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Abstract

We consider the wavelet Galerkin method for the solution of boundary integral equa-
tions of the first and second kind including integral operators of order r less than
zero. This is supposed to be based on an abstract wavelet basis which spans piece-
wise polynomials of order dr. For example, the bases can be chosen as the basis of
tensor product interval wavelets defined over a set of parametrization patches. We
define and analyze a quadrature algorithm for the wavelet Galerkin method which
utilizes Smolyak quadrature rules of finite order. In particular, we prove that quadra-
ture rules of an order larger than 2d; — r are sufficient to compose a quadrature
algorithm for the wavelet Galerkin scheme such that the compressed and quadrature
approximated method converges with the maximal order 2dr — r and such that the
number of necessary arithmetic operations is less than O(N log N) with N the num-
ber of degrees of freedom. For the estimates, a degree of smoothness greater or equal
to 2[2dr —r] + 1 is needed.

1 Introduction

It is well-known that boundary element discretizations of boundary integral equations lead
to systems with fully populated matrices. In order to cope with the resulting huge matrices
several algorithms have been proposed. In particular, the wavelet algorithm of Beylkin,
Coifman, and Rokhlin [5] has been thoroughly investigated by e.g. Dahmen, v.Petersdorff,
Profdorf, Schneider, and Schwab [11, 12, 28, 29, 35| (cf. also the contributions by Alpert,
Ehrich, Harten, Hu, Micchelli, Rathsfeld, Xu, Yad-Shalom [1, 22, 32, 19, 27, 23]). In the
present paper, we shall apply the wavelet technique to a piecewise polynomial Galerkin
scheme for two-dimensional boundary integral equations of first or second kind with an
integral operator of order r < 0. This corresponds to three-dimensional boundary value
problems.

The general construction of wavelet bases over manifolds is quite difficult. We shall use
an abstract basis for the space of piecewise polynomials which are continuous or smooth
only over the parametrization patches (cf. (2.1)). The possible jump of our trial functions
over the boundary lines of the parametrization patches, allows us to work simply with the
tensor product versions of the well-established biorthogonal interval wavelets by Dahmen,
Kunoth, and Urban [9] (cf. also [7]). For more information on diverse wavelet bases we refer
the reader to [6, 8, 13, 14, 15, 25, 33, 37|. All our functions will be defined over grids which
are uniform refinements of a coarse initial square shaped grid. Applying these wavelet
basis functions of the trial space, we shall recall the well-known compression results due
to Dahmen, v.Petersdorff, Pro8dorf, Schneider, and Schwab [12, 29, 35]. Note that these



wavelet methods are based on the Calder6n-Zygmund estimate for the kernel function, i.e.
we have to assume that the derivatives 8%88[( (P, Q) of the kernel function K(P,Q) are

continuous and bounded by O(|P — Q|2 lal=I8],

If the boundary surface is not piecewise planar, then the Galerkin stiffness matrix cannot
be computed exactly by simple analytic formulae. For a fast implementation, an efficient
quadrature algorithm is needed. This is a very important issue since, for the wavelet
methods as well as for the conventional boundary element methods, the assembling of the
stiffness matrix takes the major part of the computing time. However, a naive approach
usually leads to slow algorithms or to unacceptably large quadrature errors. Now, that the
compression algorithm is well-understood, the quadrature part of the wavelet algorithm
turns out to be the most difficult part. Nevertheless, good quadrature schemes are available.
The first ideas in this direction go back to the starting paper of Beylkin, Coifman, and
Rokhlin [5], and related results can be found e.g. in [10, 2, 38, 18, 3, 4]. Complete algorithms
for boundary integral operators are presented by v.Petersdorff, Schwab, and Schneider
[29, 35| (cf. also the numerical implementation by Lage and Schwab [24] and the recycling
scheme of Harbrecht and Schneider [21]). These quadrature methods are h-p-methods, i.e.
they are based on tensor products of Gaufl type rules defined over geometrically graded
meshes. The order of the Gaufl rule is chosen appropriately and tends to infinity in the
asymptotic convergence analysis. The corresponding error estimates rely on the Calderén-
Zygmund estimate for the kernel function and on the piecewise analyticity of the solution,
the kernel, and the underlying surface. Note that these assumptions are met in a lot of
engineering applications of the boundary element methods.

On the other hand, since the wavelet compression scheme is a pure h-method, it is natural
to ask whether it is possible to define a corresponding A-method quadrature scheme which
is based on rules of a fixed order, only, and which requires a finite degree of smoothness for
the solution, the kernel, and the surface. Such an algorithm can be helpful for applications
to surfaces with finite degree of smoothness in problems of e.g. the geosciences. Alternative
fast methods like multipole and panel clustering can treat these surfaces with low degree
of smoothness as well. However, they assume that the kernel function K (P, Q) is either
a restriction to the boundary surface of a piecewise analytic kernel defined in the space
domain or such a restriction multiplied by functions depending on one of the two variables
P and @. In contrast to multipole and panel clustering, the wavelet method together
with an h-method of quadrature is capable to treat kernel functions which are not the
restrictions of analytic functions in space to the boundary surface and which are of finite
degree of smoothness, only. For the wavelet collocation, this fact has been established in
[19, 34] (cf. also [31, 30]), and the topic of the present paper is to develop and analyze an
analogous h-method quadrature scheme for the wavelet Galerkin procedure (cf. Sects. 5-7).
If N is the number of degrees of freedom, then we shall show that there is a quadrature
algorithm which requires O(N log N) arithmetic operations and a memory capacity for
O(N log N) real numbers to compute an approximated linear system of equations to the
Galerkin method. This system can be solved by O(N log N) arithmetic operations using
a diagonally preconditioned iterative method. Moreover, if h = O(N~'/2) is the step
size of the uniform discretization and if d — 1 is the polynomial degree of the piecewise
polynomial trial space, then the numerical solution of the quadrature approximated and



Figure 1: Mesh grading for non separated singularity: h ~ LR =) N~k
n>2, b =[(55)" = ()"

compressed wavelet Galerkin method converges with the same optimal order 2d; — r as
the conventional Galerkin method with exactly computed stiffness matrix and right-hand
side. Unfortunately, to get this result we have to assume the doubled order 2[2dr — r| for
the degree of smoothness of the kernel function. To avoid a lot of logarithmic factors and
to simplify the presentation, we even suppose a smoothness of degree greater or equal to
2[2dr — r] + 1, and we use quadrature rules with an order of convergence dg > 2dy — r.
Now let us describe the quadrature rules and let us heuristically indicate why the restrictive
smoothness assumption cannot be avoided. First, we look at the far field, i.e. at the entries
in the stiffness matrix corresponding to trial and test functions for which the distance of
the supports is larger than the diameter of the supports. Due to the compression step
the number of these entries is at most O(N log N). Nevertheless these remaining far field
entries are to be computed. For the collocation method (cf. e.g. [34]) which has almost the
same compression structure, a composite quadrature rule of finite convergence order over
a uniform partition is applied to the integration of the trial function. The integration over
the test functional degenerates to point evaluations for the collocation. The complexity
of this quadrature is proportional to the number of subdivision domains of the composite
rule. Therefore, for each entry in the collocation stiffness matrix, the maximal number
of subdivision domains, depending on level and distance of the corresponding test and
trial wavelet function, is determined such that the sum of these numbers over all entries
is less than O(N log N). Fortunately, using standard quadrature estimates and standard
wavelet techniques, it turns out that the resulting quadrature error for the solution of the
integral equation is less or equal to the discretization error of the collocation. Now we



would like to do the same for the Galerkin method. In this case, unfortunately, we have an
additional integration over the test function, but no additional arithmetic operations are
allowed since the numbers of quadrature knots for the collocation has already been chosen
to be maximal. So the task is to set up a quadrature for the integration over test and trial
function which has the same number of quadrature knots as the collocation quadrature,
where the integration is performed over the support of the trial function, only. The answer
due to Smolyak [36] is to use a special tensor product technique to obtain a sparse grid
rule over the tensor product of the supports of test and trial function. This leads to,
with the exception of additional logarithmic factors, the same number of quadrature knots
as for the integration over one domain and to the same error bounds. Summarizing, for
the computation of the far field part of the Galerkin stiffness matrix, we first determine
the number of possible quadrature knots such that the sum over all entries is less than
O(Nlog N) and such that the number depends on level and distance of the trial and test
functional, only (cf. Sect. 7). Using this bound for the knots, we define the Smolyak rule
over the tensor product of the supports of test and trial function basing on composite rules
of finite order over each factor space (cf. Lemma 5.3).

For the entries in the near field, i.e. for entries for which the corresponding trial and test
functions have a distance of the supports less than the maximum diameter of the supports,
the quadrature is to be adapted to the singularity of the kernel function K (P, Q) for P — Q.
Here the Calder6n-Zygmund estimate for the kernel function is not sufficient since unlike
to a kernel of the form K(P,Q) = |P — Q| %~ the direction of the singularity can not be
separated. Indeed, the k-th order derivatives of a Calderén-Zygmund kernel are bounded
by O(|P — Q|~27"~*) independently of in which direction the derivative is taken, whereas,
for |P —Q|727", only the k-th order derivatives with respect to radial direction R = P — Q
are bounded by O(|P — Q| 27 * %), and those in the tangential direction perpendicular
to R are less than O(|P — Q| 2°F). A missing separation is bad since, for this case, the
graded meshes are to be chosen such that the subdomains close to the singularity set
{(P,Q) : P = Q} are small in diameter. The number of subdomains in these graded
meshes blows up with smaller step sizes. More precisely, for a graded mesh with mesh size
h, the number N of subdomains is bounded from below by a constant multiple of A~" where
the exponent 1 depends on the degree of the grading (cf. the univariate case in Figure 1). If
we can separate the singularity by a substitution of variables (P, Q) = (P, P+ R) such that
|P — Q|72 = |R|727*, then the subdomains of the graded mesh close to the singularity
set {(P,R) : R = 0} must be small in R direction but can be larger in the direction of
P. For a graded mesh with mesh size h, the number A of subdomains can be bounded by
O(h?) independently of the degree of mesh grading (cf. the example in Figure 2). Hence,
in accordance with this argument we assume that the kernel behaves like |P — Q| 27, and
we separate the singularity substituting (P, Q) by (P, R) with R := P — Q.! After this we
apply the Smolyak quadrature rule based on the composite rule over uniform partitions for
the P-domain and on the composite rule for the (-domain over partitions graded towards
the singularity point R = 0 (cf. Lemma 5.2). If test and trial functions are supported on
different parametrization patches, the separation of the singularity is more involved, and

IMore precisely, this separation is to be performed with respect to the variables in the parameter
domain.
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Figure 2: Mesh for separated singularity: h ~ 1, R; = (£)7, P,=% N ~h72

slight modifications of the quadratures are needed (cf. Lemmata 5.4 and 5.5).

If we have only one parametrization mapping k : S — I to represent the whole boundary
surface I' and if the kernel K (P, Q) takes the simple product form K(P,Q) = k(z,y —
r)|ly — x| with P = k(z) and Q = k(y) and with a 2dy — r times differentiable
function k(z,z), then we almost get the optimal order of convergence 2dr — r for the
quadrature approximated wavelet Galerkin method without supposing a doubled degree
of smoothness. Here, as usual for Smolyak rules, differentiability of order 2dr — r means
the existence of mixed derivatives 0°0%k(z, z) with |a| < 2d7 — r and |3] < 2dr — .
However, to ensure a representation K (P, Q) = k(z, z)|z|72"", z = y — x for the function
K(P,Q) = K(k(z), k(z + z)) we need the doubled order of smoothness 2[2dr — r] + 1 for
the surface and the doubled order of smoothness 2[2dr — r| for the kernel function K (P, Q)
(for more details see (2.6) and the assumptions of Sect. 2).

Finally, we emphasize that the presented quadrature algorithm is designed to get an asymp-
totically optimal method. So far the existence of this algorithm is more a theoretical result.
The method is still to be tested numerically, and its efficiency must be improved by numer-
ous modifications. For this purpose, we shall present the Smolyak rule, which is based on
a piecewise polynomial interpolation rule, with the help of the wavelet basis due to Harten
and Yad-Shalom [22] (cf. (5.1)). We believe that this is helpful for an optimization which
is yet to be done.



2 The Operator Equation

We suppose that the integral equation to be solved is given on a two-dimensional closed
boundary manifold I' C R?® with finite degree of smoothness. More exactly, we assume that
' is the union of mr square shaped parametrization patches I, i.e.

r = UM, Lnoi= k&.(S), (2.1)
S = {(s,t)ER2: 0<s<1, ogtgl}.

Here the k,, denote parametrization mappings from the standard square S to the manifold
I'. We assume that the k,, extend to mappings from the larger square

Se::{(s,t)eRZ: —1<s<2, —1§t§2} (2.2)

to I' and that these extensions are dr times continuously differentiable with a prescribed
dr > 2. Further we suppose that the intersection of two patches I, and I}, is either empty
or a common corner point or a common side. In the last case we suppose that there exist
corner points eq, ey, €], €5 € S such that

Fm N le = {Hm(el + )\(62 — 61)) : 0 S A S 1},
K (61 + A(es — 61)> = K (e'l + Aey — e&)), 0<A<1. (2.3)

Since the manifold is at least continuously differentiable, for each @) € I', there exists a
unit vector ng normal to I' at () and pointing into the exterior domain bounded by I'. The
Sobolev spaces H*(I") over I' can be defined in the usual way. We define the space H*([},)
over I}, as the image of the Sobolev space over S, i.e. H*(I);,) :=={f : fok, € H*S)}
and the space PH*(T") := @,."; H*(T},,). Consequently, we get

1 1
HS(F) — PHS(F), _5 <8< 5, (24)
mp 1
Clflawy > Mllpeey = 4| D WMkl £ E€HD), =5 <.

m=1

Over I' we consider a pseudo-differential operator A of order r < 0 mapping H"/? into
H~*/2. We suppose that A is strongly elliptic, i.e. there is a positive constant ¢,, a non-
zero number § € C, and a compact operator T : H*/?(I') — H~"/%(T) such that the
Gérding inequality (8(A — T)u,u)z2 > Cqellul|%./, holds for any u € H*/?(T"). Moreover,
we assume that A is an integral operator of the form A = K forr < 0 and A = al + K for
r = 0, where al stands for the operator of multiplication by a function a with infp |a| > 0

and where the integral operator K is defined by

Ku(P) = / K(P,Q)u(Q) doT, (2.5)

K(P.O) = k PQ,—|Q 7] Q- P ifr<0 (26)
’ E(PQ&5)Q—Pt  ifr=0.
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Thus, for r = 0, we only consider Fredholm equations of the second kind where the compact
integral operator is a pseudodifferential operator of order —1. The function k& depends on
the points P,@ € I', and on the unit vector in the direction of the difference @ — P. We
suppose that this function & : T' x I' x S2 — C is dj times continuously differentiable.
More precisely, for any dg-th order derivative 0%, |a| = di taken with respect to variable
P €T, for any di-th order derivative Bg, |B| = di taken with respect to the variable @ € T',
and for any dj-th order derivative 83, |y| = dx taken with respect to the variable © € S?,
we require that the mixed derivative 8%858%]5(P, @, ©) is continuous. The function k need
not to be a restriction to I' x I' of a function defined on the space R* x R3. It may depend
for instance on the unit normals np and ng pointing into the exterior or on any different
kind of differentiable vector field over I'. For the operator A including the just defined
integral operator K, we assume the continuity and the invertibility of the mapping

A: H(T) — H* (), r—dr<s<dr. (2.7)

For an operator A which satisfies all these assumptions, we shall solve the operator equation
Au = v with known right-hand side v and unknown u. To get error estimates with optimal
order 2dy — r (cf. (3.2)), we finally assume u € H9(T).

For instance, the single and double layer potential equations over smooth curves belong to
our class of strongly elliptic operator equations. Indeed, for the single layer case A = A,
corresponding to Laplace’s equation, the order ry is —1, and

1 1
K,(P Q) = ———.
In case of the double layer operator A = A; we get the order ry = 0, and the multiplication
function ag = 0.5 is constant. The kernel of the integral operator Ky is defined by

1ng-(P-Q)

Kd(P) Q)nQ) = _471' |P _ Q|3

Note that the operator K4 := Ag — aql is a pseudo-differential operator of order —1.
Boundary integral operators for the Stokes system or for Lamé’s system can be represented
in a similar fashion (cf. [26]).

3 The Wavelet Galerkin Method

To solve Au = v numerically, we seek an approximate solution uj in the trial space V7,
depending on the positive level L € Z. This is the space of all piecewise continuous trial
functions f : T' — C such that f is dr —2 (dr > 1) times continuously differentiable? over
each parametrization patch I',,, m = 1,...,mr, and such that, for each ki,k» =1,..., 2",
the restriction of the function (z1,z) — f(km(x1,2)) to the square [(ky —1)2 L, k127 L] x

2Here, d7 = 1 means no condition on the differentiability and on the continuity of f, and dr = 2 simply
means continuity.



(ko — 1)27%, ky27"] is polynomial of degree less than dr with respect to both components
z1 and zy of z = (21, xs). Using the notation

(u,w) = i[gu(ﬁm(x))w(ﬁm(x))|ﬁ;n(x)|dsx, 1K' (2)] = |8s, Ko () X Oy Ko ()]

for the L?(T") scalar product, the Galerkin method consists in seeking u;, € V7, from
(Aup,w) = (v,w), we V. (3.1)

If the operator in (2.7) is bounded and invertible and if u € H (T), then we arrive at the
standard error estimate

o= wsllgrary < Col2 ™ P ullgonry (32)

For the computation of u; we utilize a representation with respect to a wavelet basis.
Therefore, we introduce the grids

A = {mm(k12”,k22’l): kl,kzzo,...,Ql,mzl,...,mp}, I=o0,..., 1L,
- ifl=—1
T A\ Ay ifl=0,...,L—1,

and choose a wavelet basis® {¢)p, P € Ar} for the space V7. The level I(P) of the point
P € A and of the corresponding wavelet 1p is the unique integer [ with P € V;. We
require:

i) There is a constant Cy, > 0 such that, for any L and any P = &, (k{27 ky27") € Ay,
the function |¢p| is less than Cy and that the support supp ¢p of ¥p is contained in
the neighbourhood {Q € Ty, : |P — Q| < Cy271P)} of P.

ii) There is a positive integer dr > 2dr —r, such that ¢¥p with P €V, [ =0,...,L—1
has dr vanishing moments. For supp ¥p contained in I';,, this means that the integral
J5[¥p 0 Km][p o km] is zero for any p : T — C such that po &, is polynomial of total

degree less than dr.

iii) There are constants d (max{1,—r} < d% < dr) and Cyg > 0 such that, for s
with —d% < s < dp — 1/2, for arbitrary L > 0, and for any sequence of coefficients
¢p, P € /\r, the discrete norm equivalence

> Ertr

PeAg,

-1
CYNE'

< Z |€p |7 22(P)s-1] < Cp

PH“’(F) PGAL

> Ertr

PeAg,

(3.3)

PH* (T)

3Taken as indeces, we distinguish the grid points P = &y, (k12’l, k22’1) and P’ = kpy (k:’LZ*l, k:§2’l)
with m # m' even if they coincide as points of R®. In particular, the function ¢p will depend on the
representation P = k,, (k:12_l, k:22_l).



is valid. Moreover, for any f € PH*(T") with d7—1/2 < s < dr and for the coefficients
€p, P € A\, of the L? orthogonal projection ZPE&L Epp of f, we require

> lepl 22t < Cng I flpgeey> L=—1,..., L —1. (3.4)
Pev;

For examples of wavelets with all these properties cf. e.g. [17, 7, 9, 8, 13, 14, 15, 16, 6].

Now the vector of coefficients £ := ({p)pen, of the Galerkin solution uy, is to be determined
by solving the linear system A& = n resulting from (3.1). Here the stiffness matrix is given
by Ar := ((A%p,¥p))p pen, and the right-hand side 7 := (np)pea, by np := (v,9p).
To represent the Galerkin equation as an operator equation, we choose a Bessel potential
type operator A, which is continuous and invertible as an operator in H* — H*™"/2 s <
dr + /2 and which is selfadjoint with respect to the L? scalar product. We denote the L?
orthogonal projection onto the space AV;, by 7, and introduce the projection Py, := Ar A1
onto the space V7, := A2V;. Clearly, we can choose a basis @p of V7, such that

mwf = Y (LA Me,  Puf = ) (f4e)Ap.

PEAL PEAL

The image space of the operator P;, which is the adjoint to P with respect to the L?
scalar product, is V;,. Hence, we can write (3.1) as

[PLA|VL]U'L = PL’U, [PLA|VL] . Hr/2 2 VL — VL = AZVL g Hir/z. (35)

Obviously, the basis {A%p} in V7 is dual to {¢p} (i.e. (¥p, A2¢p) = 0ppr, P,P' € AL),
and Ay is the matrix with respect to the bases {¢p} and {A%p} of the discretized Galerkin
operator PpAly, mapping V7 into VL. In view of the one to one correspondence of operator
and matrix representation, we shall denote the last operator with the same symbol Aj,.
In general we identify the operators from V;, to V;, with their matrix representation taken
with respect to the bases {¢)p} and {A2p}. The discrete norm equivalence (3.3) and the
following lemma allow us to reduce the operator norm estimates to bounds on the matrix
norm in weighted /2 spaces.

Lemma 3.1 The system {A21,ZP} forms a Riesz basis in H™", i.e. there is a constant
CnEe > 0 such that, for any L > 0 and for any sequence of coefficients Ep, P € Ay, the
discrete norm equivalence

> &eNp

PEAL

Cg < Z |Ep|* 22Px 41l < Cp

H—r(l-\) PeAp

> &pNyp

PeAg,

(3.6)

H—x(T)

1s valid.

Proof. Here and in the following we denote by C a generic constant the value of which
may change from instance to instance. From the definition of dual norms and from the
continuous embedding H™* C PH ", we infer

> epA%p

PEAL

C > sup

< Z fPAZ'I;PaU>‘-
llvllperr <1 PelAg

H=r(T)



The boundedness of the projection 7, in the Sobolev spaces of order s with r/2 —1/2 <
s < —r/2+ 1/2 implies the boundedness of P, for —1/2 < s < —r + 1/2, and together
with (3.3) and with the duality of {¢p} and {A%¢p} we arrive at

Z EpAN2Yp > sup < Z §PA2¢P,PZU>
Pebs poewy PRl <t \FER,
= Sup Z EpA*p, Z npypr
” ZP’EAL TIPI"pPI”pHrsl PEAL PleAL
z Sup Z Epmp
ZP’EAL lnpr |222L(PN)Ir-1]1<1 PeAL
> | leppoumioe,

PEAL

To get the upper bound, we set u; := ZPEV’ €pA?%Y)p and observe that the space 1%
satisfies the usual approximation and inverse properties in the Sobolev spaces of order s
with s < r+ 1/2 and that Py is uniformly bounded in the Sobolev spaces of order s with
—1/2 < s <r+1/2. Consequently (cf. the arguments in [8]), we conclude

Y &N

PEAL

L-1
< Y Jully ey, (37)

_r(r\) l:—l

For each term in the last sum, we apply the inverse property and arguments like those used
above to arrive at

lurll gy < Z EpA*Yp (3.8)
PeV; HO(T)
< o2 sup Z EpA*p, [ - P 1]
1B Py ollmo<t | \ po,
< o sup > éemp| < C27 Y |€p[22%,
Yprey, lnpr[2221071U<1 | pey, Pev,
The estimates (3.7) and (3.8) imply the upper bound. ]

In the wavelet algorithm the fully populated matrix A;, is approximated by the sparse
compressed matrix A¢ defined by

0 if dist (supp ¥p, supp ¥pr) > m
AC = ( / ) / ’ 3.9
L ap'.p P',PEAL, ap'.p { <A'¢P; ¢P’> EISG, ( )
m = max {Q—l(m, 9~ H(P"). D2[2u—1]L—ul(P)—ul(P’)} ,

Here D > 1is an appropriate constant and p < 1 is chosen close to one. From [11, 12, 29, 35]
(cf. also [5]), we infer

10



Theorem 3.1 Suppose dr is chosen such that dp > —r/2 and dr > dp —r. Take W from
the open interval (a,1) with a := [dr + dr]/[2dr + ], suppose that the operator in (2.7) is
bounded and invertible and that u € HT(I'). Moreover, suppose that the smoothness order
dr of the boundary manifold T is greater or equal to dr+1, and that the differentiation order
di, of the kernel function is greater or equal to dr. Then there ezists a constant Dy > 1
and an integer Ly > 0 such that, for all D > Dy and L > Ly, the discretized operator
Ag . H DV, — VL C H™" is invertible and the inverse is bounded uniformly with
respect to L and D. In particular, the solution £€ = (€5)pen, of the compressed equation
ACEC = n eists at least for L > Ly, and the approzimate solution uf := ZPEAL ESvp
obeys the estimate

lu —uLllgear@y < Cwl27 P [lull gorry. (3.10)

If N = O(22F) is the dimension of the trial space (number of degrees of freedom), then the
number of non-zero entries in the compressed stiffness matriz AY is of the size O(N log N).

Note that the linear equation AY€¢ = n admits an asymptotically optimal diagonal pre-
conditioning (cf. (3.3) and (3.6)). Moreover, a second compression step for matrix entries
corresponding to wavelet basis functions with overlapping supports is possible. This second
compression reduces the number of non-zero entries in AS to O(N) (cf. [35]). However, we
shall use the compression of Theorem 3.1, only.

To prepare the estimation of the quadrature error we shortly review the derivation of
the basic estimates in the proof of Theorem 3.1. First, the Lax-Milgram theorem together
with standard compact perturbation arguments yields the invertibility and stability of Ay, :
H*/?2 D V;, — V;, C H /2. From this and from the approximation and inverse properties
of the spaces V;, and V;, we conclude the invertibility and stability of the discretized operator
A : H° DV, — Vi, C H™". Now, using a decay property of the matrix entries,
the norm equivalences (3.3) and (3.6), as well as a Schur lemma argument (cf. the next
lemma), the difference of the Galerkin operator and the compressed Galerkin operator
Ap — Ag : H'DV, — VL C H T turns out to be small at least for sufficiently large D.
Hence, A¢ is invertible and stable, too. The error estimate in the Sobolev norm of order
r — dr follows from the Aubin-Nitsche trick

e =l s < O AT = uE]]| oy

< C sup <A[u—u€],U—UL>+<A[u—ug],vL> ,
o]l ap <1
< Cllu—ufllpe sup flv—vpflpe
o]l yap <1
v best appr. of v
+C sup ‘ <A [u — ug] ,vL> ,
o]l yap <1

v best appr. of v

from the identity (A(u—u%),vy) 2 = [(AY — AL)EC, (], and from a Schur lemma argument,
applied to the estimation of [(A¢ — A)€Y, (] (cf. the next lemma). Here [-,-] stands for
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the scalar product in the Euclidean space and the coordinates of £€¢ and ¢ are defined by
uf =S €Syp and v, = Y (ptbp, respectively. The function vy, is the best approximation
to a function v from H?" chosen in accordance with the Aubin-Nitsche trick, and, due to the

stability in H?, the Galerkin solution u¢ is an almost* best approximation to the function

u € H9. Due to this the components £p and (p of uf = > €Svwp and vy, = Y (pbp
satisfy the estimate (3.4) with s = dr. Finally, we recall the Schur lemma which reduces
the estimates of AY — A}, to the decay estimate of the matrix entries.

Lemma 3.2 For any real number z, there hold the estimates

\/ 20 (3.11)

sup [z - a9 ¢]| < /Byt (3.12)
E:ZPev, l¢p|222r—D <1
C:Zpev, [¢p|2221dr—D <1

L-1
Zf’t — Z sup { Z 2(t’+1x)l(P)|bPP,|2(t+1+m)l(P’)},

IN

||AL - A%“HOQVLHVLQH—“

1(P)=—1 TEVi®) Lpreny
L1

S = ) sup {Z 2‘”“”)’“3)|bp,p,|2<—t+1—$>’<P’>}.
(pry=1 P'€Viery L pea,

Proof. For the H * norm of a function v, = > (pA?¢p € V. = im P, we get

|vp|lg- = sup <vL,w> < C sup <vL,wL>.

w: [|w||gr<1 wr€Vy: |lwr||ar<1

Here we have used the uniform boundedness of P; in the space H*. Setting wi, = ) vptp
and taking the discrete norm equivalences into account, we arrive at

vl < C sup ZCPW < \/Z|CP|222(—r+1)l(P)_

v: Z ‘UP|222(I‘_1)’(P)S1

On the other hand, if v, = (A — A% )uz and if the entries of (A — AY) are the numbers
bp’Pl, then

(3.13)
Cpl = | D bepbp| < D [bpp 2059KP) N (bp pr 21 € 2,
PleAp PeAg PeAg
loz]%— < Z 92(—r+1)I(P) Z |bP’P,|2(1+$)l(P') Z |bP’P,|2(71—z)l(P’)|§P,|2
PEAL P’EAL P’EAL
< El—r,O Z 2(—r+1+:c)l(P) Z |bPP,|2(—1—z)l(P’)|€PI|2
PeAp PleAyg

“4I.e. the approximation error is like that of the best approximation but with an additional constant
factor
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< BTN YT alr P [P g A g 2

P’EAL PEAL
L-1
< Z;r,O Z sup { Z 2(r+1+m)l(P)|bP’PI|2(1m)l(P)} Z 272l(P)|£PI|2
1(Py=—1 " €Viry \peny Plevy
S Zl—r,OZZ—rO Z 2 21 P’ |§‘ 2.
la oL P’EVZ
The estimate (3.11) is proved.
To derive (3.12) we observe
sup [C,y ‘ = sup Z (prp| < Z Z 22(*dT+1)l(P)|<P|2‘
v: ZPEVI ‘VP‘ZZZI(dT*I)Sl PeAp, I(P)=-1 PeVyp)

Using an estimate like in the first step of (3.13) and the Cauchy-Schwarz inequality, we
arrive at

L-1
sup [ < >
v ZPEV, ‘VP|2221(dT—1)§1 I(P)=—1
Z 92(—dr+1)I(P) Z |bp, pr|2(—dr+1+0)U(P") Z |bp, pr [20dr=1=2)I(P") £ 1, |2
PeV,(p) PeAg PeAp
L-1
< Z \/ sup 2(-dr+1-a)i(P) Z |bp, pr |2(=dr+1+2)I(P")
— PeVyp) ’ ’
I(P)=—1 P'eAL
YD 2P b p|20dr 1)) | |2
PEV[(p)P’EAL
< ‘/Z;dT,dT Z Z Z 9(—dr+1+a)l P)|bP’P,|2(dT717m)l(P’)|£P,|2_
\ P)=-1 PEVI(P) PeAg
< /Zl—dTydT Z Z Z 9(—dr+1+a)l P)|bP’P,|2(dT71—m)l(P')|§P,|2_
\ :—1P’6V,(P)PEAL

Applying the same arguments as in the last steps of (3.13), the estimate (3.12) follows. =

Now, if A? is the quadrature approximation of the matrix A and if 79 = (n%)pea,,
ng ~ np := (v,¥p) is the quadrature approximated vector on the right-hand side of the
Galerkin equation, then we get the same conclusions as in Theorem 3.1 for the quadrature
approximated method if we can prove (compare the Strang lemmas for finite element
methods)

HAg . A%‘ < oY, (3.14)

HODV,—V,CH-*
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‘ [(Ag — 476, C] ‘ Col2 FP2irr, (3.15)

2
> [me —uf ] 2mon < Clz Fpr (316)
PeAg,

where the components £p and (p of £ and ¢ are supposed to satisfy the estimate (3.4) with
s = dr. Note that the last condition (3.16) could be relaxed if necessary.

4 The Quadrature Rule for the Multiplication Operator
and the Right-Hand Side

Since the quadrature for the integral operator will take the main part of the computing
time, the quadrature for the multiplication operator and the right-hand side need not to
be optimal. Therefore, we present very simple quadrature algorithms, only. The proofs of
the corresponding error estimates are straightforward.

Lemma 4.1 Suppose the right-hand side function v is dg times continuously differentiable
over I' with dg > 2dr —r. We split I' into the union of the level L squares

Pmie = {Kim(:l:) Pkt <o < 1 + 1]27]4, ka2 ' <3y < ky + 1]2711},
m=1,...,mp, k1 =0,...,2" =1, k=0,...,2" —1

and, for each I'y, 1, and for each polynomial p o K, of degree less than dr, we compute the

integrals
[k1+1]2=F  plke+1]2-T _—
/ / U(Km(l'))p(ﬁm(x)) dz ~ Q('UOK:mpOKLm>
k12_L k22_L

by applying the product quadrature rule Q(-) which is the integral of a polynomial inter-
polation to v o k,, multiplied by Do Kk, and which has the order of convergence dg. If
the approrimate values ng of (v,¥p), P € AL NTy, are determined from these values
Qv o Ky DO Rm) by

ne = Z Qv o K Yp o k), (4.1)

ky,k2=0,...,2L —1:
T, L,kNSupp ¢ p 70

then we arrive at the estimate
= (wer)| < o2

Lemma 4.2 Suppose the multiplication function a is dg times continuously differentiable
over I' with dg > 2dr —r. We split I" into the union of the level L squares Iy, 1.1 and, for
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each I'n, 1, and for each pair of polynomials p; o k,,, and ps © Ky, of degree less than dr, we
compute the integrals

R R ) Y Co ) P o P

12-L 22— L

QL,k,Pl,pz = Q(a O RKm P1© Km P2 © Hm)

by applying the product quadrature rule Q(-) which is the integral of a polynomial interpo-
lation to a o Ky, multiplied by pi o K, P2 © Km and which has the order of convergence dg.
Proceeding with | from L — 1 to 0, we compute the quadrature approximations

/kklﬂ /kw (x))pl(“m(f’c))m Az ~ Quipipes

1271 2271
2k1+1 2ko+1

Ql,k,Pl:Pz = Z Z Ql+17k’7p17p2' (42)

k| =2k1 kj=2k>

If the approrimate values mg, py PP € ANy, of (ayp,Ypr) are determined from these
values Qi ip, p, bY

mg/,p = Z Qmax{l POk P hprs (43)

E1,k2=0,...,2max{l(P),L(P))} 1,
L max{1(P),1(P)},kSUPP ¥ P Nsupp ¥ pr £0

then we arrive at the estimate

d !
‘mg’,P_ <G¢P,¢P'>‘ < C’[TL] 9~ 2max{l(P)(F)}

5 The Wavelet Quadrature Rule for the Discretized In-
tegral Operator

5.1. In this section we introduce a wavelet quadrature rule. This rule is an easy generaliza-
tion of the tensor product rules which are known e.g. under the names Smolyak quadrature,
blending, and sparse grid rule (cf. [36] and e.g. [20]). In contrast to the classical Smolyak
rules a certain type of mesh refinement is involved. In particular for the integrals in our
Galerkin stiffness matrix, our quadrature is almost a Smolyak tensor product of rules over
uniform meshes in a direction with smooth derivatives and of rules over graded meshes in
the perpendicular direction where the integrand exhibits a weakly singular behaviour.

The basic idea for our rule is to represent the piecewise polynomial interpolation projection
with the help of a wavelet basis (cf. [22]), to reduce this basis adaptively to the basis
functions important for the approximation of the integrand, and to define the quadrature as
the corresponding interpolation rule. We first introduce the basis functions and their dual
functionals for the interval. Then we define the two-dimensional tensor product wavelets

15



and use these to construct a general adaptive Smolyak rule over a four dimensional domain.
Finally, we shall derive the orders of convergence for the quadrature applied to special types
of integrands arising in the computation of the Galerkin stiffness matrix.

First we fix the order of quadrature dy < dp. Over I := [0,1] we introduce the grids
A ={k+j/(dg—1)]27": k=0,1...,2' =1, j=1,...,dg— 1} U {0} and V] := A]
forl =1, —1and V] := A[, \ A] for | =l.,l.+1,.... Here [ is a fixed level for the
coarsest grid. We denote by V;’ the space of continuous piecewise polynomial functions
f over I such that, for each subinterval I} := [k27!, (k + 1)271], the function f coincides
over I}, with a polynomial of degree less than dg. For ¢ = [k + j/(dg — 1)]27" € A], we
define the (k,j)-th scaling function ¢! of level [ as the unique Lagrange basis function in V
determined by ©!([k" + j'/(dg — 1)]27") = S x01p. A hierarchical system of basis function
{4/} is obtained by choosing the wavelets 1 := ¢l for t € V{,1 > I, and 9! := ¢k for
t € V] _,. We get a dual basis of functionals by setting

7 __ f(t) _Zr 1: tEsupp oL Qoi(t)f(’r)a ift e VI’ l:lca"'
h(h) = { e frevl

and arrive at ¢ (¥!) = 4., for all points t,7 € U, /. Note that each dual wavelet
functional is a linear combination of a finite number of Dirac delta functionals. Since
the polynomials of degree less than dg are in the span of the functions ¢!, = € Vllc_l,
the duality implies that ¢! with ¢ € VI, I > I, vanishes over polynomials of degree less
than dg, i.e. the dual functionals have d¢y vanishing moments. The interpolation over the
uniform grid takes the form

of = Y fer = > &

I I
tenl tent

We even get f = 3=, s PI(f)! for continuous functions f and for functions f with weak
singularities in a finite number of points. The convergence of the last representation is to
be understood in the L! sense and the function values in %!(f) which are not defined are
set to zero.

To construct the tensor product wavelets on the square S := I x I, we introduce the grids
A7 = Al x Al and V] := A} for I = 1. — 1 resp. Vi := AP\ A} forl =1l +1,....
We set I(z) :=1ifz € V¥, I =1.—1,... and define

0, (t)@d, (t2) if & = (21,25) € VP,
WS (b, ty) = YL (t)eh, () ifl>1., z € V], and zp € A]
sV RS ol ()Yl (te) if 1> 1, 22 € VI, and 24 € A
L ()Yl (t2) ifl> 1., z; € VI, and z, € VY,
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( F(xq,T2) if = (z1,22) € V] 4

F(@1,22) = 3 enp: orcoupp ol o (z1)F(T, x9) if z; € VI and z, € Al
F(21,22) = 3 e A macoupp ol o (zo)F(xq,T) if zo € VI and z; € Al
~5(F) = {F(.’El,fl?g) - ZTeAl:zlesupp oL Qos-(xl)F(Ta xZ)}

B ET'EAI: z2Esupp tpi_, QDg_, ($2) {F(‘/El’ T,)_

ETGAI: 21 €supp L oL (t)F (T, T’)} if z; € V] and z, € V1.

\

In tensor product notation, the last case of the last formula can be written as )5 = ~£1 ®1ﬁ£2
for z; € V! and x5, € V! and [ > [.. Again we get the duality relation 1/35(1/)5) = 0, for all
points z,y € U;’ichlS, the dg vanishing moments for the functionals 1;5, reVe 1>,
and the representation for the interpolation

IGF = ) 93(F)5.

s
zENY

If we set AS := U, A7, then we additionally get F' = 3" _,s ¢5(F)¢S for continuous
functions F' and for functions F' with weak singularities along a finite number of smooth
curves or with weak singularities at a finite number of points. This representation is to be
defined as in the univariate case.

Now consider a function f : S xS — C, which is the product f = gh of a piecewise
polynomial function h and another function g. If the factorization f = gh is not given
explicitely, then we assume h = 1 and f = g. We define two coarsest levels, [Z for the
wavelets with respect to the variable x and [ for those with respect to y. Then, for any
prescribed £ > 0, the integral I(f) of f over a subdomain D C S x S can be approximated
by

1(f) = //D [y dyde ~ Quf) = S o (5.1)

zeNS,yeAS: 0§, |>€
oren = [B2055] ) [[ W0t ay

The quadrature weights [[, h51; are integrals of piecewise polynomial functions and
can be computed easily at least for simple domains D. Note that our quadrature rule
possibly involves function evaluations outside of the domain of integration D. Thus we
always assume that our function can be extended to these points. For tensor product
subdomains D, we could modify our interpolation easily to an interpolation inside of the
domain. This leads to classical quadrature rules. In particular, the Smolyak quadrature
for smooth functions f corresponds to a summation in (5.1) taken over all z,y € Af such
that z € V¥, y € V3, and [ + I’ < L. Obviously, the error of quadrature and the number
of arithmetic operations /N, can be estimated as

|I(f) _Qe(f)| < Z |Uf,z,y’ N, < C Z L. (5'2)

z7yEAS: Z,yEAS:
o f,2,y|<e of,2,y1>€
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If we have upper bounds |I(f)—Q.(f)| < Ce*and N, < Ce?, then we obtain & < CN. #
and the complexity estimate |I(f) — Q:(f)| < CN. *?. For the case that the underlying
domain D is S x S, we can choose [ = [ = —1. For domains D = D® x DY with
D, = supp [¢p © kn| and D, = supp [¥p 0 Ky, we choose the coarsest levels [Z and ¥
such that the wavelets of level [* — 1 and I¥ — 1 (i.e. the scaling functions of level [* and
l¥) are polynomials over supp [¢p o k] and supp [¢hpr © K], respectively. Then, for the
choice h(z,y) = ¥p(km(z))Yp (km(y)), the quadrature weights [[,, hy5e> vanish due to
the vanishing moments of ¢p o k,, and ¥p: o k,,. In other words, the quadrature rule Q.
contains only terms oy, for which zﬁf and 155 are wavelets of level greater or equal to [
and [, respectively. These wavelets have d¢g vanishing moments.

5.2. To apply the quadrature (5.1) to the computation of the stiffness matrix, we observe
the following separation of the singularity direction in the singular kernel function defined
over S¢ x S¢ (cf. (2.2)).

Lemma 5.1 i) Form=1,...,mp, r <0 and for any two-dimensional multiindices o
and B with |, |B| < 3 min{dy,dr — 1}, there exist a constant Co g such that

Coplz| 2" W 22+ 2¢€8° (5.3)

8;"85K(f<;m(x), K (T + z)) ‘

IN

8;"65K(/$m(y + 2), H;m(y)> ‘ < Coplz| 7P yy+ 2 € 8° (5.4)

ii) Suppose that 1 < m,m’ < mr and that r < 0. For the sake of definiteness and in
accordance with the assumption (2.3), we assume that the intersection of 'y, N Ty
is the common side {k,,((z1,0)) : 0 < z; < 1} with the property £, ((z1,0)) =
Km'((21,0)), 0 < xy < 1. Then, for any multiindices o and B with |a| + |B] <
min{dy, dr — 1} and for any (y1 + 22, 21), (y1, 23) € S, there exist a constant Cy g
such that

o~ 6ﬁK(K’,m(y1 + 29, Zl), Hm’(yla Zg)) ‘ S Ca’g|2|727r7w|. (55)

Y1~z

iii) Suppose that 1 < m,m' < mpr, that the intersection of I'y, and I,y consists of one
point, only, and that v < 0. For the sake of definiteness, we suppose k,,(0,0) =
Km'(0,0). Then, for any two-dimensional multiindices o and 3 with |a| + |B] <
min{dy, dr — 1} and for any z,y € S, there exist a constant Cy, 5 such that

0200 K (m(@), k()| < Cus [ V1P + TP

—2—r—|a|-|f]

(5.6)

i) Ifr =0, then the preceding estimates hold with r replaced by —1.

Proof. Indeed, we may suppose r < 0 without loss of generality. Using (2.6) and the
Newton-Leibniz formula, we conclude

K (km(z), km(z + 2)) = k <,gm(x)7,€m(x+z)’ Km (T + 2) — Km(T) ) -

|fm (€ + 2) = fim ()]
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—2—r

Em(Z + 2) — Km(z) 2

|727r

folﬁ’m(x—lr)\z)d)\-i
= k| &m(x), Em(z + 2),

fo (z+ Az)dX- &

1 2 —2—r
/ Ko (2 + Az)dN - — 2| 2.
0 ]

From this representation the estimate (5.3) follows easily. The second estimate (5.4) can
be derived analogously.

On the other hand, using the identity &,,(z1,0) = kn(21,0), we get

km (Y1 + 22, 21) — Kme (Y1, 23) = [ch(yl + 29, 21) — Em (Y1 + 22, 0)] +
[Fém(Zh + 22,0) — Km(y1, 0)] — |:K/m’ (y1,23) — Kme (Y1, 0)]
Hm(yl + 22,21) - Kfm’(ylaZS) = F(yl, Z) T2 = (Fl(yla Z),FZ(yl, Z),Fs(y1,2)> 2
1
}a(yl,Z) = /[ H;ﬂ(y14_22,A21)dA,
0
1
Fg(yl,Z) = / Ii{rn(yl‘l—)\ZQ,O)d)\,
0
1
F3(y1,2) = —/ Kk (Y1, Azz) dA.
0
We arrive at
l?(ylaz) TiT
K<Hm(y1 + 22, 21), K (Y1, Z3)> = k| km(y1 + 22, 21), 6 (Y1, 23), m
Y1, |Z|
p —2—r
\F(ym EL (5.7)

From this representation the estimate (5.5) follows easily. The assertion of part iii) follows

analogously. "

Hence, to define efficient quadrature rules we distinguish four cases. First we consider
integrands of the form (compare Lemma 5.1)

fi(@,y) = K (kn(@), k(@ +9) ) (@ + )12, () [ (5 (@) (i (2 + ),
IP) > I(P),

fo(@,y) = K (Kny + o), 5nm(@) ) Iy + )10 ) [ (5 + )b (5 ()
I(P) > U(P),

(5.8)
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in case that the supports of ¥p and ¥p: are contained in the same parametrization patch
I',, and that the distance dist between the supports is less than Y max{2 /(") 24P}
where T is a prescribed positive constant. Second we consider

fo(@,9) = K (R @), e (9) ) o ()] 65 (@) 0 (i (2)) o s (9), (5.9)

for supp ¥yp and supp ¥ps contained in possibly different patches I';, and ', such that dist
is greater or equal to Y max{2~!(") 27/}, Third we analyze (5.9) for disjoint supp ¥ and
supp ¥p: contained in different patches I',, and I',; such that dist is less than the value
T max{2 /") 2-UP)}  Finally, we consider supp¢p and supp ¢p contained in different
patches I',,, and I',,; but with dist = 0. In this case we split the domain into smaller subdo-
mains and treat the arising disjoint pairs of two-dimensional domains like in the previous
case. The non-disjoint pairs are treated by a transform like in (5.5), by Duffy’s transform,
and by an additional potential transform. This way we have to integrate functions of the
form

falz,y) = K(H;m<2l(yl—i—:z:gxl),?lxg),mm: (zlyl,zl(xgyz))> x
‘n’m, (2*’y1,2*’(xgy2 )‘ ‘m’ (2*’(y1 + xgxl),rlm)
¥p (5 (27100 + 2500), 27125 ) ) (s (27190, 2 (0500) ) ) 25202

fs(z,y) = K(mm(2_la¢1,2 nyz) w (27 x1+ygy1),z—’yg)> x

Ko (2”(371 + yé*yl),T’yS’) Krm (2”x1,2”(y§x2))‘ X (5.11)
br (i (27101, 27 (052)) )b (1o (27 (@1 + w800), 278 ) ) s Py 227,

fo(z,y) = K(Fém (2"3?1,2"(11?372)),%' (2"(9:1 +yi’),2"(yi’y2))> X

Ko (271 + 98,27 (w8we) )| | (27121, 27 0 22) ) | (5.12)

¥p (H:m (2”:171, (yfzs ))wpf H:m( (1 +y5),2" ’(yi’ya)))[yf‘]zayi’*lf“’,

frlz,y) = K<Km<2_lx1, Mags)) agy), 27 l(x'fgn)),)) x

K, (2 Hzoy), 2 (xlyQ))H ( x1,2_l(x‘1’x2)>‘ x (5.13)

vr (hm (2 105,2 (0522)) )0 (2 (a200), 2 (0510 ) ) [0 124,

X (5.10)

y Bm!

where [ = [(P) and a > 1 is a sufficiently large integer. Without loss of generality, we
always suppose r < 0 in (5.8) -(5.13). The case r = 0 follows from the case r = —1 since
by definition the singularity of the integral operator is like that of an operator of order —1.

5.3. First we suppose that supp ¥p and suppp: are contained in the same parametr-
ization patch I',,. We consider f; and fy (cf. (5.8)) and assume that these are singular or
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almost singular, i.e. that the distance between the supports supp ¥p and supp ¥p: is less
than Y max{2 %) 274}  Since f, can be treated analogously to f;, we may restrict
our consideration to max{2 4P, 2-1)} = 2-UP) and to f; . The integrand f; is to be
integrated over the support supp [¥p © Ky, times the support supp [¢p © Ky,] shifted by z.

Lemma 5.2 Choose a parameter ¢ from the interval (0,1) and suppose the relations (cf.
Lemma 5.1)

1
maX{O,l—I—dL} <p, 0<-r<dg< §min{dk,dp—1}
Q

are fulfilled. We consider the domain of integration
D = {(x,y) €R?: 2 €supp [Ypokml, y+ € Sy},

where S, C supp [¢pr 0 k] is a square of size 2-HP") such that Yp: o Ky, is polynomial over
Sy. Furthermore, we consider the integrand function f = f, from (5.8) over D. However,
we extend f replacing the wavelet function (z,y) — Yp/(km(z+y)) by the polynomial p(z,y)
which coincides with Yp (km(z +y)) over D. For our quadrature formula, we introduce the
auziliary functions h(z,y) = ¥p(kn(z)) and

g(z,y) = K(Km(x),ﬁm(x +y)>|'€;n($+y)||f€:n(x)| { Vpr (Iim(x—l—y)> if (z,y) € D
p(z,y) else .

If 64, 2y is defined by (5.1), then the Smolyak rule

Q(f1) = Z O f1,2,>

z€AS,ycAS:
[1(&) —U(P)]+(1— o)1 (y)—1(P")]+0logs (21 (Jya | +lys | —dist)) <lo
1 1
ly = 5 logy N — 3 log, log, N, dist := dist (supp [¥p © K|, supp [¢pr © Hm]>

includes no more than O(N) terms and quadrature knots. It requires no more than O(N)
arithmetic operations, and the corresponding quadrature error satisfies

1I(f1) — Q(f1)] < CY*N %/?[|og, N]|4at2/2y-lde+2UP)glP)r

Remark 5.1 Note that for o = 0 we have the classical Smolyak rule. The parameter
0 # 0 leads to a mesh grading in the y domain toward the direction of supp [¢p © ky|. This
mesh grading exhibits the same approximation properties like the mesh with the grading
in Fig. 8 with parameter o = 1/[1 — g| (In this picture we first have divided the square
of supp [¢pr © K] into the 2" strips Stry, k = 0,...,2' — 1 of all points with distance
between [(k + 1)/2!]* and [k/2']* to the corner point closest to supp [p o Kn,]. Second
we have divided each strip Stry uniformly into squares of side length equal to the width
h = [(k + 1)/21* — [k/2']* of the strip.). Thus the rule of Lemma 5.2 is a Smolyak
quadrature based on a tensor product of a uniform mesh in x direction and a graded mesh
in y direction.
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Figure 3: Mesh grading in y domain.

Proof. Without loss of generality we consider the most critical case of intersecting supports
supp [¥p © k] and supp [¥p © K,,] (dist = 0), and, for simplicity of notation, we suppose
supp [1p 0 k] = [0,27"P)]2 and that the support supp [¢pr 0 k] shifted by z is [0, 271)]2,
We get the estimate

2—[2+dq}l(Z)2—[2+dQ}l(y)|y|—2—r—dQTdQ if |y| > [dg + 1]2—l(y)
0wyl < C{ 9-[2+doli(=) 9=21(y) |9 ~1(v) | 2+ if [y| < [dg + 1]2-1®), (5.14)
—2-r—dg
0wyl < CYIR2TEHARI@ W T 4 [l | 4 [yo[]2W) : (5.15)

Indeed, if |y| > [dg + 1]27'@) and I(z) > I%, I(y) > 1Y, then the kernel function is non-
singular over supp ®> X supp 1/)5 , the vanishing moments of the quadrature functionals
admit the estimate

[0 @4y (f)] < C2 %@ 4@ sup |52 f|,
la|<dq, |B|<dq
the modulus of the integral [[ hy)$ ®v is less than 2 #(*)272)  the d-th order derivatives
of ¥ pr o k., are bounded by 29@'(P) | and the derivatives of the kernel can be estimated using

Lemma 5.1, i). Due to the “almost singular” location of the supports supp [¢p o k,,,] and
supp [¢pr © k] the factor 297" is less than C|y| %@Y9e. All these facts lead to the first
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estimate in (5.14). If |y| < [dg + 1]27'® and I(z) > [%, I(y) > 1Y, then, beside the Dirac
delta functionals &, with grid points z, |z| > 27/®), the functional 1;5 may also contain the
Dirac delta functional d, at z = 0. The corresponding infinite function values are set to
zero by definition, i.e. the functional 155 applied to f is modified into a linear combination
of Dirac delta functionals &, with |z| > 27'¥). Thus the vanishing moment property is lost,
and we arrive at the lower line in (5.14). If I(z) > 1%, I(y) = I¥ — 1, then |y| < C27'®
and, again, without using any vanishing moments we arrive at the lower line in (5.14).
Finally, if [(z) = [? — 1, then the quadrature term vanishes due to the vanishing moments

of h(z,y) = ¢p(km(z)).
To get the quadrature error estimate, we determine the error |I(f;) — Q(f1)| and prove

that the number of arithmetic operations is O(N). Since the case T > 1 can be treated
like the case T = 1, we may assume T = 1 without loss of generality. Setting

lo — [l — I(P)]
by = L) = =,
L= L) =l — [ —UP)),
mo = mo(l,l) = 2Uo—l=UPN-I=UP et (P,

we obtain that each of the following three inequalities [(z) >y +I(P),(y )>l’ +I(P’"), and
14|y |+ [y2[]2'®) | > my imply [I[(z) —1(P)]+(1—0)[l(y) —1(P")]+elog, (2 (|y1] + [32])) >
ly, which excludes the term oy, ,, from the sum in Q(f;). On the other hand, for a fixed
I(y), the maximal value for |14 [|y; |+ |y2|]2'®) | with supp 3 Nsupp ¥pr # 0 is O(2'®)~1FD),
Hence, for I(y) < If + I(P'), all 0y, 4, with supp ¢ Nsuppyp # @ belong to the sum in
Q(f1). Obviously, there are at most O(22(~!("))) points = of level [ in supp ¢p and there
are at most O(m) points y of level I with |1+ [|y1] + |y2[]2'®| = m in supp . Choosing
[ =I(z) and I' = I(y), and transforming these variables to l =1 —[(P) and I' = 1" — [(P’),
respectively, we get the estimate

11(f1) = Qe(f1)l < Z 220D NN " omg e Rligrt e e (5.16)
I=lo+I( ) U'=l(P") m=1
lo—l—l
Z 22 l l(P)) Z Z sz dQ+2 l21‘l [dQ+r+2}
l’ +I(P") m=1
lo+I(P lf)‘H(P’) 00

+ Z 22l (P Z Z Cm2—[dQ+2]l2rl’m—[dQ+r+2]

=1 +l(P’) m=mg

< (9 ldat2(P)gr P’{ Z g—do[i-1(P Z orlt'1(P")]
I=lo+1I( )
lo+I(P 9]
Z g—doli-I(P Z orll'—UP")] |
1=l 1 1(PY)
lo+I(P I +1(P") )
Z o—doli—U(P Z orll'—1(P")] Z m[dQ+r+1}}
=1, 4 1(PY) m=my
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< (2 ldo+UP)gri(P) { Z 9—dal Z orl’ | Z 9—dal Z orl’ |
1=l =1,
' ' ' [do+r]
Z 2 dQl Z 2rl [2{l0 - l}/9+l :| }
=
lo
< C2—[dQ+2]l(P)2rl(P’){2—dQl0 n Z 9—dalgrliio—1)/[1-)
ll
9~ loldg+r]/e Z 2l{ dg+[do+r]/e} Z 2l’{r [do+r][1- l/g]}}
1=0 =
lo
< 02—[dQ+2]l(P)2rl(P’){Q—dQlo + orlo/[1—¢] Z olf-r/[1—e]-dq}
1=0
lo
9~ loldg+r]/e Z 21{dQ+[dQ+r]/9}21’1{r[dQ+r][11/9]}}
1=0
< 02[dQ+2]l(P)2rl(P’){2dQlo + orlo/[1—elglo{—r/[1-e]-dq} | 2l°dQlo}
< (9 lde+2UP)grI(P)g-dalo]
< 02 etUP)glP) N-da/2 [|og, N4 t/2,

On the other hand, the number N of arithmetic operations can be estimated as

lo+I(P I +I(P") IL+U(P)  mg
N < z el S oy S0 o)
U'=1(P") I'= l’+l Py m=1
< 02221{2221' +Z [2{10 - l}/.9+l’] }
I'= l’
lo i
< 02210[0+02210/92221[1*1/9]2221'[1*1/9]

1=0 r=t

lo
< C22l010+C22l0/g222l[1—1/g]22l’1[1—1/g] < 022l0l0 < CN.
=0
| |

5.4. Next we consider the function f3 (cf. (5.9)) under the assumption that the support
supp ¥p is contained in the boundary patch I';,, and supp ¢pr in I';,,;. Moreover, we assume
that the distance dist := dist(supp ¥p,supp ¥p') is greater or equal to the expression
Trnax{Z_l(P), 2_’(P')}. Since two parametrizations k,, and K,y are involved for possibly
different m and m', we are not able to separate the singularity direction in the kernel
function. Hence, we get a factor dist™ in the estimate of each a-th order derivative of the
kernel independent of whether we differentiate with respect to x or y. We arrive at
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Lemma 5.3 Suppose the relations —dg < r < 0, dg < %min{dk,dp — 1} are valid. We
consider the domain of integration D = supp [Yp o K| X supp [¢p © Kpy]. Furthermore
suppose our integrand f = f3 is the function from (5.9). For our quadrature, we introduce
the auziliary functions g and h by g(z,y) = K(km(z), km (v)) |6 (v) ||k ()| as well as
h(z,y) = [¥p 0 km(z)|[Yp © km(Y)]- If Of 2y is given by (5.1), then the Smolyak rule

1 1
Q(fs) = Z Oty oy, o= 3 log, N — 3 log, log, N (5.17)

zeAS,yc AS:
[1(=)—L(P)]+[(y)-1(P")]<lo

includes no more than O(N) terms and quadrature knots. It requires no more than O(N)
arithmetic operations, and the corresponding quadrature error satisfies

[1(f3) — Q(f3)] < 2~ lda +2HP) gl +2(P) = [1og2N] " dist [2do+r+2] (5 1g)

Proof. Clearly, the number N of arithmetic operations can be estimated as

lo+I(P) lo+l )] lo—1

(P")—[1-1(P
N < C ) 220D Yoo 2 < 0222’22”’ (5.19)
U=i(P") 1=0

1=1(P) U=

lo
< 0222122“0—“ < C2%], < CN.

1=0
Similarly to (5.15), there holds

0tz < 9~ [2+deli(=) 9—[2+dolU(y) qigt —[2de+r+2] (5.20)

For the quadrature error, we obtain

—[2+dQ]l2—[2—|—dQ]l’

- 'y 2
2(1-1(P 20 U(P
11(f3) = Qe(fs)] < C E 2% E 22" -1F) Jis(?da 72
v=1(P")

I=lo+I(P

lo+I(P 00 ’
, , 27[2+dQ]l27[2+dQ]l
2(1-1(P 2 =1(P")
+C Z 2 Z 2 diStZdQ-i—r—l—Q
U'=lo—[1-1(P )]-H(P’)
9 2l( )2 21(P") il il
e [ z e z 2o
I=lo+I(P
l0+l [e’e]

Z 9—dal Z 2sz']

U'=lo—[I-1(P)]+I(P")
—21(P)o—21(P’
2O oo sP)lg-dol(P)
diStZdQ+r+2

lo+i(P)
T z—dQlz—dQ{lo—[l—uP)]H(P')}]
I=1(P)
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272l(P)272l(P’)

22 |9-del(P)g—doll+U(P)]]
dist2de+r+2 0

< 2 la+2UP)g-ldo+2UP") gigt ~Rdo+r+2l Ny =do/2 [1og, N] [do+2]/2

5.5. Next we consider the function f;3 under the assumption that the support supp ¥p is
contained in the boundary patch I',, and supp ¢ps in I',,;. Moreover, we assume that the
distance dist := dist(supp 1p, supp 1p:) satisfies 0 < dist < Y max{2~!(") 2=4")} 1In this
case dist is automatically greater or equal to the expression ¢! min{2F) 2-UP)} where
cr is the Lipschitz constant for the inverse parametrization mappings x..}', m =1,..., mp.
We arrive at
Lemma 5.4 Suppose the relations —dg < r < 0, dg < %min{dk,dp — 1} are valid
and assume 0 < dist < max{274") 271 For the sake of definiteness, we first as-
sume max{2 ') 27U} = 2-UP")  We consider the domain of integration given by
D = supp [Yp © K| X supp [¥pr © Kyy|. For our quadrature, we split the larger support
supp [¥pr © k| into the union of dyadic subsquares S;, t=1,...,1q such that:

i) The wavelet Ypr o kpy is polynomial over each S;.

ii) The side length 27% of Sy is less than the distance d from kpm(S;) to supp ¢p and

larger than 0.25d.

iii) The minimal side length of a S; is 27 % with I, the largest integer such that 27' > dist.

i) The number of subdomains for a fized side length 27" is less than 8.
We consider the integrand f = f3 from (5.9) over supp [p o km] X Si. However, we
extend f replacing the wavelet function (z,y) — Yp(kn(y)) by the polynomial p(z,y)
which coincides with Ypi(km (y)) over D. Over each domain supp [1p o km] X S}, we apply
the quadrature rule of Lemma 5.8. More precisely, we introduce the auxiliary functions

h(z,y) = [¥p o km(z)] and

_ / / wP’(K:m(y)) ify S S;,
9(2,9) = K (5 (a)s ke ) s i@ { 20 TV
If 64, 24 is give by (5.1), then the composite Smolyak rule

iq

Qfs) = Z Z O f3,y (5.21)

=1 zeAS,ye NSNS
[i()—1(P)]+[1y) 15 ]<lo
1 1 1 ,
ly = 5 logy, N — 5 log, log, N — 5 log,[l(P) + 1 — I(P")]

includes no more than O(N) terms and quadrature knots. It requires no more than O(N)
arithmetic operations, and the corresponding quadrature error satisfies

2*[dQ+2N(P) dg dp+2
T2

1(s) = QUS| < O N ¥ llogy N5 [I(P) + 1~ I(P')

m‘@“
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Under the same assumption but with 0 < dist < max{2~F), 2*1(1)')} = 27UP) an analogous
quadrature with the roles of ¥p and Yp: interchanged leads to the estimate

9—ldo+2]I(P") g [ dg+2 d
R

1(7) = QU < O N 2 llogy N [I(P) +1—I(P)] 7.

Proof. Suppose [(P) > I(P"). For a fixed i and supp [¢p © k] X S}, the proof of Lemma
5.3 implies the bound C2%%[; for the number of knots and the bound

2 el (5.22)

X 4 —[2d r
2 [do+2U(P) 9 —[do+21; [2,%] [2dg +r+2]

for the corresponding quadrature error. Note that the Smolyak rule for supp [p 0 K] X S;
is defined with a coarsest level ¥ adjusted to [} and not to I(P’). Summing up over i we
arrive at

iq
N < ) o2l < C2%1yig < CN,

i=1

'd . 1 —[2do+r+2
|I(f3) _ Q(f3)| S 202—[dQ+2]l(P)2—[dQ+2}l; [2—13] [2dg+r+ }Z_dQlolo
i=1
Iy a .
< C Z 9—ldo+2]l(P)9—[do+2]l [2—1] 2ot +2}2_dQlolo
I=1(P")—log T
lg
S C27[dQ+2}l(P) Z 2[dQ+I‘}l27dQlol0
I=l(P")—log T
< 02_[dQ+2N(P)dist*[dQ+r]2_dQlolo
9—ldg+2]i(P) d dg+2 d
< N~ [log, N] ™= [I(P) + 1 — I(P')] ¥

dist!®etr]

Remark 5.2 If the levels [(P) and I(P') coincide, then we can split both, the support of
the trial function V¥p o k., and the support of the test function p: o Kpy into the squares St
and SZ of level [(P), and we can set h(z,y) =1 in the quadrature of Lemma 5.4. Indeed,
the derivatives of order k to the polynomials ¥p o Ky and ¥p: o Ky are bounded by 2FU(P)
which is less than dist *, and (5.22) remains valid.

5.6. Finally, we consider the case that the support supp ¢p is contained in the boundary
patch Iy, and supp ¥ps in Iy, m # m' and that these supports are not disjoint. Without
loss of generality suppose max{2~'(") 2-1(")} = 2-UF) In this case we split the domain
of integration D = supp [¢p © Ky| X Supp [¢pr © k] into two parts D = D; U Ds. Here,
by D; we denote the union of all direct products S, x S, such that S, C supp [¢p © K]
and S, C supp [¢pr © K| holds, that the curved squares k,,(S;) and K., (S,) have at least
one point in common, and that S, and S, are squares of level [(P), i.e. squares from the
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uniform partition of the parameter domain S into 2%(") equal parts. By D, we denote
the remainder. Now we can apply the quadrature of Lemma 5.3 and Remark 5.2 to the
domain Ds,. For the subdomains S, x S, C D; with a common edge, we use

Lemma 5.5 Without loss of generality we assume that the intersection of I'y N [y is
the common side {k,((21,0)) : 0 < z; < 1} with the additional property k,,((z1,0)) =
Km ((21,0)), 0 < z; < 1. Moreover, to simplify the notation, we assume that S, and S,
coincide with the square {(z1,z3) : 0 < z1, x5 < 271DV}, We split the domain of integration
D' =S, x S, into the three parts

Dy = {@y)e D gy ah> el -4},
Dy = {( ) e D' vh>ah, v > It~ wil},
Dy = {(:L",y')ED': |2} —y1| > =z, |.’L"1—y1|2y§},

and apply a transform similar to that of Duffy (cf. the formulae (5.10)-(5.12))

D5 ((ahah), Whovh)) = 270 ((n + a5o1,98), (1, 553) ), (o1, 2), (91,92)) € DI,
Dy 3 ((ahah), Whwh)) = 270 (21,582, (@1 + 9591,98)), (o1, 32), (w1, ) € D,
D> ((ah,2h), ) = 27 (21, 5722), (2 + 97, 9592) ), ((21,22), (1, 30)) € D,

where o stands for a positive integer with a > [dg + 1]/[—r]. Over the domains D] we
have to integrate the function f = fii3 (c¢f. (5.10)-(5.12)). If Yp o k(') coincides with
the polynomial p(z') for 2’ € S, and if Yp o ky(y') coincides with the polynomial p(y') for
y' €Sy, then we set

g(z,y) = K(K‘,m (Q*I(P) (y1 + z5z1), 2’l(P)x§> s K (2’I(P)y1, 2~ UP) (xgyz))> X
Kl (Q’I(P)yl, 2’Z(P)(x§y2)) ‘H’m (2*Z(P)(y1 +z57y), 2’Z(P):1:2)

p(2 Dy + a§a1), 2 Pag ) (2 Py, 2 1D (a51s) ) [25Paag

for f = f4, define g for f = f5 and f = f¢ analogously, choose h = 1, and retain the
definition of 054y = 0y, 50y from (5.1). Then the Smolyak rule

X

1 1
Qfirs) = > O fiamy> lo = 5log, N — 7 logylogy N

zEAS , yeAS:
[1(=z)—U(P)]+[i(y)—1(P")]+<lo

includes no more than O(N) terms and quadrature knots. It requires no more than O(N)
arithmetic operations, and the corresponding quadrature error satisfies

I(firs) — Q(firs)] < CN~%/2[log, N|1et2/2 g-2-rli(P),

The quadrature weights [[ D ¥ ® ¢5 can still be computed analytically.
i+3
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Proof. For definiteness sake, we restrict our consideration to the quadrature over DY.
From (5.7) we infer

[K <K;m (24(13) (y1 + 25 1), Z*I(P)(x§)> , Kot (2*Z(P)y1, 2Z(P)(x§y2)>>][x2]2ax2 Ly~ 4U(P)
=k (H;m (271(13) (h +2521),2" l(P)(:z:g)) y Ky (2”(P)y1, 2~ 1(P) (xgyz)) ,
— — a .o o 1 z A1, d2)
‘F(Z"(P)yh2_’(P)(x§,x§x1,x§‘y2 ) (1 xl,y2)

]- xl)yQ)
) . 1 . y2 —ra 1 a
FoUP)y, o lP)(pa pon. .o : L 2l =P,
‘ ( - (w3, 7331, 7336) (1,21, 90)| (1 ’31792”2“

The only singular factor in the last expression is z,™* . D1fferent1at1on with respect to

x1, Y1, and ys does not lead to higher order singular factors. Only the differentiation with
respect to x5 decreases the singularity exponent in the power of x5 by one. Consequently,
the kernel function including the substituted variables and multiplied by the Jacobian of
the transformation mapping has continuous derivatives up to order dg, and the partial
derivatives of f, taken up to order dg are uniformly bounded by C2[=2+7P)  This fact
and the proof to Lemma 5.3 imply the estimate of the present lemma.

The quadrature weights [, ¢S ® ¥ can still be computed analytically. Indeed, the

boundary of the transformed domain is determined by simple rational functions, and the
integration of polynomials in such a domain requires the primitives of simple rational
functions, only. [

The case K (Sz) N km(Sy) = {Q} can be treated similarly. For simplicity of notation, we
assume that S, and S, coincide with {(z1,22) : 0 < zy,29 < 271"} and that 'y, N Ty =
{Q} and @Q = £1,(0,0) = K, (0,0). The domain D' is to be split into four parts according
to which of the four coordinates x1, x2, y1, yo is the largest. For definiteness, we consider
the part where z; is the largest. The transformation can be chosen by

D} = {(x',y') eD': ;= maX{xl,xz,yl,yz}},

Di > (("Ellax,Z)a (yiayg)> = 2_l(P) ((xllxaxtllab): (‘T(l]ylaxllxyZ)): ((.’131,1'2), (ylay2)> € Dlll

Over the domains D} we have to integrate the function f = f; (cf. (5.13)). We choose
h = 1 and retain the definition of 044, = 0y,,, 2y from (5.1). Then the assertions of the
last lemma remain valid for the Smolyak rule applied to f7, and the proof is the same.
Even more, the condition on « can be relaxed to a > [dg + 1]/[2 — r].

6 The Quadrature Algorithm and its Complexity

Using the quadrature formulas of Sect. 4, the algorithm for the assembling of the stiffness
matrix corresponding to the operator of multiplication and the computation of the right-
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hand side is defined. To set up the integrals (Kp/,¥p), we apply the Lemmata 5.2-5.5,
where the number of quadrature knots N = Np pr is still to be given. We choose parameters
0 slightly less than two, 7y slightly larger than two, ' slightly larger than one, 3, slightly
less than zero, and () slightly less than 1 4+ +'. We introduce the numbers « := 28 — 7
and o := 1+ By + Bm — 7', and set (compare the compression strategy in (3.9))

( 9aL—pBl(P)-pI(P') . .
max < 1, Dist? if supp ¥p,supp ¢pr C I'y, or if
dist > T max {2711, 2717}

% { 2a’L—ﬁm min{l(P),l(P")}—Br max{I(P),l(P')}
= max 1 1,

— (6.1)
Ydist?
if 0 < dist < T max {Z_Z(P), 2_l(P')} and
supp ¥p U supp ¥pr not contained in a
single I',,

\

Here the symbol Dist stands for the sum of the distance between the points P and P’
plus the minimum min{2-%") 2=} Hence, we have dist < CDist and dist ~ Dist if
dist > max{27/"), 274P)} Tt turns out that the choice of the quadrature leads to an
algorithm of almost optimal complexity.

Theorem 6.1 Suppose the assumptions of Theorem 3.1 are fulfilled. If N = O(22%F) is
the dimension of the trial space (number of degrees of freedom), then the number N of all
quadrature knots and the number of all arithmetic operations necessary for the assembling of
the stiffness matriz and the computation of the right-hand side is O(N log N). In particular,
the last complezity bound does not depend on the parameter Y.

Proof. To get the right-hand side (n%)p, we have to compute the approximate integrals
Q(vokm PO Ry,) over the level L subdomains. This step requires O(N) operations. Next we
have to add these values to form (4.1). Since each I';, 1 & is contained in no more than O(L)
supports supp ¥p, we need no more than O(N log N) operations for the right-hand side.
To obtain the approximate multiplication operator, we first compute the values Qr i p; p,
which requires no more than O(N) operations. Even the next step, the determination of
the Q1 p, p» With [ < L can be established with no more than O(N) operations. Finally, the
summation in (4.3) cost no more than O(N log N) operations, since each curved triangle
['n ok is contained in at most O(L) supports supp ¢p of level [(P’) <. In other words, the
computation of the discretized multiplication operator requires no more than O(N log V)
operations, too.

Next we count the operations for the assembling of the discretized integral operator. Ob-
viously, the number of all necessary arithmetic operations is less than a constant multiple
of the number of quadrature knots. Thus we only have to count the knots. We split N/
into the sum Z?le\/,-, where the N; are the counts for the knots in the two special cases
appearing in the definition (6.1). First we consider the case that supp ¢p,supp ¢¥p C I'y,
or dist > Y max{2 “?) 2-P)}  From (6.1) and the estimate for the non-zero entries in
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Theorem 3.1, we conclude

QaL—BI(P)~BI(P")

N < Z Npp < Z 1+2 Z Dist?

P,P'eAr:ap pr 70 P,P'eAr: ap pr #0 P,P'eAr: ap pr#0, I(P)<I(P')
L-1 L-1
< CNlogN+C20F Y~ 3y~ 27#UF) 3= glflp2UF) } = Dy~
I(P)=—1 PEVy(p) I(P)=I(P) ey )
< C’NlogN—I—C2°‘L Z 9l2-BlI(P Z 22[3 / £
- I(P)=—1 per?; [p>2-1P) | P[Y
L-1 L—1
< CNlogN + C22F Z 92-BlU(P) Z o[2-BIU(P") 9 —1(P")[2-7]
I(P)=—1 I(P")=I(P)

< CNlogN + C20L9l2=Allgh—AIL < C'NlogN.

In the second case

90! L—Bml(P)~Barl(P")

Ny < Z Npp < Z 1+2 Z Tdist”

P,P’EAL:GP,P/;ﬁo P,P’EAL:EP,P1¢O

P,P'eAL:
ap pr#0, (P)<I(P')
2a1L L-1
< CNlogN +C= Z D 27l N A=A N st
P)=—1PeVy(p) 1(P")=I(P) P'eVyp,

dist>cp 127 1(P")

Clearly, the number of all ¢p with P € Vyp) such that there is a grid point P’ with
P’ € Vypry, I(P') > I(P), with dist < T2 'P) and with supp ¥p not contained in the
same [y, is less than O(Y21")). Using this fact, we continue

oL L-1 —I(P) ,yo—L(P)
N Z Tl Ay 22 Aull P’/ / y~" dydz
I(PY)=I(P 1D
L—-1 L—-1
< CNlogN—i—C2°‘L Z 9[1—Bm]i( Z 9[2=Bu]l(P") 9—I(P")[1—y']9—1(P)
I(P)=—1 P=I(P

< CNlogN + C2% L PmLolt+y'=AulL g CNlogN.

7 The Estimate of the Quadrature Algorithm

Theorem 7.1 Suppose that the assumptions of Theorem 3.1 are fulfilled and that the
quadrature order dg and the number of vanishing moments dr satisfy 2dy —r < dg < dr.
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Moreover, suppose that dg < %min{dk,dp — 1}, that D > Dy, L > Lgy (cf. Theorem 3.1)
and that the compressed matriz Ag ~ A$ together with the right-hand side n® = (ng)peAL
is computed by the quadrature algorithm of the previous sections. Finally, suppose that
the constant Y is chosen as Y := LUSlde+4l/Rdetr—1do/2]  Then the discretized opera-
tor Ag . H° DV, — VL C H™" is invertible and the inverse is bounded uniformly
with respect to L and D. In particular, the solution £9 = ({g)pEAL of the compressed
and quadrature appro:m'mated equation AQfQ = n% exists, and the approzimate solution
uL : ZPeAL fpwp converges to the exact solution according to

lu = ufllgrar@y < CRTPET [|ull gar - (7.1)
Proof. i) First we consider the error due to the quadrature applied to the computation of
the terms (K1pr,1p) in the entries of the stiffness matrix. Without loss of generality we
suppose r < 0. Indeed, the case of a Fredholm integral equation of the second kind with
order r = 0 can be treated analogously to the case r < 0. We only have to replace r in the
kernel singularity estimates by —1 and to keep r = 0 in the places where really the order
of the operator is needed.

ii) In this point of the proof, we analyze the error caused by the quadrature for the term
(K1pr,p) in the entries with dist larger than Y max{2'®) 2-47)}  We denote the
absolute values of the corresponding terms in the entries of A — A9 by bp,pr. From the
definition of the Np pr and Lemma 5.3 we infer

d

aL—BI(P)—BI(P')]~
2 - )] ’ Lin;zdist*[ZdQJrrH}

dist”

Q I(P'){~[dg +21+6°L }gl(P){~ldo +21+6°L} gigt —[2da+r+2+7°2

bPPI S C2i[dQ+2”(P)2*[dQ+2]l(P’) |:

dg+2
2

< C

To derive the missing consistency estimates (cf. (3.14)-(3.15)), we use Lemma 3.2. Setting
xr = —1, we obtain

Ef’t < C Z sup { o[t +2]i( Z 9—tl( P’L 2 La
PEV[(p) Pleny

QUP'){~[dg+21+8°S 1l P){ ~[do +21+B°9 } gt~ 2da+r+21 172 }

L-1

< CLdQH? La Zsup {21( ){t'+2+57*[dQ+2]} Z 21(P'){*t+ﬁdTQ*[dQ+2]} %
wpy F I(P)=—1
Z dist—12der+2+y’2 }

P’EVI(PI):
T max{2~4(P) ,Z’I(P’)}Sdist

Clearly, the last sum over P’ € Vy(py multiplied by 2-2F') is ]ess than the bounded integral

Jrer mpsmax [ B¢ AR with € := [2dg + 1+ 2] — 7% > 9 and max := T max{271"), 2-1},
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Thus we continue

L—1
£t < CLsz“zLad?Z{zl(P){t'w‘?dQ} 3 2’<P’){t+ﬁd?dQ}max2f}

I(P) I(P)=—1
dgt2 ;g IP)-1
ol =2 § oA mdal N (eI R gt
B T[ZdQ+r]77dTQ
I(P) I(P)=—1
4 L-1 d
QHUPE+18-71F dgie} § zl(P'){tw?dQ}}
I(P")=1(P)
< Or-ldg ity [ 192 gL e Pl tirta’R)i )
a dg+2 .
L= ift'!=—r,t=0

(7.2)

dQ
S CT*[ZdQ‘FI‘H"YT dgt2
Lz 2~ L2dr—r] jf ¢ — —dr, t = dr.

Here, by the bracket [-], with lower index +, we have denoted the positive part of the
expression inside of the bracket. Analogously, for the second sum in the Schur estimate,
we arrive at

L1
W< 0y sw {Z 2! (Pl 2P) [ g
(=1 7'V \pen,
2l(P’){7[dQ+2}+ﬁdTQ}2l(P){*[dQ+2}+ﬂdTQ}dist*[ZdQ+r+2}+’7dTQ }
do+2 d L1 d
< CLF 270 Y PR o2
I(P)=-1
L-1 . .
sup { Z QUP){t'+8°5 ~[do+2]} Z dist—[?dQ+r+2]+’72Q}
P'eV, pr
(P I(P)=-1 PEV)(p:
Tmax{Z’l(P),Z’l(P’)}Sdist
S dQ+2

L—1 L-1
OL*% 9-La@ Z QUP){~t+6°2 —do} Z QUPIE+8°2 —da} 1o 2
I(P)=—1 I(P)=-1

dg+2

L ift'=—r,t=0
drH+2
L5 Ll §fy' — gt = dy.

< CT—[QdQ+r]+7dTQ {

This estimate together with (7.2), with our choice of Y, and with Lemma 3.2 implies the
assertions of the theorem for the quadrature errors in the case that dist is larger than
T max{21F) 2 U},

iii) Next we estimate the error caused by the quadrature for (Kp, ¥p) in the entries with
dist less than Y max{2 /") 2-UP)} but with supports supp ¢p and supp ¢ contained in
a single parametrization patch I',,. We denote the absolute values of the corresponding
terms in the entries of Ag - Ag by bp p. From the definition of the Np pr, Lemma 5.2, and
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the analogous result for the estimation of fs, we infer
29
ZaLm(P)ﬁl(P’)] T L9 g o) gl
Dist”
< (O LMQ*Ladezl(P){*[dQJr?HﬁdTQ}zl(P'){rJrﬁdTQ}DistvdTQ, I(P') < I(P),

bpp < C

bpp < CTdQ{

F QP+ 28 U8 R i R (P < I(P).

To derive the missing consistency estimates (cf. (3.14)-(3.15)), we use Lemma 3.2. Setting
z = —2 for [(P) <I(P') and z = 0 for [(P) > [(P'), we obtain

d d
' 3 Ql(P'){_[dQ+2]+ﬂ—Q}Ql(P){!"H@TQ} d
SOy {0y g pist % |+

PeV,(P) T- dQ

P’EAL:
I(P")>1(P)

9l(P){~ldg+21+8°2 ) ol(P){r+8°2) a
C’Z sup { glt Ll Z gl tH1UPY D1st72Q}

1 PEVip) PleA T*dQL_$2LadTQ
L.
I(P")<I(P)
dp+2
d Q L-1
<C oL - QLdQ Zsup {21(P){t’+3+r+ﬁd§2}z 9l(P"){~[dg+3]t+6° } Z DistVdTQ}—i—
2k py T I(P")=1(P)

P’EVI(PI):
Dist< Y2 HP)

1I(P)-1
07 Zsup {21( Wt —[do+1]48 Q} Z QUP ) {—t+1+r+p Q} Z Dlst"’ 5 }

gla’f ) T (P)=—1

P’ evl(P’)'l
Dist< Y2~ P

Here, using an integral as bound resp. a simple majorant for a sum of one item, we get
the following estimates for the sums over P’.

o-21(P") Z Dist? 2 < C[Trz(p)]v%}ﬂ’
Disth;D:’E(Z)l,(i(,;)gl(P’)
3 Dist® < ¢
P'EVy(pry:

Dist<T2~ (P 1(P)<I(P)

Inserting these formulas, we arrive at

dQ +2

L-1
L Z{zl( g gy 3 21(P’>{—[dQ+1]—t+ﬂ"TQ}}

2 UP) I(P")=I(P)

Nt < Orletr R
2La
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I(P)-1
+oria L ; Z{QZ(P){t’_[dQ-l-l]‘i‘ﬂdTQ_’Yd_Q
2La—Q

Q) Z 2l(P’){—t+1+r+ﬂdTQ}}
2 UP) I(P)=
dQ+2
< oyl B l? {2( Y1+ 4872 2 ) ol(P) (- [dQ‘H]—H‘ﬂdTQ}}
Q
2La7 l(P)
LdQJrZ
2 , dg _dg r aQ
+OY% 5 Z{Ql( JE (Ao +11+6°2 }21( ) —t+1+r+85 }+}
2% yp
oLt iftt=-rt=0
< C{ 2—L[2dT—r} if t = _dT, t = dT- (73)
For the second sum in Schur’s lemma, we analogously get
L—1

[t —1]U(P) o[ t+3]l(P/)2l(P){—[dQ+2]+ﬁd—Q}2l(P’){r+ng}
20 ol=

)t
d
PEAL: T @ DISt L 2
I(P)>I(P")
L-1

N{— dQ gl
sup { Y gl s LA AR AR
1(Py=—1 ' €Vicrry

dp+2 d d

—d _IRT ol - _7_Q }

PeAL: T-%L 2 27%72 Dist 2
I(P)<U(P")

L-1

gLa= P'EVypi
dQ+2
e} d
X E Dist"2 , + CYT%

Z 9l( (PY{-[do+1]— t+ﬁ 5 Q) %
9= La—

PeVyp):

Dist<T2™ (P

d L-1
) S UP)

3 Ql(P){t' ~[d+3]+87°2}
l(P’):—l :l(P’)—l—l

/ Q
sup { E 2’ i+t +r+657} E DlSt72 }
P’EVI(PI)
PEV[(P)
Dist<Y2~HP)

Estimating the sum over P’ by an integral resp. by a simple upper bound for one item, we
get

do =% L-1
tt 2
¥y < cYdetr=+2 2~

ol (P'){1-t+r+5°Q 72} Z ol(P){~[dg+1]+#+8°2}

+1
l(P’)
—I-CTdQ - Z QUP"){~[do+1]— tﬂ;dTQ,y‘LQ
oLa’®

Q3 Z QI(P){1+t +r+5°2}
I(P)=—1
C{ (’)(L*I) 1f t’ =

27L[2dT7r} if t =

IN

—r,t=0
—dT, t= dT.
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This estimate together with (7.3) and with Lemma 3.2 implies the assertions of the the-
orem for the quadrature errors in the case that the entries have a distance dist less than
T max{2 ") 2-UP)} and supports supp 1 and supp ¢ contained in a single parametri-
zation patch I',.

iv) Next we estimate the error caused by the quadrature for (K p,1p) in the entries with
0 < dist < Y max{27"), 2-UP)} but with supports supp ¢p and supp4p not contained
both in the same parametrization patch I',,. We denote the absolute values of the corre-
sponding terms in the entries of AS — A? by bp pr and set I, := min{l(P),l(P")} as well
as 5y := max{l(P),[(P’)}. From the definition of the Npp and Lemma 5.4 we infer

d

2a’Lfﬁmlm7/@MlM T2
] Liet1djgt~detr]

Ydist”
)

< CYde/?2[detl Q*La’dTQ le{*[dQ‘FZ]‘FﬁMdTQ}leﬁdeQ dist detrl+r' =5

bpp < 02—[dQ+2]lM[

To derive the missing consistency estimates (cf. (3.14)-(3.15)), we use Lemma 3.2. Setting
xr = —1, we obtain

Ei”t S C Z Sup { t+2]l(P) Z 27tl(P’)TdQ/2LdQ+127La’dTQ %

PEVI(P) PeAg

9lmBm dTQ olar{~[do+2]+8m dTQ}dist*[dQJrr]Jr“Y' dTQ }

< CTdQ/zLdQ+12 Lo/ %@ ZSUp{Zl( Wt +2+8m 2} Z ol (P"HY{- t+ﬁM—7[dQ+2}}

) * I(P")=I(P)
X Z dist*[dQJrl'H“’Y’dTQ n U P +2+00 "L ~[dg+2]} o
P’EVI(PI):
0<dist< 2~ 1(P)
1(P)—1 ) ,
Z 2l(P’){*t+ﬁmTQ} Z dist[dQ+r]+7,2Q}
(PHY=-1

P’ EV,(P/)
0<dist<T2- 1P

In the last right-hand side the first sum over P’ multiplied by 2-2(F) is less than the
integral foz_l(P) 2?;,(;3) y~ldotrl+7'de/2 4y dz, since the relation 0 < dist implies the lower
estimate cp* min{274") 271"} < dist, where cr is the Lipschitz constant for the inverse
parametrization mappings k', m = 1,...,mp. The second sum is over one item, and
the two upper bounds for these two sums over P’ depend on whether or not we have
—[dg + 1] —I—'y'dTQ < —1land — [dQ +r] —i—')/’d—Q < 0, respectively. For the sake of definiteness,
we assume 0 > 1 — [dg + 1] + 7' 92 The cases —ldg +r]++'F o c0<1- [dQ—I-r]—l—’)/'dTQ

and 0 < —[dg +r] + ’y’dTQ can be treated similarly. We continue

E;’,t < CTdQ/QLdQJrlz—La’dTQZ{ 9l(P ){t’+2+ﬂm 2} Z 9l (P"){~ t+ﬁM——[dQ+2}}
I(P) [(P")=l(P)
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5 Q2P 9=I(P)g=I(P){1-ldg+r+7 “2} | UPIF +2+0a L —ldg+2]}

I(P)-1 ) )
3 QZ(P'){t+ﬁm$}2l(P){[dQJFI‘]Jr’Y'zQ}}
I(P)=-1
dQ dQ L1 dQ
< Ordelr eyt E 5 {Ql(P){t’+1+ﬂm7} S ey R)
I(P) I(P")=I(P)
+9l(P Wt +r+[Br —v'] Z 9l (P){~ t+ﬁm }}
< Odel? [ do+1g—La' " oL{ldr—l+[dr+1]} o

L-1
Z{zl(P){—dT‘i‘H‘ﬂdeQ} Z 2l(P’){—dT+[r—1]+[ﬁM——y’]dTQ}
I(P) l(P’)*l(P)

_|_2l( H—dr+r+[Brn—'] Z Ql(P){— dr+Bim 2 }}

We assume dg > 2dr — r in Theorem 7.1. Furthermore, without loss of generality we
assume dg < 2dr — 2r. Note, if dg < 2dr — 2r does not hold, then we can replace the
parameter dg by a di, with the additional property d, < 2dr —2r, and Lemma 5.4 remains
true with dg replaced by di,. Thus we have —dr+r+ [BM—W’]%Q < 0 and —dr —i—ﬁdeQ < 0.
We conclude

Nt < CTdQ/ZLdQ+127La’dTQ2L{[det]+[dT+t’]} y
Z {21(P){—2dT+r+[a'—l}dTQ} + 2l(P){—dT+r+[ﬁM—’Y'}dTQ}}
I(P)

{ O(L™) ift/ = —r, t=0
<

i (7.4)

CYda/2[dat19=La'5" if ¢! = —dp t = dp.

Analogously, for the second sum in the Schur estimate, we arrive at

L-1
Eg,t < C Z sup {Z 2t’l(P)2[7t+2]l(P’)TdQ/ZLdQ+127La’dTQX

1(Py=—1 ' €Viry L peny
ot "L glr{—lda+2+83 "L } gigt ~da+rl+7' 2 }
d L1 d
< CTdQ/ZLdQHTLa’TQ Z {21(P'){t+2+ﬁM§9[dQ+z]}X
I(P)=-1

I(PY—1
sup {Z NGGTS SIS dist_[dQ“H”Y'dTQ]
) S(P)=-1

P'GVI(P/
PEV,(p):
0<dist<T2-1(P)
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L UP{—t+240m 2} o

L-1
sup |: Z zl(P){t'+ﬁMdTQ*[dQ+2}} Z dist[dQ+r}+7’d2Q:| }
(P

P'GVI(PI)
—I(P
) ( ) PEV,(p):

0<dist< T2 1(P")

Estimating the sum over P by an integral resp. by a simple upper bound for one item, we
get

L-1
E;’,t S CTdQ/zLdQ+12_L°"dTQ Z {2l(Pl){_t+2+ﬁMdTQ—[dQ+2]} "
I(P)=-1
I(P)-1 . )
{ > 2l(P){t’+ﬁmTQ}Z—l(P'){—[dQ—l—r]-}-'y’TQ}:|
l(P):—l

L ol(PY{ 4248 "R} o

L-1
{ T 21(P){t’+ﬁM%Q—[dQ+2n2zl(P>2—t<P')2—1(P){1—[dQ+r]+v'%Q}]}
(P=i()

S CTdQ/zLdQ+12_LaIdTQ %
L-1 4 I(P")-1 4
3 {21<P'>{—t+r+mM—¢]T@} S 2w
I(P)=-1 I(P)=—1
d L1 d
+2l(P’){ft+1+ﬂmTQ} Z 2l(P){t’+[r1]+[ﬁ’M’Y']2Q}}
1(P)=I(P")
- O(L™) ift! =-r,t=0
,d
= | ordel2Ldetio-La'F ify — _gn ¢ = dp.

This together with (7.4) and with Lemma 3.2 implies the assertions of the theorem for the
quadrature errors in the case that dist is positive and less than Y max{2!F) 24P}

v) Next we estimate the error caused by the quadrature for (Ktp/,1¥p) in the entries
with 0 = dist but with supports supp®¥p and supp ¥pr not contained both in the same
parametrization patch I',,. However, in view of the Lemmata 5.4 and 5.5 we have the same
estimates as for the case that the wavelets are supported on different parametrization
patches and 0 < dist ~ min{274") 2=1(F)} Therefore the technique from the part iv) of
the present proof applies also to the case 0 = dist.

vi) Finally, the estimate (3.16) is an immediate consequence of the estimate in Lemma
4.1, i.e. the error due to the quadrature of the right-hand side is bounded by O (2~ L2dr—rl),
To estimate the error due to the discretized multiplication, we set £ = —1 and apply the
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Lemmata 3.2 and 4.2. We define £ :=0 for ¢ > 0 and £ := 1 for t = 0, and get

L-1

/ '} ! d !
st < ¢ Z sup {2[t+2]l(P) Z 241(13)[271:] 9- Zmax{l()(P)}}

Pev
I(P)=—1 uP) Plen,

supp ¥ pNsupp ¥ pr 70

[ ]dQ Zsupzt’—i—? { Z 29— —tl( P’ (P)
: L-1
+ Z 2—tl(P’)2—21(P’) Z 1}
I(P")

P’EAL
supp ¥ pNsupp ¢ pr #0

IN

L-1
S C2 doL Z 2{t’ t|+ H(P LE + 02 doL Z 2t’ Z 27tl(P’)
I(P) I(P)=l(P)+1

-1 P4
< C{O(L ) ift'=—r,t=0

2~ Lde if ¢/ = —dT, t =dr.
On the other hand, setting £ :== 0 for ¢’ < 0 and £ := 1 for ' = 0, we get
L-1
oy w{ X
)

P'eV pr do
R S 2]

supp ¢ pNsupp ¥ pr #D

2t’l(P)2[ t+2]1 (P’)2 2 max{l(P), (P’)}}

L-1 (P
Sup 2[—t+2]l(P’){ Z 2t’l(P)2—2l(P’)
1

1 P’GVI(PI) (P):—l

IN
el
[SV]
)

&
(]

I Lzzl ot l(P) o —21(P) Z 1 }

I(P)=l(P")+1

PeAg,
supp ¢ pNsupp ¥ pr #D
L1 L1
< (02 %l Z ol—t+[tl+ H(P") 1 € 4 (r9g—doLog—tl(P’) Z ot'l(P)
(P)=-1 I(P)=I(P")+1
O(L™) ift=—-r,t=0
< )
< ¢ { 2~ Ldg ift/ = —dT, t=dr.
Thus the theorem is proved. "
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