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Abstract

We study in detail Schrédinger-type operators on a bounded interval of the
real axis with dissipative boundary conditions. The characteristic function of
such operators is computed, its minimal self-adjoint dilation is constructed
and the generalized eigenfunction expansion for the dilation is developed. The
problem is motivated by semiconductor physics.
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1 Introduction

Quasi stationary quantum mechanical models in semiconductor device sim-
ulation mostly rely on self-adjoint Schrodinger operators for the description
of particle densities in connection with some fixed equilibrium distribution
function, cf. e.g. [15],[16], [22],[25]-[28]. The self-adjointness assumption for
Schrodinger’s operator is natural since only for self-adjoint observables quan-
tum mechanics is well developed. Unfortunately, such an approach has the
disadvantage that only closed systems can be well described. In particular,
considering the self-adjoint Schrédinger operator in some bounded region the
current density [21] on the boundary of this region is necessarily zero due to
the fact that the complex conjugation commutes with the Schrodinger opera-
tor. However, one approach in semiconductor device simulation is to describe
the semiconductor by different models in different parts of the simulation
domain, cf. e.g. [17]. In particular one is interested in the embedding of a
quantum mechanical described structure, e.g. by some Schrodinger-Poisson
system, into a potential low governed by the well-known drift diffusion model
[13],[14],]23],[24]. A natural boundary condition for models adjacent to each
other is the continuity of the normal component of the current, which is
impossible if the Schrédinger operator in the quantum mechanical model is
self-adjoint.

To overcome this difficulty there are different proposals. In [8],[9],[10] Schro-
dinger-type operators are used whose boundary conditions depend on the
spectral parameter. The approach goes back to [12]. However, the problem
is that instead of one operator which describes the physical system one has
to do with a family of Schrodinger-type operators which implies different
conceptual difficulties.

In [18] we regarded a Schrodinger-type operator with non-selfadjoint bound-
ary conditions. The corresponding open quantum system is driven by an
adjacent potential flow acting on the boundary. This approach has the ad-
vantage that exactly one Schrédinger operator describes the physical system.
However, the price which one has to pay is the non-selfadjointness of the
Hamiltonian.

Following this line of investigation, we consider a Schrodinger-type operator

H on a bounded interval [a,b] of the real axis R with dissipative boundary
conditions, effective mass m > 0 satisfying m+ L € L*°([a, b]) and real valued
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potential V' € L?([a,b]) defined by

iy = d FEWE ) sl (2) € W (o8],
! (H)‘{ (@) = ~rag(a). ﬁ(b)g'(b):mbg(b)} (LD
and
(Hg)() = (Ug))(x) g € dom(H), (12)
where
10 (w) i= 5 s ala) + Vilg(a). (1.3

and kg, kp € Cy = {z € C: Qm(z) > 0}. In a forthcoming paper we
intend to include such operators in Schrédinger-Poisson systems. To overcome
conceptual difficulties arising from the non-selfadjointness of H we use the
well-known fact from harmonic analysis of operators in Hilbert spaces [11] that
each maximal dissipative operator admits a minimal self-adjoint dilation. In
the future, we adopt this self-adjoint dilation as the Hamiltonian of a closed
larger system in which the original system described by H is embedded. This
has the advantage that one can use the usual quantum mechanical formalism.
For the physical background of this approach the reader is referred to [33].

From this point of view it is important to have at hand an explicit con-
struction of the self-adjoint dilation of H. Self-adjoint dilations of dissipative
Schrodinger operators (m(x) = 1) on R, were constructed in [2],[3],[5],[7],[30]-
[33], for the whole R", n > 1, in [29]. Dissipative Schrodinger operators with
vector-valued potentials on R, were considered in [4] and [6]. Although the
operator H seems to be not so far from cases considered above an explicit
construction of the self-adjoint dilation for H is not available in the literature.

Finally, we are interested in physical quantities such as carrier and cur-
rent densities related to Schrodinger operators. For self-adjoint Schrodinger
operators these quantities can be expressed in terms of eigenfunctions of
the Schrodinger operator. Considering dissipative Schrodinger operators one
has to replace these eigenfunctions by generalized eigenfunctions of the self-
adjoint dilation. Thus one has naturally to develop an eigenfunction expan-
sion for the dilation.

The paper is organized as follows. In section 2 we introduce the dissipative
Schrodinger-type operator and summarize its properties. Section 3 is devoted
to the characteristic function of H and its properties. In section 4 we explicitly
indicate the minimal self-adjoint dilation of H. After that in section 5 we
calculate the generalized eigenfunctions of the self-adjoint dilation. In the
last section we briefly discuss possible generalizations of the model proposed
in [15].



4 H.-CHR. KAISER, H. NEIDHARDT, J. REHBERG

2 Dissipative Schrodinger-type operators

Let V € L*([a,b]) and let m,m~' € L*>([a,b]), m > 0. In accordance with
[18] we define the sesquilinear form

t{g, f1 = —kagla)f(a) — rpg(D)f(D)
1 S

- (2.1)
b
/a o 2m(x)9’(:v)f’(x) +V(z)g(x)f(2),

for f,g € dom(t) = W'%([a,b]) and k,, Kk, € C. By Theorem 2.20 of [18] the
form t is closed on $ = L?([a, b]) and sectorial. Hence, one can associate with
t[-, -] a maximal sectorial operator H. If either x, € C, or k, € C, then the
operator H is dissipative, i.e., Sm(Hg, g) < 0 for g € dom(H). In [18] such
an operator is called anti-dissipative. Indeed, from (2.1) we get

b
(Hg.9) = —ralg(a)|* = rolg (D) +/ dx lg'(@)* + V(2)lg(2)[* (2.2)

o 2m(z)

which yields Sm(Hg, g) < 0 for g € dom(H). In our one dimensional situa-
tion this dissipative operator H admits an explicit description which coincides
with that of (1.1)-(1.3). A dissipative operator is called maximal dissipative
if it does not admit any proper dissipative extension. Since H is maximal
sectorial the operator is also maximal dissipative.

The spectrum of the operator H is discrete and the only accumulation point is
infinity. Furthermore, the operator H possesses a Riesz basis. For a detailed
analysis of the spectral properties of H the reader is referred to [18].

Each maximal dissipative operator L admits a unique orthogonal decomposi-
tion into a self-adjoint operator L, and a completely non-selfadjoint operator
Leps, ie.

L=L;® Ley.s.- (2.3)

The operator L is called purely maximal dissipative operator if L is absent.
In this sense the operator H is purely maximal dissipative, cf. [18]. In
particular, this yields that H has no real eigenvalues.

In order to compute the resolvent of H let us introduce elementary solutions
va(x, z) and vy(x, z) which are defined by

lve(z,2)) — 2v4(2,2) =0, wvy(a,z) =1,

l(vp(x, 2)) — zup(z,2) =0, wp(b, 2) =1,
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The existence of these solutions for each z € C can be proved by writing (2.4)
and (2.5) in integral form

va(z, 2) = 1 — 2%, /xdtm(t)+2/xdtm(t)/ ds (V(s) — 2)ua(s,2) (2.6)

a

and

b b b
vp(z,2) =1— 2/@,/ dtm(t) + 2/ dtm(t)/t ds (V(s) — 2)up(s, z). (2.7)

Since (2.6) and (2.7) are Volterra-type equations they are always soluble.
Moreover, one gets that v, and v, as well as ﬁvg and ﬁvl’) are absolutely
continuous. Further, let W (z) := W (v,(x, 2), vp(z, 2)) be the Wronskian of
these solutions, i.e.

#(x)vg(x, z) — vp(x, 2) L

W(z) = v4(x, 2) vl (x, 2). (2.8)

2m(x) “

We note that W (z) depends only on z and is independent from z. In partic-
ular, for x = a and x = b one gets

1
W(z) = mvé(u, 2) + Kaup(a, 2) = Kkyva (b, z) — 0 vi(b,2).  (2.9)
Furthermore, the functions
Via (T, 2) = 0g(2,Z) and  wve(x, 2) = vp(x, Z), (2.10)

z € [a,b] and z € C are solutions of

l(Vsa(, 2)) = 204a(x,2) =0 v4,(a,2) =1

l(vw(x,2)) — 2z0(x,2) =0 vu(b,2) =1

Obviously, for the Wronskian W, (z) one gets that

1 1
Wi(2) = vz, z)mv;b(x, z) — vwp(z, z)2m(x)v*a(a:, z)=WI(z). (2.13)
Similarly to (2.9) we obtain
1 1
W*(’Z) = U;b(a7 Z) + Fd—avﬂ?(aa Z) = Ii_bU*a(b, Z) - Ufka(bv Z) (214)

2m(a)
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Let us define the following kernels

oL e )ualy.2) o y<e .
k(z,y;2) = W(z){va(x’z)vb(y’z) ey f W(z)#0, (2.15)

and

ki(z,y;2) = —

1 Vap (T, 2)0ia(y,2) ¢+ y<ux , .
W*(Z) { U*a(x7z)v*b(y, Z) <y f W*( ) 7£ 0.

(2.16)
2.1 Theorem. Let V € L*([a,b]), Sm(V) = 0 and kq,ky € C,. Then the
resolvent of the maximal dissipative operator H admits the representation
b
(=) 1)) = [ dykia,i2)f) = (217)

vyl 2) _ va(w,2)

’ b
02 / dy valy: )W) = 33775 /zdyvb(%z)f(y)’

f € L*(a,b]) and z € o(H). For the resolvent of the adjoint operator H* one
has the representation

b

((H*_Z)_lf)@):/ dy k. (x,y: 2) f(y) = (2.18)
v (z,2) [* Veal,2) [*
S [ ot o) = [ ayean s,

f e L¥[a,b]) and z € o( H*).

We omit the proof. Note that z € o(H) & W(z) =0 and z € o(H*) <
W(z) = 0.

3 The characteristic function

In the following we consider the case that both complex numbers x, and ky,

Ka = (o + %az and Ky = qp + %af, (3.1)
Gas @ € R belong to C,, i.e. ag,ap > 0. The other case that only &, or

kp belongs to C, can be handled mutatis mutandis setting formally either



DISSIPATIVE SCHRODINGER-TYPE OPERATORS 7

g = 0 or ap = 0 in the formulas below. Let us introduce the operator-valued
function T'(z2) : H — C2,

(a2 )
“”f(%mm+@1n@) (3.2)

for 2 € o(H) and f € L*([a,b]). Using (2.17) we find

e b e [ dy vy ) f(y)
i ( aa J, dy v(y. 2)f(y) ) 33)

for f € L*([a,b]). The adjoint operator is given by

TEIO@) = g (ol D). anm(a. )¢ (3.4)
! 7)€% + v (z, Z)EC
= e (—apvia(2,2)E" + vz, 2)€%)
z € [a,b], where
_ (& 2
5—(§a>€C. (3.5)
Similarly, we set
_ ( a((H = 2)"'f)(D)
T*(Z).f = ( —Oéa((H* —Z)ilf)(a) ) (36)
for z € o(H*) and f € L?*([a,b]). Using (2.18) we find
P — 1 —Qp f; dy U*a(y7 Z)f<y)
BN TAE ( o, [, dy va(y, 2)f(y) ) 3D
The adjoint operator has the representation
LI E) = g (om(r 2o D)€ 39
= % (—awva(z,2)€" + aguy(z,Z)E")

x € [a,b], £ € C2.
3.1 Lemma. Let V € L?*([a,b]), Sm(V) =0 and k4, ky € C,. Then one has

(H* —2)' = (H — 2)7t = —iT.(2)"T.(2) = —iT(2)*T(2) (3.9)
for z € o(H) N o(H*).
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Proof: Taking into account the boundary conditions (1.1) one gets

(H*f,9) — (f,H*g) = 2iSm(ry) £ (b)g(b) + 2iSm(k,) f(a)g(a)  (3.10)
for f,g € dom(H*). By (3.1) we find
(H*f,9) = (f, H*g) = ic;, f(b)g(b) + icv; f(a)g(a) (3.11)

Setting f = (H* — 2)"'h and g = (H* — 2) "'k with h,k € L?*([a,b]) and
z,Z € o(H*) we obtain

(H* — 2)" h, k) — (h, (H* — 2)"'k) = —i (T.(2)h, TL(2)k) (3.12)

where < -, - > is the scalar product in C%. However, the relation (3.12) implies
(3.9). Similarly, we prove the second relation. A

3.2 Lemma. Let V € L*([a,b]), Sm(V) =0 and k4, ky € C,. Then one has

(H*—2) ' —(H—2)"'4+2Qm(z)(H*—2) ' (H—2)"' = —iT(2)*T(z) (3.13)
for z € o(H) and
(H* —2)' = (H —2)' = 2iSm(2)(H — 2) " Y(H* — 2) ' = —iT.(2)"T.(2)
for z € o(H*).
Proof: Since
(Hf,9) = (f,Hg) = =2iSm(rs) f(0)g(b) — 2iSm(ra) f(a)g(a)  (3.15)
we find
(H=2)f,9)=(f,(H=2)g) = —iai f(b)g(b)—ia f(a)g(a)— iiv‘m(z)(?{,g)-

(3.16)
Setting h = (H — 2z)"'f and k = (H — z)"'g we find
(h, (H = 2)7'k) = (H = 2)"'h, k) = (3.17)
—i(T(2)h, T(2)k) — 2iSm(2)((H — 2)"'h, (H — 2)"'k)
which immediately implies (3.13). Similarly, we prove (3.14). JAN
By (3.13) and (3.14) we find
T(2)"T(z) = Tu(2)"T.(z) = (3.18)

23m(2)[(H* ~ =) — (H ~2) J(H — =)™ — (H ~2)]
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for z € o(H) N o(H*). Taking into account (3.9) we finally get
T(2)"T(z) — Tu(2)"Tu(z) = —29m(2)T(2)"T(Z)T(Z)"T(2) (3.19)

for z € o(H) N o(H*). The characteristic function ©g(-) of the maximal
dissipative operator H is a two-by-two matrix-valued function which satisfies
the relation

On(2)T(2)f =Tu(2)f, =z € o(H)No(H"), f€L*[ab]). (3.20)

The characteristic function ©y(-) depends meromorphically on z € o(H) N
o(H*) and is contractive in C_, i.e.

lOu(z) <1, zeC., (3.21)

C_ :={z € C: Qm(z) < 0}. The last property is a consequence of (3.19).
Indeed, one has to verify that

1T I < IT()fI% z2€Coy f € L¥([a,b)). (3.22)
The inequality (3.22) is equivalent to
T.(2)T(z) < T(2)*T(z), zeC_, (3.23)

which follows immediately from (3.19). If z is real, i.e. z= X € R, then from
(3.19) we obtain

TA)T(N) = To(N)'Te(N) (3.24)
which yields that ©()) is unitary for each A € R.

Similarly, one can introduce the characteristic function of H* defined by
O (2)Tu(2)f =T(2)f, z€o(H)No(H"), fe€L*ab]).  (3.25)

As above one can show that Oy« () is a contractive analytic function in the
upper half plane. On the real axis both characteristic functions are related
by

which shows that the characteristic function ©p-(-) is unitary on the real
axis, too. Moreover, a straightforward computation shows that

Op-(2) =0u(2)", z€o(H)No(H"). (3.27)
holds. Furthermore, from (3.20) and (3.25) we find
Op(2) =Ou(2)"Y, z€ o(H)No(H"). (3.28)

Let us now compute the characteristic function O (z) of H:
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3.3 Lemma. Let V € L*([a,b]), Sm(V) = 0 and kg, ky € C. Then the
characteristic function ©g(z) is given by

1 W(z) — ic2vy(a, 2) —la,
Oulz) = ( —iaaabb W(z) — ianga(b, 2) ) - (329)

for z € o(H) N o(H*).

Proof: Using (3.20) we have to find a two-by-two matrix-valued function

ont= (820 o2) a0

such that

01 (2) ( s [P dyva(y, 2)f (9) ) B ( s [Py vaaly, 2) (1) )
s [y dyu(y, 2) [ (y) s [Ldyva(y, ) f(y) )

(3.31)
Since v, (x, 2) and vy(z, z) as well as v,,(z, z) and v (x, 2) are solutions of the
same second order differential equation the solutions v,,(x, z) and vy (z, 2) are
linear combinations of the solutions v,(x, z) and wvy(z, 2). A straightforward
computation proves that

1
W(z)

Vag (2, 2) = {(W(2) —ic2vy(a, z))va(z, 2) + iavy(z, 2) } (3.32)

and

vap(, 2) = % {icgua(z, 2) + (W (2) — icgva(b, 2))vp(x, 2) } - (3.33)

Inserting (3.32) and (3.33) into (3.31) we obtain

ayp b
T, N N A ) fa dy via(y, 2) f(y) _ 534
o ( .0 J2dyva(y, 2)f(y) (3.34)
1 W(z) —iauvy(a, 2) — i
W, (Z) ( —7:0[&()[: W(Z) _ i(zgva(b7 Z) > T(Z)f
which verifies (3.29). A

Using (2.9) and (3.32) we find that

W (2) + i0j0,4(b, 2) = W(2) — ia2uvy(a, 2). (3.35)
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Similarly, from (2.9) and (3.33) we get
W.(2) +ia2ve(a, 2) = W(2) —icjva(b, 2). (3.36)

Inserting (3.35) and (3.36) into (3.29) we obtain

B 1 Qv (b,2)  —apag
@H(Z) =l + ZW*(Z) < o, @Zv*b(a, Z) . (337)

On the formal level the characteristic function can be expressed as follows.
We introduce the unclosed operator o : H — C2.

_ [ of(b) _
af = ( —olzaf(a) > : f € dom(«) = C([a, b)), (3.38)
one gets the representation
Ou(z) = Iz —iaT(Z)*. (3.39)

If we assume for a moment that the operator a* makes sense then we get the
formula

Op(2) = Iz —ia(H* — 2)'a*, z¢€ o(H), (3.40)

which is expected. Indeed, if the imaginary part of the dissipative operator
H is a bounded operator, then formula (3.40) is well-known, e.g. [1].

4 Dilations

Since H is a maximal dissipative operator there is a larger Hilbert space
R D $H and a self-adjoint operator K on K such that one has

PSK —2)7 9= (H—-2)", z€C,. (4.1)

The operator K is called a self-adjoint dilation of the maximal dissipative
operator H. Obviously, from the condition (4.1) one gets

PYK—-2)""9=(H"—-2"" =zeC. (4.2)
If the condition
V (K-2)"'9=18 (4.3)
z€C\R

is satisfied, then K is called a minimal self-adjoint dilation of H. Minimal
self-adjoint dilations of maximal dissipative operators are determined up to a
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certain isomorphism, in particular, all minimal self-adjoint dilations are uni-
tarily equivalent. The minimal self-adjoint dilation of a self-adjoint operator
is the self-adjoint operator itself, thus of real interest is only the minimal
self-adjoint dilation of the completely non-selfadjoint part of a maximal dis-
sipative operator. Since H is purely maxim dissipative we are interested in
the minimal self-adjoint dilation of H only.

Our next aim is to obtain an explicit description of the self-adjoint dilation
of H. To this end we introduce the Hilbert space K given by

R=D_6HaD, (4.4)

where Dy := L2(Ry,C?). Introducing the domain

R_ R,

[a, b]
R_ R,

one can write the Hilbert space K as LQ(Q, dx). Further, we define

Gg:=9-©g® gy (4.5)

s (50w = (50) s

g% (x) 94 (x)
for x € R_ and = € Ry, respectively. Let us introduce the matrices K¢ and
K® which are defined by

o 1 0 0 o 1 0 0
K_ = a—a ( 1 Ky ) and K+ = a—a ( 1 i ) (47)
as well as

1 — 1 —FRp
Kﬁ::a—b(é ;b) and Ki::a—b<(1) ;b). (4.8)

We note that

where

K*K* - K¥*K%=iF and K"K’ - KUK’ =—iE (4.9)
as well as

K"K* = K*K® =0 and KUK?=K%K" =0, (4.10)
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B ( Y ) (4.11)

Further we need the relation

(l(g)vf) - (gal(f)) = <Egb7fb> - <Egaafa>7 (412)
which holds for f, X f, g, -9 € W'?([a,b]) where
_ le(a)g%a) an _ gml(b)g'(b)
Ya ( g(a) ) d [ ( g(b) ) . (413)

Similarly, one defines f, and f;. On the Hilbert space L2(€2, dz) we define a
self-adjoint operator K which should play the role of a self-adjoint dilation of
the maximal dissipative operator H. We choose the operator K in the form

where

1

o oo (7T )

®
—i-g” g(b) ) —i%gi
X
. I(g) .
—idge ) p ~ig;9%
X
g (0) < gml@g’(a)> g%(0)
g(a)

where the problem is to find suitable boundary conditions such that the aris-
ing operator is self-adjoint. This is the content of the following theorem.

4.1 Theorem. Let V € L*([a,b]), Sm(V) = 0 and kg, ky € Cy. Then the
operator K defined by

ge K: g+ € Wl’Z(R:bCZ% g, Lg/ € WLQ([aa b]) }
dom(K) := m 4.14
(K) { Kgo+ K2 gy = g (0), Kigu+ K2gy=g5(0) § (14
and

- . d . d -
Kg:=—i—g-®l(g) ® —io—gs, g€ dom(K), (4.15)

18 self-adjoint.

Proof: We find

(KG.f) = =igpo ) + (@0 + (~igaefi). (410
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7, f € dom(K). One has

(migeo o) =i O SO} + {a=ig ) (4D
and J J
(“igeannds) = (0O Lo O) + (gn=ig o). (@419
Inserting (4.12), (4.17) and (4.18) into (4.16) we obtain
(Kg,[) = (3, K]) = (4.19)
—1(9-(0), f-(0)) + (Egy, fo) = (Ega fa) +1(g+(0), [+(0)) .
Using (4.14) we find
(K§, f) = (G Kf) = =i ({K g0+ K2} {K" fa+ K" fi}) +  (4.20)
<Egb) fb> - <Ega7 fa +1 <{ +ga + Kﬁ-gb}7 {K—T-fa + Kifb}> :
By (4.10) and (2.3) one has

(ngﬂ (gv Kf —1 <{Ka*Ka Ki*Ki}gaufa>_ (421)
i ({KY K" — KV K Yo, fo) + (Ego, fo) — (Ega, fa) -

—

Using (4.9) we obtain (K, f) = (7, K f) for §, f € dom(K) which proves the
symmetry of K.

Next we are going to verify that K is self-adjoint. Let f € dom(K™). Tt is not
hard to see that in this case one has fy € W'?(Ry) and f, Lg' € W'*([a,b]).
It remains to show that the boundary conditions of (4.14) are satisfied. To
this end we note that (Kg, f) = (¢, K*f), g € dom(K), and (4.19) imply

0= —i(g-(0), /=(0)) + (Egs, fo) = (Ega fa) +1(g+(0), f+(0)).  (4.22)
Using the boundary conditions (4.14) we find
0= (K"g,+ K" gy, -(0)) + (4.23)
i(Egy, f) = i (Ega, fa) — (K$ga + Ki g, f+(0)).
Hence we get

0= (ga, {KZf_(0) — K¢ f1(0) —iEf,}) + (4.24)
(gps { K2 [-(0) = K¥ f1(0) +iEfy }) .
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From (4.24) we obtain

K*f-(0) = K$'f(0) —iEf, =0 (4.25)
and

K f(0) = KY f4(0) +iEfy = 0 (4.26)
From (4.25) and (4.26) we deduce

fo=iEK>f_(0) —iEK" f,(0) (4.27)
and

fo=—iEK"™f (0) +iEK" f,(0) (4.28)

Now by a straightforward computation one verifies that K¢f, = K’ f, =
f-(0) and K¢f, + K% f, = f+(0) which shows that f € dom(K). Hence
K*=K. A
In the picture representation the boundary conditions can be expressed as
follows:

gt (0) = g/ (B) — mg®) i () — Fg(b) = augh (0
- d b ) ( - d b
39~ a9+
I(g)
_iiga _iiga
da 7= da I+
) (
ag?(0) = 2m1(a)g/(a) + Kq9(a) 2m1(a)g/(a> + Rag(a) = Ozagi(())

From the picture one immediately sees that the boundary conditions are
local ones. In order to show that K is a self-adjoint dilation of the maximal

dissipative operator let us compute the resolvent of the self-adjoint operator
K.

4.2 Theorem. Let V € L*([a,b]), Sm(V) = 0 and kq,ky € Cy. Then the
resolvent of K admits the representation

(K—z)'(f-aff)= (4.29)

i / "y ST () @ (H -2 () / dy cf_(y) @

—00 — 00

0

i [y g ) i T oy [ dy )
0

—0o0
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for Sm(z) > 0 and
(K—z2)7' (frofaf)= (4.30)
0 ' ' o .
—i/ dy eV f_(y) — e T, (2) — iOy(2) / dy eV f () @

0

H* — ) —iT(3)* oo dy e~ o ood i(z—y)z
(=2 =G [y ) @ iy )
for Sm(z) < 0.

Proof: Let Sm(z) > 0. We set

g_(z) = i / " dy 0 p (), (4.31)

—0o0

0

o(z) = (H—2)'f+iT.(2) / dye v f(y)  (432)

—00

0e) = i [y V) T (433)

0
10 (z)° / dy V< (y)

— 00

Obviously we have g € WH*(R_) and

.d
<—2% - z) g- = f-_. (4.34)
Setting
h=(H-2z2)'f (4.35)
and taking into account (3.8) one gets that
1
0(e) = W) + G (—onta(e )o@ 2) 0-(0)  (436)

which shows g € W?([a, b]). Hence

1
W(z)

which yields g € W'2([a,b]). Taking into account (2.4) and (2.5) we find

l(g) — 29 = f. (4.38)

(—awvy(, 2), aavy(z, 2)) 9-(0) (4.37)
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Obviously one has g, € W2([a,b]). A straightforward computation shows

(4.39)

It remains to verify that ¢ satisfies the boundary conditions (4.14). One gets

1 pka Qa5 (a, 2)
= ha a a2m(a) b ) B 0
g * W(z) ( —ay, agvp(a, 2) 9-(0)

and

gb:hﬁ%( R ALY aamb)g_m)

—abva(b 2) Qg

Since K%h, + K*h, = 0 and

L ga ( Wk Qg (0 %) >+

W(z) -y aavb(a z)
1 —p5== (b, 2) Ry
Kb 2m(b -7
Wi(z) ~ ( —pva(b, 2) Qg )

we immediately find that K%g, + K° g, = g_(0). We note that

9+(0) =iT'(2)f +©1(Z)"g-(0).

Using (2.17) we compute that

K$h, = % < a, [1dy v[z(y,Z)f(y) )

and

Koy = WZ’(Z) ( —ay [} dy ga(y, 2)f(y) ) .

By definition (3.3) we finally obtain
KShy + Kb hy = iT(2) .

Furthermore, from (3.29), (4.40) and (4.41) we find that

1 Qpka Casa—vh(a, 2)
Ka a @ 2m(a) b\ ™" 3 O
W(z) +( -y agvp(a, ) 9-(0)+

W —pUa (b, 2) Qg

] GO PROBE RO PR )

(4.40)

(4.41)

(4.42)

(4.43)

(4.44)

(4.45)

(4.46)

(4.47)
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By (4.43), (4.46) and (4.47) we finally get K¢g, + K% g, = g4 (0) which com-
pletes the proof. A

From (4.29) we obtain

PYK —2)7'0,£,00=(H—2)""f, fe€®9, (4.48)
for z € C, and

PYEK —2)710,f,0) = (H* = 2)""f, fe®H, (4.49)

for z € C_. Hence the operator K is indeed a self-adjoint dilation of the
maximal dissipative operator H. It can be shown that K is minimal.

5 Eigenfunction expansion

The self-adjoint operator K is absolutely continuous and its spectrum co-
incides with the real axis, i.e. o(K) = R. Its multiplicity is two. Let us

-

compute the generalized eigenfunctions ¢(-, ), A € R, of K. We set

—

(b(l’,/\) :¢7($7A)@¢($a)\)@¢+($a)\) (51)
for z € ) where
o_(z,\) = ( f;b:gi; ) ., zeR, (5.2)
and b (o)
bo(z,)) = ( (Z’{((;””Ai ) ., zeR,. (5.3)
From the equation
(K ) = —im6-(5,0) &0 0) & —in-o4(,) (54

= Ao-(z,N) @ d(x,A) ® ¢y (z,N)),

x € Q, we find the equations
A (@) (N )
i ( (2 ) ) =\ ( b (o), ) TE R_, (5.5)

(p(z,\) = Ab(a,\), z€Q, (5.6)
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and , ,
cd @5 (x,N) (x,\)
—i— ’ =\ e R,. :
(G o), ) TERe O
The equations (5.5) - (5.7) have the solutions
b
oo = (G ) aer, 55)
oz, \) = Coug(z, A) + Chup(z, ), x €, (5.9)
and
c? ;
Oy(z,N) = ( + ) e, reR,. (5.10)
ct

The eigenfunctions have to satisfy the boundary conditions, c¢f. Theorem 4.1,

K2a(X) + K2 gp(A) = ¢-(0,)) (5.11)
and
Kigﬁa()‘) + K—?—¢b()\) = ¢+(07 )‘)7 (512)
where
1 / 1 /
&(a, ) ) ( 6/ (b)) )
o(A) = Zm@ and A)=|( m® : 5.13
w = (5 2= 0. 19
A straightforward computation shows that
Qp b Qg a
a — _ d = . .14
C W(/\)C an C WO (5.14)
This yields
S, \) = ——L Oy (2, \) + —22 Coyy(z,)), z€Q  (5.15)

9 - W()\) —va 9 W()\) 0 I 9 .
where v,(z,\) and vy(z, ) the elementary solutions (2.6) and (2.7). Using
the adjoint operator T, (\)*, cf. (3.8), we find

oz, A) = (T.(N)*C_)(x), xr € Q, A €ER, (5.16)
where

C = ( gé ) (5.17)
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Inserting (5.16) into (5.12) we find

Cr=0\)C_, A ER, (5.18)
where b
Cy = ( CE ) (5.19)
Thus, we finally have
0 (2, 0) == C_e™ & (T.(A\)*C_)(z) ® Op(N)*C_e™, (5.20)

zeQ NeR. Using the well-known formula

1
= TFi - 21
prrr $zw5(w)+73x (5.21)

from distribution theory [34] we find

1 0

2 7C- eld "N\ —
0 | e <¢ (2, ), & (91;,)\)> (5.22)
I oy 1 i 1
- ix(A=X) - Y AN !
o= _Ood:ce S0\ N){(C_,C") 5P (c_.c)
and
1 e c c’ ’
| dr (8 @) 67 @ X)) = (5.23)
T™Jo
1 [t , /
— dz A (O (N C, 0x(N)CL) =
27 Jo
1
55@ — X)(Ou(N)C_,0u(N)"C") +
2’ 1 * ASYal
%Pm <@H(/\) C—v@H(/\> O—>
where (-, -) is the scalar product in C?. Since
]_ b —‘C _’0/
Dy dr ¢~ (x, A) o7~ (z, N) = (5.24)
L S
5 [ de(TN)Co) (@) TL(XV)*CL)(x) =
i 1 ! Z 1 * A Yal
—P (C_,C") = —P—— (Ox(N)*C_,04(N)*C")

2 A =N 27 A =N
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we find
Loz oy Lo oY Zs v '
<¢%¢ (L \), mgb (,A)) A= X)(C_,C"). (5.25)
Setting
J—(.7,\7 b) = #5@7(-,)\) where ¢, 1= ( é ) (5.26)
and
J’(-,)\,a) = \/%_W qe“(-,)\) where e, 1= < (1) ) (5.27)

one gets the following theorem:

5.1 Theorem. Let V € L*([a,b]), Sm(V) = 0 and kq,k, € C,. Then the
functions {1~ (-, A\, )0~ (-, A, a) }rer perform a complete orthonormal system
of generalized eigenfunctions of K, i.e

(J*(., A7) (N, r’)> =5\ = N0, ANER, 7.7 =a,b, (5.28)
and their linear span is dense in K.

Since the eigenfunctions of the system behaves on R_ like free waves one calls
it the complete system of incoming eigenfunctions. Let

OO\ = ( gbgg ) C AeR (5.29)

In accordance with (5.20) we set
¢V (x,A) = CNe™ @ (T.(N)C\)(x) © Ox(A)C(N)e™,  (5.30)

z € Q and A € R. Obviously, the functions (EC(’\)(-, A) are eigenfunctions of
K, ie K¢CN(- X) = PN (-, \). Moreover, one gets that
1
V2T

which yields

GCNV(A) = CO N (A D) + CNU (A a), AeER,  (5.31)

L o L o )
— S A), ="M XN) ) = (A= N)(C(N),C(\) . (5.32
(WA, =) ) =50 X) [CONCW) . (532
By a family of orthonormal bases {e;()), e2(\)}aer in C* we mean that the
components of the vectors e; () and es(\) are Lebesgue measurable functions
such that (e;(A), e (\)) = d, for a.e. A € R. Using this notion one gets
following corollary:
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5.2 Corollary. Let V € L*([a,b]), Sm(V) = 0 and ko, kp € Cy. If
{e1(N), ea(N) }aer s a measurable family of orthonormal bases in the Hilbert
space C2, then the system of eigenfunctions {pM (-, X), v (-, \) }acr,
. 1 -
M N) = ——¢ N, N), NeR, 7=1,2, 5.33
T = =) (5.3

performs a complete orthonormal system of generalized eirgenfunctions of K.

In particular, setting

- 1 -
1/1+('>/\77) = EQS@H(A)GT(V)\% T = a, ba (534)

where
GOV (,2) = Op(NCre™ @ (TN Cy) (1) & Cre™, (5.35)

T € Q, T = a,b, C. € C?, one defines a complete orthonormal system of
eigenfunctions of K. Since the eigenfunctions behaves on R like free waves
one calls them the complete system of outgoing eigenfunctions. Using (5.31)

one gets
JJF('a)\ab) t 77;7(3)\7[))
- = O (A - 5.36
( 1/)—’_('7)\7@) H( ) ¢_<'7/\,(l> ( )
where ©%;()\) is the transposed matrix of Oy ()), i.e., the matrix where lines
and columns are interchanged. Since ©% (\) = Oy (\), A € R, we find

(. b= (-
w (',)\,CL) w (',)\,CL)
Using the incoming eigenfunctions we introduce the transformations

@ == (L4 (5:39)

where

—

() :_/dx (g(x),¢—(x,A,T)), T =a,b. (5.39)

Q

The operator ®_ : & — & = L?(R, C?) is unitary and is called the incoming
Fourier transformation. The inverse incoming Fourier transformation ®=! is
given by

§(z) = /[R A Y D@ ADT(N), e AR, C). (5.40)

T=a,b



DISSIPATIVE SCHRODINGER-TYPE OPERATORS 23

We note that
d Ko '=M (5.41)

where M is the multiplication operator by the independent variable A on £,
ie.

dom(M) := {g € L*(R,C?) : \g(\) € L*(R,C?)} (5.42)

and
(Mg)(\) :=Ag(N), g€ dom(M). (5.43)

Using the outgoing eigenfunctions one easily defines an outgoing Fourier
transformation @, : & — & = L*(R, C?).

6 Concluding remarks

In a forthcoming paper [19] we intend to use dissipative Schrodinger-type op-
erators as ingredients for Schrédinger-Poisson systems. Such an application
in mind let us make some remarks. Firstly, to include electro-magnetic radi-
ation effects in the model one has to extend the considerations to dissipative
potentials, i.e. Sm(V(z)) < 0, € [a,b]. Hence, we have to construct self-
adjoint dilations K for Schrodinger-like operators with dissipative boundary
conditions and dissipative potentials. This will be done in a subsequent paper.
Secondly, we note that the self-adjoint dilation K of H is not semi-bounded
from below. This observation has the unpleasant consequence that we can re-
gard the operator K only very conditionally as a physical Hamiltonian since,
in general, such Hamiltonians has to be semi-bounded from below. To over-
come this disadvantage one can use boundary conditions which depend on
the spectral parameter . In particular, one can consider instead of (1.2) and
(1.3) a family of maximal dissipative operators { H(A)},cz; defined by

€ W0 ) () € W2(1u 1)
d‘)m(HW‘{ @) = gl 3 g'(b)znbuxq(b)} 6D

and
(H(N)g)(z) = (l(g))(z) g € dom(H). (6.2)

If ko(\) and kp(N), A € Cy, are suitable Nevanlinna functions, then one can
prove that there is a larger Hilbert 8 O $ and a self-adjoint operator K
defined on R, such that

PEK-N""9=HN-N" IeCi. (6.3)
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With respect of (4.1) the operator K can be called the dilation of the family
{H(N)}regr- In contrast to the present case it is possible that this dilation
K is semibounded from below.

Finally, we note that in application to Schrodinger-Poisson systems and to
semiconductor physics the necessity arises to extend all considerations to
dimensions two and three which generates new difficulties with respect to
dilations and eigenfunction expansions.
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