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Abstract

This paper is concerned with phase-field systems of Penrose-Fife type which
model the dynamics of a phase transition with non-conserved vectorial order
parameter. The main novelty of the model is that the evolution of the order
parameter vector is governed by a system consisting of one partial differen-
tial equation and one partial differential inclusion, which in the simplest case
may be viewed as a diffusive approximation of the so-called multi-dimensional
stop operator, which is one of the fundamental hysteresis operators. Results
concerning existence, uniqueness and continuous dependence on data are pre-
sented which can be viewed as generalizations of recent results by the authors
to cases where a diffusive hysteresis occurs.

1 Introduction

Let @ ¢ RY, 1 < N < 3, denote an open, bounded domain with smooth boundary
[' and unit outer normal field n, and let Q := Q x (0,7), X :=T x (0,T), with
some final time 7" > 0. We then consider the system of partial differential equations

1 1
(6+30?) ~a(-5)=f@n e, (1.1
wt—q/Aw—l—%:O in @, (1.2)
Xe — BAx + 0Iz(x) + o(x) dw; in Q, (1.3)

subject to the boundary conditions

0 1 1
% (—5> + ng (—5> = h($,t) on E, (14&)
ow  Ox
2 _ by 1.4b
on  0On o (1.45)
and to the initial conditions
6(-,0) =6y, w(-,0)=wy, x(-,0)=x0, in Q. (1.5)
Here, the unknown @ is a scalar function on @, w = (wy,---,wy) and x :=
(x1,"++,xum) are vector functions on @ for a fixed M € IN, and ¢ : R® — R

is a vector function. Besides, f and h are functions prescribed on ¢ and X,
respectively, nyg > 0 is a fixed constant, and v and u are real parameters. In what
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follows, we will always assume that 0 < v <1 and 0 < g < 1, even though any
other bounded parameter intervals in [0, +00) could be considered. Finally, Z is
some nonempty, bounded, closed and convex subset of R™ such that 0 € Z.

The system (1.1)—(1.3) may be interpreted as a phase-field system modelling the
dynamics of a phase transition occurring in the container 2 with non-conserved
order parameter vector x . In this connection, 6 stands for the (positive) absolute
temperature, and w is a quantity related to x. In fact, if v = 0 then w can be
eliminated from the system, and (1.2),(1.3) reduce to the single inclusion

Xt — pAx + 0Iz(x) + o(x) + % 50. (1.6)
Note that the system (1.1),(1.6) is nothing but a phase-field model of the Penrose-
Fife type, if x is a scalar function, i.e. M =1, and if Z = [—1,1]. We refer the
reader to [3, 4, 7, 16, 17] for its well-posedness and the asymptotic convergence as
p N\ 0. We also note that in the case =0, 0 =0, equation (1.3) takes the form

xt + 0Iz(x) > wy, (1.7)

and the input-output relation w — x is nothing but the stop operator with the
characteristic set 7 , which is one of the basic examples for hysteresis operators (for
monographs on hysteresis phenomena and their mathematical treatment, we refer
the reader to [2, 9, 18]). Therefore, (1.3) constitutes a diffusive approzimation to the
stop operator, and we may interpret the system (1.2),(1.3) as a model for a phase
evolution taking both diffusive and hysteresis effects into account. In that sense,
the system (1.1)—(1.3) may be viewed as a first step to generalize the phase-field
systems with hysteresis studied in the recent papers [10, 11, 12, 13, 14, 15] to the
situation when the w — x -relation incorporates both hysteresis and diffusion.

In this paper, we study the system (1.1)—(1.5) in a more general setting. In fact,
the functions Z|x|> and —3 will be replaced by more general functions A and
a, respectively. It is the aim to show a well-posedness result and to study the
asymptotic behaviour of the solutions in dependence of the two parameters « and
1. We will be able to treat the case v \, 0, while the dependence on p turns out
to be more difficult: we will not be able to handle the asymptotics as p \ 0, but
only as u — f for some [ > 0. Hence, the case (1.7) of the “pure” stop operator

with v > 0 will not be covered by our analysis.

The rest of the paper is organized as follows: In section 2, we give a detailed de-
scription of the considered problem, define our notion of a solution, and state the
main results of the paper. Section 3 is concerned with the continuous dependence
of solutions with respect to the initial and boundary data and to the function f.
The main theorems stated in section 2 are then proved in the subsequent sections 3
to 5.



2 Statements of main results

Let us consider the following general assumptions:

(A1) « is a nondecreasing function from an open set D(a) into IR, which
is locally Lipschitz continuous on D («), and assume that o is a maximal
monotone graph in IR x IR; we fix a primitive & of a, which is a proper
lower semicontinuous and convex function on IR.

(A2) X is a function of C2-class on IR™ ; we denote by X the gradient operator
of Ain RM i.e. N(x) = (%(X),“ 9 (x)) for x := (x1,- -, Xu) -

Y xm

(A3) o is a vector field of C'-classin R .

(A4)  Z is a nonempty, bounded, closed and convex set in IR™ such that 0 € Z;
we denote by I(-) the indicator function of Z on IR™, namely

1,00 0 if xeZ
#X 400 otherwise,

and by 81I4(-) its subdifferential in IR,

Now, our problem, referred to as (P,,), is of the following form:

0 + Ax)): — Aa(f) = f(z,t) in Q, (2.1)
wy — yAw — a(@)N(x) =0 in Q, (2.2)
Xt — pAx + 0Iz(x) + o(x) 2w in Q, (2.3)

subject to the boundary conditions

0a(f
9alb) + noa(f) = h(z,t) on X, (2.4)
on
ow 0x
%—%—0 on 2, (25)
and to the initial conditions
0(-,0) =6y, w(-,0)=wy, x(-,0)=x0, in Q. (2.6)

In order to describe our results, we use the following simple notations:

(1) H := L*(Q), equipped with the standard norm |- |g and inner product
(-,")m, and in any product space of H the same notations |- |z and (-,+)g
are often used to indicate the standard norm and inner product, respectively.



(2) V:=HYQ), equipped with the norm

1
vy = {/ |Vv|2dx+n0/|v|2df‘}2, YVoeV,
Q r

and its dual space is denoted by V* with dual norm |- |y«. We denote by
(-,+) the duality pairing between V* and V', and by F the duality mapping
from V onto V*; by definition, F' is given by the formula

(Fv,u>:/Vv-Vudx+n0/vudF, Vv, ueV.
Q r

(3) We denote by A, the Laplace operator in H with homogeneous Neumann
boundary condition, i.e. we have, by definition, v = Agw if and only if
we H?(Q), ve H and v=Aw a.e. in Q, with 22 =0 a.e. on I'. In the

on
product space H™ | we denote simply by Agw the vector (Aqwy, -+, Aowas) ,
for w:= (wy,---,wu) -
In what follows, we denote by |-| both the absolute value of reals and the Eu-

clidean norm of vectors in IR™, and also by || the Lebesgue measure of Q in
RY, N =1,2,3. With the above notations, we now give a weak formulation for
problem (P,,).

Definition 2.1 Suppose that data f € L?(0,T;H), h € L*(0,T; L*T)), 6 €
H,and wp, xo € HM are given. We then call a triple {e,w,x} with e := 0+ A(x)
a (weak) solution to (P,,) for real parameters u > 0 and v > 0, if the following
conditions are satisfied:

(a) ee WY (0, T;V*)NL3(0,T;H), a(f) € L*(0,T;V), and w, x € W"2(0,T;
HM) .| Moreover, x € L2(0,T; H*(Q)M) and w € L?(0,T; H3(2)M) if v > 0.

(b) Equation (2.1) and the boundary condition (2.4) are satisfied in the sense
that
e'(t) + Fa(6(t)) = f*(t) inV*, fora.e. te(0,7), (2.8)

where the prime denotes the time derivative % , and where f* € L*(0,T;V*)
is defined by

(1), 2) = (f(), 2) +/Fh(-,t)zdF VzeV, forae te(0,T). (2.9)

(c) Equations (2.2), (2.3) and the boundary conditions (2.5) are satisfied in the
sense that

w'(t) — v Agw(t) — a(0(t)) N(x(t)) =0 in HY, fora.e. t € (0,T), (2.10)
X' (1) — wAox(t) + 0Iz(x(t) + o(x) > w'(t) in HY, fora.e. t€(0,T).

(2.11)
If v =0, then the term vy Agw is neglected in (2.10).
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(d)  The initial condition (2.6) is satisfied in the sense that

e(0) =ey:=0y+ A(xo) in V', w(0)=wy, inH, x(0)=xo in H.

We can now state the main results of this paper. Concerning existence, we have the
following result:

Theorem 2.2 In addition to the conditions (A1) to (A4), suppose that one of
the following (a),(b) and (c) holds:

(a) a <0 on D(a), and X is a convex function on RM such that

x-N(x) >0, Vx € Z, Vx € 0Iz(x). (2.12)

(b) D(a)) =R, and « is Lipschitz continuous on IR.
(c)y=0.

Further suppose that f € L2(0,T;H), 0y € H with &(6y) € LY(Q), wy € VM,
as well as xo € VM with xo(x) € Z for a.e. © € Q. Also, for the bound-
ary datum h € L*(0,T;L*(T")) assume that nio = a(h) a.e. on X for some
h € L*0,T;L*I)). Then, for v € [0,1] and u € (0,1], the problem (P,,)
has at least one solution {e,w,x} which satisfies the further regularity proper-
ties e € L>®(0,T;H), and x € L®(0,T;VM). Moreover, if v > 0 then w €
L(0, T; VM)

The second theorem is concerned with the convergence of the problems (P,,) with
respect to the parameters v and u.

Theorem 2.3  Assume that condition (a) or (b) is satisfied and that f, h, 6y, wy
and xo are as in Theorem 2.2. Let {v,} and {u,} be two sequences of strictly pos-
itive numbers such that v, — 0 and p, — p as n — 4oo, for a positive number
k. Besides, let {en, wn, xn} be solutions to (P,,,.). Then {e,,w,, Xn} converges
to the unique solution {e,w,x} to problem (P,,) in the sense that

en — e strongly in C([0,T);V*), e — € weakly in L*(0,T;V*), (2.13)

a(f,) — a(f) weakly in L*(0,T;V), w, — w weakly in W"(0,T; HM), (2.14)

Xn — X weakly* in L=, T; VM), x. = X' weakly in L*(0,T; HM), (2.15)
where 0, :==e, — A(xn) and 0 :=e — A(x) .

The typical example such as mentioned in the introduction satisfies condition (a) of
Theorem 2.2. The proofs of the above theorems will be given in sections 4 and 5.



3 Continuous dependence of solutions on the data

In this section, we prove the continuous dependence of solutions to (P,,) with
respect to the initial and boundary data and to the function f (which implies the
uniqueness of the solutions) in any of the following three special cases:

(Case 1) N =1, and there is a constant K, > 0 satisfying

. B Ko |a(f:) — a(f2)
(a(01) —(b2)) (61 —02) > 0(01) a(02)] + 1

(Case 2) D(a) = R, and « is Lipschitz continuous on IR, say, there is a
constant Ky > 0 satisfying

K() |Oz(91) — 01(92)| S |91 - 92| VGZ € R, 1= 1, 2. (32)
(Case 3) It holds v =0.

V0; € D(a), i=1,2. (3.1)

Theorem 3.1  Let {e;,w;,x;} be two solutions to (P,,), for v € [0,1], p €
(0,1], corresponding to the initial data {eq;, woi, X0i} , to the boundary data h;, and
to the source terms f;, for i =1,2. We then have the following results:

(i)  Assume that (Case 1) is given. Then it holds, for all s € [0,T],
le1(s) = ex(s) [+ + Ci |wi(s) — wa(s)lfy + [x1(s) — xa(s)[

(61) — a(6)]2
+02{K0/ / ||2‘911 O‘) 2 ge s

+ [V = w)f + 1900 - xa)i)(© dt} (33
< exp{Cy [ (la@(@)} + la@a(0)f} + 1) di}
v dt} :

2« + Cilwor — wozl% + [x01 — Xozl? + 04/0 |f1(t) — f5(2)

where ff € L*(0,T;V*) is determined by h; and f; as in (2.9), and where Cy,
1 <k <4, are positive constants depending on v € [0,1], u € (0,1], o, and X.

X {|€01 — €02

(ii)  Assume that (Case 2) is given. Then it holds, for all s € [0,T],
le1(s) — ex(s) [+ + C1|wi(s) —wals)lr + [x1(s) — x2(8)|
+0 { [0 1a(01) ~ (@)l + VG~ waly + V00 — x)li)0)de

< e {C [ (IO + @) + 1) dt}

X {|€01 — ega|y + Crlwor — woal? + |Xo1 — Xo2|% + C4A 5= F13@) dt} ,

(3.4)
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where fF, i=1,2, and Cy, 1 <k <4, are defined as in (i).

(iii)) Assume (Case 3) is given. Then it holds, for all s € [0,T],
2(s) — el + haals) — xe(s) + O [ IV~ xa)30)
< exp{Cs [ (|0 + la(@e) + 1) dt}
< {lear — ean L, (35)

where ff, i = 1,2, and Cy,, 1 < k < 4, are defined as in (i). Moreover, the

(2

functions w; are determined by

i(5) = woi + [ a(B:() XOu (1) at,

forall s€[0,T] and i =1,2.

e+ Ixo1 — xo2l% + C(4/0 \fi—f

Proof. In what follows, we will suppress the argument ¢ for the sake of brevity
whenever this is appropriate and does not lead to confusion. First, we take the dif-
ference of the equalities (2.8) and (2.10), and of the inequalities (2.11), respectively,
for two solutions {e;, w;, x;} to obtain, with the abbreviating notations «; := a(0;),
Ai = A(xi), Ay =XN(xi), and 0y :=0(xi), 1=1,2,

(e1 —e) + Flay —ap) = ff — f; in V* a.e in (0,7), (3.6)

(w; —ws)" — vy Ag(wy —ws) — (A} — azAy) = 0 in HM  a.e.in (0,T), (3.7)
(Xl_XQ), —NAU(Xl—X2) + (X~1—X~2) +o1—0y = (wl—wz)' in HM, a.e. in (O,T),
(3.8)

where x; € 0Iz(x;) a.e. in @ for i =1,2.
We now perform the following computations:
(i) Take the inner product in V* between both sides of (3.6) and e; —es.
(ii) Take the inner product in H* between both sides of (3.7) and x1 — X2 .
(iii) Take the inner product in H™ between both sides of (3.8) and x; — X -
(iv) Take the inner product in H between both sides of (3.7) and w; — w, .

From (i), we obtain that a.e. in (0,7
1d

- —|€1—62

5 1 e+ (=0, 00—02) i + (01—, \i—A2)g = (fi—f5,e1—e2)v+. (3.9)

Next, prior to performing (ii), we note that
A1) — Ax2) = XN(xa) - (a = x2)l < L) xa — x2l,
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where L()’) denotes the (finite) Lipschitz constant of A’ on Z. Therefore it follows
(cf. [6]) that

(A —aaXy)-(xa—x2) < (a1 —a2)(A—A2)+L(X) (lon|+]aa]) [xa—x2l>.  (3.10)

Now, on account of (3.10), the second calculation (ii) yields
(wy —wy, x1 — x2)m + ¥ (V(wr —w2), V(x1 — x2))u

< (1 — az, M — M) + L(N) /Q(|oz1| + o)) [x1 — xof? do (3.11)

a.e. on (0,7). The computation (iii) yields, with the (finite) Lipschitz constant
L(o) of ¢ on Z, that a.e. in (0,7) it holds

1d
> d Ix1—Xa|% + 1 IVOa—x2)[7 < L(o) |[x1—xa|% + (W) —wh, x1—X2)m- (3.12)
Finally, we have by (iv) that a.e. in (0,7)

1d

oW lwy — walf + [V (wr — wa) %

< M(A’)L|a1 — | |wr — wa|dz + L()\’)/Q|a1| X1 — x| |w1 — ws| dz, (3.13)
where M(X') := sup, ;[N (x)]|.

We now have to estimate each of the cases (Case k), k = 1,2, 3, individually.

(Case 1):  Assume that v > 0 (the case v = 0 is treated below in (Case 3)).
Using (3.1), we derive from (3.9) that

1d 9 |061—Olg|2
- —|leg — . K —=d — o, A1 — A
5 dt les — ealy» + Ko oloras] + 1 z + (01 —ag, M 2)H
1 * %2 1 2
< ) \fr = Flve + 5 le1 — ]y« a.e.on (0,7). (3.14)

Since N =1, L*(Q) is compactly embedded in V', so that there is some ¢y > 0
satisfying
|Z|Loo(g) S Co |Z|V VzeV.

Hence, the second term in the right-hand side of (3.11) is dominated by the expres-
sion
LN eo (lealy + lazly + 1) xa = xel- (3.15)

Similarly, employing Young’s inequality, we find that the first term on the right-hand
side of (3.13) is dominated by

_ 2
e M) Ko [ A= go o ) (s + Jaslt + 1) s — wolfy, (3.16)

Qlogas] +1



while the second term can be estimated by

1

2 o LX) Jealv (Ix1 — Xl + |wi — wel}), (3.17)

where ¢ is an arbitrary positive number, and ¢, is a positive constant depending
only on £. Now, adding (3.11), (3.12), (3.13) multiplied by C; := %21, and (3.14),

and using (3.15)—(3.17) with sufficiently small ¢, we obtain an inequality of the
form

d

|011—le2|2 . )
ol A=l o )B4 VO —
2{ " Ja lar | + 1 z + [V(wr —w)lz + [Vxa — x2)lw

< Cs(laly + |aold + 1){|61 — €2
+Cy|fi — 13

a.e. on (0,7), where Cy, C3, C4 can be chosen to be positive constants depending
only on 7, u, A, and o. Using Gronwall’s lemma, we can conclude (3.3) from (3.18).

Ve + O wr —wolf + [x1 — xal% )
o (3.18)

(Case 2):  As before, we assume that v > 0. We use the following inequality,
which for N < 3 is easily derived from the standard interpolation inequality:

/QIZI lul [o]dz < e (IVuly+IVolg) + cc|2lv (Julg+vlE) Yz, u,veV,  (3.19)

where € is an arbitrary positive number, and where ¢, is a positive constant de-
2
pending only on e. If o satisfies (3.2) then inequality (3.14) with K J, :22=22 ¢

a1 a2|+1
replaced by the expression Kj|a; — as|% holds. Also, using (3.19), we see that
the second term on the right-hand side of (3.11) is a.e. in (0,7') dominated by the

expression

e LX) IV (xa — x2)li + e LV)(lenly + leali) b — Xl - (3.20)

Besides, the first and second terms on the right-hand side of (3.13) are respectively
dominated by the expressions

eM(N) a1 — asly + ce M(N) |wy — wal%, (3.21)

e L(N) (IV(w1 —wa) [ + 1V (xa = x2) &) + e LOV) louly (Jwr — walfr + D — xalz) -
(3.22)
Now, just as in (Case 1), taking (3.20) to (3.22) into account, we see that (3.18), with

a1 —as|?
al a2|—|—1

the expression Kj [, | dr replaced by Kj|a; — as|%, holds. Consequently,

(3.4) is satisfied.

(Case 3):  Sum up (3.9), (3.11) with v =0, and (3.12), and use (3.19) in order to
estimate the second terms on the right-hand sides of (3.11) and (3.13). As before,
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we then obtain

d

2 le —ealt + b —xalh} + V00 —x2)lis

< Cs(loaly + loafy + 1) {les — 2t + o — xelie} + Culfy = £5R-

a.e. on (0,7, whence the required inequality (3.5) follows. 0

4 Approximate solutions and their uniform estimates

In this section, we consider an approximate problem for problem (P,,) with pos-
itive =y, . To this end, let as be a Lipschitz continuous, globally bounded and
nondecreasing function on IR with parameter § € (0, 1] such that as converges to
a on IR x IR in the sense of graphs as 6 — 0. In this paper, choosing a strictly
decreasing family {rs} and a strictly increasing family {ss;} in IR with respect to
0 satisfying

rs L inf D(a), sstsupD(a), as d =0,

we take as «s the function

a(rs) for r <rs,
as(r) =< ar) for rs <r < ss,
a(ss) for r > s5.

Clearly, the range R(as) of as is bounded. In this case, a primitive ds of as can
be chosen so that ds — & uniformly on each compact subset of D(a) as § — 0.
Moreover, for the initial and boundary data 6, and h smooth approximations 6y
and hs are chosen such that, as § — 0,

905 — 90 in H, &5(905) — 6[(90) in LI(Q),
as well as
hs — h in L2(0,T; L*(T")), hs = noas(hs) — h in L*(0,T; L*(T)).

Also, let fy € L?(0,T;V*) be the function determined from f and h; just as f*
in (2.9) of Definition 2.1. We now refer to (P;,) as the problem (P,,) with 6, f*,
o, replaced, respectively, by 6ps, f5, as, in Definition 2.1. We have the following
result.

Proposition 4.1  Let v > 0, > 0, § > 0. Then problem (PJ,) has a
unique solution {€us, Wyus, Xyus} Such that ey,s € WH(0,T;V*) N L>(0,T; H),
as(0.5) € WH(0,T;H) N L*(0,T;V) with 0,5 = eyus — MXqus), as well as
Wops, Xous € WH2(0,T; H) N L>(0,T;V) N L*(0,T; H*(Q)) .

10



Proof. The construction of a solution is based on the standard fixed point argu-
ment for continuous operators in compact convex sets. To this end, we consider the
following three Cauchy problems

w — yAow=aN(x) in HM, ae.in (0,7), w(0)= wy, (4.1)
X — wAox + 0Iz(x) + o(x) 2w in HY | ae.in (0,7), x(0)=xo0, (4.2)
0 + Fas(0) = f; — Ax)" in V* | ae.in (0,T), 6(0) =0, (4.3)

for each pair of functions (u,%) € X, where

x =L, %); € L*(0,T;H), 4 € R(as) a.e.in Q
T X5 x € L2(0,T; HM), x € Z a.e.in Q '
It is well-known that for each (@, x¥) € X the problem (4.1) admits a unique solution
w in WhH2(0,T; HM) N L>(0,T; VM) satisfying the bound
|w|W1,2(0’T;HM) + |w|Loo(0,T;VM) S AU (1 + |w0|V) y (44)

where Ay > 0 is independent of the choice of (z,x) € X since

1 1
sup [@XN(X)[rerimry < T2 Q2 sup {[as(r)| [N (p)[} < +00.  (4.5)
(5,x)EX reR,peZ

In fact, (4.4) is easily obtained from testing (4.1) by w’. Next, for this function w
problem (4.2) has a unique solution x in W12(0,T; HM)NL>®(0,T; VM) satisfying
the bound

IX|wi2mmny + XLy < A (14 [xolv + |w'|L2,mm00)) 5 (4.6)

where A; > 0 is independent of w'; in fact, (4.6) follows from the inequality
obtained by multiplying (4.2) by x'. Finally, owing to the result in [5; Theorem
1.5], the problem (4.3) has for this function x a unique solution 6 belonging to
Wh2(0,T;V*) N L>(0,T; HM) such that as(0) € L*(0,T;V), and satisfying the
bound

|9|W172(0,T;V*) + |9|L°°(0,T;H) + |a6(9)|W172(0,T;H) + |015(9)|L°°(0,T;V)

< A {1 + 0oslv + X' |20,y + [flL200,mm) + |BJ|W1’2(O,T;L2(F))} : (4.7)

where Ay > 0 is independent of x’; indeed, the bound (4.7) is obtained by multiply-
ing (4.3) by 0, ¢, and 4(a;(0)), and by using the condition that as(hs) = hs/no
on X.

Now, let S: X — X denote the operator that assigns to each (@, ¥) € X the pair
of functions (u,x) with u := as(f) which satisfies (4.1) to (4.3). Moreover, put

Az = A [1 + |xolv + Ao (1 + |wolv)] ,
Ay = Ay [1 + [Ooslv + As + [flr20zm) + |h5|W1’2(07T?L2(F))] ’
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and

= Ulwi2(o,rm) + |U|re,rv) < Ay, @ € R(as) a.e.in Q
X — u, 6 X, |_ [ - Ly B i .
’ {( X) (X | w2y + (X po@rvyy < Az, X € Z a.e.in Q

Obviously, X, is a nonempty, compact and convex subset of L?(0,T;H)
x L2(0,T; HM) . Also, it follows from (4.4) to (4.7) that S(X,) C X, .

Next, we prove that S is continuous in X, with respect to the topology of
L*(0,T;H) x L*>(0,T; HM). To this end, assume that (@n,%X.) € X, U, — @
in L?(0,T;H), and X, — x in L*(0,7; H), and denote by w,, Xn, and 6,
respectively, the solution to (4.1) with (@, ¥) replaced by (i,,X.), the solution
to (4.2), and the solution to (4.3), respectively. Then, by (4.7), and owing to the
well-known general results concerning the continuous depencence of the solutions to
the evolution equations (4.1), (4.2), (4.3) (cf. [1, 5]), we can conclude that

w, — w strongly in W'?(0,T;H), xn—x strongly in L?*(0,T; HM),
X, — X weakly in L*(0,T; HM), 60, — 0 weaklyin L*(0,T; H),
0! — 0 weakly in L*(0,T;V*), «5(0,) — as(f) strongly in L*(0,T; H),

and the limits w, x, @ are solutions to (4.1), (4.2), (4.3), respectively. This shows
that S(@, x) = (as(0), x), which proves the continuity of S in X, with respect to
the topology of L?(0,7T;H) x L*(0,T; H™).

It now follows from Schauder’s fixed point theorem that S has at least one fixed
point (u,x) in Xy, which in turn gives a triple {e, w, x} such that v = a5(0), e :=
6+ A(x), and w is the solution of (4.1) with @ X'(x) = u X' (x). Consequently, this
triple is a solution to (P2,). The uniqueness of a solution of (P?,) is a consequence
of (Case 2) of Theorem 3.1. 0

In the remainder of this section, we will derive some uniform estimates for the
approximate solutions {e..s, Wyus, Xyus} and Oyu5 := €qu5 — A(Xypus) constructed in
Proposition 4.1. For simplicity, fixing the parameters vy € (0,1] and u € (0,1], we
denote them by {es,ws, xs}, where 05 := es — A(xs) , for each § € (0,1]. We then
have

93 + )\(XJ), + Fa5(95) = fg in V*, a.e.in (O,T), (4.8)
wh — v Aows = as(05) N(xs) in HY | a.e.in (0,7), (4.9)
X5 — wAoxs + 8Iz(xs) + o(xs) 2wy in HY | ae.on (0,T), (4.10)

with initial conditions 605(0) = 6ys, ws(0) = wy, and x5(0) = xo -

Proposition 4.2  Assume that the same conditions as in Theorem 2.2 are salis-
fied. Moreover, for the parameters v and p, assume that 0 < v < Lou for some
constant Ly > 0. Then there exist constants ar > 0, 1 < k < 6, independent of
all the parameters v, p, 6 € (0,1], such that the function

Es(t) := /st(t%(t)) dz + a1y [Vws(t)[} + a2 [Vxs(t) [ + as [xs ()5 + 10:(t)[
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0 <t<T, satisfies the inequality

d
aEa + a4 [|015(96)|%/ + |wsy + |X:s|%1]

< a5 s + ag [|ff3 + [hsl3ay + hsliey + 1] aein (0,7). (4.11)

Proof. We test the functions a5 := as(fs) to (4.8) in V* x V', and x5 to (4.9)
and (4.10) in HM x HM . Tt then follows with the help of Young’s inequality that

d . 1 1. .
a/ﬂoz(;(t%) do + (\)s ) + 5 lasly < 515513 aein (0,7),  (412)

(whxs)i < elosfy +Bu(e) + 2 |Vwslly + 2 [Vxolly ace.in (0,7),  (413)

1d
2 di

with an arbitrary small positive number € and a positive constant Bj(¢) depending
only on €, where B, := |Q sup,c,{|o(q)|* ¢}, and where in (4.14) the monotonic-
ity of the subdifferential 07 (cf. (A4)) has been used.

Next, test wj; and x5 to (4.9) and (4.10), respectively, in HM x HM to get by
Young’s inequality

Ixs|% + 1| Vxsly < (wh,xs)m + Bs a.e.in (0,7), (4.14)

'yd

lws| + [Vwslyy = (asX(xs), ws)m a.e. in (0,T), (4.15)
2 dt
as well as
1 1, )
1 Ixs|5 + 2 7 |Vx5|H < |w§|H + By a.e.in (0,7). (4.16)

Also, test as\'(xs) to (4.10) in HM x HM to get

(A(xs)'s as)r — (s (xs), ws)m
= —(Vxs, V(asX (xs)))r — (Xs, 25X (xs)) 1 — (0(xs), 25N (X5)) (4.17)
where ¥; is a function in L2(0,T; HM) satisfying xs € 8Iz(xs) a.e. on (0,T).
Moreover, by testing formally 65 to (4.8) in H x H, we see that

2 105l + (A0x) O5)ar + (Vas, V)
+ g /F (a5 — as(hs)) 05 dT = (f,05)n a.e. in (0,7). (4.18)

Besides, by the monotonicity of the function as(-), and owing to the conditions on
hs , we have

(VO[J, VQJ)H Z 0, No A(Oxg — Ozg(ilg)) 95 dl’ Z No A(a,; — Ozg(ilg)) ;L(g dl’. (4.19)
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Therefore, it follows from (4.18) and (4.19) that

d 1
105y < < laaly + el + B0l (4.20)

+ By (|f|%q + |]’L5|%2(F) + |il,5|%2(p) + 1) a.e. in (O,T) )

where Bj(¢g) is a positive constant depending only on any small positive number ¢
and B; > 0 is a positive constant independent of all the parameters v, u, ¢, €.
Note here that (4.18) to (4.20) are just formal computations because of the lack of
regularity properties of 65, but (4.20) can be rigorously verified via an appropriate
further regularization of problem (4.10).

Now, consider the case when condition (a) is satisfied. In this case, note from the
non-positiveness of « and (2.12) that (xs, s\ (xs))z < 0. Hence, by (4.17) we have

(A(xs)', 5)ur — (asX (xo), w)m > —elasly — Bs(e)(W’|Vxsly +1),  (4.21)

where € is an arbitrary positive number and Bj(¢) is a positive constant depending
only on e. Now, add the inequalities (4.12)—(4.16), (4.20) and use (4.21). We then
find that a.e. in (0,7) it holds

1[4 g u 1

dt {LO‘J(%) de + o [Vwsly + 51Vl + 5 Ixsln + |95|§I}
+ (5~ 22) oy + 5 lwili + (3 —<) bl

(LOM

1
S & By(e)w?) [Vxally + 3 [Vl + Bo(e) sl + 5 157

+ By (|f|§1+ hsl3ay + hsl3oqy + 1) + Bi(e) + 2B + Bs(e). (4.22)

<

2
V*

Therefore, we can easily derive an inequality of the form (4.11) from (4.22) by a
suitable choice of the a;, 1 < k < 6, with sufficiently small ¢ > 0.

Secondly, consider the case when condition (b) is satisfied. In this case, by the
Lipschitz continuity of o we see that

|(A(xs)'s as)u| < elxs|% + Bes(e)(|6s]% + 1)
and
(X (xs), w5) | < elws|% + Bs(e)(|0s[% + 1),

where € is an arbitrary positive number and Bg(¢) is a positive constant depending
only on e. Summing up (4.12)—(4.16) and (4.20), and using the above two inequali-
ties, we obtain an inequality similar to the form (4.22).

Finally, when condition (c) is satisfied, we have

(ws, x5)m = (M(xs)', 2s) (4.23)
and
1 12 I 2 li 1 1
S DG+ S19xf < (wh, X6) + 5 Ba (.24
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a.e. on (0,7), which are derived by multiplying (4.9) and (4.10) by x%. Summing
up (4.12)—(4.14), (4.20), (4.23) and (4.24), we again obtain an inequality of the form
(4.22).

This ends the proof of the proposition. 0

Corollary 4.3  There is a constant Ny > 0, independent of all the parameters
v, u, 8 €(0,1], such that

|95|12/V1a2(0,T;V*) + |95|%°°(0,T;H) + |a5(95)|%2(0,T;V) + N|VX5|%°°(0,T;HM)
+ |X:$|%2(0,T;HM) + 7|Vw5|%°°(0,T;HM) + |w:5|%2(0,T;HM) (4.25)

< No [|f|%2(O,T;H) + |h5|%2(0,T;L2(F)) + |B5|%2(0,T;L2(I‘))

+as(00s)| gy + 100sl3 + [xol} + lwolt + 1].

Proof. Applying Gronwall’s Lemma to inequality (4.11) in Proposition 4.2,
we immediately obtain a uniform estimate of the form (4.25), except the one for
|0s|wr2m;v+y . The estimate for |0s5|wi2(0r;v+) follows from the relation 65 =
—Fos — $X(xs) + fr - O

5 Proofs of the existence results

We first prove Theorem 2.2.

Proof of Theorem 2.2.  Consider the case when 4 > 0 and § > 0, and let
{es, ws, xs} with 65 := es — A(xs) be the family of approximate solutions for (P,,)
constructed in the previous section. Then, according to Corollary 4.3, invoking
some standard compactness results, we can claim that there are a sequence {d,}
with 6, — 0 as n — +oo, as well as functions § € WH2(0,T;V*) N L>(0,T; H),
ot € L2(0,T; V), w € WY2(0,T; HM) N L>(0,T; VM), and x € WH2(0,T; H®) n
L>®(0,T; VM) such that

0, := 05, — 0 strongly in C([0,T];V*) and weakly* in L>°(0,T; H), (5.1)

o = as,(0,) — o weakly in L*(0,T;V), (5.2)

Wy, i= W5, — W, Xn:=Xs, — X , both stronglyin C([0,T]; HM)
and weakly in L2(0,T; VM), (5.3)
w, —w', x, —x, both weakly in L*(0,T; H). (5.4)
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Hence, x € Z a.e.in @, and
A(xn) — A(x) both strongly in C([0,T]; H) and weakly in W*?(0,T; H), (5.5)
as well as
N(xn) = N(x), o(xa) = o(x), both strongly in C([0,T]; HY). (5.6)

Now, take § = §,, in (4.8) to (4.10), and pass to the limit as n — +oo. Then, by
the convergences (5.1) to (5.6), we have

0 + Ax) + Fa*=f* inV*, a.e.in (0,7), (5.7)
w — yAyw=o* N(x) in HY | a.e.in (0,7), (5.8)
X — plox + 0Iz(x) + o(x) 2w’ in HM  a.e.in (0,T). (5.9)

Therefore, in order to complete our proof it suffices to show that o* = a(f). This
is shown as follows. By (5.1) and (5.2), we have that

T
/ (Fag, F~Y(6, — 0))dt 0 asn — +oo,
0

so that
T

T
lim [ (cn, 00)5 dt = / (a*,0) 5 dt. (5.10)
0

n—+o00 Jo

Since a,, — a in H in the sense of graphs, it follows from (5.10) that o* = «(6)
a.e. in Q. Thus, {e,w,x} with e:=60+ A(x) is a solution to our system (FP,,).

In the case v =0 and g > 0 the proof is only a slight modification of the above,
so we may omit the details. 0

Proof of Theorem 2.3. Let {v,} and {u,} be as in the statement of The-
orem 2.3, and denote by {e,,wn,Xxn}, with 6, := e, — A(x»), the sequence of
solutions of (P,,,,). Then, from (4.25) in Corollary 4.1, we may assume, by taking
subsequences if necessary, that the following convergences hold for some functions
0 € Wh2(0,T;V*) N L>(0,T; H), a* € L?(0,T;V), w € WH(0,T; HM) and
x € W2(0,T; HY) N L>(0,T; VM), with x € Z a.e. in Q:

0, — 0 both strongly in C([0,T]; V*) and weakly” in L>(0,T; H), (5.11)

oy = a(f,) = o* weakly in L*(0,T;V), (5.12)
w, — w weakly in WH2(0,T; HM), (5.13)
Xn — X strongly in C([0,T]; H™) and weakly in W"?(0,T; H™) N L*(0, T; V™).

(5.14)
Just as in the proof of Theorem 2.1, it follows from the convergences (5.11) to (5.14)
that o* = a(f) a.e. in Q, and {e,w, x}, with e := 0+ A(x), is a solution to (Pp,),
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since the sequence {v,Aow, (= w), — a(6,) A(xx))} is bounded in L?(0,7; HM)

n

and converges weakly to 0 in L2?(0,T; HM). Moreover, by the uniqueness result for
(Pou) (cf. (Case 3) in Theorem 3.1) we can conclude that the above convergences
hold for the entire sequences {7,} and {u,}, and (2.12) to (2.14) hold. This ends
the proof of the theorem. 0
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