with (5.11) or (5.12) leads to the following interesting conclusion.

14



Conclusion 5.1. We consider the case M = N and denote the estimator for
px(0,z,T,y) by {&y. The width § will thus be chosen in relation to N, hence &
= 0n. We observe that

E(SN - pX(O,:L‘,T, y))2 = E(gN - ESN)2 + (E SN —pX(O,:E,T, y))2’ (5'13)

where ey = \/E(éy — px(0,2,T,y))? is usually referred to as the accuracy of the
estimation. From (5.13), (5.11) and (5.12) it is clear that for both pure forward
and pure reverse simulation (¢, = T or t; = 0, respectively) we have ey | 0 when
N — o0, if and only if 6y — 0 and Noy — oco. So, by (5.11) and (5.12) again we
have for the classical (forward or reverse) estimator

C1

el = (NdN +e26%) (1 +0(1)), Noy— 0o and dy | 0,

for some positive constants ¢, cp. It thus follows that the best achievable accuracy

2/5

rate for the classical estimators is ey ~ N7%/°, which is attained by taking iy ~

N5,

We next consider the forward-reverse estimator which is obtained for 0 < ¢; < T.

From (5.9) and (5.13) it follows by similar arguments that

d d
L, G

(§ * wzgo +dOn)(1+0(1), Noy— o0 and oy L0, (5.14)
N

% =

for some positive constants d, dy and d3. So, from (5.14) we conclude that by using
the forward-reverse estimator the accuracy rate is improved to ey ~ N~ /2 and this

rate may be achieved by dy ~ N7 for any p € 1, 1]!

6 Accuracy analysis of the forward-reverse kernel

estimator in general

In this section we study the properties of the kernel estimator (4.3) for the transition
density p = p(¢,z,T,y) in general. Let r(u) be the density of the random variable
Xtz (t1), that is, r(u) = p(¢, z,t1,u). Similarly, let g(u) be the density of Y3, ,(7T")
and further denote by u(u) the conditional mean of Y, ,(T) given Y; ,(T) = u.

By the following lemma we may reformulate the representation for p in (4.2) and

J(f) in (4.4).
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Lemma 6.1.

J(f) = /f(u,v)r(u)q(v)u(v) du dv. (6.2)
Proof. (6.1) follows from (4.2) by

p = Er(Yay(T) YuylT) = E [r (Yuy (1) E Dy yT) | Yory (1))
— Br (i (D) ilYiuy(1) = [ rwiu)au)du (6.3

and (6.2) follows from (4.4) in a similar way. O

For a kernel function K(z) in IR* and a bandwidth &, we put f(u,v) = frxs(u,v) :=
6 4K ((uw—v)/d) and thus have by Lemma 6.1,

Hiwa) = [ [ 5 5" Drwaute) dud,

which formally converges to the target density p in (6.1) as ¢ | 0. Following Sec-

tion 4, this leads to the Monte Carlo kernel estimator

1 N M X _Y 1 N M
ﬁszZymK< " m):MNZZan (6.4)

n=1 m=1 n=1 m=1

with

Zo =6 K <M> :

)

where X, := Xt(f;)(tl) € R* n=1,...,N, may be regarded as an i.i.d. sample
from the distribution with density r, the sequence Y,, = Yt(lrz)(T) € R m =
1,...,M, as an i.i.d. sample from the distribution with the density ¢, and the
weights Y, = yt(l’"; (T), m=1,..., M, may be seen as independent samples from
a distribution conditional on Y;,, with conditional mean u(y) given Y;, = u. Below

we derive some properties of this estimator.

Lemma 6.2. We have

Ep=ps = / / r(u + 60)g(w)p(w) K (v) du dv = / o (A () ds

with



and
rs(u) := (5_d/r(v)K (67" (v —u)) dv = /T(u + 6v)K (v)dv.

Moreover, if the kernel K fulfills [ K(u)du =1, K(u) >0, K(u) = K(—u) for
all we R?, and K(u) =0 for |u| > 1, then the bias |p — E p| satisfies

lp— Ep| = |p — ps| < Ckl|r"||6? (6.5)

1
with Cx = §f|v|2K(v)dv - [ AMu)du and [|r"]| = sup, ||r"(v)||, where ||r"(v)]| is

2
the Fuclidean norm of the matriz r"(v) = {66; - }
v OV

Proof. Since all Z,,, arei.i.d., by (4.4) it holds Ep = J(fks) = E Z,m for every
n=1,...,N,and m=1,..., M. Hence, by Lemma 6.1,

EZ,, = 6_d//r(u)q(v)u(v)K (67" (u—v)) dudv
= //r(u + dv)q(u)p(u) K (v) dudv = ps .

For the second assertion it is sufficient to note that the properties [ K(v)dv =1,
JK(w)vdv =0, and K(v) =0 for |v|> 1, imply

rs(u) —r(u) = /T(u +6v)K(v)dv —r(u) = / [r(u+ 6v) — r(u) — 6v'r'(u)] K(v)dv
= / %520Tr"(u + 6(v)dv)v K (v)dv

1
31 [ oK ()

IN

where |0(v)| <1, and so

Ips — p| < /|7'5(u) = r(u)[Au)du < Cxd®||r"| /A(U)dU-
0

Remark 6.1. The order of the bias |ps —p| can be improved by using higher-order
kernels for K . We say that K is of order 8 if it holds [wJ'...uw" K (u)du = 0
for all nonnegative integer numbers ji,...,Jq satisfying 0 < 71 + ... + jga < (.
Similar to the proof of Lemma 6.2 one can show that the application of a kernel K
of order f satisfying [ K(u)du = 1, K(u) = 0 for |u] > 1, leads to a bias with
lps — p| < C6P*L, where C is some constant depending on r,q and K.

17



Concerning the variance Varp = E (p — Ep)” of the estimator (6.4) we obtain the

next result.

Lemma 6.3. It holds

Varp = W{S “Bs + A]{];/[l r(u) A} (u)du + % / 73 (u) po(u)q(u) du
N+M-1,
R
where
Bs = /rtg,g(u)ug(u)q(u)du
with
As(u) = 67 / (v—u))dv= /)\(u + dv)K (v)dv,
rso(u) = 67 / (v—u))dv= /r(u + 6v)K*(v)dv,

pp(v) = EQ}| Y= v)

Proof. Since Z,, and Z,.,s are independent if both n # n' and m # m/, it
follows that

N M 2
]WNWM?zzE(XDS o m) (6.6)

N nM 1 1 N M
= Z Z E (an - p6)2 + Z Z Z (E ZnmZnm' — pg)
n=1 m=1 n=1 m=1m'#m

N M
+2. 2 2 (B ZunZum —p)).
1

n=1 n'#n m=1

Note that for m # m' we have
EZwmZom = 6~ 2d///K (u—v)) K (67" (u—")) r(u)A(v)A(v')du dv dv’
= 0 //K (u —v)) r(w)As(u)A(v) du dv

= /r(u))\g(u) du

and, similarly, for n # n’ it follows
EZ,wZpim = /r?(u)ug(u)q(u) du.
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Further,

EZ:, = 6MEY2K? (67" (Xn — Yu))
= §¥E (K (6" (Xo—Yw)) E (V2 | Vi)

= o [ [ K6 - ) ra(oes(o) dudo
= 5 /Nz v)rs2(v)du

and so we get

o 0y —p2 M -1 N -1
Varp = ]\;M 4 NI (/T(u))\g(u)du—ﬁ)‘i‘w </T§(u)ﬂz(“) Q(“)dU—P§>

from which the assertion follows. O

B = /Kz(u)du-/r(u)uz(u) q(u)du.

By the Taylor expansion

Let us define

r(u+ 6v) = r(u) + 6v 7' (u) + = 62 7" (u + 0(v)dv)v,
one can show in a way similar to the proof of Lemma 6.1 that
|Bs — B| = O(6?), 61 0.

In the same way we get

‘/T(U)/\?(U)du— /T(u))\2(u)du
‘/T‘S w)pz(u )d“—/r2(U)uz(u) q(u) du

Further, introduce the constant D by

D := /T(u))\2(u)du+ /r2(u)u2(u) q(u) du — 2p°.

Then, from Lemmas 6.1 and 6.3 the next lemma follows.

Lemma 6.4. For N = M we have

. D §B
‘Varp—ﬁ— Nz

6d+2 52 1
< — 4+ —. .
_C<N2 +N+N2> (6.7)

In particular, if § =: 65 depends on N such that §3°N ' = o(1) and 6y = o(1) as
N — o0, then

. D| o(1)
Varj— =| =22 N oo
‘ arp — N — 00



Now, by combining Lemmas 6.1 and 6.4 we have the following theorem.
Theorem 6.1. Let N = M and § = dy depend on N. The following statements
hold:

1) If d < 4 and oy is such that

1

NoT =o(1) and dyN = o(1), N — oo,

then the estimate p (see (4.3) or (6.4)) of the transition density p = p(t,z,T,y)

satisfies

~ . D o1
E(P—P)2=(pa—p)z—l-Varp:N—l—%, N — oo. (6.8)

Hence, a root-N accuracy rate is achieved (we recall that /E (p — p)? is the accu-
racy of the estimator). Besides in this case the variance is of order N~' and the
squared bias is o(N71).

2)Ifd=4and éy = CN~'4 where C is a positive constant, then the accuracy rate

1/2

is again N~ but now both the squared bias and the variance are of order N~1.

8) If d > 4 and 6y = CN~2/4+9)  then the accuracy rate is N~*/4+9) and both the
squared bias and the variance are of the same order N—8/(4+d).

Proof. Clearly, (6.5) and (6.7) imply (6.8). The conditions §y*N~' = o(1) and
N&3 = o(1) can be fulfilled simultaneously only when d < 4. In this case one may
take, for instance, oy = N~Y?log/? N yielding 63N~ = 1/log N = o(1) and
N4 = N'=*1og"? N = o(1). By (6.5) the squared bias is then of order O(6%) =
O(N */410g"?* N) = o(N 1) for d < 4. The statements for d = 4 and d > 4 follow

in a similar way. O

Remark 6.2. We conclude that, by combining forward and reverse diffusion, it is
really possible to achieve an estimation accuracy of rate N~'/2 for d < 4. Moreover,
for d > 4 an accuracy rate of root-N may be achieved as well by applying a higher

order kernel K .

In section 8 we will see that with the proposed choice of the bandwidth dy =
N-Yi1og/e N for d < 3 and 6y = N2+ for d > 4, the kernel estimator p

can be computed at a cost of order N log N operations.
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7 The forward reverse projection estimator

In this section we discuss statistical properties of the projection estimator pP" from

(4.6) for the transition density p(¢,z,T,y). First we sketch the main idea.

Let {p¢(z), £=1,2,...} be a total orthonormal system in the Hilbert space Ly(IR?).
For example, in the case d = 1 one could take
1

Qri1(u) = WHZ

where H;(u), [ > 0, are the Hermite polynomials. In the d-dimensional case it is

(u)e—u2/2,

possible to construct a similar basis by using Hermite functions as well. Consider
formally for r(u) = p(t, z, t1,u) (see Section 6) and h(u) := p(t;,u,T,y) the Fourier

expansions

r(u) = Zaew(u), h(u) = wa(u), with
Qp = /T(u)gog(u)du, Ve = /h(u)gog(u)du.
By (2.1), (3.1), and (3.4) it follows that

a = Ep(Xia(t)), (7.1)
v = BV y (1)) y(T), (7:2)

respectively. Since by the Kolmogorov-Chapman equation (4.1) the transition den-
sity p = p(¢,z, T, y) may be written as a scalar product p = [ r(u)h(u)du we thus

formally obtain

p = Za[ye. (7.3)
(=1

Therefore, it is natural to consider the estimator

L
P = Qe (7.4)
=1
where L is a natural number and
R 1
al = N Z @Z(Xn)a :y\lf = M Z @Z(Ym)ym (75)
n=1 m=1
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are estimators for the Fourier coefficients oy, 7., respectively. For the definition of
Xy, Yy, and Y, see Section 6. Note that (7.4)—(7.5) coincides with the projection

estimator introduced in (4.6).

We now study the accuracy of the projection estimator. In the subsequent analysis
we assume that the originating diffusion coefficients a and o in (1.1) are sufficiently
good in analytical sense such that, in particular, the functions y' — p(¢,z,t1,y')
and y' — p(t1,y',T,y) are squared integrable. Hence, we assume that the Fourier
expansions used in this section are valid in Ly(IR?). The notation introduced in

Section 6 is maintained below. We have the following lemma.

Lemma 7.1. It holds for every £ > 1
Ea, = o= /T(u)gog(u)du,
Vara, = N 'Varg,(X;)=N"! </ o3 (u)r(u)du — a%) =: N7 'ay,.
Similarly,
BA = 2= [ et
Vary, = M ' VarYip,(Y;)=M" </ po (u)pf (u)q(u)du — 73) =t M 0,
where pp(u) := E (V7Y1 = u).

Proof. The first part is obvious and the second part follows by a conditioning argu-

ment similar to (6.3) in the proof of Lemma 6.1. O

Since the a, and the 7,’s are independent, it follows by Lemma, 7.1 that
L L
Ep"=E ) afm =Y am.
=1 =1

So, by (7.3) and the Cauchy-Schwarz inequality we obtain the next lemma for the
bias Ep*" — p of the estimator p¥".

Lemma 7.2. It holds

(EﬁpT—P)2: (Z 0112713) < Z o} Z .
¢
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By the following result we may estimate the variance of p”. For convenience, we

restrict ourselves to the case N = M .

Lemma 7.3. Let (L + 1) < N and the Fourier coefficients o, and -y, satisfy the

conditions
Y loul < Cray D vl <Cy (7.6)
=1 =1
maxagy < Cra,  Maxyes < Coy. (7.7)
Then we have
N Varp” < C

with C depending on C14,Csq and Cy,,Cs, only.

Proof. Let us write

L L

L L L
Z QgYe — Z QgYe = Z(ae — o) (Fe — o) + Z (Ve — ve) + Z(ae — )V
=1 =1 =1 =1 =1

=. [1 + IQ + I3.

The Cauchy-Schwarz inequality implies

E(I,)’=E (Zae(% —W)) < E <Z|GZ|Z|OZZ|(% —72)2>

< Cl,a Z |O[Z|E (:)’\e - 7()2 S 012,(102,7N_1

=1

and similarly

L 2
FE (13)2 =F (Z ’)/e(ag — O(g)) < 012,702,,1]\[_1,
=1

The Cauchy-Schwarz inequality and independence of the @,’s and the 7,’s imply

L 2 L L
E(L)=E (Z(ae — ag)(Ve - ’Ye)) < EY (@—o)’E ) (F—n)
- < 02,222,7(L + 1)2N‘£2:1§ CyaCary N1
Hence,
Varp” = E (I, + I, + ;)* < (VE(I)? + VE(L)? + VE(I3)?)? < %
with C = 3(01270‘02,7 + C'IQNC’Z,Q + C2,0Cs ). O
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Application of lemmas 7.2 and 7.3 yields the following theorem.

Theorem 7.1. Let the Fourier coefficients oy, and 7y, satisfy the condition

Y apetit< et N Pl < 2 (7.8)
=1 =1
with B > d/2 and let condition (7.7) hold true. Let also L = Ly fulfill L3 /N =
o(1), NL;VM/d = 0o(1) as N — oco. Then, for the accuracy of the estimator p*"
with N = M we have
E (7" —p)?’ <CN .

Proof. Clearly,

Y ap <(L+1)7PNT it < 2L
{=L+1 {=L+1

Similarly, Y52, ., 77 < C2L 2%/ and so

0o 2
N ( > am> < C2CENL *#14 = o(1).

£=L+1

Next,
L 2 L L L
(Z "”') < Yoy eI < LY M < C20;
=1 =1 =1 =1

with Cp = Y1, £7%/4 < co. Similarly

L 2
(z |w|) < ¢,
=1

and thus condition (7.6) holds with Cy, = C,Cy/* and C1,, = C,C4>. Now the

assertion follows from Lemma 7.3. O

Remark 7.1. In Theorem 7.1, §# plays the role of a smoothness parameter. In-
deed, for a usual functional basis such as the Hermite bases, condition (7.8) is
fulfilled if the underlying densities p(¢,z,t1,2") and p(t1,2',T,y) have square in-
tegrable derivatives up to order 8. For 3 = 2, the conditions L% /N = o(1) and
NL;,w/d = 0(1) can be fulfilled simultaneously only if d < 4, so we then have a
similar situation as for the kernel estimator in Section 6. In general, if (7.8) holds
for B > d/2, one may take Ly = (NlogN)¥®*9) in Theorem 7.1 thus yielding
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L% /N = N-144/@8) 16g¥ ) N = o(1) and NLy"/* = log™' N = o(1). However,
with respect to sufficiently regular basis functions (e.g. Hermite basis functions)
condition (7.8) is fulfilled for any 8 > d/2 when the densities p(¢,z,%1,2’) and
p(t1,2',T,y) have square integrable derivatives up to any order. So, according to
Theorem 7.1, one could take Ly = O(NT) forany 0 <7 < 1/2 to get the desirable
root-N consistency. If, moreover, these densities are analytical one can proof that
even Ly = O(log N) leads to root-N consistency. Generally it is clear that properly
choosing Ly is essential for reducing the numerical complexity of the procedure, see

Section 8.

Remark 7.2. The conditions of Theorem 7.1 are given in terms of the Fourier
coefficients a, and 7,. We do not investigate in a rigorous way how these conditions
can be transferred into conditions on the coefficients of the original diffusion model
(1.1) and the chosen orthonormal basis. Note, however, that in the case of e.g. the
Hermite basis, both (7.7) and (7.8) follow from standard regularity conditions. For
instance, when the coefficients of (1.1) are smooth and bounded, their derivatives

are smooth and bounded, and the matrix o(s,z)o ' (s, z) is of full rank for all s,z .

8 Implementation of the forward-reverse estimators,
complexity of the estimation algorithms, numeri-

cal examples

In the previous sections we have shown that, both, the forward-reverse kernel and
projection estimator have superior convergence properties compared with the classi-
cal Parzen-Rosenblatt estimator. However, while the implementation of the classical
estimator is rather straightforward one has to be more careful with implementing
the forward-reverse estimation algorithms. This especially concerns the evaluation
of the double sum in (4.3) for the kernel estimation. Indeed, straightforward compu-
tation would require the cost of M N kernel evaluations which would be tremendous,
for example, when M = N = 10°! But, fortunately, by using kernels with an in some

sense small support we can get around this difficulty as outlined below.
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Implementation of the kernel estimator and its numerical com-

plexity

We here assume that the kernel K(z) used in (4.3) has a small support contained
in |Z|max < «/2 for some a > 0, where |T|max := maxj<i<q|z’|. This assump-
tion is easily fulfilled in practice. For instance, for the Gaussian kernel, K(z) =
(2m)~%2 exp(—|z|?/2), which has strictly speaking unbounded support, in practice
K(z) is negligible if for some i, 1 < i < d, |z;| > 6 and so we could take for this
kernel @ = 12. Then, due to the small support of K, the following Monte Carlo al-
gorithm for the kernel estimator is possible. For simplicity we take ¢t =0, t; = 7'/2
and assume N = M. For both forward and reverse trajectory simulation we use
the Euler scheme with time discretization step h = T'/(2L), with 2L being the total

number of steps between 0 and 7.

Monte Carlo algorithm for the forward-reverse kernel estimator (FRE simulation)
e Simulate N trajectories on the interval [0,¢;], with end points
{X™(t)):n=1,...,N}, at a cost of O(NLd) elementary computations;

e Simulate N reverse trajectories on the interval [¢;, 7|, with end points
{(Y™)(T),Y™(T)): m =1,...,N} at a cost of O(NLd) elementary compu-

tations;

e Search for each m the subsample

{X(nk)(tl) kzlaalm} = {X(n)(tl) n:l,,N}
N {117 : |£I? - Y(m)(T)|maq: < O{(SN}-

The size [,, of this intersection is, on average, approximately Nd§% x{density
of X (t;) at Y™ (T)}. Tt is not difficult to show that this search procedure can
be done at cost of order O(dN log N);

e Finally, evaluate (4.3) by

Sz 0 D K((X(0) — Y5V (T),

m=1 k=1

at an estimated cost of O(N26%).
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For the study of complexity we use the results in Section 6. We distinguish between
d<4and d > 4. For 1 < d < 4 we achieve root-N accuracy by choosing éy =
(N/log N)~'/?. In practice, the number of discretization steps 2L (typically 100-
1000) is much smaller than the Monte Carlo number N, which is typically 105 -
105. Therefore, as we see from the FRE algorithm, with 6y = (N/log N)~'/? the
FRE simulation requires a total cost of O(N log V). Hence, the aggregated costs
for achieving ey ~ 1/v/N amounts O(N log N) which comes down to a complexity
Ckern  |loge|/e?. For d > 4 we achieve an accuracy rate ey ~ N~ by taking
on = N74+Ld, again at a cost of O(N log N). So the complexity C**™ is then of order
O(|loge|/e*"). For comparison we now consider the classical estimator. It is known
that for N trajectories the optimal bandwidth choice is dy ~ N_4+;d, which yields
an accuracy of ey ~ N~ The costs of the classical estimator amounts O(N)
and thus its complexity C¢%** is of order O(1/ 8#). By comparing the complexities
C. and C¢°*s it is clear that the forward-reverse kernel estimator is superior to the

classical Parzen-Rosenblatt kernel estimator for any d.

Complexity of the projection estimator

From its construction in Section 7 it is clear that the evaluation of the projection
estimator (4.6) requires a cost of order O(LyN) elementary computations. Just as
for the kernel estimator, we now consider the complexity of the projection estimator.
In Remark 7.1 we saw that if condition (7.8) is fulfilled for a smoothness 3 with 3 >
d/2, we may choose Ly = (N log N)¥®) which yields a complexity C?"(e) of order
(’)(logd/(‘m) |e| /e2+4/(28)) If, moreover, the densities p(¢, z,t1,z') and p(ty,2', T, y) are
analytical and the basis functions are sufficiently regular then, (see Remark 7.1) we
get root-N accuracy by taking Ly = log N and so we obtain a complexity of order
CPri(g) = |loge|/e? for any d. Obviously, compared to the classical estimator, the
projection estimator has in any case a better order of complexity when there exists

some (> 1 with g satisfying condition (7.8).

Numerical experiments

We have implemented the classical and forward-reverse kernel estimator for the one
dimensional example of Section 5. We fix a = —1, b = 1 and choose fixed initial
datat =0,z =1,T =1, y = 0, for which p = 0.518831, see Figure 1.
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Figure 1: y — p(t,z,T,y) fort =0,z =1, T = 1.

Let us aim to approximate the “true” value p = 0.518831 with both the forward-
reverse estimator (FRE for short) and the classical forward estimator (FE for short).
Throughout this experiment we choose t; = 0.5 and M = N for the FRE and the
FE is simply obtained by taking t; = 1. For the bandwidth we take §5% = N~1/% and

SERE — 45 and 0%, ~ Co N1, respectively.

N!, yielding variances o%p ~ C1 N~
It is clear that opg may be estimated directly from the density estimation since the
classical estimator is proportional to a sum of /N independent random variables. As
the forward-reverse estimator is proportional to a double sum of generally dependent
random variables it is, of course, strictly not correct to estimate its deviation in the
same way by just treating these random variables as independent. However, the
result of such an, in fact, incorrect estimation, below denoted by ¢*, turns out to be
roughly proportional to the correct deviation ocrrr. To show this we estimate orgrg
for N = 102,103, 10%, respectively, by running 50 FRE simulations for each value of
N and then compute the ratios k := orgg/0*, see Table 1. The SDEs are simulated

by the Euler scheme with time step At = 0.01.

N | opgpe | o* K

102 | 0.068 | 0.050 | 1.4
10% | 0.021 | 0.015 | 1.4
10% | 0.007 | 0.005 | 1.4
Table 1: 50 FRE simulations

So, in general applications we recommend this procedure for determination of the
ratio x which may be carried out with relatively low sample sizes and allows for

simple estimation of the variance 0% 5. If, for instance, we define the Monte Carlo
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simulation error to be two standard deviations, the Monte Carlo error of the forward-

reverse estimator may be approximated by 2ko*.

In this article we did not address the time discretization error due to the numerical
scheme used for the simulation of the SDEs. In fact, this is conceptually the same as
assuming that we have at our disposal a weak numerical scheme of sufficiently high
order. We note that if a relatively high accuracy is required in practice, the Euler
scheme turns out to be inefficient, as it involves a high number of time steps which
yields in combination with a high number of paths a huge complexity. Fortunately,
in most cases it will be sufficient to use a weak second order scheme, for instance,
the Talay Tubaro method [13|. The application of this method comes down to
Richardson extrapolation of the results obtained by the Euler method for time step
2At and At, respectively. However, we have to take into account that the deviation
of this extrapolation, and so the Monte Carlo error, is v/5 times higher. In the
experiments below we compare the forward-reverse estimator with the classical one
for different sample sizes. For both estimators FRE and FE we use the weak order
O((At)?) method of Talay-Tubaro with time discretization steps At = 0.02 and
At = 0.01.

N | FRE | 20pgg | 0%puN | (sec.) | FE 20rE | 025N | (sec.)
10* | 0.522 | 0.031 | 2.40 2 0.524 | 0.036 | 0.51 2
10° | 0.519 | 0.010 | 2.50 20 0.515 | 0.016 | 0.64 18
105 | 0.5194 | 0.0031 | 2.45 203 || 0.5164 | 0.0064 | 0.65 183
107 | 0.5193 | 0.0010 | 2.50 2085 || 0.5171 | 0.0026 | 0.68 1854

Table 2 : true p = 0.518831.

From Table 2 it is obvious that for larger N the forward-reverse estimator gives a
higher Monte Carlo error than the pure forward estimator while the computational
effort involved for the FRE is only a little bit larger. For example, the FRE gives
for N = 10% almost the same Monte Carlo error as the FE for N = 10”. Moreover,
due to the choice §y = N~! in the FRE, the bias of the FRE is O(N~2) and so
negligible with respect to its deviation being O(N~'/2). Unlike the FRE, with the
usual choice 5 = N~1/® the bias of the FE is of the same order as its deviation and

so its overall error is even larger than its Monte Carlo error displayed in Table 2.
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