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2 Chapter 1
1. Introduction and Results

In a recent paper [T4] (see also [T6] for a more pedagogical exposition) Talagrand has presented for
the first time a rigorous analysis of a phase transition from a high temperature phase to what could
be called a ”spin glass phase”. This was done in the context of the so called p-spin Sherrington-
Kirkpatrick (SK) model [SK] for p > 3. From the heuristic analysis on the basis of the replica
method (see [MPV]), it is known that this model should have a spin glass phase that is much
simpler than in the case p = 2, the standard SK model, and this fact is to be expected to be related
to the success of Talagrand’s approach. In any event, this important new result has highlighted the
p-spin interaction model as an important playground to develop new techniques and to gain more
insight into the fascinating world of spin glasses.

The Hamiltonian of the p-spin SK model can most simply be described as a Gaussian process

X, on the hypercube Sy = {—1,1}¥ with mean zero and covariance function
EX(,X(,/ :NRN(O',O',)p (11)

where Ry(0,0') = % Zfil = 1—distgam(0o,0') where dgqm denotes the Hamming distance. Seen
from this point of view, the distinction between different values of p is in the speed of decrease of
the correlation of the process X, with distance.

Talagrand’s methods use heavily the Gaussian nature of the SK model, and in particular the
fact the X, can be represented in the form

X, = Z J1isipTiyy -+ - Oy (1.2)
1<ig <ip <+ <ip <N

where Jy,, . ;, is a family of i.i.d. standard Gaussian random variables. It is therefore natural to
ask whether and to what extent his approach can be generalized to other models that have similar
correlation decay properties as processes on Sy, but that are not Gaussian and do not have the
simple structure as (1.2). A natural candidate to test this question on and whose investigation has
considerable interest in its own right, is the so-called p-spin Hopfield model which we shall describe
below. These models have been introduced in the context of neural networks by Peretto and Niez
[PN] and Lee et al. [Lee] as generalizations of the standard Hopfield model [Ho| which corresponds
to the case p = 2. This latter case has been studied heavily and since its first introduction by
Figotin and Pastur [FP1,FP2| has become, on the rigorous level, one of the best understood mean
field spin glass models [N1,ST,Ko,BGP1,BGP2,BG1,BG2,BG3,BG4,T3,T7]. It should be noted,
however, that all the results obtained for this model so far concern the high-temperatures phase
and the so-called retrieval phase, while next to nothing is known about the supposedly existing spin
glass phase. The investigation of this phase in the p > 4 version of the model is the main concern
of the present paper.

We now give a precise definition of the models we will study. Let (Q2,F,P) be an abstract
probability space and {¢!'}; ,en a family of i.i.d. Bernoulli variables, taking values 1 and —1 with

equal probability.
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Define for each N € N a (finite) random Hamiltonian, that is, a function Hy : Q2 X Sy — R by

1 M(N)

i =-(yhs) Y % e (1.3

p=1 i1<..<ipl=1

The value of p is considered a fixed parameter of the model, and will in the following be even and at
least be 4. While this model can be analyzed rather easily along the lines of the standard Hopfield
model if M ~ N (see [BG1]), the results of Newman [N1] on the storage capacity suggest that the

model should have a good behavior even if M(N) scales as NP71, i.e.”

M(N)
MmN

= a < oo. (1.4)

In this paper we will always be concerned with this case. The limit a will also turn out to be
a crucial parameter for the behavior of the system. In the standard Hopfield model, it has been
proven that for small values of «, the model at low temperatures is in a retrieval phase, where
there are Gibbs measures that are concentrated on small neighborhoods of the stored patterns. It
is believed that for large values of a (or smaller values of 3) this property fails and that in fact
the model should then be very similar to the Sherrington-Kirkpatrick model; however, there exist
no rigorous results to that effect. While in the present paper we do not present results concerning
the retrieval phase in the p > 4 case, the results we shall present show that for reasonably large
values of a a phase transition occurs from the high-temperature phase to a ”spin glass phase” that
is strikingly similar to those of the corresponding SK models.

We will use the following multi-index notation. For finite subsets Z of the natural numbers,
and real numbers (z,)nen, let by zz = [[;cz@i. Let furthermore Py be the set of subsets of
N ={1,... ,N} of cardinality p. The Hamiltonian (1.3) can then be written as

1 M(N)

o) = (7o) X X éon (15)

pu=1 ZeP

These Hamiltonians define random, finite volume Gibbs measures Gy gw] by assigning each con-

figuration o € Sy a weight proportional to its Boltzmann factor, that is

e BENI@)

Onplw](o) =27 Tﬂ[w] (1.6)

Consider now the Hamiltonian as a random process indexed by o € Sy. Simple calculations allow
to verify that the mean of Hy with respect to P vanishes for all o, that is EHy(0) =0, Vo € Sy,

whereas the variance satisfies (for some number C' depending on p only)

M(N)
N(1—CN~ ') <EHy(0)? N2p > Y > <aN, (1.7)
pu=1 ZTePN

5In the sequel, we will write with slight abuse of notation M (N) = aNP~! even for finite N.
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which motivates our choice of normalization in the definition of Hy. The covariance is given as

M(N)
|
EHy (0)Hy(o') = Ni‘_z 3> N oz0h = aNRP(o,0')(1 + O(N 7)), (1.8)
p=1 ZePn

where Ry (0,0') = & évzl o;0. is the (normalized) replica overlap. Note that this covariance is in

leading order and up to the factor o the same as the covariance for the p-spin SK-model ([T4]).

The normalizing factor Zy g in (1.6) is called partition function and it is given by
Zn plw] = Bpe PEVIIG), (1.9)

where [E, is the expectation with respect to the uniform distribution on Sy. We will call the mean
of Zn g under P the annealed partition function.

We define the free energy Fy glw] by Fn glw] = % In Zy g[w].® Customarily one calls the mean
of the free energy, EFy g, the quenched free energy, while the normalized logarithm of the annealed
partition function is called the annealed free energy Fyis = % InEZpy g. Observe that by Holder’s
inequality, both the quenched free energy and the annealed free energy are convex functions of 3.

Let us briefly mention a variant of the above model. On the same configuration space and with

the same random variables £, we define macroscopic random order parameters
| N
I - = "
mwl(o) = & Zlé o;. (1.10)

These parameters are considered as components of a vector in RM(N) with M(N) as in (1.4). New

Hamiltonians are now defined through

Hy(w](o) - % (Imlw)(@)If — Ellm[w)(o)]I}) , (1.11)

where s = s, > 0 is defined such that the covariance of H is in leading order in N equal to aN.
The interaction H is a straightforward generalization of the usual p = 2 case. However, computing
the resulting covariance function one sees that it decreases only quadratically with the Hamming
distance. Therefore it will not share the special features of the p-spin SK model. An analysis of
the high-temperature phase for H has been presented in [Nil].

We will now state our results. They will always concern the model with Hamiltonian (1.3) and
p=>4.

The first result we prove for both choices of the Hamiltonian is that for high enough temperatures

(that is, low values of 3), the limit of the annealed free energy exists.

Theorem 1.1: IfB < e_z(p!)% = B,, then the annealed free energy corresponding to H satisfies

af?
FiPg = T(l + O(N71)). (1.12)

_L

6Note that physicists often use a different normalization, Fnpg = — BN InZpy g. We use Talagrand’s choice

convention to facilitate comparison with [T4].
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Note that for larger values of 8, the annealed free energy diverges. Our analysis will be limited
to the case when 3 < @, where a comparison to the SK model is still possible. It is nice to see
that this value tends to infinity with p very rapidly. Moreover, we shall see that this value becomes
much larger than the critical temperature, as o gets large.

Jensen’s inequality implies that the quenched free energy is less then or equal to the annealed
free energy,

EFng = %E InZng < %lnEZN,g = Fys- (1.13)

We define the critical temperature to be the infimum of values for which equality holds in (1.13),
i.e. in terms of g3,

Bp = sup {ﬁ >0:limsupEFyNg = limsupFﬁ:ﬂ}. (1.14)

Observe that in general limy E Fiy g need not exist.

By (1.8), as a random process on Sy, Hy (o) has (up to an overall factor) essentially the same
covariance structure as the p-spin SK Hamiltonian. This suggest that as in that case, for p large
the model should be similar to Derrida’s random energy model (REM) [D1,D2]s Recall that in this
model, Hy (o) = VNX,, where {X,}scsy are i.i.d. standard normal random variables). Defining
the corresponding partition function ZJ%%M = E, eﬁ‘/ﬁX", one easily sees that the free energy
satisfies [D2]

REM _ { 822, if 3<v2In2 (115)

1
REM .
= lim —=EInZ
fﬁ Nooo N N.A 6v2In2 —1n2, if 3> +2In2

We will show that as p tends to infinity, /a8, tends to the critical value v21In2 of the REM.

Moreover, pointwise in «, 3,

1 . . 1 1 REM

in analogy to the situation in the p-spin SK model [T6]. While this may not be very surprising, it
is also not totally obvious and will require some non-trivial computations.
Our next two theorems make these relations precise. We will denote by I(t) the Cramér entropy

function,
(1) = (1~ ) In(1 1) + (14 1) (1 +1), (1.17)

Theorem 1.2: The critical value B, = B,(c) satisfies

12 »
B,()? > min <% inf 1(1) 1 ) = 4,(a)?. (1.18)

t€[0,1] at?

i 4
Furthermore, if a > 62;0# = ay then

= B(a)?. (1.19)
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Remarks: (i) One can show that the inequality (1.19) actually strict. In [B2] it is shown that
for the SK case, 3, > v2In2(1 — ¢,) with ¢, = 27P(4+O1/P)) " This follows from a corresponding
upper bound on the supremum of Hy (o) which can be obtained using standard techniques. These
estimates can without doubt be carried over to our case.

(ii) The bounds on the critical temperature are essentially (up to a factor /&) the same as for
the p-spin SK-model ([T4], Theorem 1.1).7

By elementary analysis one finds that, as p tends to infinity,

inf (1 +¢"'p)I(£)"/? = vV2In2 (1 _ 2;;) + Ot 2?), (1.20)

0<t<1

This, together with the convexity of the free energy in (3, will allow us to prove the following

statement.

Theorem 1.3: Asp — oo, the lower bound Bp T [3 Moreover, for all 8> 0 and a > 0,

1
lim lim —EFyg = fREN, . 1.21
lim lim —EFys faa-1r2 (1.21)
The basic strategy used to prove these results are rather general. In Chapter 2, we will explain
them by means of the analogous calculations in the REM. For now, we just mention that the hard
part is to prove the lower bound (1.18), whereas the upper bound (1.19) is comparatively easy and

will follow from an estimate on the ground state energy.

An important point in the study of disordered models is the question of self-averaging of the free
energy. While in many cases this follows from general principles [MS,T1] of mass concentration,
due to the failure of certain convexity properties, it turns out to be surprisingly difficult to prove

the following result®

Theorem 1.4: For all B,n,7,e > 0 there exists C,, < oo (depending only on n and B3), and
N < oo such that the free energy satisfies

P||Fyg—EFng|>TBN"2t¢| <CN™™ (1.22)
for all N > N. In particular,
}II%II |FN’ﬂ —EFN’ﬂ| = 0, P—a.s. (123)

"Observe that in [T4], the normalization of the Hamiltonian contains an extra factor 27 1/2.
8 A sharper estimate can be proven with much less effort for the interaction Hp, see [Nil].
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Remark: From recent results in the p-spin SK-model and the REM [BKL], one actually expects
that the fluctuations in the small 8 region are of much lower order.

While the critical temperature is defined in terms of the behavior of the free energy, it turns
out that this phase transition goes along with a change in the behavior of the replica overlap
parameter, Ry (o,0’). This will eventually lead to rather detailed insight into the properties of the
Gibbs measures at low temperatures.

The crucial link between the two will be provided by the next theorem.

Theorem 1.5: Assume that 8 < %ﬁ; Then the replica overlap Ry(o,0") satisfies

OFNg _

=55

aB (1 -EGng ® GnglRN(o,0")?]) (1+O(N™)), (1.24)

Note that in the case of the Gaussian SK models, this relation is a trivial consequence of the

integration by parts formula

Elgf(9)] = Elg°E[f'(9)], (1.25)

which holds for any centered Gaussian random variable g and any function f not growing faster
than some polynomial at infinity. To establish this result without the help of this formula turns
out to require a considerable effort. Similar tools are also instrumental in the proof of Theorem
1.4.

We then have the following consequence to Theorem 1.2 and Theorem 1.5.

Theorem 1.6: Assume that o > oy, If B < (3,, then
lim sup]EgN,ﬁ &® gN,Ig[RN(O', Ul)p] =0. (126)
Ntoo

Conversely, if limsupy E 6{;# < af, then

lilr\t,aTinngN,g ® Gn,p[Rn(o,0')P] > 0. (1.27)

In particular, (1.27) holds for all B € [B, %BI’)).

Remark: It seems reasonable that (1.27) should hold for all § above the critical 8,, but there
seems to be no general principal that would prohibit a reentrant phase transition.

Inequality (1.27) expresses in a weak way that below the critical temperature, the Gibbs measure
gives some mass to a a small subset of the configuration space. This result can be strengthened.

As in [T4], we show that the overlap between replicas is either very close to one, or to zero:

Theorem 1.7: For any € > 0 there exists po < oo such that for all p > py, o > a,, and for all
0<B<p,
lim B (R0, 0')] € [e,1 =) = 0 (1.28)
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If, moreover, B8 < Bp, then for any € > 0 there exists pg < 0o such that for all p > py, such that for
some & > 0, for all large enough N,

EGR* (|Rn(0,0")] € [6,1]) < e~ (1.29)

Remark: Note that we prove this result without any restriction on the temperature, while Tala-
grand requires some upper bound on 3 both in [T4] and in the announcement [T5] even though
the bound in [T5] is greatly improved. We stress that the our result is also valid for the p-spin
SK-model. The same applies for all subsequent results.

The information provided by Theorem’s 1.6 and 1.7 allow gain considerable insight into the
nature of the Gibbs measures in the low temperature phase. This observation is due to Talagrand.

In [T4] he showed that whenever (1.27) and (1.28) hold, it is possible to decompose the state
space Sy into a collection of disjoint subsets Cy such that
(i

]\l,iTrilo EGR? ({(0,0")||Rn(0,0")| > €}\ U C, x Ci,) =0 (1.30)

(where the Cj, depend both on N and on the random parameter!), and
(ii) If 0,0" € Cg, then Ry(0,0') > 1 —€.

Note that because of the global spin flip symmetry of our models with p even, these lumps
necessarily appear in symmetric pairs.

In [T4] Talgrand analyzed the properties of these lumps further using the cavity method. He
showed that, under a certain hypothesis that we shall discuss shortly, for 8 not too large this lumps
correspond to what is known as “pure states”. While it is very likely that this analysis can also
be carried over to our models, we will leave this question open to further investigation. We find
it however interesting to discuss the situation of the general hypothesis. Talgrand’s hypothesis in

[T4] concern the distribution of mass on the lumps. Roughly, they can be states as

Theorem 1.8: Assume that %ﬁzlw > B > By. Let Cy be ordered such that for all k, Gn g(Ci) >
GN,8(Cky1). Then for all k € N, there exists pr, < oo such that for all p > p,

Jlim BGn, (U, G) < 1 (1.31)

ercept possibly for an exceptional set of B’s of zero Lebesgue measure. Moreover, for k large,
2Ilnk
Pk ™~ 3mma-

In [T5] Talagrand has announced a proof of an even stronger theorem in the p-spin SK model
that makes use of general identities between replica overlaps proven by Ghirlanda and Guerra [GG].
We show that at least Theorem 1.8 also holds in our model.

A final result is particular to the Hopfield model and concerns the storage properties of the

model. Newman has proven in [N1] that for small «, the Hamiltonian has deep local minima in
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the vicinity of each pattern. Here we show a somewhat converse result, stating that if « is not too
small, then small neighborhoods of the patterns have asymptotically mass zero. In other words,
none of the patterns falls into one of the 'lumps’. This gives the final justification to call the phase

transition we have observed a transition to a genuine spin glass phase.

Theorem 1.9: Suppose that a satisfies aB,(a) > (p!)~/2. Then there exists a & € (0, %) and
N € N such that for all N > N,

M(N)

Plargsup |Hy (o)l € | ] Bs(¢*)] <N™™, (1.32)

p=1
where Bs(&*) is the N&-ball around ¢* in the space RN with respect to the Hamming metric. In
particular, there ezxists an asp, = asp(p) such that (1.32) holds for all a > osp. Furthermore,

M(N)

argsup |Hy(o)| ¢ U Bs(€*)] eventually P — a.s. (1.33)
p=1

The proof of this result is based on the comparison between the ground state energy of the system
and an estimate on the values of the Hamiltonian in the balls around the patterns. While the former
increases as N/a, the latter is almost constant and with high probability close to N (p!)_l/ 2,
The remainder of this paper is organized as follows. In Chapter 2, we explain the ideas behind
the proof of the bounds on the critical temperature by calculating the corresponding quantities in
the REM. In Chapter 3, Theorem 1.1 is proved. Chapter 4 is devoted to the lower and the upper
bound on the critical 3 (as well as the proof of Corollary 1.3). In Chapter 5 we prove Theorem 1.4
In Chapter 6 we prove the results on the distribution of the replica overlap, Theorems 1.5 to 1.8.

In Chapter 8 we prove Theorem 1.9.
2. Second Moment Method: The REM

This section is meant to give a pedagogical exposition of Talagrand’s truncated second moment
method [T3,T4] in the context of the simplest possible setting, the random energy model. A more
detailed exposition can also be found in [B2] and [T6]. Since the application of this method in our
case will become rapidly somewhat technical in our case, we still find it useful to give the reader
an outline in a non-technical context®. Moreover, the REM provides important bounds for the real
model.
We will now show how this method works by using it to compute the free energy of the REM.
Note first that in general,
9Fn s
op

9Note that of course much sharper results than those presented here can be obtained in the REM when making
use of its special features. See e.g. [BKL)] for a full analysis of the fluctuations of the free energy.

=~ OnalHx] < L Elsup [H(o)]L 21)
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Moreover, since
t2
P[sup |Hn(o)| > tN] < 2VP[|Hy(0)| > tN] < 2Vtle= 5", (2.2)

from this it follows easily that

1 T »
NE[supHN(a)] <v2In2+2 / e~ N(F-In2)gy
’ V2In2 (2.3)

<vV2In2+N7!

ln

This is the upper bound on the derivative of the expectation of the free energy. Suppose now that
B> +v2In2 = F'. Convexity of the free energy then implies that

EFng <EFng + (8- 086 (2.4)
and in the limit 2 ) )
limsupEFy g < —% + B8 = B —(B— B) B (2.5)

Ntoo
which by definition means that 3 > Bgeyu. In the case of the p-spin Hopfield model, the corre-
sponding calculations will be identical to those above, except for the bounds on the extrema of the
Hamiltonian, where the non Gaussian character induces somewhat more involved calculations.

The basic idea behind Talagrand’s approach to prove the lower bound (which he did for the
p-spin SK-model in [T4]), is to obtain a variance estimate on the partition function. This will
imply that the expectation of the logarithm behaves like the logarithm of the expectation of this
quantity. In the REM, one would naively compute

]E[ZREM 2] =T, U,]EeB\/N(X,,+XU,)

_9—2N Z Ng? +Z 2NB* (2.6)

o#o’!
— N [(1 2Ny 4 2—N6Nﬂ2} .

The second term in the brackets is exponentially small if and only if 32 < In2, and this cannot

be the critical value since it violates the upper bound 3’ above.l® The point is that while in the

zﬁVﬁX" the dominant contribution comes from the part of the distribution of

computation of Ee
X, around X, = 20V N, whereas in EZ3";' the main part is contributed by X, around Sv N
One is thus led to consider the second moment of a suitably truncated version of Z37s'. Namely,

for ¢ > 0,

Z3E(e) = B PN I oy (2.7)

10This is already contained in [D2]
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One then finds that (modulo irrelevant prefactors)

82N .
o ez , if 8 < e,
NI ,if B> c.
Moreover, for 8 < ¢,
Ens(e) =EZng (1 Cn (2.9)
nNglc) = N, —_—— .
’ "\ VNEe-9)
On the other hand,
- - 2 —_
EZng(e)? = (1-27V) (EZnp(0)) +2 VBV Xm o, (2.10)
where the second term satisfies
N 28VNX 27Ve ZﬁZN if26 <ec
27'E s < 2.11
¢ =) 2-N (2= 6)1/2;, otherwise, (2.11)
o2eBN—
and thus N
—Npp _28VNX,
27 Ee L x, <(14e)avmy
e—N(ln2—ﬁz)’ ifB < £
2.12)
~ 2 e—N(c—B)Z—N(ln2—§) e (
S(EZNﬁ) X @B—) VN , 1f§ <fB<ec,
olc?/2— 1nz)zv\/_(zﬂ C i8>
Hence, for all ¢ < v/21In2, and all 8 # ¢
5 > 2
E (ZN ﬂ( ) EZNﬂ(C)) S e—Ng(C,ﬁ)’ (213)
E(Zns(c)?]
where g(c, 3) > 0. Thus, by Chebyshev’s inequality, it is immediate that
1 ~ 1 -
]\l,iTrilo N]E InZy g(c) = J\IIITIEO N InEZyg(c), Ve<Vv2In2. (2.14)

Since this gives a lower bound of the free energy that is as close to the upper bound as desired, we
see that the upper bound gives in fact the true value.

This is a remarkable feature of the REM: the expectation of the logarithm of the partition
function coincides with the log of the expectation of a suitably truncated partition function. While
this is rather special to the REM, the method is general enough to provide lower bounds in the far

more complicated situations, as we will see.
3. The Annealed Free Energy.

In this Section we compute the anneled free energy. Apart from the intrinsic interest this can be

seen as the computation of the log-moment generating function of the Hamiltonian and this will
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be a basic input in the sequel. While in the SK models this is a two line computation, here even
this will require a considerable effort. The idea is to use Taylor expansions and to exploit the fact
that the Hamiltonian is a sum of a very large number of independent random variables. Namely

1 M(N)

- w](o p!
p=1 TePn
e p! : p 3.1
p=1 ITePnN
M(N)

Eexp<ﬂ(%>fY>

where we introduced the abbreviation Y = N~% ZIGPN £L. We now expand the exponential

< |z|%el*l. Thus,

2
T _ 1 gz
e 11—z 5

function according to the bound

o (1(25) )

<E

B2N2—p
2

8 () WPesp <B (o) |Y|)

Observe that the quadratic term is in fact just NP~! times the variance of Hy. We will show in a

E —-1-

(3.2)
+ O(N*7P).

moment that the expectation on the right-hand side of (3.2) is bounded by a constant times N 3-%F,

Assuming this and recalling that p > 4, it is evident that

,82N2_p

InEZy = M(N)In <1+ 5

(1+ O(N—1)>
, (3.3)
- "‘ﬁ2N(1 +O(N7Y)).

which is what we want to prove. We now turn to the non-trivial part of the proof, the estimate

of the remainder on the right-hand side of (3.2). To to this, we decompose the exponent into two

factors, and use on one the obvious bound Y| < (p!)—le/? This yields
g [|Y|3 exp (ﬁ(P!)%Nz%qYD] =E [|Y|36Xp (ﬂ(p!)%Nz%p|Y|%|y|”TT2)]

<E [|Y|3exp (ﬁ(p!)%_%|y|%)} . (3.4)

The point is that the term |Y|>/? should behave almost like the square of a Gaussian. More

precisely, we have the following bound.

Lemma 3.1: Let {X;},=1,.. n be a sequence of i.i.d. Bernoulli variables, taking values +1, —1
with equal probability. Then YC € (0,e™'), there exists an €, < oo (depending also on p) and an
N € N such that for all e > e,

P ”N—W S IIx

IePnNIleT

> s] < 2exp <—C2M> : (3.5)

2
p
2




Annealed Free Energy 13

Proof: The proof is surprisingly more involved than what one might at first suspect (at least, if
optimal constants are desired). We shall show that ZIEPN X7 is a function of Zfil X, only. Since
the distribution of this latter random variable is well known, all we have to do is to find an accurate
upper bound for the function relating the two quantities. And since we are only interested in the
tail behavior, we can restrict our attention to large values of the sum (large meaning at least of the
order of V/N).

Suppose that Zfil X; = N —2l. Then the quantity ) ;. Xz is given by

S Xp= ij(—n’“ (11) (g:;) — 1) [+ )N 2] (3.6)

IePnN k=0
where |27](:) = 1%;—; . ‘ is the operator which extracts the coefficient of the term z? from a
: z=0

formal power series. Note that it will be important to take into account that the sum in (3.6) is
oscillating to get a useful estimate. To do this, we consider the polynomial on the right-hand side
of (3.6) as an analytic function C — C and use Cauchy’s integral formula to write

122] [(1+2)V T 1 —2)] = = ]{:z_p_l(l + 2)V7H1 - 2)l dz, (3.7)

- 2mi

for any closed path C surrounding the origin counterclockwise. To evaluate this integral, we apply

the well known saddle point method (see for instance [CH]). We choose C to be a circle around the

N2l 4p(N — p)
" AV ) (1 TV e ) | .

origin with radius

Suppose that %%sz_lfz) < k < 1. Then the argument of the square root is positive. Moreover, the

following bounds for r hold,

P
<r< + K .

where C; increases from zero to some finite constant as k varies from zero to 1.

Indeed, /1 — z is C* for all |z| < 1. Therefore, for all K < 1, we can find a C > 0 such that
Vi—z>1-— £ —Cxz?, for all |z| < k. Obviously, C tends to % as k tends to zero. This implies the
upper bound. On the other hand, /1 —z <1 — 5, for all z > —1, which yields the lower bound.

The contour integral in (3.7) then becomes

1
I=— ¢ 2P 114+ 2)V 1 -2)dz
21 C
™ (3.10)

17 . . 1
=5 / exp (—ipdInr + (N — 1) In(1 + re™®) + 1In(1 — re”)) d¥ = o /ey(ﬂ) dd.
m T

—T —T
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As usual, we expand the function g around its maximum (which happens to lie at ¥ = 0) and try

to control the error. This yields

2 3 T 2 (2
I =exp|g(0)+ (2m) sup g(3)(o 6'979( )(0) dd
3' CE[_Waﬂ-) g

(3.11)

27)3 [ oo 2
=rP(1+r)" (1 —r) exp <( ;) sup 9(3)(0) /e%g( '0) gy

CE[—m,m)

The main contribution comes from the term 7=?(1 + )N =!(1 —r)!. Using (3.9), this is bounded by

rP(14+r)VN 71— 7) =exp(—plnr + (N — 1) In(1 +7) +1n(1 — 7))
<exp(—plnp+pIn(N —21) + (N —l)r —Ir)

<exp(—plnp+pln(N —21) + (N — 2l)r) (3.12)
(V=27 o
S T\/ﬁec ( )P‘
The integral in (3.11) is explicitly
[ 1/2
2
T o I (N=Dr _ T 1
—T R (]_+,,.)2 (1—7‘)2

and can be bounded by (for all N large enough)

(R —rr)2>_% <p7i (1 (Npiizl)> (%) ew

Finally, we estimate the error due to the remainder in the Taylor expansion in (3.11). One shows

by a straightforward computation that for all k,§ > 0 there exists an N, s € N such that
99 (9)] < p(1+ Ci(r)) (1 + £(1 + Ci(k)) + 8) = pCs(~, ), (3.15)

where C3 = 1 for Kk = § = 0. Hence, the error committed can be bounded as (if N > ]\_/,W;)

T 3 ™ 2
exp (% o )g<3>(o> <oxp (Sp+ Gl (14 a1+ Gl + 525 ) ) (260)

This follows from the exact expression for g(®,

; w1 1+ re*
®(9) = ire® | (N =) — 1 — 3.17
$0(0) = ire (V1) T i 1), (3.17)
which one gets through straightforward derivation.
Inserting the bounds (3.12), (3.14), and (3.15) into the estimate (3.11) then gives
1< N =2D" (cutwr+Catmonp, (3.18)

p!
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and thus

p
<Z X) ep(cl(n)+cs(n 8)) <ZX> , N>N.;s (3.19)

ieN i€l
Let p(k,8) = e(C1(r)+Ca(w:0)p for k€ (0,1) and § > 0. Then p is increasing in x and bounded
below by eP. Thus, for all C € (0,e™?), we can find & € (0,1) and § > 0 such that C < p(&, ) !

Let now /2
4p\* 5
Ens = (_p> p(”; ) (3.20)
K p!

Suppose that € > ¢ ; and N > Ng ;- Then, we have that

P [N‘l/z Z X; > (6p! p(fc,g)_l)l/p] < exp (—% (sp p(i,8)” )2/p> , (3.21)

ieEN
by the standard bound on sums of Bernoulli variables. On the other hand, since
1/2
N—1/2 Z X; > (6p! p(k,g)_l)l/p > (6R73p!p(k,g)_l)1/p = (%) / (3.22)
ieN
implies that
4pN ~
m <Kk <1, (3.23)

the condition following (3.8) is satisfied and hence the above bound on f(} ;.\ X;) is valid. Thus

]P’[ 1/2ZX>(spp( 8)” )/p] P NP/ZP (ZX) >s]

iEN iEN

N~PI2f (Z X,-) > s] :
iEN
Hence, by (3.21) and (3.24),

P [N_p/2f(z Xi) > 6] < exp (—% (ap! P(R,g)_l)Z/p> < exp <— CZ/P (ep! )2/p> - (3.25)

i€T

(3.24)
>P

Thus, we have shown that for all C' € (0,e7P), there exists éc = ¢, 5 such that (3.25) holds for
all e > €¢ and all N large enough. Together with the analogue bound for the negative tails, this

proves the lemma. [

To finish the proof of the theorem, let us go back to (3.4). To get the claimed bound, it is enough to
show that the integral on the right-hand side is bounded uniformly in N. Indeed, since the variable
Y satisfies the bound (3.5) of the lemma, we get for any C’ < e™?

E[|Y[?exp (B(p) 72 [Y]7)] < Y E[Y PLjyiepy exp (8@ 2|V [#)]
>1
< (I+1)°P[|Y] > lexp (B(p))7 " Z(1 +1)7)
00 (3.26)
< /(x +1)% exp (ﬁ(p!)%_%(x +1)r — C'Z/p(p!)%x%)dx
0
+ (5;,,,(;/ + 1)3.
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By the preceding lemma, for any 8 < e~2(p!)2, we can find C' < e™? and a corresponding e such

that the above integral is finite. Setting C? = C’, this proves the theorem. [J

We observe that we could have equally well replaced Hy by in —H in the proof of Theorem 1.1,
without changing the result (since only the square of the Hamiltonian does enter). We therefore

have readily the following result, which we state for further use.

Corollary 3.2: If|B8| < 8,, then

EE, efHy — o255 (1+O(N7Y), (3.27)

Proof: Completely analogous to the proof of Theorem 1.1. [

We also put a result here, that will be used in the next chapter, but whose proof is very similar

to the above.
Lemma 3.3: If 8] < %ﬁ;, then there exists a constant C > 0 such that

E |e=BHN(0)=BHN (o) | < oaNB*(1+R(e,0")7+0) (3.28)

for all N large enough.

Proof: The proof is actually almost identical to the proof of Theorem 1.1. We start by expanding
the exponential up to order two, with the same error as in the proof of Theorem 1.1 (inequality
(3.2)). This error term is then treated similarly, by first decoupling the terms in o and ¢’ with
Cauchy-Schwarz. This already shows why 8 has to be less than half the bound of Theorem 1.1.
The linear term in the expansion vanishes, whereas the quadratic term gives us the covariance term

R(0,0")P. Indeed, if we set Y# (o) = N"P/2%" .\ &o;, we get

InE [exp(—ﬁHN(a) — BHN(0"))]
M(N)

< 3 (1 E2erm o)+ o) 529

n ﬁ?’(g!)f N3-2R [|Y"(U) + YH*(a")|? exp (ﬁ(p!)%Nl_% [Y*#(o) + Y”(UI)D })

We now apply the triangle inequality and Cauchy-Schwarz to the error term, which yields

N3—ST”]E [|yu(0-) + Yu(o_l)|3eﬂ(P!)1/2N17p/2|Y“(’7)+Y”(’T')|}

_szi:( [|yﬂ |21exp(2ﬁ() N'E Y4 (o )|)D

< (B [P exp (2800 N E 1)) )
< O,N3—%#

N[=

(3.30)

N[
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if 8 < %ﬁ;, and N large enough, by the result in the proof of Theorem 1.1 (cf. the remark after
(3.2)).
The quadratic term in (3.29) is evaluated easily. One obtains (observing that the covariance of

Hpy appears)
IE[(—Y"(U) —Y#(0"))?] = 2E[Y*(0)?] + 2E[Y *(a)Y*(0")]

(N _ '
= 2N p(p) +2N p Z o701 (331)
ICN
2
= = (14 R(a,d")?)+O(N™Y).
Hence,
M(N) 2
B(Hn (c)+Hn (o)) B Co Cy )
InEe™ < uz:l In (1+ No- 5(1+ R(o,0")P) + No-1 T N3 (3.32)
< M(N)(B?N?7P(1+ R(0,0")?) + C3N'7P),
that is,
ReAHN (0)=BHN(0") < gaB®N(1+R(0,0")")+Cy (3.33)
This proves the lemma. [
Finally, we have as an application of Corollary 3.2.
Lemma 3.4: The Hamiltonian satisfies
1
exp (—N(2t—2—1n2)), if ¢ < o@h?
P (sup |Hn(o)| > tN] <C N (3.34)
c exp ( ’

((P'g t— a—p' —1In 2)) , otherwise.

[

Proof: We start with a crude bound to extract the supremum. Standard arguments and Cheby-

shev’s inequality in its exponential form yield

Plsup |Hy (o) > tN] < 2V 1nf e NRetHn(7) 4 oN 1I>1%e N e=aHn (o), (3.35)
o q

We now use Theorem 1.1, respectively Corollary 3.2 to bound the two integrals and obtain

P (sup |Hn(0)| > tN] < C2N*inf
- 4€(0,8)

exp (—N(% —In 2)) , if t < a(z#, (3.36)
-,

2e?

1
exp (—N((”!)2 t— 28 —1In 2)) , otherwise.
This proves the lemma. [

4. Critical 8 and Convergence to the REM
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4.1. Estimates on the Truncated Partition Function.

To get the lower bound for the critical temperature, we would like to compare EZ]2\,7 g and (EZn g )2.
However, as mentioned in the introduction and explained in Chapter 2 it is essential to do this

comparison for a truncated partition function. Define therefore

Znp(c) = B, e NI SmﬁN}] , (4.1)

for ¢ > 1. The key observation is that the truncation has no influence on the expectation of the

partition function if ¢ is chosen appropriately. This is the content of the following lemma.

Lemma 4.1: For all 8 >0, c > 1 such that Bc < (3, there exist K, K' > 0 such that
EZns(c) (1— Ke KN Ezy . (4.2)

Proof: Let us set ¢ = ¢(N) = af?N. Note that EZng —EZng =E [e PHYO T gy 0y5eqt]
and thus by the exponential Chebyshev inequality

EZng ~EZng < B infe " “IE e~PIHOHN ()], (4.3)
We now use Theorem 1.1 with 3 replaced by (1 + ¢)3 to estimate the expectation to get

2
inf e "R e_ﬁ(Ht)HN(”)] < inf  e-teattraON T (4.4)
>0 0<t<B/BL—1

The exponent is minimized for ¢t = ¢ — 1. By assumption, Bc < 3, so that this value falls into the

interval over which the inf on the right is taken. Thus,

tu>lg e—teaR [e—ﬂ(1+t)HN(ff) < e #e=1)’+CaN T o e—%(c—1)2+CqN71]EZN’ﬁ, (4.5)

This implies the statement of the lemma. O

We now turn to the square of the truncated partition function. We bound

EZJZV”BEC_IBH(G')_ﬂH(a" ) I[{—HN(G')SCOLﬁN} ]I{—HN(G")SCaﬁN} (46)

by two different functions. When calculating the expectation with respect to o and o', we use one

bound for small values of the replica overlap R(o,0’), and the other for the rest. Define therefore
S(b) = By o [e—ﬂ(HN(a)+HN(a'))]I{| R(o,0")|<b} (4.7)
and

T(C, b, bl) = Ea—,a" e_B(HN(”H_HN("’))]I{|R(a,a’)|e[b,b’]}]I{—ﬂ(HN(a)+HN((r’))<20aﬁzN}:| . (48)
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Then
Znp(c)? < S(b) + T(c,b,1), (4.9)

for all b € (0,1). We now control each of the terms separately. We start with S(b).

Lemma 4.2: Suppose 8 < %, and b is such that

v =af?P? < % (4.10))

Then for all € € (0, % — ) there exists N. € N such that for all N > N,

1 >
ES(h) < ——xe*# N, (4.11)

S Viatre)

Proof: If 3 satisfies the above condition, we can apply Lemma 3.3 to the integrand of the right-
hand side of (4.7). One obtains

E | e—B(HN (o) +Hn (o af*N(1+(R(e,s")")+ON ) (4.12)

))H{|R(a,a'>|<b}] < IfjR(o,0r)<b}€
Thus,
ES(b) S Eo—’a—’ |:ea’BzN(1+R(U’UI)p+CN_1)]I{lR(G’,G',)|<b}:|

< ]Ea' o |:ea'32N(1+R(U’U')sz2+cN1)]I{|R(17 17’)|<b}:|

— eaﬁzNE , [eaﬂzN(R(a,a")szZ-f—CNl)] (4.13)

N/2+[bN]

< Z 9—-N (2’) e(7+e)Nk2_

k=N/2—[bN]

by assumption (4.10), for any € > 0, if N is large enough. Standard estimates then yield (4.11).0
The next result concerns the term T'(¢c,b,1) in (4.9).

Lemma 4.3: Let I(t) be the Cramér Entropy as defined in (1.17). Suppose that there exist
c>1,d>0, such that

vt € [b,], 2aﬁ2c(1 . ﬁ) < af?+1(t) —d. (4.14)
Then, if
¢ < min (%ﬁ;,l—i—b”), (4.15)

there exists N € N such that for all N > N,

ET(c,b,1) < e Ne= %", (4.16)
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Proof: By definition,
e n ) :E’""E[e_ﬂ(H(GHH(”'))H{iR(v,v'nG[b,b']}ﬂ{—a(HN(rrHHN(a'))szmazzv} - (41)

In a first step, we bound the expectation over the disorder for fixed o,c¢’. Similar to the proof of

Lemma 4.1 we get (again ¢ = a3?N), yields

8 [H{—ﬂ(HN(UHHN(0’))526q}6_ﬂ(HN(U)+HN(01))]

(4.18)
< ll'lf eZth]E e—ﬁ(l—t)(HN(o')+HN(a"))
~ >0
We now use Lemma 3.3, with 8 replaced by (1 — t) to obtain
inf e2t9R [e—ﬁ(l—t)(HN(erHN(U'))] < inf  e2tcag(1—t)*a(1+R(0,0")?) ,CoN g (4.19)
t>0 t>1-8,/(28)
The infimum is attained for ¢ =1 — 73%z > 1 - % (by assumption (4.15). Thus
E [e—ﬁHN(G)—ﬂHN(U )H{_ﬂHN(U)_ﬁHN(G,)QwﬁN}]
(4.20)

< Csexp (2caB2N(1 — 20+ Rc(a, a’)l’))>'

Finally, we integrate over all configurations o, o' satisfying |R(c,c’)| € [b,b']. We observe that
R(o,0') has the same distribution as S(o) = N~1 Zivzl o;. Hence,

/ 2 C
E [T(C, b, b )] S Cg]Ea-’a-l [exp <2caﬁ (1 — 2(1 T R(o’, J’)p))> ]I{|R(0',0")|€[b,b’]}:|
C
= C3E, [eXp (2caﬁ2N(1 - m)) ]I{|S(U)|E[b,b’]}] (4.21)
<2CsNexp (N sup [208%(1— —5 —It])
=20 p( it [ #e(1- ) ~ 10

< 203N @B —d) ¢ N )

The second to last inequality follows from the hypothesis of the lemma, and the observation that
we sum over at most 2N values of S(o). The last inequality holds for all N larger than a certain

N € N. Since this estimate is uniform in b, we may choose &' = 1. O

From the preceding results, we now get a variance estimate for the truncated partition function.

Proposition 4.4: Suppose that 8 < Bp. Then there exist constants C' > 0 and ¢ > 1 such that
E(Znp(c)’] < C(EZnp(c))’ (4.22)

and,

PlZn(c) > 5B Zns(c)] > (4.23)

3
4C°
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Proof: We first prove that the hypothesis implies that the assumptions of Lemmas 4.1-4.3 are
satisfied. Consider therefore 8 < %ﬁz’, such that

14P
2 .
B <0értl£11(t) e (4.24)
Then it is immediate that
1 1+ 2P
208°(1— =——~ ) =208° - ——— It 4.25
aﬁ( 2(1+tp)> B vy < IO, (4.25)
for all t € [0, 1]. By continuity, there exist ¢* > 1 and d* > 0 such that Ve € (1,¢*) and d € (0,d*)
c
2caf?(1— — +I(t)—d, Vtelo,1]. 4.26
cap?(1- gy ) <af 410 ~d, Ve, (4.26)

This implies the hypothesis of Lemma 4.3.
We now show that (E[Zy])? is of the order of E[Zy2]. We start by fixing the free parameters
b, b/, and c. Choose first b such that y(b) = 1 (or any other constant less than one half). Then

choose ¢ such that

/
¢ < min (c*,f—;,l—i—b”) . (4.27)

Then the hypotheses of all preceding lemmas are fulfilled. Finally, choose b’ = 1. By Lemmas 4.2

and 4.3, we then have
E[Zn?] <E[S(b) +T(c,b,1)] < (Cy + e NU/2)e®* N, (4.28)
The right-hand side is by Theorem 1.1 bounded by
(Cy + e~ N2t N < 90, (IE [ZN])2, (4.29)
which in turn is of the order of (E[Zx])? by Lemma 4.1, so that
(Cy + e N/2)eaf™N < oy (IE [ZN])z. (4.30)

This implies (4.22). The second assertion of the proposition follows from the Paley-Zygmund

inequality, which states that for a positive random variable Y and any positive constant g,

2 (EY)?
E[Y?]

P [Y > gEY] > (1—g) (4.31)

This relation gives us a lower bound on the probability that In > gk [Z~ ~ |, which is strictly greater
than zero and uniform in N. Indeed, if we set g = % in (4.31), then, by (4.22), we get

~ 1_ =~ 1
Pl Zy > -EZNn| > —. 4.32
7 2 3R IN] 2 5 (132

This concludes the proof of the proposition. [J
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4.2. Proof of the Lower Bound.

We will now proof the lower bound assuming that Theorem 1.4 holds. This is by now quite standard
[T1,T2,T3], but we repeat the argument for the reader’s convenience. Note that by Lemma 4.1 for
N large enough, for any § > 0,

P[Zy > ;EZy] <P[Zy >

_% (1— 8)EZy]. (4.33)

But
P |Zn > %(1 ~8EZyN] =P[Fy —EFy > N '(InEZy —ElnZy —In (%(1 — 5))] . (4.34)
But Theorem 1.4 implies that this quantity is smaller than B~", if
N~YInEZy — Eln Zy) > N~1/2+¢ (4.35)
in contradiction to the lower bound (4.32). This proves that for 3 < 3,

Imi N '(InEZy —Eln Zy) =0 (4.36)

proving the lower bound on 3,. O

Remark: It should be noted that the above argument requires only an upper deviation inequality
for the free energy. Such an inequality can be obtained in a much simpler way than Theorem 1.4 (in
that it does not require the results of Section 5) on the basis of a result of Ledoux [Le]. The reason
is that while the free energy is not a convex function of all the disorder variables, it is separately
convex in each £¥. This suffices to apply Ledoux’s theorem. A proof of the corresponding one-sided

inequality can be found in [Ni].

4.3. Upper Bound on the Critical g.

The proof of the upper bound in Theorem 1.2 is considerably simpler than the lower bound. By
(2.1),E %Lé" < N7'E sup, |Hn(o)|, while Lemma 3.4 yields immediately (see the argument leading
to (2.3)) that:

Lemma 4.5: There exists C < oo, such that: If a > 8};;2, then

E sup|Hyn(0)| < NB,+C (4.37)

where

V2aln2, ifa > 3421,#

Ba: 1 2 4
a\/; e“In2 ZfO S a S e 2pl!n2

2e? +\/Ij,

(4.38)
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Let B = Ba/a and assume that o > a,,. Now assume that 3, > Bo. Then for 8 < 8 < 5,,

we have that
limsupE Fy (8) < limsup E Fy (8os) + +(8 — B0)Ba

_ aB, _af? (B-Bx)® _aB?
- 9 - (/8 - /Boo)aﬁoo = 9 - 9 < 9

(4.39)

in contradiction to the assumption that 8 < B8,. Thus 8, < B, which proves the upper bound
(1.19). O

4.4. Convergence to the REM: Proof of Theorem 1.3.

The convergence of the free energy as p 1 0o follows now from a simple convexity argument. Note

that for all 8 < B,, limyee EFn g = fEEM | while for all 8 > 3,, by convexity of Fi g,

. . a? . .
. . ) Ay N 4.40
hlr\}ngjlfIEFN,ﬁ > hlr\}ngjlfIEFN’ﬂ +aB, (8 — Bp) 5 +aB(8 — B) (4.40)
while on the other hand
o ~ o 32 . ~
limsupEFn,g <IminfEFy 5 + aB,(8 — B,) = —— + B, (8 — Bp) (4.41)
Ntoo Nteo ’ 2

provided p is large enough such that a > «a,. But since lim, Bp = limppoo Bp, the two bounds

above both converge to fézEM, as p T oo, for any a > 0. This proves Theorem 1.2.0J

5. Fluctuations: Proof of Theorem 1.4

The main line of reasoning of the proof of the fluctuation theorem is as follows. First, for each N
we define a set whose complement has a very small probability (of the order of N~™). On this set,
we prove the estimates on the deviation with the so-called Yurinskii martingale method [Yu]. On
the complement, we simply use that the free energy is bounded by a polynomial function. This
approach was first used in the context of the mean field model in [PS,ST] for variance estimates and
in [BGP2,B1] for exponential inequalities, but has later been made obsolete by new concentration
of measure inequalities provided by Talagrand in [T1]. Unfortunately, these require convexity of
the level sets of the random functions considered which in the current situation do not appear to
hold. Although, as remarked at the end of Section 4, the hypotheses of Ledoux’s inequalities from
[Le] do hold, these provide only one-sided deviation estimates which will not be sufficient for our
later purposes. In this situation the return to Yurinskii’s method appears to be the only way out.

Define the decreasing sequence of o-algebras Fj, = o({&¥ }ff,lj . Furthermore, for ¢,y > 0 and
ke N, let B

A = Ag ey, N = {w €Q:|GnglH (0)]] < cN_lJ”’} (5.1)
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where
M(N)

to) = -2 > thor (5.2

We put and A = A., n = ﬂf:’:l Ag. The set A will be our ‘good’ set. We first show that its

measure is large.

Lemma 5.1: For all v,e,m > 0, there exists C > 0, such that

PlA,,n]>1—CN™™. (5.3)

Proof: Since P[A°] < Zfevzl P[A;°] we only need to show that for each k, P[Ax] < CN—™, for
any m. By the definition of the sets A, Chebyshev’s inequality and Jensen’s inequality, we have,

for any [ € N,
M(N) M(N) 2
P[A;,%] :PUQ[ > mt| ZCNV] < (eN7) 2’113( [ Z H”])
p=1
(5.4)
M(N)

< (eN7) ZZEQ[( Z H“) ]

If we can show that the expectation on the right-hand side is bounded by some N-independent
constant, (5.4) will prove the lemma.

Expanding the power in the integrand yields, with the usual multi-index notation,

M(N) M(N)

[( Z ig) ] > EG[ H( £y ] (5.5)

r:|r|=21

where r is a multi-index and the numbers cy;, are the multinomial coefficients. The main point
in what follows is the realisation that the difficult terms are those which have at least one y with
r, = 1. This is due to the following observation, which is a simple consequence of a result proven
in [Ni2].

Lemma 5.2: There exist constants ¢, K > 0 such that for all N large enough,

sup Y (H(0))* <c (5.6)

with probability at least 1 — e KN

Proof: We write the left-hand side of (5.6) as

M(N) M(N)

u 1323
Z (Hy (o) sz 2 Z Z or€r70s = Np N1 Z Iza]f,,,jl 7 (5.7)

p=1 pw=1 Z,73k Z,J35k 7
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Consider o as a vector in an (J;Y—_ll) dimensional space, and a"!N17P u fgff} as the coefficients
of a matrix P representing a map from this space onto itself. Then, denoting by A4, the operator
norm of P, uniformly in o,

M(N)

ap! ap! ap! (N —1
Z (E[Ii:l(o-))2 = NT(O-, PU) < m“augAmﬂw = m <p 1 Amaa: < ap)‘maz- (58)
p=1

In [Ni2, Theorem 2] it is shown that A4, is bounded by a constant with probability at least
1—e KN withl e (0, 3). This proves the lemma. O

Returning to (5.5), we will try to get only terms of the form bounded by the lemma above, the idea
being that we do not really want to integrate, but rather use a uniform bound for the integrands.

We therefore single out those p’s for which r, = 1. We obtain

M(N)

wo|(X i)' | = ¥ X ewemo |T[mr IT . (59)

=1 JCM: mraJ
n [71<2l |r|=21 neJs HeEM\T

where the compatibility relation r < J means that for all p € J, r, = 1. Since the p € M\ J
will not enter in any of the calculations that follow, we write (the relation r < J now denotes the

condition that Yu € 7, r, = 0)

M(N)

meg[(X )= X S ewnrree | T IT o

JCM: rmr<J
|T1<2l |r|=21—-|T]| neJ HEM\j

5.10
- ZEQ[HHI': Y g ] (H;’J)”‘]- (5.10)

JCM: r<J
loT<2t neJ rl=21 17| HEM\T

J

£(0)

At this point, we expand recursively the Boltzmann weights with respect to the terms HY, p € J.
This will generate new terms which are slightly more complicated than the term we started with.
The procedure stops when no H}' is left to expand in. In particular, since |7| does not depend on
N, this will ensure that none of the appearing factors will depend on N.!!

We use the following notation. We order the set J in the canonical way, i.e. J = {p1,... , lin},
with ¢ < j = p; < pj. Then, we define interpolating Hamiltonians (they will reappear later)

n

Hbobn(0) = H(o) — Y (1 — wi) HY (0). (5.11)

=1

In particular, H = H{"’"*", and if u; = 0, then H.L:kn is independent of £;7. The associated

Gibbs measures and partition functions will be denoted by Gf*>-- ', respectively Zk1>-Ln.

10One may ask why we do not expand jointly in all the patterns u € J at once. It turns out that one needs a
similar recursive scheme since there will always be error terms which cannot be treated by Lemma 5.2.
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The terms that will appear are of the form

]Eggll: .',’5:,’@(1 H H”’ HHuz Huz ’(i))ﬁj(al) : (5.12)
i=n'+1
where ¢ < n’, and the 7;, j =1,... ,n are functions from {1,... ,n'} to {1,... ,n'}. They appear

because the expansion of the denominator (the partition function) will introduce new copies of the

measure (hence the power q).

The first product in the integrand above contains the H}' with respect to which the expansion

has not yet been done. The second corresponds to those which have been used.

The initial expressions on the right of (5.10) correspond to the case ¢ = 1, n’ = 0, u; = 1, Vi,
that is,

EG HH,Q‘cj(a) =Eg ot [HH,gcj(al)]. (5.13)

peET
The following provides the basic recursion relation.

Lemma 5.3: For all numbers n' € {0,... ,n—1}, ¢ € N, and uy,... ,u,, and functions m,,

there exist functions (WZ;,H)J-:L___,(IH, and a number U,/ 41 € [0, 1] such that

Bghin® | 1] #E@ HH"’ JH} (0™ )L (%)
1=n'+1
q n'+1

— B> EGh e H H (o HH'“ VL (0™ D) (V)| (5.14)

1=n'+2

n'+1
e Bsgnitnen | T1 e T] # e )@
q

sy Ul
i=n'+2

The functions (Wi,+1)j:1,___’q+]_ satisfy

i) = { T (7), ifi <n; (5.15)

4, ifi=n'+1.

Proof: We expand the Boltzmann weight of the Gibbs measure on the left-hand side of (5.14)

. . Hiseee syt 125 ETETRY 7] Pnl 41
in the pattern g,/ 41. Since Heup ) l'u™ = Hu, ", uray u 11=1, expanding in the variable uns 11
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about 0 to zero order with remainder of order 1 yields

! .7
exp ( = BY Hull i (0 )) exp ( — B Hoy e (o ))
1 yeee o [b - 1 yeee o4
(Zullyy---v’u:")q (Zull,’ ,’u:/ljf)l)q

. exp ( — BY,_ H (w”)) |
-8 i G
g (Zar iy ¢ (5.16)

UL UR Ly

“en -1
Bexp ( =B 5= H,. ,’5:,’,’5:,1111 (o7 ))

HiseesBnfsBnl41yg 41
(I(Zul geue ,un/ ,un/+1 )l]

_l’_

By exp (= BHL I 007 HE (07),

U ,unl+1

for some u, 41 € [0,1].

The first term on the right does not depend on & ™ ** (see the remark after (5.11)). Hence,
when multiplied by the products of the H}', this disorder variable appears exactly once, so that
integration with respect to it yields zero.

The second and third term above give the new terms on the right in (5.14). The relations for

the functions 77

w41 are easily verified. [

Applying this recursion relation n times yields the following decomposition.

Lemma 5.4: Let J = {u1,... ,n}, n < 2l. Then there exist numbers uy, ... ,u, € [0,1] such
that

n

EG [ I1a: (al)ﬁj(a)] =3 e BrGhL i ® [H H (oYHE (0™ L s (0h)|,  (5.17)

i=1 g=1m~gq =1

n

where the functions ™ permute the indices i € {1,...,n}, and the relation ™ ~ q describes the
condition that [{i € {1,... ,n} : w(i) # 1}| = q. The number of such functions 7 is thus independent
of N.

Proof: The proof follows by applying the recursion relation from Lemma 5.3 n times. Observing

that each step adds at most one other replica implies that ¢ < n. [

We finally sum over the sets J C M on the right of (5.10). We obtain

|71

N ¥ Y emzon e[ ] o @me @) |ce)]. )
\‘{7C|2/211 g=1mn~gq =1

First, we observe that since |H}| < 1,

I8 67‘
L71< Y cupya [] HE™ < DD cupn [ 1HEP, (5.19)

rr<J rr<J
Irlm21 ) 7| peEM\T Irl=21—| 7] neM\T
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where §, =1, if @ > b and zero otherwise.

For any multi-index r, denote by #r the number of 7, which are not zero. Hence, the products
on the right-hand side of the above inequality are just the completely off-diagonal terms of the form
(Z pEM\ s (HY )2)#r. Then, adding the terms which have at least two indices equal (and which

are obviously positive), yields uniformly in o

20—|7| 21T .
J J
Lal < Y Cj,zl,ljl( > (Hf)z) <> Cj,zl,ljl( E:(Hz':)2) <G, (5.20)
j=1 neEM\T j=1 pHEM

on a set B of measure at least 1 — e"¥N""* by Lemma 5.2. Using this in (5.18), we bound I' =
ElgG[(32, Hi)*] by

|71

1< 30 30N eraigoBLsgly ke ® | HE @M 070)| . (5.21)
l-‘YJC‘éVzil g=1m~gq i=1

Since the integrand is non-negative and |H}'| < 1, we can change the Boltzmann weights back to
the original ones (that is, setting all u; = 1), and committing at most an error of e”™. Furthermore,
the functions m depend only on the size of J. Hence, adding again positive terms in the third step

below (and observing that | 7| is even),

I <CZ 3 chm,ﬁmgg@q[ ‘H’“ )H;;i(a"("))u

n=0 JCM wr~g g=1
even |J|=

CZ % Zc,r,q,ﬁﬂzﬂgg@q[ ‘H’“ YA o™

"01r~q:7CM g=1

even ‘jl (5.22)
<C Z Z n' Z Zcmq,ﬂEﬂBg@’q[ ‘H"’ )Hll:i(ar(i))u
:ve(r)l ™4 1y siin=1¢g=1
s¢ Z Z ch,q,ﬂEHBG®q[H ( Z [ (oY) HY (o Tr(i))|)j|.
n=0 ﬂ-Nq Pl

even

Finally, we apply Cauchy-Schwarz to get rid of the absolute value in the sum over u;,

M M
Z R OO < (S e e)?) (S e @)?) <o e
pi=1 pi=1

on B by Lemma 5.2. Inserting the above in (5.22) shows that EllgG[) , H;] is bounded by a

number independent of N, since all the remaining sums are over finite sets whose sizes do not
depend on N.

Since (Zu H!)?" is polynomially bounded in N, uniformly in w, the remaining part I —I', (that

is, the integral on the set B¢), is obviously bounded by an exponentially small number in N 1/5

(e.g.), and is thus also smaller than a constant.
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We use this in (5.4) which shows that
P[A] < e 2 N2, (5.24)
Thus for all v, m > 0, there exist [ and Cj ., such that
P[A] < Cp e N1 (5.25)
Summing over all £k =1,... , N shows that indeed P[A°] < C},,N~™. O

We now bound the fluctuations of the free energy on the set A.

Proposition 5.5: Let Fy = N1 InZn1y, ., . Then, for all 8, all T > 0 and all € > v, there
exists N < oo such that for all N > N,

i [|FN —EFfy| > TﬁN—%+E] < 3e~N7, (5.26)

Proof: In the sequel, N, 3,7, ¢ will be fixed, and we will therefore frequently drop the corresponding
indices. The approach to the proof follows the general idea of [BGP2,B1]. Define a decreasing

sequence of o-algebras {fk}keN by

Fi=o ({EHE) V Acn. (5.27)
This allows to introduce a martingale difference sequence (see [Yu])

F* = E[F|F] — B[F|Fry1)- (5.28)

By the definition of conditional expectations

N
F—EF =) F*PIA] (5.29)
k=1
The factor P[A] tends to one as N 1 oo by Lemma 5.1 (even polynomially as fast as we want). It

is therefore enough to control the sum chvzl F*. We observe that

N
_ - o
P[> 7% > 2(PlA]) Y] < 2inf e FHD et 20y B
t>0
= (5.30)

~ A

=2inf e “E[E[... E[E [ | F)etE? | Fa] . 1etE T | Fvaa)-

To make use of this inequality, we need bounds on the conditional Laplace transforms, that is, we

want to show that for some £ (t),

InE[eF" | Fip] < £F (1), (5.31)
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uniformly in ]:_k+1- Using a standard second order bound for the exponential function, we get
tF* |7 t? kN2 |tFR|| £
Ele™ |Fr1] <1+ 5E[(F ) e | Frt1]- (5.32)

To make use of this we need to bound |F*|. A conventional strategy is to introduce a family of
Hamiltonians H*(o,u), defined by

() "X

H*(o,u) = H(o) + (1 — u)~—2— = S oy (5.33)
n=1 Iglskp

This new Hamiltonian is equal to the original one for u = 1, and independent of {&}}#=1-M

for u = 0. Denote by Z*(u) and G*(u) the partition function, respectively the Gibbs measure
associated to this Hamiltonian. Observe that the condition on being on the set A is stable against
the change in parameter u € [0, 1], that is

M(N)

() [N—P 3 Zg;az] €l-cd, Yuelo1], (5.34)

p=1 I3k

on the set A. Indeed, the derivative of the left-hand side with respect to u is non-negative, since
it is the variance of the integrand with respect to the measure G(u). Moreover, for v = 0, the
Boltzmann weight does not contain oy, whence the left is zero for u = 0. The absolute value of the
left-hand side thus assumes its maximal value for u = 1.
Define
gt (u) = %]IA In Z* (u) — %]IA In Z*(0). (5.35)

Since Z*(0) is independent of o}, this quantity relates to F'* via
F* =R[g"(1)|F] — Elg" (1) Fr44] (5.36)

Observe that g*(u) is convex in u, since its derivative is equal to the expectation of the left-hand
side of (5.34), whose derivative is the variance of a random variable with respect to the measure
G. Since by its definition g¥(0) = 0, and therefore |g*(1)| < max(|(g*)'(1)],|(g*)"(0)]), where the
prime denotes the derivative with respect to u. Moreover, since H k(o,u = 0) does not depend on

o, it follows that (g*)'(0) = 0, and hence we can use |g*(1)| < |(g*)'(1)|. Explicitly, this is

1/ M(N)
(1) < 16 (O] = |82 G ol > ¥ dhor|[masen G
I'—"Iskp

Inserting this bound into the exponent on the right-hand side of (5.32) gives

2 . 2 .
1+ EE[(Fk)zeltFk”ka] <1+ g]E[(Fk)Ze“gk(l)”]:kH] (5.38)
5.38

2 N1 ) FEA2 | A
<1+ 562 TR (FR )2 | Frga)-
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To treat the quadratic term, we observe that by (5.36), the properties of conditional expectations,

and Jensen’s inequality (see also [B] and [BGP]),
E[(F*)*|Fiera] = E |(Elg" (1)1 F] — Elg* (1)1 Frr1])?| Frrn

_E [(Ble* (1) - El* )| Fera)l B2 B |

<E [El(g* (1) - Blg* ()| Fusa))? £l B

- (5.39)
~E |(¢*(1) — Elg* (1)|ﬁk+11>2‘¢k+1]
- k 2| T k I 2
= E[(g" (1))*|Fesa] = (Elg* (V)1 Fea])
<E[(g"(1))?| 1] < E[(g" (1)) Fisal-
The last term is bounded since we are in the set A. Indeed,
) . M(N) °
B (6" )| = 278 | | 1a6] 30 3 etor] ‘fm < PONT2 (5.40)
p=1 I>k

Thus, using the bound (5.40) in (5.38),

14y

2 _ R 2 _ 2 _
14+ %E[(Fk)2€|tFk||Fk+l] S 1+ %eZCﬂtN CIBZNZ'\/—Z S exp (%eZCﬂtN 1+WC/32N2'\/—2> .

(5.41)
Inserting this in (5.30) yields
N t2 1+
P Y F*| > 2(PlA) '] < 2 inf exp (—tz + 5e2cﬁ“\’ ’052N27—1> : (5.42)
k=1
We choose z = T8N ~1/2+¢ and t = 1N% = %N%. This implies that
N
. 1 c —1ar—1/24~—€/2
]P,H ZFk| > ﬂTN_5+E(HD[.A])_1] < 2exp (—NE + Cr 2N27v—¢€g2et N~—L/2+v—¢/ ) . (5.43)

k=1

Choose v < /2. Then for any 7 > 0, and N large enough, the right hand side of (5.43) is bounded
by 3e=N*. Since P[A] tends to 1 as 1 — N~™, the claimed estimate follows. [J

Proof of Theorem 4: The assertion is now an immediate consequence of Lemma 5.1 and

Proposition 5.5. Indeed,
|Fy —EFy| < |Fy — Fy| + |Fx —EFy|+ |EFy —EFy]|. (5.44)

The first term is non zero only on A°. Also, the last summand is bounded by P[A°]|sup Fxy <
CNPP[A°]. If we choose m in Lemma 5.1 larger than p + n + 1, then this term is eventually less
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than N2, and thus also less than z = 7N~1/2%¢_ Thus, for all n,7,e > 0, and N large enough,

~ z ~ ~ z
P[|Fy —EFy| > 2] < P|Fy — Fi| > 2]+ Pl|Fy —EFy| > ]
< ONPP[A°] + P||Fy — EFy| > g] (5.45)

<CON ™ 14e N <N

This concludes the proof of the theorem. [

6. Results on the Replica Overlap.

In this section, we prove the results on the replica overlap, Theorems 1.5, 1.9, and 1.7.

6.1. Proof of Theorem 1.5.

By the definition of the free energy,

OF 3 M(N)
E55 = ~NEINslH] = =B g EGn.p[H"(0)], (6.1)
where
1)1/2
H*(0) = _(]Iirz_l Y ey, (6.2)
o

is the contribution to the Hamiltonian from pattern u. We introduce the following notation. For

any u € [0,1], we let H* be an interpolating Hamiltonian of the form
4 = H — (1 —u)H". (6.3)

Observe that for u = 0, this quantity is independent of the pattern u, and for u = 1, is equal to
the original Hamiltonian. The notations G* and Z! refer to the corresponding Gibbs measures and
partition functions (dropping reference to N and 3 for sake of clarity). We now write the Gibbs
ectation on the right of (6.1) as

OnplH" (0)] = Eo (6.4)

_c " ge
Ea’ [E_BHLL] ]

u=1

Developping the Boltzmann weights in u about 0 with second order remainder, we obtain for each
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term in the sum on the right-hand side of (6.1) (for some u € [0, 1])

o e—BH (o) e E, e—BHE (o) ()2
gN,,@[ ]_ o Tg ( ) - B Z(;)L (U)
L [ 52 o [ L
+ BEq, o0 77 (o) H"(o") | + = E, [o PAL()] (o)
Ry
3 o~ BH! (o) ~BHL (o) (6.5)

2 oo’

(E, [ePE@))2

Ry
g o—BH" (0)—pHL (o) —AL(s")
| T (B PR

-~

R3

As remarked above, neither H} nor Z} contain any of the variables {¢/};car. Integration with

respect to them (denoted by E, ) thus yields for the linear term,

e—ﬁH[’)‘(a) (p|)1/2 ,BH”(U)
BE, |*—gr— H"(0)| = Y EE, S .o, | =0, (6.6)
ICN
I Z|=p

and for the second order contribution

e—BHE (o) p! e—BH ()
EE, T/;H”(U)z = sz_2E]E‘f Z" ZE §r€0107
- (6.7)
__r ' e PHE () 2-2
o sz—ZEE’ Zl =N p 1+O( ))’
respectively,
—BH{ (0)-BH (a") P! e—BHY (0)-BHY (o)
EEU,U’ = H”(O’)HM(OJ) EE = O'IO'I (6 8)
Z(I)LZ N2p—2 Z(l)lz ;
The latter sum is
N p 1 N p
Y or0r = 5 > Ileuch = - (Z a,-a;> 1+0(N")
ICN Lip=1 [=1 i=1 (6 9)
all dlﬁ'erent .

- Hz\an(a, o )P(1+O(N7Y),

whence,
e—BH (0)=BH (o)

AL
ZO

EE, o H”(U)H”(a')] = N>"EGh®? [R(o,0')P(L+O(N"'))].  (6.10)
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We now show that the remainder terms in (6.5) are at least one order (in N) less than the two
leading contributions above. We start with a result that shows that the perturbed partition function
Z# = K, [e~PH%] is bounded from below by a constant times the partition function Z = Z¥ (that

is, the one not containing any of the {¢!'},).

Lemma 6.1: For all B > 0 there exists a constant ¢ > 0 such that for all u € [0, 1],

7B

7 > cZl = cRB, [e7PHo]. (6.11)

Proof: The proof is an immediate consequence of the following result.

Lemma 6.2: Let {X;}i—1,.. .~ be a familiy of variables taking values —1 and 1. Let T'p n =
NP ZI:|I|=p Xz, and m = Nt >; Xi. Then for each even p there exist constants cp 4 such that

p
2

Tpn = Y Cpagm® N2 (1 4+ O(NTY)). (6.12)

q=0
Moreover, cp,, is positive for all p.

Proof: By induction. For p = 2, we have

I‘2N_N2 ZZXX _ y-2! ZXX _ N2k 21
1111 i,7=1 (6.13)
1

— _m2 _ N_l,
2

which is of the form claimed in (6.12).

Suppose the result is true for all even values ¢ < p. Then,

FP+27N:N_p_2 Z Xz = (p+2 Np+2 Z Xz Z X7

I:|T|=p+2 I:|T|=p -7|-7\ 2

nNIT=0
(6.14)
=NP2 Y Xz Y Xg-¢N7P? > Xz » Xy
I:|Z|=p J:|T|=2 Z:|Z|=p jjlré‘;wz

By the induction hypothesis, the first term on the right-hand side is

cp NP2 Z X7 Z X7 =c,IpnTan
TiZ|=p  J:|J|=2

Z c,,,gqm2‘1N‘1_% (14+O(N"1Y)) (Z Co,2gm*INTH(1 + O(N_l))> (6.15)

q=0 q=0
g1

=3 cpam® NTE 1+ O(NTY).
g=0
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The remaining term in (6.14) is

Z Z XIXJZ Z XIXJ—F Z XIXJ
,J ,J

I:|Z|=p T:1TI=2 ) ,
TNI#0 |gnZ|=1 |gnT|=2

=3 Y Y xxxi+ Y Y xoxix;

T:|Z|=pieN\T j€I I:|Z|=pi,j€Z (6.16)

= > Xz Y X2+ D> Xz Y XIXx]

I:|T|=p ieEN\Z I:|T|=p—2 i,JEN\T

N —
= (N —p)NPT', N + < 5 p)Np_sz_g,N,
and hence

NP2 N Xz Y Xg=NTT,n(1+O(N1)+ N 2T, o n(1+O(N7Y).  (617)

ZER

Applying the induction hypothesis to (6.17) shows the decomposition (6.12). Positivity of ¢,
follows from (6.14). O

From this one concludes that uniformly in o, £, and for all N large enough,
—H" > —c¢. (6.18)

Indeed, by the preceding result (setting X; = £¥0;),

1)1/2
(o) = PIEN Y etor
Z:|T|=p

1 N
q=0 =1

2

N3 (140 Y (N7Y) (6.19)
I:|Z|=p

P

= N ooy (m#)PINTE (1 + O(N D),

q=0

We distinguish two cases. If m* is large, we show that —H*" (o) is positive. Suppose therefore that
|m#*(o)| > N~=1/2+% for some § > 0. Then,

p/2—-1
~NT'H"(0) 2 cpp(m*)P — Y lepg|m"*INTTE(1+ O(NTY))
g=0
p_g
Z C;’:]’N_%—i—pa o Z cé)qu_%—'—qu (6.20)
q=0
2_g

—Pyps 5(2q—
> N8Pl N2 p))’
q=0
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1

which is obviously positive for all N large enough and § less than 5.

On the other hand, if m* is less than N—1/2%9_ then,

14 P
2 2
INTLHA(0)| <> ) N2 D NE =N NEe (6.21)
g=0

q=0
Thus, if § < § — I—l), then |H#*| = o(1), so that the bound (6.18) is in fact a gross underestimate.
To prove Lemma 6.1, we observe that

71 = R, [e—ﬂﬁﬁ(v)—ﬂuH“(ﬂ)] >, [e—ﬂgé‘(ﬂ)—ﬂu sup H') > [, [e—ﬂﬁé‘(ﬂ)—ﬁw] > cp 7V (6.22)

This proves the (6.11). O

We apply this result to the error terms in the development (6.5). We start with R;. By Jensen’s
inequality,
e—BHY
n

_BH"
e Hy

|By| = |Eo = |Gu[H"?]| < GLIIH" ) = E,

Zi

|H“|3] : (6.23)

H"3]

Since the integrand is a positive function, we may bound the expectation using Lemma 6.2 in the

denominator. We obtain, noting that H* = Hf' + uH",

_ﬂgu

u

Ry| < cR, | S

IH”|3] = cGyle " |H" ). (6.24)

We observe that the last Gibbs measure does not depend on the pattern . We may therefore
integrate with respect to {{'}; “inside”. In complete analogy with Chapter 3 (the result about the
error term), we get

B, [e™#H" |H![*] <, [P HM %] < eN*— %, (6.25)

whenever Bu < 3. Since u € [0, 1], this condition is satisfied if 8 < (,,.

The remainder R3 gets essentially the same treatment. By Jensen’s inequality,
|Ro| = |GL®3[H* (o) H* (o' H* (o")]| = |GU[H" (o)) < G|H**] = | Ryl. (6.26)
Hence,
E|Rs| < cN3~ 7.
Finally, the term Rs. By Lemma 6.1,

|Ro| = |Gy[H"?] GLIH"|| < GLIH"?) Gi[|H|

_ . _ . (6.27)
cGhle P H?) GYle P | H).

IA
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Thus, by Cauchy-Schwarz and Jensen,
]E|R2| < ‘]E |:_C; ﬂuH“ MZ]gﬂ[ ﬂuHM|Hﬂ|]”

< (& [@pier ) (= (@i ) (629
< (]E [gg[e—wuHﬂHpﬂ])% ( [g“[ _28uH" H2]])%

Both factors are now treated as R;. Since the integrability of R; did not depend on the power of
H*", but merely on the exponential factor (this is apparent from the estimate (3.26)), we get that
whenever 28u < 3,

E|Ry| < (cN*~2°)% (cN27P)% = ¢ N3~ 7. (6.29)

The above condition is always satisfied if § < % By-
The results above almost prove the theorem. What remains to show is that in the leading terms,

we can replace without harm the Gibbs measure G} by G. More precisely, we claim that
[EGY ®2[RP] —EG®?[RP]| < cN'"%, (6.30)

for some constant c.
The proof of this claim is done exactly as before, namely by expanding the Boltzmann factors,

this time, however, only to zero order. We get
G®2[RP] = G{®2[RP] + G+®2[R(0, o' )P (H" (o) + H"(0"))] + G*®*[R(0, 0" Y H"(a"")]. (6.31))
Since RP € [0, 1], the second term on the right is bounded by
|G ®?[R(0, ") (H" (o) + H"(0"))]| = 2G4 ®*[R(0,0")" H"(0)]| < 2G4 [|H (0)]]. (6.32)
Proceding as above we get,
[EGY ®2[R(0, 0" P (H" (0) + H"(o")]| < 2EGE [|H (0)]] < 2¢E, Gf [e™™H"|H"|] < 2/ N'7%. (6.33)
The third term on the right of (6.31) is bounded by the same order. Indeed,
|G 23[R (0, 0"y H" (0")]] < GLIIH" (0)]], (6.34)

from which the bound follows again by integration. This proves the claim (6.30).
To finish the proof of the Theorem, we sum the contributions we have obtained. Relation (6.1)

implies that

oF ) M(N) M(N)
BB — af? (1~ B R7))| = B |- EO(H] = D AN+ Y. pNIRGe R
p=1 p=1
M(N) M(N)
< 8| EGIH Z BN 4 Z BN'PEG ®2[R?]

M(N)
+82 ) N'P|(EG®?[RP) —EGY ©*[RP)))|

= (6.35)



38 Chapter 6

Using the decomposition (6.5), and the results (6.6), (6.7) and (6.10) in the first term, and the
bound (6.31) in the second, we get

OF M(N)
BE% —af?(1— EQWW])‘ <cB| > (BN'PO(N™')+Rf + RS + RY)
p=1
M(N)
+c@ > NUTPN'TE

p=1

(6.36)

We finally insert the bounds (6.25), (6.26) and (6.29) on the errors R;, which are valid if 8 < 34,.
This yields

F p
BE g_g —af?(1—EG®*[RP])| < cgN~' + N>~ < Cp. (6.37)

This proves Theorem 1.5. [

6.2. Condensation: Proof of Theorem 1.6.

Theorem 1.6 follows now just as the analogous result in [T3] from the convexity of the free energy.

Suppose that 8 < ,. Since we always assume that o > a,, then

2
limsupEFy = ﬂ

6.38
m s 5 (6.38)

by the definition of 3,. As remarked after their definition in Chapter 2, E Fy is convex for all V.

It then follows from a standard result in convex analysis ([Ro], Theorem 25.7) that

OFN 0
limsupE —— = — limsupEFy = af. 6.39
msupl 53~ = g5 ImsupE Ly B (6.39)
Hence, from Theorem 1.5,
OF
EG®?[RP] +E8—ﬁN =af+O(NY), (6.40)
and thus, passing to the limit,
limsupEG®?[RP] 4 af = af, (6.41)
N1oo
which in turn implies that
limsupEG$?[RP] = 0. (6.42)
N*oo
Suppose now that
. OFN
limsupE —~ < af. (6.43)

Then it follows immediately from Theorem 1.5 that

OF
liminf EG®2[RP] = o — limsupE =X s aB—aB=0. (6.44)
Ntoo Ntoo B
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This proves (1.27). To see where the condition (6.43) actually holds, we observe first that by

1, ~ _ [2In2
§Bpﬂ>ﬁp— — (6.45)

This concludes the proof of the Theorem. [

Lemma 4.5, it is satisfied for all

Remark: Of course one would expect (6.43) starts to hold right after the critical temperature. In
fact, a weak version of this can be proven. Namely, Theorem 5.5 in [Ro] implies that the function
f(B) =limsupEFy (6.46)

Ntoo
is a convex, bounded function on U = [0, 3,). By Theorem 25.3 in [Ro] it is thus differentiable on
an open set D C U which contains all but perhaps countably many points of U, and its derivative

f' is bounded on D. Lebesgue’s integrability criterion then implies that

B
1(6) = £(5,) + / [ (w)du, VB> B (6.47)
:BP

Now it is immediate that for all 8 > 8, there must exist a set I C (f,,3) with strictly positive
Lebesgue measure, on which f’ is strictly less than a8. Indeed, were this not the case, then
f > "‘—22, which contradicts the definition of 3,. Since 3 was arbitrary, the relevant condition

(6.43) is satisfied on sets of positive Lebesgue measure arbitrarily close to 3,.
6.3 Proof of Theorem 1.7.

We have shown that in the low temperature phase, the replica overlap is not concentrated on zero.
We will now show that its distribution is concentrated on a neighborhood of zero and 1.
Proof of Theorem 1.7: Let C]\L,, Cy be such that

P |sup(~Hn(0)) & [NCy, NCF]| =pn = o(1) (6.48)

Then

Eg o0 e AHN(7)+HN () ]IRN(U' s')el

2_2N€N20;]

Mﬁz (RN(O', OJ) € I) < IlEI[supt, |Hn(0)|[<KNCnN + PN

EE(,J/ e—B(HN(0)+HnN(c")) ]I—ﬂ(HN(a)+H(tr’))§NC?\',ﬂ]IRN(UJT')EI

- 9—2N BN2Cy TPN
(6.49)
The numerator has been estimated in (4.21). Using this, we get
ct
BG (R, € 1) < Y Oy R DRG)
N Hn(o,0)el) < 3 - o + PN
=y efN2Cy—2In2 (6.50)

+2
_ ZC;;GXP (N2,8(01—'\} _C§)+N(2ln2— % —I(t))> + PN

tel
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Let us note first that from (6.50) it is obvious that if we can choose |C% —Cx| < N~¢, then the result
cannot depend on 3. An obvious candidate for these numbers is thus N'Esup,(—Hy(0)) £ €.

Indeed we have

Lemma 6.3: For any € > 0, and for all N large enough,

P % sup(—Hy(0)) - ﬂ% sup(—Hy(0))| > ¢ < N2 (6.51)

Proof: Note first that

27N < Zn(B)eP 5P (FHN () < 1 (6.52)
and therefore |
1 1 n2
|EFN(ﬁ) N sup(—Hn(0))| < "l (6.53)

Therefore, for any 8 < oo,

T ——-

1 1 1 1 1 1
= ‘N Sl:_P(—HN(U)) - BFN(ﬁ) + BFN(ﬁ) —BE5 Slip(—HN(U)) + ]EBFN(ﬁ) - ]EBFN(ﬁ)
1 1 2In2
<|=Fn(B) —E=-Fn(B ‘ +
5O - B P(6) + 25
(6.54)
By Proposition 6.2,
1 1
P HBFN(ﬁ) - IEBFN(ﬁ)‘ > N‘1/2+5] <CN™™ (6.55)
from which the claimed result follows by choosing e.g. 8 =¢"!4In2. O
Using this result, and setting Cy = E+ sup, (—Hpy(0)), we get that
®2 ' (Cy +¢)?

tel

Since € can be chosen as small as we like, e.g. 6371, we already see that our result will be uniform
in (3.

It remains to estimate E+ sup, (—Hy(c)). We will only consider the case o > 12“7?. In that case
it follows from Lemma 3.4 that Cy < v/2aIn2+ C/N from a bound completely analogous to (2.3).

For a lower bound, note that for any 3,

B0 Fiv(6) = 3 B0 (~Hi(0)) < By sup(~Hn(o) (6.57)

But we know that for all 3 < B, limyyeo EFN(8) = O‘TBZ, and therefore by standard results

limpapoo E%FN(ﬁ) = af3. Thus chosing (3 as large as possible we see that we see that

Cn > af, —dn (6.58)
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where dny | 0, as N 1T co. But Theorem 1.2 and the estimate (1.20) show that

2 P~ /a
Cy >V2aln2- Y2 _3; 6.59
M= V2m2 (6.59)

Therefore we have that for any § > 0, and for p large,

<N(5+ 277 + 25N1/\+/atp+ 0(2—2”))+

EGR?(Rn(0,0") €1) < ) Caexp
tel

2ln2
N(2m2 - - 1)) 6.60
az- 202 10) ) +p (6.60)
21n 2tP
-P —
<Y Csexp <N(6+2 )+N( T I(t))) +pN
tel

The function %llﬂ‘rff,; — I(t) vanishes at zero and at one, and is negative everywhere in the interval

(0,1—2,), where z, ~ 27P. This implies the main conclusion of Theorem 1.7, (6.48). Note that since
I(t) ~ t* for small ¢, we can chose the interval I more precisely of the form I,, = (C27P/21—C27),
with C' a constant of order 1.

To proof the estimate (1.29) in the high-temperature case is considerably simpler. Since we
already have the estimate ET(¢c,b,1) < e@B*N—dN/2 fo1 some positive d, it remains to show that
with sufficently large probability, Z%(8) > e@B*N—dN/4 T do so, we use the Paley-Zygmund
inequality (4.31):

i [ZN > e_dN/BIEZN] >P [ZN > e~ INBEZ\ | > (1 — e/ 0,y (6.61)

Given that by Lemma 4.1 and Theorem 1.1 EZy > CeN ap?/ 2 (1.29) follows immediately. This
completes the proof of Theorem 1.7. I

6.4. Ghirlanda-Guerra identities and lump masses.

The techniques used to prove Theorem 1.5 can also be used to derive the Ghirlanda-Guerra identities
[GG] (see also [AC]) that provide relations between distributions of overlaps of a larger number of
replicas. This observation is due to Talagrand [T5]. Note that he annopunced more far-reaching
results than those we will prove here.

The basic input is the following slight generalization of Theorem 1.5.

Proposition 6.4: Assume that 8 < %ﬁ; Let f denote any bounded function of n spins. Then,
for any k € {1,...,n},

EG (N H (") f (o, . 0™))

. (6.62)
- aﬁEgﬁ?ﬂH (f(al, e, o) ZRfv(ak, o') — nRE (a", (7”“)) ‘ <CN~!
=1
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Proof: The proof of this proposition is an exact rerun of the inequalities (6.36), except for the
computation of the leading terms which is however straightforward. We will not repeat the details.
O

As in [GG] it then follows from the concentration result Theorem 1.4 and standard arguments
that for any bounded function f,

b
]\171& s ‘Eg N~ Hy(o*)f(0",...,0™)) —EGn,g (N~ Hy(0)) BGE", (f(o%, ... ,a"))‘ ~0
(6.63)

for any 3’ < 3”. Combining (6.62) and (6.63) with the bounds (6.62), we arrive at the identity

b”

]\lIiTrgo/ﬂ’ dﬂ]Eg@’"+1 flot,...,0") ZR‘;’V(ak,al)—nRﬂ’v(ak,a"H)—i—Eg%’zﬁ (RR (0", 0?))

1£k
=0
(6.64)
which is the analogue of (16) of [GG]. Note that this can be written as
bll
I%iTm d,B]Eg®"+1 (f(o',... ,a™)R% (", ")
oo 'BI
o " (6.65)
1 : n n k1 2
— 5151& ; dBEGR" | f(a',...,0™) ;;Rg,(a ,0') + EGY (R (0!, 0?))
and choosing f to be the indicator function
floty o 0™) = My Ry (o o) =qu (6.66)
This implies that
bll
Il,iTm dﬁEg@’"“ [Rp (O'k 0_n+1 ‘Vk;élRN(O'k,O'l) — le]
oo ﬂl
" (6.67)
S qul - Jim dBEGR?, (RR (o', 07))
"k B’

which is the relation (17) of [GG].

Remark: While [GG] claim to obtain the same relations also for all other moments of the replica
overlaps, it needs to be said that they tacitly assume the continuity of the Gibbs measures with
respect to certain random perturbations of the Hamiltonian that is not only not proven but is
certain to be false in the generality they are announced. Otherwise, the argument below could be
considerably sharpened and simplified.

The main use of the identities (6.67) is that they allow to draw conclusions about the distribution

of the masses of the Gibbs measures on the so-called ’ ‘Talagrand-lumps’.
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Proof of Theorem 1.8: The starting point of the argument is that Theorem 1.5 together with
Theorem 1.9 in fact imply that the distribution of the replica overlaps has positive mass both near

zero and near one. Let us set

po =EGR* (IRN ()| < €o)

(6.68)
p1 =EGR? (|Bn ()| > 1—a)

Since by convexity (see (6.39)) for all 3 > 3, except possibly for a countable number of exceptional

points

0 1o}
< liminfE— < liminf E—— <V :
aB, < hmllr\lff]EaﬁFN(IB) < hmllr\lrfEaﬂFN(ﬂ) <vVa2ln2 (6.69)

we have on the one hand that

va2ln2

lim su < —— 6.70
SUPPO S a (6.70)
and
. /8 - /Bp
lim su < - 6.71
N DOt B(l—e)r (6.71)

Since we know that limy(pg + p1) = 1, and this implies what we want for 8 somewhat larger than
Bp. Recall that €y ~ 27P/2 and ¢ ~ 27P.

This result shows first of all that it is not possible that the mass of one single (pair of) lump(s)
can be almost equal to one, since in that case py would be close to zero (which is impossible by
(6.71)).

Now assume that the assertion of Theorem 1.8 fails. Then there exists a first instance £* such

that

Jim EGy (u{;"lc,) —1 (6.72)
Now define events ng) € B, by
o) = {E € [-1, 1" D2, ¢y pcn| Rir| < 60} (6.73)

The important obervation is that if {Ry (07, 0%) h<ick<k+ € ng*), then there exists some permu-

tation 7 € Sj- such that with probability one o* € Cr(x) for all k < k*. In particular

bl’
: Rk* +1 ¥4 k k*+1
I%Ilgo 8 dﬂ]EgN’ﬁ [RN(U 7 )]I{RN(’Tl,le)thgk*EQE’S*)]
b (6.74)
. Rk* +1 D k k*+1
= I}fl& p d/BEgN’ﬁ [RN(U , O )]Iaﬂv{cz*la-lecﬂ(l)]
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But
®k +1 P k*+1 ®k +1 P k*+1
EGn, [R (o* )]IHWVf;o'ecﬂn] Z Eoy, [R (o* )vallv’ecm]
TI'ESk*

_ E: }: ®k +1 p (k _k*+1
- ]Eg [R ( O )]Ia'k*+1ec7r(j)]IV;CZ*IGJEC.,,([)}

WGS *_] 1

. (6.75)

_ Qk*+1 | pp (ki
- Z Z]Eg [ (U y O )]Iffk*+1ec7r(j)]IV;CZ*IG’ECW([)}

wESyx jF£k

E ®k +1 P k*+1
+ M [R ( O )]Ia,c*+1ec,,(k)]l g' ECW(”:|

TI'ESk*

where we used the symmetry betwen replicas in the terms j # k to exchange o* *! with 7. Note

that for the first term we have the obvious (though not very good) bound

k*

®k*+1 D ( k _j
0< > > EGRY [RN(U 0" ) o s Lyt arec,
Wesk* J;ék

PRo®k"
S EOMN,,@ |:]IV{‘:=*10'[EC7|—([):|

- g o]

(6.76)

while the second satisfies

E : ®k +1 D k k*+1
]Eg |:R ( )]Iﬂ'k*+1ec-n—(k) ]IV;“:*IG'IEC.K(I)]
wESk*

®k +1
> (1 —¢)? Z EGN. [ ak*+1ecw<k>]IV{“;rf’Ecwm]
5 (6.77)

= k*(l —€ )”]Eg@k + {]Ivk ol ec,,(l)]
B kl* (1 —e)”EGRY [QZ’}

where we used the obvious permutation symmetry among the first k* replicas. Let us now use

(6.65) with f the indicator function of the event Qg’;*). clearly we get

b”

Lim d,BEg®k +1 |:Rp ( o_k*+1)]I

N*Too B’ {RN(a'lva'm)}lgl<Sk*egglé*)]

1 bl ®k B ) o ,
< k_ lim d/BEg [ {RN(UZ:"m)}lgkgk*EQSS*):| ((k - 1)615 +EgN,ﬁRp(Jag ))

* NTOO 'BI
(6.78)
Comparing (6.76), (6.77) to (6.78) we see that
(1—e)? < (k* —1)ef + 151%& EGR% RP(0,0") < (k* — 1+ po)e” + p1 (6.79)
This implies the lower bound
1—¢ )P —
pes o) —p (6.80)

P
€
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Quantitatively, this estimate can be refined to
k* > C™12%°/2((1 — C27P)P — py) = 2Ppo(1 — O(27%) (6.81)

This proves the theorem. [

8. Spin Glass Phase: Proof of Theorem 1.9

Having established the existence of an infinity of lumps that carry the Gibbs measure in the low
temperature phase, one would like to know whether these are in any way related to the original
patterns. Recall that in the standard Hopfield model at small o the Gibbs measure concentrates on
small balls around the patterns £#. Of course the reader will expect that this will not be the case
here. To prove this fact, we first obtain two estimate the value of the Hamiltonian in the vicinity

of each pattern.

Lemma 8.1: The Hamiltonian evaluated at the patterns satisfies

2N .
N e e, ifz2< g,
—l—ZN] <C , P (8.1)

i ) .
e Prz—= )N, otherwise.

Proof: The Hamiltonian at the pattern £ is given by

H(o=¢") = NP 1 Zfzfz Np 1 ZZfIfI

(P)F (N _ () . .
p' 2 p 2 v
—W(J _ngw,
which implies that
|
—Hy(") < — ](5p SO ek (8.3)
( 2 v#u T

We estimate the random part in (8.3) by the same method used in the proof of Theorem 1.1. By
Chebyshev’s exponential inequality, conditional independence of Zfil £rel and Zfil £v'er (for

v # u), and expansion of the exponential, we get for z > 0

exp (t R > s;&%)]

](\If)z!J)_El Z Zf%é% >zN| < tlg(f) o—tzN H B

v#EL I vEp
t2p! N
: —tzN
v#p

3'N3p - [‘Zéu 3 t(p')2 ‘Z &r

l)



46 Chapter 8

The error term can be written as

1
p)2 iy v
2) IN"2 ZIEZ|
N2

tz(\;)zln) 21 ‘ ZZ 33

(8.5)

\Zsz

N3p 3

1 e
]:NZ—P—S ‘N ZSI

This latter term is exactly the same as in (3.2) (with 3 replaced by t). Hence, we get (compare

(3.3))

(p')% 12 . —t N atzN
vek > AN | < f N+EFT+C 8.6
Np—1 ;;&é}, >zN| < inf e (8.6)

Minimizing the exponent yields

P[—Hw(azé“)z N ]<P 1ZZ£I§I>zN
(p) Np v#u T
(8.7)
e~ gaN if 0 <z < afy,

< Cy

e_ﬁ;(z_Tp)N, otherwise.
This proves the claim. [

The next result shows that the Hamiltonian does not fluctuate much around a pattern. This result
was already proven by Newman [N1] for the Hamiltonian H. In our case this is even simpler. Define
Bs(o) to be the (N§)-ball around the configuration o in the Hamming distance. Then we have the

following

Lemma 8.2: Ifé§< 1—1), then there exists a constant C > 0 such that
]P’[E!a € Bs(¢") : |[Hn(0)—Hyn (€M) > (2p—1(p!)—%5+z)zv] < Qe NUs(2)+8né+(1=8)n(1-3)) = (g g)

where ,

: —1 )
S if 2 < 2P~ tadBy;

fs(z) = s (8.9)

—B' N(z———2_ .
e PeNE—mm01) Gtherwise.

Proof: By standard arguments (see also [N1], in particular inequality (2.3) and surrounding

comments),
1@[30 € Bs(e") : |Hy (o) — Hy(E)] > (5+z)N}
N] (8.10)
Z ( ) [Hx(¢?) — Hy(€")] > (5 + 2)N],
where o i
g ) TSi» MG
G = { Booifi> g+ 1. (8.11)
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We start by calculating the difference |H(¢?) — H(¢")|. Let J = J, = {1,...,q}. One obtains

1 M(N)
H(ch) ~ () = B2 IPICEERET
(N)

N,, : Z > (e -y

v=1 T:[InJ|odd
1 M(N)

ZLST Y e

v=1 T:|InJ]|odd

3 pl)?
s D DR T L < S S

Z:|INJ |odd v#u T:|INJ| odd

(8.12)

Explicitly, this is

(e — e =22 UG RE2ES S SRR

r=1,o0dd v#p L:|INJ | odd

Let us treat the random term in (8.13) first. By the usual procedure, we get

|25y ¥ e

v#p L:|INJ | odd

t2p!

: —tzN

<2infe H{HWH > 1
viu I:|ZnJ| odd

ZZN]

t3(p))? o t(p!)® . (8.14)
+ 3IN%3 N3p_3E H Z £7&r| exp (Np_l ‘ Z §78r )] }
) Z:|ZNnJ| odd Z:|ZnJ| odd
<2 inf —”NH{H ey pil (N_q><q>+CN3—%”}
< inf e — .
t€(0,8}) by aNw-2 L= \p—r)\r !

The last line follows from the usual bound on the error term (see the proof of Theorem 1.1 in
Chapter 3; in fact, ¢ can even be chosen somewhat larger than ﬁz’,, since the sum over sets 7
contains fewer terms than we had there).

To treat products of binomial coefficients in last expression, observe that if ¢ < [N | < %, then

the following inequality holds,

5 (0 5 Qor-ar

(8.15)

Using (8.15) in (8.14) yields
H[E2ES S ST P
v#£p T:|INJ| odd (8.16)

t2
<92 inf e ®N O LN _ )P lg+ ¢ ).
T (ZNH (N—af e+ G
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The deterministic term in (8.13) is given by (again using (8.15))

v 5 G0 <o 3, Qv

r=1,odd r=1,odd (817)

(N —q)f'q.

Vi

L ———
(p!)2 NP—1

Ifd < %, then the last line is bounded by the term for the maximum ¢q. That is

LS (V) T v < 2 v sy

- T 1
Np-1 e aga \P =TT (p!)z Np—1 (p!)2

Collecting (8.16) and (8.18), we get

op—1
BIH(CY) ~ HE) > TN+ 20
' .2 (8.19)
<2 : f —tzN o 2p—1 N — p—1 r .
- tegl,ﬁ;,)e xp <2Np—1 ( Q)¢ +Cy
Plugging this into (8.10) gives
op—1
P30 € Bs(€"): [H(0) = Hn(e")] 2( sy 8-+ 2N
p!)?
5] )
N at
<2 inf —tzN 2p—1 N — p—1 o)
B ; <Q> te%(r)lﬁ;,)e P <2Np—1 ( QP g+ Cy
(8.20)

It is straightforward to check that under our assumptions on ¢ and for fixed ¢, the ratio between
two consecutive terms in the above sum is larger than 2, and therefore the whole sum is at most

twice the maximum term,
2r—!
(p!)?

N 2P~ Lot
<4 inf e N Né+Cy ).
- <L5PVJ>te?3ﬂ;)e P ( 2 - 1)

P[H0 € Bs(£") : [Hn (o) — Hn(£")] >( § + 2)N]

(8.21)

Minimizing with respect to ¢t and using Stirling’s formula for the binomial factor concludes the

proof of Lemma 8.2. (I

Proof of Theorem 1.9: We observe the following elementary fact. By the definition of the free
energy
Fr(8) < & sup | (o). (8.22)

Hence, by Theorem 1.4, for any 3, m, z > 0 there exists N € N such that

Pl sup (o) < %EFN (6) — 2] <P[Fy(8) <EFy(f)—2] <CN™™,  (8.23)
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for all N > N. Suppose that a8,(a) > —+. Then there exists 3 > 0 such that

()7

a>—— (8.24)
(o)} (8, - )
which is equivalent to
2
oy < (88, = ) < SERV () + O (5.25)

The second inequality follows from the convexity of Fi(3) and the definition of 8,. But then we
can find § € (0, Il)) and z > 0 such that (for all N sufficiently large)

2r—!

1
0+3z2< -EFN(B) — o (8.26)
(p))? B (p!)?
and (with the definition of f5 from Lemma 8.2)
fs(z) +0Ind + (1 — ) In(1 —6) > 0. (8.27)
By Lemma 8.1, resp. 8.2, for any m > 0, we can find an N € N such that for all N > N
M(N) .
PEc e |J Bs(€"): |Hn(0)| = N(—— + 0 +22)]
et} (ph)2
M(N)
<PEre |J Bs(e"): [Hn(o) - Hn(€")| > NGO +2)]  (3.28)
p=1
1
+Plsup |HNn(£")] = N(— + 2)]
z (p!)2
< N™™.
On the other hand, the inequality (8.23) implies that
EF
Plsup |[Hy (0)| < N% —zN]< N™™, (8.29)
for all N large enough, so that finally, by standard arguments,
M(N) M(N) 1
Plargsup |Hy(0)| € | ] Bs(¢")] <PEoe |J Bs(é"): [Hn(o)| > N(—— + 0 + 22)]
p=1 n=1 (p!)z
EFy (6) (8.30)

+ P[sup |[Hn(0)| < N — zN]

8
<N,

for all N larger than some N € N.



50

References

To show the existence of an a,,, we observe that the bounds (1.18) and (1.19) on the critical 3

imply that the quantity af,(c) ~ /o and is thus eventually larger than any fixed number. This

concludes the proof of Theorem 1.9. [
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