Institut fiir Angewandte Analysis
und Stochastik

im Forschungsverbund Berlin e.V.

On Stationary Schrédinger—-Poisson Equations

Giinther Albinus, Hans—Christoph Kaiser and Joachim Rehberg

submitted: 12th October 1993

Institute for Applied Analysis
and Stochastics

Mohrenstr. 39

D - 10117 Berlin

Germany

Preprint No. 66
Berlin 1993

1991 Mathematics Subject Classification. 35 J 05/10/20/60/65, 35 P 15, 47 A 55/60/75, 47 H 05,

49 J 50, 49 M 10, 65 N 22/30, 81 Q 10/15, 81 V 45, 82 B 05/10.
Key words and phrases. Stationdry Schrédinger—Poisson system, monotone potential operators,

iterative methods, discretization of the Schrédinger—Poisson system,-electron gas with reduced
dimension, nanoelectronics.



Herausgegeben vom

Institut fiir Angewandte Analysis und Stochastik
Mohrenstrafie 39

D - 10117 Berlin

Fax: + 49 30 2004975 '
e-mail (X.400):  c=de;a=d400;p=iaas-berlin;s=preprint
e-mail (Internet): preprint@iaas-berlin.d400.de




CONTENTS

On Stationary Schrédinger—Poisson Equations Modelling an Electron

Gas with Reduced Dimension (by H.—Chr. Kaiser and J. Rehberg) 1
1. The Schrédinger—Poisson Equation 1
2. The Schrédinger operator
2.1. The Dirichlet—problem for the Laplacian
2.2. Self-adjointness, lower bound and spectrum
3. The resolvent of the Schrédinger operator 6
3.1. The resolvent of the Laplacian .
3.2. Summability—class of the operators V(A — p)™1,p > 0,V € L%(Q)
3.3. Calculations with resolvents
3.4. L%’-bounded sets of potentials
3.5. Dependence on the complex argument
4. Functions of the Schrédinger operator 12
4.1. Functional calculus
4.2. The distribution function f
4.3. Differentiation with respect to potentials from L%()
The Fermi level (V) » ’ : 18
. The Electron Density n =n(V) 22
6.1. Boundedness
6.2. Potentiality
6.3. Fréchet differentiability
6.4. Bounded Lipschitz—continuity
6.5. Monotonicity
7. Existence, uniqueness and regularity 28
8. Iteration scheme 29
A Note on the Discretization of a Stationary Schrédinger—Poisson
System (by G. Albinus) 31
1. Introduction 31
2. A discrete stationary Schrédinger—Poisson system 32
3. Application of Dunford’s integral calculus 36
4. The variational formulation of the nonlinear vector equation 38
5. A Remark on the Choice of M 39
References 42

Acknowledgment. We would like to thank Professor Herbert Gajewski who sugge-
sted the subject to us, him and Professor Konrad Gréger for their helpful encou-
ragement and Professor Arno Langenbach for the kind hospitality he offered in his
seminar.






On Stationary Schrédinger—Poisson Equations Modelling an Electron
Gas with Reduced Dimension (by H.—Chr. Kaiser and J. Rehberg)

Abstract: We regard the Schrédinger—Poisson system arising from the modelling of an
electron gas with reduced dimension in a bounded up to three—dimensional domain and
establish the method of steepest descent. The electrostatic potentials of the iteration
scheme will converge uniformly on the spatial domain. To get this result we investigate
the Schrodinger operator, the Fermi level and the quantum mechanical electron density
operator for square integrable electrostatic potentials. On bounded sets of potentials the
Fermi level is continuous and bounded, and the electron density operator is monotone

and Lipschitz continuous. — As a tool we develop a Riesz—Dunford functional calculus
for semibounded self-adjoint operators using paths of integration which enclose a real
half axis.

Key words: stationary Schrédinger—Poisson system, monotone potential operators, ite-
rative methods, electron gas with reduced dimension, nanoelectronics.
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1. THE SCHRODINGER-POISSON EQUATION

The Schrédinger-Poisson system is a nonlinear Poisson equation
—AV=n(Vo+V)—np inQ, Visa=0 (1.1)

for the electrostatic potential V, the right-hand side of which is up to a fixed part
np the quantum mechanical expression of the electron density

n(Vo +V)(z) = ij(ez _e)ua)l, e, (12)

where € = (Vo + V) are the eigenvalues (in increasing ordef, counting multipli-
city) and ¥; = ¢y(Vo + V) the corresponding orthonormal eigenfunctions of the
Schrédinger equation

(—A + Vo + V)’l,bl =ePr inQ, Pilsea =0, /{; I‘(,bllz =1, [=12.... (1.3)

Vo € L*(f; R) is a given external potential and € = €(Vp + V') denotes the Fermi
level which is defined by the electric—neutrality condition

[ np(@)de = [ n(Vo+V)(@)z =3 fla(Vo+ V) - (Vo + V), (14)
=1

f being the thermodynamical equilibrium distribution function. Thus, €, in general
depends on the potential in the Schrédinger equation. We will also regard the
auxiliary problem (1.1)—(1.3), where ¢ is a given parameter. The Schrodinger—
Poisson system (1.1)—(1.4) models an electron gas with reduced dimension situated
in the bounded spatial domain Q C R, d < 3 (cf. ALBINUS in this preprint, [2]
and the references cited there). For a zero—, one- or two-dimensional electron gas
the dimension d of the spatial domain Q is d = 3,2, 1, respectively. N.B. we make
use of the assumption d < 3 without further notice throughout this paper which
comes to bear especially when Sobolev’s Embedding Theorem is involved.
The Schrédinger—Poisson system can be written as a nonlinear operator equation

A(V)=-np, VeHY%LR) -~ (1.5)



in the Sobolev space H™(; R). The Schrddinger-Poisson operator A € (H} — H™1)
is defined by

(A(V), W) = /ﬂ(vw VV = Wn(Vo+V))dz, VV,W € BY@R), (16)

i.e. it is the difference of the duality mapping J € B(H}, H™!) of the space
H3(Q; R) equipped with the norm ||ul| Ht = ||Vu| 1z and the electron-density ope-
rator n which maps L*(Q; R) into L=(Q; R) (cf. §6.1). The operator equation (1.5)
makes sense if np € H™1(; R). On the other hand we need np € L'(€; R) in or-
der to formulate the electric—neutrality condition (1.4). To cover both demands we
assume np € L*(; R). '

Recently NIER showed [10], [11] that the Schrédinger-Poisson operator (1.6) is a
strongly monotone potential operator. To that end he regarded the functional

¢(U) = eo(U) tr (f(Hv — &(U))) + tr (F(Hy — e(UV))) - (1.7)

for electrostatic potentials U = V; + V from the affine space Vo + Hy(; R). In (1.7)
Hy = -A+Vo+V e (L*Q) — L*(Q)) is the Schrodinger operator with domain
H*(Q)N H}(Q) and F is the primitive

F(t) = — /t " f(s)ds, teR (1.8)

of the distribution function f. ¢ is infinitely often Fréchet differentiable and the first
derivative of ¢ is just the electron density which turns out to be a strictly monotone
operator n € (Vo + HE(Q;R) —» H™Y(; R)). Thus, the operator equation (1.5) is

equivalent to the minimization problem

. 1

(V) = min TW), (W)= 2|Wllsy — 6V + W) + (o, W), (19)
0

We will regard the functional (1.7) on the space L*(Q;R). In order to get the

Fréchet differentiability of ¢ and n on that space we will prove

i. the uniform equivalence of the graph—norms belonging to Schrédinger ope-
rators with potentials from any bounded set in L?(; R) (cf. §3.4),

ii. the boundedness of the Fermi level on every L?~bounded set of electrostatic
potentials (cf. §5).

We also prove that the electron-density operator n is monotone and bounded Lip-
schitzian as an operator n € (L?(;R) — L*(Q; R)). This guarantees the conver-
gence of the method of steepest descent applied to the Schrodinger—Poisson equa-
tion (1.5) and allows to establish even uniform convergence on ) for the iteration
sequence of electrostatic potentials. Thus we can estimate the distance of the spec-
tra and even of single eigenvalues of the Schrédinger operators corresponding to
the potentials from the iteration sequence, using eigenvalue perturbation theory
[17], [9], [14]. |

NIER [11] operates with a functional calculus for self-adjoint operators due to
HELFFER, SIOSTRAND and GERARD. We develop a Riesz—Dunford calculus instead
(cf. §4) which in principle allows an extension to m-accretive operators. One has
to cope with Schrédinger operators of this kind when- a magnetic field is included
in the problem, or when other boundary conditions are regarded.
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When dealing with the Schrédinger-Poisson equation we operate with spaces of
- real-valued functions whereas the Schrédinger operator is defined on a space of
complex—valued functions. N.B. we regard solely real-valued potentials for the
Schrodinger operator. In the sequel we will use the same notation for spaces of
complex-valued functions and the corresponding subspaces of real valued functi-
ons.

Throughout this paper we make the following assumptions about the data of the
problem:

e The spatial domain @ C R?, (d < 3) in which we regard the Schrédinger—
Poisson system is assumed to be in the GROGER—class Ry, (cf. [5]) for some py > d,
i.e. Q) is regular in the sense of GROGER (e.g. bounded and open) and the duality

mapping '
Je (H)(Q) - H(Q)) (Ju,v)= /n Vo Vide u,ve HY(Q)  (1.10)

of the Sobolev space HE(Q) maps Wy () onto W~1#(Q). Thus, the operator
Jp = Jlge € (WoP(Q) - WH2(Q)) (1.11)

is a continuous bijection for all 2 < p < py (cf. [5]). A theorem of GROGER and
REHBERG [6] then gives that the mapping

Jp+ I € (Wo?(Q) » W#(Q)) (1.12)

is a continuous bijection from Wy”® onto W~ for all A € C with R > 0. Hence
the adjoint of the linear operator (1.12)

(o +2D)|ya0)" € (Wos(Q) > W(Q)), 1/p+1/g=1
is a continuous bijection from Wy'? = (W~1%)" onto W14 = (Wo1 P )*. There is for
all u € W3 and v € Wo* '
(u, (Jp + AD)*) = ((Jp + A)u,v) = ((J + M )u,v) = /ﬂ (A + Vv - Vi) dz,
i.e. (Jp+ AI)* is the extension J; + AI of the operator J 4 Al € B (Wc}’z, W—l’z),
to the space W% Thus,

Jo+ M € B(Wa?, W) ®A>0 . Po <P <po (1.13)
-

is a continuous bijection.

For any Lipschitz—domain §) there is a py > 2 such that Q € R, [5]. This suffices in
the two—dimensional case (d = 2). In general, as we regard homogeneous Dirichlet
boundary conditions, ) € R, is satisfied for all 2 < p < 00 if  is a bounded domain
of class C! (cf. [16]). Furthermore we assume (2 to be such that J maps the space
H*(Q)N H}(Q) onto L*(Q), i.e. the Laplacian

— A = Jlgang € (HA(Q) N HY(Q) - LX) (1.14)

is a continuous bijection. This hypothesis is satisfied if  is a bounded domain of
class C? or convex polygonal (cf. [4] and the references cited there).
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e The given external potential V; is assumed to be real-valued and square
integrable on . It represents the electronic characteristics of the material, the
positive background charge, the applied voltage and eventually inhomogeneous
boundary conditions for the potential.

e The fixed part np on the right-hand side of the nonlinear Poisson equation
also shall be a square integrable function on Q. It stands for a given demnsity of
ionized impurities.

e The thermodynamical equilibrium distribution function f defines the oc-
‘cupation factor N; = f(g — €) which is the average number of electrons in the
quantum state [ with the energy ¢ at thermodynamical equilibrium. f is assumed
to be positive and strictly decreasmg and the primitive (1.8) should exist. We will
further specify f in §4.2.

2. THE SCHRODINGER OPERATOR

2.1. The Dirichlet—problem for the Laplacian. According to the assumptions
about the regularity of the spatial domain €2 the Laplacian with homogeneous
Dirichlet-boundary—conditions (cf. (1.14)) has the following properties:

e —A is a self-adjoint, positive definite operator with compact resolvent in
the Hilbert space L*(9).

e The spectrum of —A is discrete; there is a countable number of real eigen-
values ); (counting multiplicity)

O<m=)\1§)\2$)\3$..., Al = o0
and eigenfunctions v; spanning an orthonormal basis in L?(2); the asym-
ptotical distribution of the eigenvalues is [18], [14]

. 2

hm /l\d = c|Q%. (2.1)

e The H?-norm, the graph norm of —A and ||(p — A) - ||z2, p > 0 are equiva-
lent on dom A = H*(Q) N H}(2)

|- Nzzgay ~ (3 = A) - lz2@y ~ [[(p — &) - |2y Vo > 0. (2.2)
Proposition 2.1. Let be p > 0 and 0 < 8 < 1/2. The operator (p— A)~% is a
continuous bijection of H*=9)(Q) N H~%(Q) onto L*(Q).

Proof. The operator p — A is self-adjoint and positive definite in L%, and its domain
H? N H} is a Hilbert space (dom(p — A), ||(p — A) - ||z2) which is dense in L?. Hence
the interpolation space

dom(p — A) % = [dom(p A),Lz]e = [Hz, Lz}o N [HS,LZ]G = H*(-6) n g1-°

becomes a Hilbert space with the graph norm of (p— A)'~ [8]. Moreover,
the graph norm of (p — A)'~? and the norm of H*~®) N H}~® are equivalent.
Thus, (o — A)-% € B (H2(1—9) N HY, Lz). As t'-% maps Rt one-to-one onto R ¥,
(p — A)'~? is a bijection because (p — A) is. [



2.2. Self-adjointness, lower bound and spectrum. We regard the Schrodin-
ger operator '

H=Hy=-A+Ve(L*Q) - IXQ), domH=HQ)NHYQ) (2.3)
for real-valued potentials V' € L?(Q2) and recall (cf. [11])
Proposition 2.2. For each V € L*(Q) the multiplication operator V € (L? — L?)

is infinitestmally small with respect to —A i. e. the relative —A-bound of V is zero:
1Vllze < 81 A%z + Cllyllz2, VY€ H(Q), VE>0
with some C = C (6, ||V||z2).

As V is real-valued, the multiplication opefa.tor Ve(l?— L%is sélf—adjoint on
domV = {¢ € L*}(Q) : V¢ € L*()} and by Sobolev’s Embedding Theorem

dom A C H*(Q) — L*(Q) C dom V.

Thus, by the Kato-Rellich Theorem H is self-adjoint. The multiplication ope-
rator V is also relatively compact with respect to —A , because the embedding
H?(Q)) — L*(Q) is compact. Hence, by Weyl’s Theorem the essential spectrum of
H and —A is the same and we conclude that the spectrum of the Schrédinger ope-
rator (2.3) is discrete i.e. Hy has a countable number of real eigenvalues {e;(V)};2,

(counting multiplicity) and the corresponding orthonormal eigenfunctions provide
a basis of L*(Q2).

Proposition 2.3. For each (real-valued) potential V € Lz(Q) the graph-norms of
the Schrodinger operator (2.3) and the Laplacian (1.14) are equivalent:

CVG = A)pllze < I(H +i)pllze < OV~ A)pllza, Vo € dom H.

Proof. As H and —A are self-adjoint their domain dom H = dom A becomes a
Banach space

By = (dom H, |[(H+4)-1z) Ba=(domH, (i~ A) |lz2)

with the corresponding graph norm. As the embedding H? — L* is continuous
and according to (2.2) there is by Proposition 2.2

VYlez < [Vieldllee < collVilzzllblla < cl[V]eal|(E = A)ple
and we may notice
I(H +i)lle < (1 + Vi) 16— Apllzs, W9 € dom H,

i.e. the embedding Ba — By is bounded and as it is bijective too, so is its inverse
by the Inverse Mapping Theorem. O

Corollary 2.1. For every p > max{0,—€(V)} the norms ||(p+ H) - ||, and
l(p — A) - ||z2 are equivalent on dom H = dom A = H?(Q) N HL(Q).

Theorem 2.1. Let be M > 0 arbitrary and M the closed M—ball of L*(Q?). Then -
the infima €;(V) of the spectra from the Schridinger operators Hy = —A + V' cor-
responding to the potentials V € M are bounded:

—oo <oy <e(V)<Ey <o, YV e M. (2.4)



Proof. We first show that the spectra are uniformly bounded from below. By a
corollary of the Kato—Rellich Theorem Hy is bounded from below with

C6 Vi)

ov()=m—max {CEIE) im0 1)}

for all 0 < § < 1, where m is the smallest eigenvalue of —A and C = C (4, ||V||z2)
is the constant from Proposition 2.2. Hence for all V € L? with |V|zz < M the
spectrum o(Hy) of Hy is bounded from below by

SR S {17 WP R

0<s<1

Next we give an upper bound for the infima of the spectra. The smallest eigenvalue
€1(V) of Hy is given by (N.B. dom Hy = dom A = H>N H})

a(V)=inf, (FA+V)¥,9).

II¢I|L2-1

For all ¥ € dom A there is

(A + V), %) < (=A%, 9) + (|V|,9) = (—Ay, ) + “ \/l_V_l’/’”Lz

We estimate the second term on the right-hand side

Vi7To]. <[V, e = V7T Wl < VBT il

For all ¢ € dom A there is
[#llz¢ < collllmy = col Vbllzz = col =A%, %),

where ¢y is the embedding constant of H, 1(Q) into L*(Q). Putting together the
above estimates one obtains

a(V) < (1 + co\/ﬁ) inf (—Ay,9) = (1 + co\/—) m, (2.6)

dom A

II¢IIL2—1

where m > 0 is the smallest eigenvalue of —A. O

3. THE RESOLVENT OF THE SCHRODINGER OPERATOR

For a separable Hilbert space H, later on unless specifically noticed L?() let de-
note B = B(H) = B(H,H) the Banach algebra of bounded linear operators on H
with the usual norm || - || for linear operators, By the subspace of finite rank opera-
tors, Be, the closed ideal of compact operators, (Bp, || - ||lp), 1 < p < co the closed
ideal of p-summable operators . An operator A € B, with a discrete spectrum of
eigenvalues o, Qa, ... belongs to the summa.blhty—class B, if the sequence {ay}ie,
is p-summable: {al}z o1 € lp (cf. e.g. [15]).
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3.1. The resolvent of the Laplacian. Let us regard again the homogeneous
Dirichlet problem for the Laplacian. For all z € C with £z < 0 the corresponding
resolvent of the Laplacian (1.14) is compact

(A+2)1€Bys, Vzel, R2<0 (3.1)
and there is
-1 _ -1 — 1 < L
I8+ = WA+ 2 Mo = 57 S 1 < o
In the same way one obtains
(A+2)*€Bu, Vz€C, R2<0, Ya>0, [(A+2)%|< Ala < oo (3.2)

Apart of compactness we even get p-summability (cf. [11]).

Lemma 3.1. The resolvent (A + z)™* belongs to the space B, for any p > d/2 and
all z € C with Rz < 0.

Proof. Let be 0 < A; < X2 <... the eigenvalues of —A (counting multiplicity).
Then the eigenvalues of the resolvent are -, 1=1,2,... and as

|z — Ni| > |§Rz—— )\ll >N
one gets
= 1
1p_§: E:_
”( +z) ” lz_Alp—— /\f

=1

This series converges for any p > d/2 as 2, (1/D)* /% according to (2.1). O
Corollary 3.1. For each a > 0 there is
(A+2)*eB, Vz€C, R2<0, Vp>d/(2a). (3.3)

As the summability—classes B, are two—sided ideals in B the operators (A — p)™!
and V(A — p)™? are from the same summablllty—class for all V € L=(Q). Next we
will have a look at the

3.2. Summability—class of the operators V(A —p)™!,p >0,V € L?*(Q). For
each V € L*(Q) the mapping

pel?—(A-p)YeH - V(A-p)'Ype L

is compact, because the embedding H? — L™ is compact, i. e. V(A — p)™! € By.
We will prove V(A — p)™! € By, Vp > 2d.

Lemma 3.2. For all p > 0 and p > 2d the linear mapping
Ve (L¥Q)—»B,) WV(V)=V(A-p)™* (3.4)

is (uniformly in p) continuous.



Proof. We decompose with 0 < § < 1/4
V(A = gy = V(A — g A= p).

According to Corollary 3.1 we have (A — p)=% € B,,Vp > d/(26). Now by Proposi-
tion 2.1 there is for all ¥ € L*(Q)

V(A =pY " llze < [IVIz2l(A = p)* llze < coll VIIza (A = p)*~ ]| graa-e)
< eVl

(N.B. the embedding H?!~%) < L* is continuous as 2(1 —6) > d/2 and the
H?(=®)_norm is the norm of H?(~®) N H}=? ). We conclude by assembling the
estimates in the following way

V(A =p)lp < IV(A = pY (A = 2) Nl < eIV 22

There is a suitable § < 1/4 for every p > 2d and the constant ¢ depends on p but
not on p. [

In the two-dimensional case for V € L*(Q2) the operator (A — p) V(A — p) ! is
nuclear, more precisely

Corollary 3.2. For all 1 <p < co with p > 2d/5 and each V € L%(Q) there is
(A=p)'V(A=p)teB,if p>0, and

I(A=p) V(A =p) o< clVlza Vp>0.
Proof. By means of Hélder’s inequality, Lemmata 3.1 and 3.2 one obtains

(A=) V(A = o) M < A = 2) V(A = £) s, < V]2

where 1 > 1/p=1/p; + 1/p2 and p1 > d/2, p» > 2d i.e. p is greater than 2d/5.
Thus, in the two-dimensional case (d=2) the operator (A —p) 'V(A —p)™" is
indeed nuclear. O

3.3. Calculations with resolvents. Let us regard the Schrédinger operators
(2.3) H; = —A +V; corresponding to potentials V; € L?(), 7 = 1,2 and their re-
solvents R; = Rj(z) = (2 — H;)™! at a common regular point z. We can decompose
the difference of these resolvents in the following way

Ry— Ry = Ry(1-R;'Ry) = Ry(R{*Ri— R;'Ry)
= Ry(R{'—-R;)R, = Ry, (V2 — Vi) R;.
Using this decomposition a second time one gets

Rz el R1 - R]_VRl + (Rz - Rl)VRl = R1VR1 + RgVR]_VRl,

where V = V, — V4. Continuing this way one obtains the expansion

L-1

Rz = R1 (Z(VRl)l) + Rz(VRl)L VL = 1,2, cee e (35)

=0
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By means of (3.5) the difference of resolvent-squares can be decomposed as follows
Rg - R% - Rz(Rz - Rl) + (Rz - Rl)Rl )
= Ri(Ry — Ri)+ (Ry — R1)R1 + (R; — Ry)(R: — Ry)
= R}VR, + RiVR} + RiRy(VR:)? + Ry(VR:)*Ry + (R VR, )

3.4. L’-bounded sets of potentials. We regard the Schrédinger operators (2.3)
corresponding to potentials V from the closed M-ball M in L?*(Q) and denote the
resolvent of Hy at 2 = —ppy = opr — 1 (cf. (2.5)) by

Ry = (—par — Hy)™ = (A — par — V). (3.6)

According to Theorem 2.1 z = —pjs is a common regula.r point for all the Schrédin-
ger operators under consideration.

Theorem 3.1. The norms ||(Hv + pum) - |12 related to the Schrédinger operators
Hy, V € M are uniformly equivalent, i.e. there is a constant Cps such that

Cu |(Hy + pa) ™Mom — A)| <1, YV € M.
Remark 3.1. As ppr is a real value there is
[(pre = D)(Hy + paa) | = (Hv + paa) ™ (pae — A)
and we have for all potentials V € M

I(oae — A)(Hy + pae) ™ || = I(Hv + paa) ™ (oar = A)]| < 51— (3.7)
M .

Proof. We decompose by means of (3.5)
(Hv + pa) (o — A) = RyR5' =1+ VRy
and estimate the operator norm:
[(Hy + p10)™ (st — A < 1+ [Vl By sz o). (3.8)
Now we get the assertion by the following lemma. [

Lemma 3.3. The resolvents (3.6) of the Schrédinger operators (2.3) are uniformly
bounded in B(L?, L*) for all potentials V € M.

Proof. The set {Ry : V € M} is bounded in B(L?, L*) iff

{$: (A—pu~V)b=1, [#llx <1, Ve M} (3:9)

is bounded in L*(9).

According to Theorem 2.1 the distance of —pas to the spectrum of the operator
—A+V is at least 1 and thus ||(A — par — V)7 ||sz2,22) < 1. Hence the set (3.9)
lies within the unit ball of L*(Q2). This implies

¥+ Vel <VIQI+M, YVeEM, |¥]n<1
for all ¢ from (3.9), i.e. the set

{$+Vé: (A=pu)p=v+Vé [l <1, Ve M} (3.10)

9



is bounded in L*(£2). The embedding L'(£2) < W~'? is continuous for 1 < p < 7%,

hence for these p the set (3.10) is bounded in W~17(Q). As A — pys is a continuous
bijection from Wy?(Q) onto W-1?(Q) for po/(po —1) < p < po (cf. (1.13)), now
follows that the set (3.9) is Hj—bounded i in the one-dimensional case (d = 1) and
in general WyP-bounded if o2y < p < z57. This implies the L?-boundedness of

(3.9) for

® g = oo in the one-dimensional case (d = 1),
e 1 < g < oo in the two-dimensional case (d = 2),
e 1 < g < 3in the three-dimensional case (d = 3),

according to Sobolev’s Embedding Theorem. As

1+ Véliz- < QM 1llze + IV |22l 8]ze 1r=1/2+1/g

now follows the L™-boundedness of the set (3.10) for

e 1 <r < 2in the two—dimensional case (d = 2),
e 1 <r < 3/2in the three-dimensional case (d = 3).

By embedding (3.10) is bounded in W~1?() for

e 1 < p < oo in the two-dimensional case (d = 2),

e 1 < p <3 in the three-dimensional case (d = 3).
If po/(po — 1) < p < min{3, po} the bijection (A — par)™" € B (W‘l"’, Wol”’) maps
the W‘l’p(Q)—bounded set (3.10) onto (3.9) which thus turns out to be a bounded
set in W, 'P(Q).
In the two—dimensional case (d 2) now immediately follows the L*-bounded-
ness of the set (3.9) because WyP(Q) is contmuously embedded into L*(Q) for all
p > 2.
In the three—dimensional case (d=3) we have to reiterate our argument
once again. From the Wy-boundedness of (3.9) one obtains by embedding
the L?-boundedness for 1 < ¢ < oo. Hence the set (3.10) is L"-bounded for
1 <r <2 and via embedding it is W~1P-bounded for 1 < p < 6. Application of

(A—py) ' eB (W'l"’, WP ) now provides the Wy P~boundedness of the set (3.9)
for some p > 3 and thus by embedding its L*-boundedness. [

Corollary 3.3. Let be M; and M, two bounded sets in L*(Q2). The set
{WRV . We M1,V € Mz} (3.11)
is bounded in B(L?) by

sup ||W]|zz sup “RV”B(L’,LN)-
WeM; VeMs

Corollary 3.4. The eigenfunctions {41(V)}2, of the Schrédinger operator (2.3)
are continuous on {) and there is :

c
II¢I(V)IIC(5) < E;(el(v)_FpM)) l= L2,..., YV e M) (3‘12)
(V') being the eigenvalue of the Schridinger operator Hy corresponding to (V).

10



Proof. The eigenfunctions ¢ = ¢1(V) belong to H?() which is continuously em-
bedded into C(f2). There is for all V' € M (recall Theorem 3.1 and (2.2))

Iille@y, < colltillzs < cll(or — Arllze < én(ﬂvwmnp

Cc

(o]
= '(EH(EWPMW!HL? = GM(61+PM) 1=1,2,...,

where ¢ = (V). O

3.5. Dependence on the complex argument. Let H = [° AdE()) be the
spectral decomposition of the (self-adjoint) Schrédinger operator (2.3). For all
z€C, z ¢ o(H) there is

(2 — H)™(H + pac)l| = (H + pac)(z — H)™||

= l/_: ’\+”i‘4d||E(,\)||k’ < (‘sup ’\:_P;‘D f_: d B

z— A€o (H)
Iz+pM|) pu + |2]
< su 1+ —— 1 <14+ ——.
&)( |z — A dist(z, o(H))

(N.B. the operators (H + py) and (2 — H)™! commute, as self-adjoint operators
commute with their resolvents.) There follows for all V € L*(Q), ||V||z: < M and
z € C, dist(z, [opm,0)) > §

e = ) (2 + pac)ll = I(CH + pae)e — B < 1+ 22EEL - (319)

Lemma 3.4. For all potentials V € L*(Q) with |V||L2 <M and all z €C with
dist(z, [oar,00)) > 8 there is for the resolvent (z — Hy)™! of the Schrédinger ope-
rator (2.3) ‘

I(ae = A)(z = Hv) 7 = lI(z = Hv) (s — A)| < Cass (L +[2]) - (3.14)
where Cpps = eg‘;—:, pm =1 —ouy and oy as defined in (2.4). |
Proof. We decompose A
(pm — A)(z— Hv)™ = (pm— A)(Hy + pu) ™ (Hy + pum)(z — Hy)™
(z— Hy)pm — D) = (2~ Hy)'(Hv + pu)(Hv + paa) 7 (par — B)
and estimate by means of (3.13) and Theorem 3.1. [

Using this result we can state for the resolvents of the Schrédinger operators cor-
responding to potentials from the M-ball in L*(f2) estimates which are analogous
to those for the resolvent of the Laplacian from Sections 3.1 and 3.2. From the
Lemmata 3.1, 3.4 and Corollary 3.1 follows immediately

Proposition 3.1. Let be V a potential from the M-ball in L*(Q) and z a complez
number with dist(z, [opm, 00)) > 8. Then the resolvent (z — Hy )™ of the Schrédin-
ger operator (2.3) belongs to the summability—class By for all p > d/2. Moreover
there is for all a > 0 )

(z— Hy) ™= €B,, Vp>d/(20). o (3.15)
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Proposition 3.2. Let be U,V € L*(Q), M = ||V||12, z a complez number with
dist(z, [oar,00)) > § and Hy = —A+V the Schrédinger operator (2.3). Then
U(z — Hy) ! € By, for all p > 2d and

1U(z — Hv) 7 |lp < ¢ Crs(1 + |2])[|U]| - (3.16)
Proof. We decompose
U(z— Hy)™ = =U(A — pu) (A — pu)(z — Hy) ™!
and estimate by means of Hélder’s inequality
1U(z = Hy ) lp < 1U(A = par) 7 IlI(A — pua)(z = Hy) 7Y
Now the assertion follows from the Lemmata 3.2 and 3.4. O

By means of Propositions 3.1, 3.2 one obtains
(2 — Hy,)"'U(z — Hy,)™! € B,,
|z = Hv) Uz = H) Y| < ¢ Cgs(1 + 2)Ull2, M = max{|[Vilza, [ Vil za}
Vp>2d/5, VU,W,V, e L*(Q), VzeC, dist(z,[on, o)) > 6.

Thus, in the two-dimensional case (d = 2) the operators (z — Hy, )"'U(z — Hy,)™*
are nuclear. In the three-dimensional case (d = 3) any product of two resolvents
(2 — Hy;)™', = 1,2 and one operator U(z — Hy)™! is nuclear; more precisely

Proposition 3.3. Let be U,V, Vi, V5 € L*(Q), M = max {||V||z2, [|Villz2, | Vallz2},
z a complez number with dist(z, [om,00)) > & and Hy, Hy,, Hy, the Schrédinger
operators (2.3) with potentials V, Vi, V;, respectively. Then all first order pro-
ducts of the operators (z — Hy,)™, (z — Hy,)™! and U(z — Hy)™! belong to the
summability—class By for all p > 2d/9 and have equal B,—norm. There is

|z = Hw) U (z = Hy) (2 = Hi) ™| < ¢ Cis(L + |2 P|U |z

4. FUNCTIONS OF THE SCHRODINGER OPERATOR

Ultimately we are interested in the Fréchet derivative of tr (f( Hy)) with respect to
the potential V', where Hy is the Schrédinger operator (2.3) and f is the positive
decreasing distribution function f or one of its primitive functions. We have got
p-summability of the resolvent of the Schrédinger operator Hy. Now we are looking
for a suitable representation of f( Hy ) in terms of the resolvent of Hy. NIER based
his calculations on the following one due to HELFFER and SIOSTRAND [T7]:

Let be H a self-adjoint operator in a Hilbert space, f € C°(R) and § € C°(C) an
extension of f such that 0;F = 0 on the real azis. Then there 1s

f(H) = 5’; /C 8:3(2)(z — H)"*dz A dz .

In the present context, however, this construction is rather complicated, because
- the distribution function has not finite support. One may raise the question whether
a Dunford integral of the form '

f(Hv) = E%Lf(z)(z - Hv)fldg
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cannot be used, where I is an orientated contour ‘enclosing’ the spectrum of Hy.
This seems possible as the spectrum of Hy is uniformly bounded from below for
all potentials from a ball in L? and indeed it can be done.

4.1. Functional calculus. For any p € R and § > 0 we define
K=K,;={z€C: dist([p,0),2) < 6}. (4.1)

A path T' is said to be admissible with respect to K = K, 5, or K—admissible,
if ' C K is a piecewise continuously differentiable orientated contour with
I'N [p, 00) = B, surrounding the half-axis [p, o) in such a way that it always lies
on the left-hand side. Let be G D K a region in C and let us assume throughout
this section ’

feo@), [ Ife)ldz<oo, [filimgo < oo, (42)

where O(G) denotes the C-algebra of all holomorphic functions in the domain G
[13].

Lemma 4.1. For any Kp,g—admissible contour I' there is

) = —— f(z) dz, VA€ [p,00). (4.3)

27r1, rz—

Proof. Let be j > p arbitrary and

{zf} = {z€T:R2=j,82>0} {2} = {z€T:Rz=, Sz<0}
. I = {zeI‘ Rz < j} v; = {2€08K:Rz<j},
FJ' = [J’ 7 '7.1' = [.7_7'6721_]U[.7+7‘67z;-]

Now let be A € [p,00) and j any integer with > A + 1. According to Cauchy’s
Curvilinear Integral Theorem we have

), 1), L[ )
f()—_27rz/1:,-ur‘ z—A 271 rjz—/\dz+27ri f‘,-z—)\dz

The first integral on the right-hand side is uniformly bounded for all A € [p, o0)
and j > A+ 1:

) ,

FjZ""A

f()

’sz—

—f(z)Adzl +

1
2| < 5 [ 11)] d= 28l

v 2 —
In the limit 7 — oo we have by Lebesgue’s Dominated Convergence Theorem
fim [ JE) g, [ ),

j—eoJr; 2z — A rz—2A ‘
The remaining integral tends to zero as j — 00 because of

fz) ,
f'_,' zZ— A

S ||f||L°°(K)
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Corollary 4.1. Under the assumptions of Lemma 4.1 there s

k! z
(k)( ) = P —(—z—_f_(T;k—ﬁ dz, k=0,1,..., VAE€][p,0). (4.4)

Theorem 4.1. Let be H a self-adjoint semi-bounded operator in a Hilbert space
and p any real number which is not greater than the lower bound of H. Then the
Dunford integral over any K,s—admissible contour T' with positive distance to the

half-azis [p, o) equals f(H)

(H) = 5 [[ =)=~ )™ ds. @)

Proof. Let’s regard the spectral decomposition H = [ AdE(}) of H. Then
oo 1 o0
—_ -1 - — —
(=B = [~ —=dBQ), f(H)= [ fAEQ).

By means of Lemma 4.1 and Fubini’s Theorem we can justify the following calcu-
lations

) = [T ioaE) = [T o f(z& dz dE())

Tz
1 o dE(X) _ -1
= O [LT55 4 = g [ e
N.B. fdz ® dE(}) is a bounded measure on I' X [p,00) and | 15| < m for
zel, Ae[p,0). O
Corollary 4.2. Under the assumptions of Theorem 4.1 there is
O (H) = [ 1(2)(z — H)y gz k=0,1,.... (4.6)

Observing Theorem 2.1 we now get

Corollary 4.3. Let be M > 0, Hy the Schrédinger operator (2.3) corresponding
to a potential V € L*(Q) with ||V||r: < M, oum as defined in (2.4), y € R arbitrary
and p < oy — y. Then for any K, s—admissible contour ' with positive distance to
the half-azis [p,00) there is

fE(Hy —y) = - /f(z)(z —Hy +y)®Vds E=0,1,... . (4.7)

Remark 4.1. We can choose in particular I' = 0K, K = K, 0 according to (4.1), as
a K-admissible path with positive distance to the half axis [p, c0) which we will
frequently do in the following applications. !
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4.2. The distribution function f and its primitive functions. In §1 we as-
ked the distribution function f to be positive, strictly decreasing and vanishing
towards +o0 in such a way that F(s) = — [ f(t)dt exists. Provided all the inte-
grals involved are finite we denote by

£ () = — /°° FAdt, j=1,2,..., fO:=f (4.8)

the iterated primitive functions of f which tend to zero while the argument ap-
proaches +oo. The functions (—1)7 f(-7) are positive and strictly decreasing and if
f(=exists there is lims_ oo tlf(l‘j)(t)| = 0.

In view of the functional calculus from §4.1 we will assume that f is the trace of
some holomorphic function in a region G covering the real line. More precisely G
shall be a region in C which is symmetric about R with the following property

VpeR36>0 K,5CQG. (4.9)
- With regard to the distribution function f we assume | |
feo(G), f(GNR)C(0,+e0), f(GNR)C (~o0,0). (4.10)

The reality of f on R can equivalently be expressed as f(Z) = f(z) for all z € G.
N.B. f has primitive functions which are holomorphic in G and real-valued on R.
Further we have to impose a decay property on the primitives of f:

[Tl is)]lrd <o, VoeR, (k)= (1,4),(2,4),(3,6), (411

where § = §(p) is as in (4.9). (4.11) ensures together with the holomorphy of f in
G and the reality of f on R the existence of the integrals

./(;K , lf_k(Z)I (1+4|2|")dz < 0, Vp€ER, (4.12)
(k,v) € (1,[0,4]) U (2,[0,4]) U (3,[0,6]),

for the sets K = K, 5 from (4.9). We need the property (4.12) with (k,v) = (3,6)
in order to prove the uniform boundedness of the electron density (cf. Proposi-
tion 6.1) and we require it with (k,v) = (1,4) and (k,v) = (2,4) to get the Fréchet-
differentiability (with respect to the potential V') of the operator f(Hy — (V)
and F (Hy — €(V)) respectively (cf. Lemma 6.1).

Remark 4.2. The class (4.10), (4.11) covers all the physically relevant distribution
functions, such as the decaying exponential e™*, a > 0 and ﬁ%, a,B > 0.

By means of the functional calculus we can prove

Theorem 4.2. Let be H the Schrédinger operator (2.3) with an arbitrary potential
V € L*(Q). Then f(H) and F(H) are nuclear operators in L*(Y), where f is a
distribution function with (4.10),(4.11) and F = f(=1) the corresponding primitive

(4.8). '

Proof. Let be § =0 or 7 = 1. According to Corollary 4.3 there is
. 2l .
(=3 = _/ (-i-2) —H3d
foE) = [ ) - H) b,
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where K = K, s(op)s M = ||V]|z2. We know that (z — H)™3 is nuclear (cf Propo-
sition 3.3, take U = 1), thus

. 1 .
(~3) <l / (~3-2) _ )3
A < = [ 1) (2~ B ds
c .
< £ (~5-2) 3 .
< 20 [ 1031+ 21z < oo
The right-hand side of this inequality is finite according to (4.12). O

4.3. Differentiation with respect to potentials from L?(Q). We will now
establish the Fréchet-differentiability of the function

Fo€ (L(Q) - By), Fo(V):=F(Hy) - (413)

which depends on the potential V' of the Schrodinger operator (2.3) and where
F is the primitive function (4.8) of the distribution function f. The procedure is
analogous to that in [11], though by admitting potentials from L?(Q) one has to
regard higher order resolvent terms.

Theorem 4.3. The function (4.13) is Fréchet differentiable for every V € L3(f)
and the derivative fé(V) € B(L*(),B,) is given by

FWIW] = o | f© 2(z) (R*'WR+ RWR?) dz, YW € L*(Q), (4.14)

2
where R = R(z) = (2 — H)™! is the resolvent of the Schrédinger operator (2.3) and
I' is any K~admissible contour with positive distance to the half-azis [opr, 00). op
is as in (2.5) with M > ||V||2 and K = Ko, 5(cp,) 05 the set (4.1) with the § from
(4.9).

Proof. Indeed, F{(V) € B(L*(Q), B1), because by Proposition 3.3 (also recall Re-
mark 4.1, (4.9) and (4.1)) there is for any W € L*(Q)

1

IZWIL < o [ 170 |B*WR + RWR? dz

Lo’ , (-2) 3
2Ol Wil [ 172 (1 + [2l)? ds

and the integral on the right-hand side is finite according to (4.12). Without loss
of generality let be W € LZ(Q) such that ||V + W]z £ M. Then

IA

Fo(V+W) = Fo(V) = 5= | f2) (=~ (H + W) = (2 ~ H)™) dz

Now we decompose the difference of the resolvent—squares (cf. §3.3) under the
integral

RY — R* = R*WR + RWR® + RRw(WR)® + Rw(WR)’R + (RwWR)?
where R = R(z) = (z — H)™" and Rw = Rw(z) = (z — (H + W))™*. The first two

terms are the contribution to the derivative and we get for the remainder of the
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linear expansion of Fo(V + W) at V
w(V, W) Fo(V + W) = Fo(V) = Fo(V)[W]

_ % / f3(z) (RRw(WR)* + Rw(WR)R + (RwWR)?) dz

By means of Proposition 3.2, Proposition 3.3 and (4.12) we can estimate the nuclear
-norm of the remainder

c _ ‘
(VWi < 5=Chisll Wik [ 171 (L +1a) ' dz < oo.

Thus we have received the desired result
lw(V, W)l

—0 as ||Wl—0.
W]z

O

Remark 4.3. One gets higher derivatives of Fo(V) by further decomposing the dif-
ference of the resolvent—squares R% — R?. Thus one obtains for the second order
term in the Taylor expansion

Fo(V + W) = Fo(V) + FL(V)W] + %}'{,’(V)[W, W+ ...

Fo W)W, W] = — / fC)z) (R¥(WRY + R(WR)’R + (RWR) ?) dz, (4.15)

where R = (z — HV) 1. The nuclear norm of the corresponding remainder is a

o([W1|Z2)-
If the operators W and R = (z — H)™! commuted, there would be

FWIW] = 5 [ 70:) (RWR+ RWR?) ds

2T
= (o [ £ - B ds) W = f(E)W,

i. e. (V) = f(H). In general, however, the operators W and (z — H)™! do not
commute, but we get something of the above under the trace, as tr(AB) = tr(BA).

Theorem 4.4. The functional
do € (L3(Q) > R), ¢o(V) = tx(Fo(V)) = tx(F(Hy)) (4.16)

is Fréchet differentiable for every V € L*(Q) and the derivative ¢p(V) € (L*(Q))* =
L*(Q) s given by

($(V), W) = tr (f(Hy) W), YW € L*(S). (4.17)

Proof. Let be V € L*(Q) arbitrary and fixed, M > ||V||L2 and without loss of ge-
nerality W € L?(Q) such that ||V + W/||2 < M. Each term in the linear expansion

Fo(V+ W) =Fo(V) + Fo(V)W] + w(V, W)
of Fo(V + W) is nuclear and by applying the continuous linear functional tr we get
Bo(V + W) = $o(V) + te(Fy(V)W]) + te(w(V, W)).
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Let us first estimate the remainder
[ tr(w(V,W))] < flw(V, W)l = o ([[Wliz2) .
tr(F(V)[W]) is indeed the Fréchet derivative ¢y(V) applied to W, because the

- Fo(V r . . . .
composition troF(V) : L*(Q) (1) By -5 R is a continuous linear functional.

Now we calculate the derivative explicitly, using the relation tr(AB) = tr( BA)
/ _ ! _ _1__ (-2) 2 2
($(V), W) = t(FYV)W]) = 5— /F fCI(2)tr (RRWR + RWR?) dz

=2 [ (- )W) da

21
= tr (—2— [ £ E) e~ Hy ) da W) = o (£(Hy) W)
2w1 Jr v v
where I" is as in Theorem 4.3. [

5. THE FERMI LEVEL €(V)

The Fermi level €5 as a function of the potential V' is implicitly defined by the
electric-neutrality equation

ip = [ no(e)da = [ n(z)ds = 2 Hea(V) - eo(V)), (5.1)

where {(V)}{2, are the eigenvalues in increasing order (counting multiplicity)
of the Schrédinger operator (2.3) with the potential V' € L?(Q). Indeed, for every
V € L?*() the Fermi level €(V) is uniquely determined that way, as the series

g(Vy)=> fla(V)-y)=tr(Hv —y), VEL ), yeR (5.2)
=1
converges according to Theorem 4.2 and defines a positive and (strictly) increasing
function gy(y) = g(V,y) with the property
lim gv(y) = co0, lim gv(y) = 0.
The function g € (LZ(Q) x R — R) has continuous partial derivatives
8i9(V,y) € BUUXQ),R) = [(Q),  Gg(V,y) € BR,R)=R

on L} () x R

(019(V,y), W) = to(f'(Hv —y)W), YW € L*(Q) (5.3)
6g(Vyy) = —tr(f'(Hv —y)) = —l‘;f'(ez(V) —y)>0. (54)

Thus, by the Implicit Function Theorem for every Ve L*(§2) there is a neigh-
borhood M C L*(Q2) of V and a continuously Fréchet—differentiable function

€ € (M — R) such that A
o(V,eo(V)) = 7ip, WV € M
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and the Fréchet—derivative € € (/\;( - LZ(Q)) is given by
br(f'(Hy — «o(V))W)
tr(f(Hv — e(V)))

This implies that ¢, € (L?(2) — R) is a continuously Fréchet—differentiable func-
tion on every compact subset of L?(Q2). NIER [11] used the M-ball of H'(Q2) as
such a set. We want to extend the result to the M-ball of L*(Q2).

Theorem 5.1. Let be M > 0 arbitrary and M the closed M-ball in L*(Q). Then
the mapping €5 € ( (M, wk) — R) is continuous.

(eh(V), W) = , YW e L}(Q), YV € M. (5.5)

Proof. Assume the mapping €y € ( (M, wk) — R) were not continuous. Then there
is a sequence {V;}{2, C M and a V'é M with Vj; — V weakly in L?(Q) such that

leo(Vi) — (V)| > 60 >0, Vi=1,2,.... (5.6)

Let be H=Hy = -A+V and H; = Hy, = —A + V; the Schrédinger operators
(2.3) corresponding to the potentials V and W, I = 1,2, ..., respectively. We abbre-
viate € := €o(V) and e := €(V}), [ = 1,2,.... According to the electric-neutrality
condition (5.1) we have

ip = tr (f(H1 — Eol)) =t{r (f(H — Eo)), Vi=1,2,... ,

ie.foralll=1,2,... thereis

tr (f(Hr — ea) — f(Hi — &)) = tr (f(H — eo) — f(Hi — &0)) - (5.7)
Next we will show that the right-hand side of (5.7) tends to 0 as [ — oo. As the
V, are bounded in L? there is by Corollary 4.3

tr(f(H — &) — f(Hi — €)) (5.8)
_ 1 -2 & -2
- %/{;KF(z)tr ((z —H+e6) " —(z2—H+¢&) ) dz,
where K = K, 5(,) With p = oa — € is as in (4.1) and (4.9) respectively. N.B. K
does not depend on . We denote { = z + €, decompose the difference of the resol-
vents

- H)* = (- H)~"
= (- H)(V-V)( - )" + (- H)(V-W)(¢ - H)™

and estimate its nuclear norm by means of Holder’s inequality and the Lemmata 3.1
and 3.4

l¢—m)2—(¢c-Hm)?,
< - 8w -wy¢—my, (¢ - o7, + ¢ - 'Y,
< 20%5(1 + [D° (o = A)7H(V = Vi) — A7, (o - 2)7
< 2031+ 1D (o — 807, (o = 2) 2 (o = 2Y 2V = W) — B)|

where p = ppr =1 — oy This decomposition ensures on the one hand the By~
summability of the operator (p — A)~/? (cf. Corollary 3.1) and on the other hand

(5.9)
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allows to decompose (p — A)~Y/2 = (p— A)~*/3(p — A)~Y/8, into a part which maps
L? into L* as _ : '

dom(p — A)*/® ¢ H¥4(Q) — L*(Q)

(cf. e.g. [1]) and another part (p — A)~*/® which is compact. By means of this
decomposition we get in a first step that the sequence of operators

Ar=(p— D)V =Vi)(p - D)€ (L) » (), 1=1,2,...
converges A; — 0 weakly in B (L?(Q)). Indeed there is for all ¢, ¢ € L*(Q)

(A, 8) = ((p =AYV = Vi)(p — A)*/y, )
= ((V=V)(p—A)%,(p—~ A)/%4)

= [V =)&) (o= 1)) (@) (- 2)"*/*8) (2) do.

and this tends to zero as | — co because ((p - A)‘3/8¢)_ ((p - A)‘3/8¢) € L*(Q)
and V} — V weakly in L*(Q2). Next we will show that the sequence of the operators

(p— A)"I/Z(V - W)(p— A)—l/z =(p-— A)_I/SAz(p _ A)—1/8

converges to zero in the uniform operator topology of B (L?(Q2)). Otherwise there
would be a sequence {¢;} C L*(Q) with ||¢i|[zz =1, =1,2,... such that

p— A BA(p =AY >8>0, VI=1,2,.... 5.10
L2 ;

As the operator (p — A)7'/® is compact then there would be a ¢ € L*({2) and a
subsequence {¢,}2; C {&}{2, with (p — A) /3¢, — ¢ strongly in L*(Q). Thus'
we have

(o= a) 20— A) o4,
< (o — 224 ((p - 2) %1, - 4)

For every ¥ € L*(Q) we have App — 0 weakly in L2(Q) and because (p — A)~Y/®
is compact, (p — A)~/8Anp — 0 strongly in L?(Q). Thus, in particular the second
term on the right-hand side of (5.11) converges towards zero as j — co. On the
other hand by the Banach-Steinhaus Theorem the operator norms ||(p — A) /84|
are bounded and as (p — A)"8¢;, — ¢ strongly in L*(Q) this implies that the
first' term on the right-hand side of (5.11) tends to zero. Thus we have got
[I(p — A)~2/8A;,(p — A)~/8|| — 0 which is a contradiction to (5.10), hence

(5.11)

I (PR

IL?'

lim (o = 8)72(V = Vi)(p - 22 =o0. (5.12)
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Combining this result with the estimate (5.9) and (5. 7) (5.8) (notlce the decay
properties of F' as stated in (4.12)) one obtains

0 = lim |ir(f(H - €0) = f(Hi — ))] (5.13)
= lim [t (f(H, ~ ea) = f(Hi = )]
= tim S0 - ) - f600) - )

> lim | f(e(VD) — er) — flea(V0) — eo)|

(recall that f is strictly decreasing and therefore all the differences
(f(ei(V1) — €at) — f(€j(Vi) — &), j=1,2,... have the same sign). According
to Theorem 2.1 the sequence {e(Vi)};2, is bounded. hence the sequence
{f (ea(V}) — €)};2, is bounded and because of (5.13) {f (e1(Vi) — ea)}~, is boun-
ded too, i.e. there is an interval [a, b], 0 < a, b < oo such that

f(el(V;)-—Go) € [a'1 b]) f(El(Vl)-—Eg[) € [a'7b]) l= 1727'”
f71 is strictly decreasing and continuous on [a, ] because f is strictly decreasing
and continuous on R. Hence for the & from (5.6) there is a §; > 0 and for that
according to (5.13) a Il; € N such that

|f(e(V) — ear) — f(e(Vi) — €0)l < 61, |eo —€at| < b0 VIZ

which is a contradiction to our original assumption (5.6). O

By means of the weak compactness of M we get immediately

Corollary 5.1. The Fermi level e(V') is bounded on M
conr < €o(V) S, YV EM. | (5.14)

Theorem 5.2. The Fréchet-derivative €, € (L*(Q) — L*(R)) of the Fermi level
with respect to the potential V is bounded on any M-ball M in L*(Q)

leo(V)llze < Loy (M) VV € M. (5.15)
Proof. Let be V € M arbitrary, {e(V)}2, the eigenvalues of the corresponding
Schédinger operator (2.3) and €(V), €(V), the Fermi level and its Fréchet-
derivative at V. According to (5.5) there is

br (f'(Hy — &(V))W)

! 1% 2 = ! vV ,W — 5.16
L T A S v ) B
wer? werL? "

We estimate the numerator in (5.16) by means of Proposition 3.3 and make
use of the Dunford-integral representation (cf. Corollary 4.3) of the operator
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f'(Hy — €(V))W over the contour 0K of the set K = K,,, 2,6 with § as in
(4.9), which can be used for all V € M: '

(B - o(V)W| = i (;1; [ FG) e~ Hy + (V) W)

7t [ P (- By (V)W) dz

= [ F@ G - By + (V) * W], ds

C 3 3
< ZClWlise [ F() (1 + |2F°) dz < oo.

The integral on the right-hand side is finite according to (4.12).
It remains to show that the denominator of (5.16) keeps away from zero on M.
Because of the monotonicity of f there is

~Y P @) - V) 2 ~f (aV) - a(V)), WV € I¥(Q).

=1

The sets {€1(V)}yeaq and {€(V)}epq are bounded (cf. Theorem 2.1 and Corol-
lary 5.1), hence there is a finite interval [a, b] such that (V) — e(V) € [a, ] for
all V € M and as f' is continuous there is a sy € [a, b] with

0> f'(sm) = b f () 2 sup f(&(V) — e(V)).

Thus we have got that (5.16) is umformly bounded for all V€ M. 0O

IN

Corollary 5.2. The mapping ¢o € (M — R) is Lipschitz—continuous with the con-
stant from Theorem 5.2

leo(V3) — oVl < Lo(M)|IVi = Vallin, V1A, Vs € M. (5.17)
6. THE ELECTRON DENSITY n = n(V)
6.1. Boundedness. Forevery V € L?(Q2) the electron density n = n(V) is defined
by
n(V)(e) =2 f(a(V) - (V) (V)(=)* z€Q, (6-1)
I=1

where {(V)}{2, and {¢(V)}{2, are the eigenvalues in increasing order (counting
multiplicity) and the corresponding eigenfunctions of the Schrédinger operator (2.3)
and €y = €o(V) is the Fermi level. The series

if(el(V) — e(V)) = tr (f(Hy — &(V))

converges according to Theorem 4.2. Hence, n(V) € L}(Q).

Proposition 6.1. For all potentials V € L*(Q) there is n(V) € L(Q) and the
defining series (6.1) converges uniformly for all z € Q. For every M > 0 we may
notice :

sup ||n(V)||ze < 00, * (6.2)
VeM
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where M denotes the closed M-ball in L*(Q2).

Proof. Let be V € M arbitrary, {e(V)};2, the eigenvalues (counting multiplicity)
of the corresponding Schddinger operator (2.3) and €(V') the Fermi level. We esti-
mate (6.1) making use of the Dunford-integral representation (cf. Corollary 4.3) of
the operator f(Hy — €(V')) over the contour 0K of the set K = K,,,, s with § as
in (4.9), thereby using (3.12), Lemma 3.4, Proposition 3.1 and Corollary 5.1 and
abbreviating ¢ = ¢(V), 1 =0,1,2,..

In(V)ll e <om Zf(t‘z — &) (par + &)’
= co(M)tr ( (HV — &) (pu + Hy)?)
=Myt ([ Fe) e~ Hy o+ o) da(on + By )')
<a(M) [ 2@ |z = Hy + o) (o + By )| d2

= a() [ |12 | = By + )™ (ow + o+ 2) = (2 = Hy + ) 4z

= (M) [ |55 [(ore + o+ 2 (=~ Hy + )™
—2(pm+e+2)(z— Hy + eo)—3 +(z— Hy + eo)_2”1 dz
c<an) [ £ {los+ o+ 2 Cls (14 12+ ol
| + 2o + o+ 2| Cis (L+ |z + ol ) + Ogs (1 + |2 + eof”) } dz
<c(M) | |F7() (1412 dz < oo.

The integral on the right-hand side is finite according to (4.12) and the whole
right-hand side does not depend any moreon V. O

6.2. Potentiality. We will prove that the electron-density operator
n € (L*(Q) - L¥(Q)) (6.3)

which maps an electrostatic potential V € L?(Q2) onto the corresponding electron
density (6.1) is a potential-operator.

Lemma 6.1. Let be Hy the Schrédinger operator (2.3) with the potential V,
eo(V) the corresponding Fermi-level (5.1), U € L*(Q) arbitrary but fized and f(=9),
7 =0,1 the primitive (4.8) of a distribution function f with (4.10),(4.11) or thzs
function itself. The function

Fe(L¥Q) - B:) F(V)=U f9)(Hy —e(V)) (6.4)
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is PFréchet differentiable for every V € L*(Q) and the derivative F'(V) €
B(L3*(Q),B,) is given by ’

F(V)W] = 2 [ £5579(2) (RA(2)WR(z) + R(=)W R¥(2)) d=

_ tr(f'(Hv —e(V))W)
tr (f' (Hv — &o(V)))
where R = R(z) = (z — Hy + &(V))™! and T is any K, s(,)—admissible path with
positive distance to the half-azis [p,00). K = K, g5, is the set (4.1) with
p=om—¢€m and M > ||V| 12, om and Enr being the lower bound (2.4) of the
spectrum and the upper bound (5.14) of the Fermi level, respectively.

UfC=) (Hy — (V) YW € L3 (), (6.5)

Proof. In the same way as in the proof of Theorem 4.3 one can show that F/(V) is
indeed from B(L*(Q), B;). Now without loss of generality let be W € L*(Q) such
that ||V 4+ W||2 < M. Then

:F(V + W)= F(V)=U f (Hysw — eV + W) = U £ (Hy — &(V))
/ FID) (2 + @V 4+ W) = Hy = W) = (3. + eo(V) — Hy)™?) dz.

N.B. the requirements on the contour I' in the lemma serve for both arguments
Hyiw — €(V + W) and Hy — (V) of the function f(=9). Now we decompose the
difference of the resolvent-squares (cf. §3.3) under the integral
R% —R*=RWR+ RWR? — 2(eb(V), W)R®
~ 2w (V,W)R® + RRw(WR)? + Rw(WR)’R + (RwWR)?
+ (((V), W)? + w2(V,W)) (RRw R’ + RwR® + (RwR)?) (6.6)

where Ry = Ru(2) = (2 — (Hy — eo(V) + W — (&(V), W) — w(V, W)™
e5(V) is the Fréchet—derivative (5.5) of the Fermi level at V. By we(V, W) we denote
the remainder in the linear expansion (V + W) = (V) + (e,(V), W) + we(V, W).
The first three terms in (6.6) are the contribution to the derivative. According to
(5.5) and Corollary 4.3 there is indeed for all W € L*(Q).

2(66(V)‘, W) /Ff(_j—n(z)Rs(z) dz = t;(r](c;c(’?gv—_foe(o‘(/‘)/))?)/)f(l—j) (Hv — e(V)).

For the remainder of the linear expansion of F(V + W) at V we get
w(V W)=FV +W)-FV)-F (VW]

27rz

f Fe- 1)(z)( 2w(V, W)R® + RRw(WR)? + Rw(WR)*R + (RwW R)?
+ (((V), W) + W2V, W)) (RRw R? + RwR® + (RwRY?)) dz

By means of Proposition 3.2 and 3.3 we can estimate the nuclear norm of w(V, W)
|V, Wl < & 1Ullz2 (s oW lze) [ [F5a)] (+ 12F7) d=

+Chs (IW s + bV IW I + o(IW1E2)) [ [F5)| (1 + J2l*) d )

27r7,
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The integrals on the right-hand side are finite according to (4.12). Thus,
llw(V,W)||1 is indeed a o(||W||z2). O _

Theorem 6.1. Let be H = Hy the Schrb’dinger operator (2.3) with the potential V,

€0 = €o(V') the corresponding Fermi-level (5.1) and f a distribution function with
(4.10),(4.11). There is the following representation of the electron—density operator

(n(V), W) = /n W (e)n(V)(z)dz = tr (f(Hy — &(V))W), VV,W € LQ).(6.7)

Proof. We calculate the trace of the operator f(H — €)W with respect to the
eigenfunctions {¢;},-, of the Schrédinger operator H and use its spectral decom-
position H = Y232, & (-, %1);2 1. As H is self-adjoint and f is real-valued for real
arguments the operator f(H — &) is self-adjoint. Thus,

oo

tr(f(H — )W) = ; (f(H — eo)Wrht, 1) 2 = li_o:(W%[’l; f(H — eo)hr)

I=1

N i (W¢l ’ if(ej = &) (Y1, 95) 12 %‘)’ = i (Wb, fer — €o)r) 2
=1 | L
= lz:;/n W (z) f(e—eo) ()| *dz = /;; W(“’);f(ft—eo)ltﬁz(w)lzdm = (n(V), W)

for all W € L3(Q). O

Theorem 6.2. Let be Hy the Schrodinger operator (2.3) with the potential V and
eo(V) the corresponding Fermi-level (5.1). The functional ¢ € (L?(2) — R)

J(V) = fip e(V) + tx (F(Hy — eo(V))), V € L¥(R) (6.8)

is Fréchet differentiable for every V € L*(Q) and the derivative qS’(V) € (L) =
L*(Q) is the electron density ¢'(V) = n(V).

Proof. Since the trace is a continuous linear functional on B; one obtains by means
of Lemma 6.1 (take j =1l and U = 1)

(¢'(V), W) = fip(eo(V), W) + tr (F'(V)[W])
= tr (2 — [ 1) (R(:WR() + R)W R¥(2) dz) YW € L (Q).

N.B. according to (5.5) and (5.1) the trace of the second term in (6.5) is just
- ﬁp(e{)(V), W). In the same way as in the proof of Theorem 4.4 one can show

- (2 [ £9) (R ()W R(z) + RE)W R () dz) — te (F(Hy — eo(V))W)
T
for all W € L?(£2). Now the assertion follows with Theorem 6.1. [
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6.3. Fréchet differentiability.
Theorem 6.3. The electron—density operator (6.3) is Fréchet differentiable for
every V € L*(Q) and the derwative n'(V) € B(L*(Q)) is given by

(! (V)[W],U) = tr( - [ F(2) (R(WER(z) + RE)WE(2)) dz)

b (f’ (Hy — «o(V)) W) tr (f' (Hv — &(V)) U)
tr (f' (Hv — (V)

where Hy is the Schrédinger operator (2.3) with the potential V', eo(V') the corre-
sponding Fermi-level (5.1) and R and I are as in Lemma 6.1.

YU, W € L*(Q), (6.9)

Proof. The assertion follows from Theorem 6.1 and Lemma 6.1 where we take 7 = 0
and get

(VW U) =tz (F(V)W]) VU,W e L*(Q),
with F(V) = Uf(Hy — &(V)). O

Remark 6.1. If the directions U and W coincide (6. 9) can be written in a more
condensed form, viz. -

(n'(V)W], W) = ( /f 2) (WR(2)) dz ) -
for all W € L*(0). Indeed there is

(2 (f (Hy — eo(V)) W))?
tr (f (Hv — eo(V)))

WR*(2)WR(z) + WR(2)WR?*(z) = —-;; (WR(z))?

and observing the decay properties (4.12) of F one can integrate by parts

~ [ PG (WRE) de = [ () (WR(:)) .

N.B. we cannot use this formula for the monotommty—proof as NIER [11] did, since
we do not have the nuclearity of the operators (WR(2))? for arbitrary potentlals
V from L*(Q).

6.4. Bounded Lipschitz—continuity.

Lemma 6.2. The Fréchet-derivative n' € (L*(Q) — B(L?)) of the electron—
density operator (6.3) with respect to the potential V is bounded on M

[n' (V)| € La(M) YV €M (6.10)
for every M > 0, M being the M-ball in L*(Q2).
Proof. Let be V € M, H = Hy the Schrédinger operator (2.3) with the poten-
tial V, g = €o(V') the corresponding Fermi-level (5.1), R = R(z) = (z — H + )77,
K = K, 5,) the set (4.1) with p = oy — €m, oar and €y being the lower bound

(2.4) of the spectrum and the upper bound (5.14) of the Fermi level, respectively.
We calculate

["’(Vll = sup  (n ’(V)[VF{], U)

UWe L2
Ul 2 =Wl 2=t
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by means of Theorem 6.3 and get with (5.5) and Theorem 5.2

1

W(VWLU) < 5 /a NF@)| |UR(2)WR(z) + UR(z)W B(2), dz
+ Leo(M)|Wliz2 | f'(H — )Ull; YU, W € L*(Q).

As for the second term on the right-hand side we may observe via Corollary 4.3

17~ )0l < = [ PR ), 45 VU € (@),

We estimate the nuclear norms in the preceding formulas by means of Hélder’s
inequality, Proposition 3.2 and Proposition 3.3 and get for all U, W € L*(Q)

c
(W(V)IW],U) < ZCts (14 Lo (M) [Vl [Wllza [ IF()I (2 + |2F7) 2
The integral on the right-hand side is finite according to (4.12). O
From Lemma 6.2 immediately follows |

Theorem 6.4. The electron-density operator (6.3) is bounded Lipschitzian, i.e.
for each M > 0 there is a L,(M) such that

[n(V2) = n(Vi)llzz < Ln(M) V2 = Villz2, VWA, V2 € M. (6.11)
6.5. Monotonicity. |

Theorem 6.5. The negative electron—density operator (6.3) is monotone:

(n(Va) —n(V1),Vi —Va) 20 VW, V; € L*(Q). (6.12)
Proof. We will show that
n'(V)IW],W)<0 VV,W e L*(9). (6.13)

This implies the monotonicity of the operator —n (cf. [3], ch. III, Lemma 1.1).
According to Theorem 6.3 there is for all W € L*(Q2) with R and T' as in Lemma 6.1

L =L [ Ry (e W)Y g - LD =P )

Let us calculate the trace of R(W R)? with respect to the elgenfunctlons {¢1}, o, of
the Schrédinger operator Hy:

tr (R(WR)?) = fj (WRW R4y, ), = Z (R (2)p0, WR(2)Wh) ,

=1 =1

— f: (R(Z)W’(,[JI, W’l)bl)L? — io: (R Z)¢J7¢’¢)L2 (W'()bl)"/)j)L? (¢k7 I/VA‘/JI)L2
= (z—ea+e) =1 (2 — &+ &)°

_,i (Wb, ¥u)pa (o, Wip)pa & (Wbt vox) 2 |”

- k=1 (z—ea+e)(z—e+e) ki1 (z—a+€e)z—e+e)
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By means of Lemma 4.1 and Corollary 4.1 one can evaluate the contour integral

1 F(2)

Fir = ™ /; (z— €+ €)*(z— e+ &)
{f’(el—fo) if €] = €k
(—e’,fze—,,)T (F(er —€)— F(e—€)— f(a— eob)(ek —q)) ifg#e

which is always negative as the distribution function is strictly decreasing. Thus,
tr (f' (Hv — e(V))) (n'(V)IW], W)
1 oo
=3 Y. ek — o) f' (& — €o) (Webk, Yr) g2 — (Webr, o) 12)°

k=1

+tr(f (Hv — e(V))) (ki Fu I(W¢l7¢k)L2|2) :

This expression is always nonnegative and vanishes iff W is a constant a.e. in 0.
As tr (f' (Hy — e(V))) is strictly negative this implies (6.13). O

Corollary 6.1. The restriction of the negative electron—density operator (6.3) on
the space H3(Q) is strictly monotone:

(n(Va) —n(Vi), Vi = Va) > 0 VVi # V3 € HY(Q). (6.14)

7. EXISTENCE, UNIQUENESS AND REGULARITY

Theorem 7.1. For every np € L*(Q) the Schrédinger-Poisson operator (1.6) is a
strongly monotone

(A(Va) - A(V),Va = VA) > [Va = Vallh WA, Vs € H(S) (7.)
and bounded Lipschitz—continuous '
JA() = AVt < (1 + ¢ La(M) Vs = Vil
VV; € Hy(Q) with |Vo+ V;|l12 < M, 5=1,2 (7.2)

potential operator. Its inverse A~* € (H™1(Q) — H(Q)) is a strictly monotone and
Lipschitz—continuous

|47 (na) — A7 (ma)lmp < lIn2 —mallg— Vny,np € HH(Q) (7.3)

potential operator. — In (7.2) L,(M) is the constant from (6.11) and c is the
product of the embedding constants cpz g1 and CHleL2

Proof. The Schrédinger—Poisson operator (1.6) is the difference
AV)=JV —n(Vp + V)

of the duality mapping (1.10) and the electron—density operator (6.3). The duality
mapping J is strongly monotone and Lipschitz—continuous with both constants 1.
Hence (7.1) and (7.2) follow from Corollary 6.1 and Theorem 6.4, respectively. The
duality mapping is also a potential operator and so is n and thus A according
to Theorem 6.2. Now a well known theorem (cf. [3] ch. III, Th. 4.9) provides the
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existence, potentiality and strict monotonicity of A~!. Direct calculation shows the
L1psch1tz——cont1nu1ty of A7t (cf. [3] ch. III, Cor. 2.3) . [T

According to Theorem 7.1 the Schrédinger-Poisson equation (1.5) has exactly
one solution V' € Hj(Q) for every right-hand side from H~!(Q). As we assume
np € L*(Q) we can get better regularity of the solution V = J~!(n(Vp + V) — np).

Theorem 7.2. For every np € Lz(Q) the solution of the Schrédinger—Poisson
equation (1.5) belongs to the space H*(Q2) N H}(R).

The proof follows from assumption (1. 14) By embeddmg H 2(Q) — L°°(Q) one
obtains

Corollary 7.1. For every np € L*(Q) the solution of the Schrédinger—Poisson
equation (1.5) belongs to the space L>().
8. ITERATION SCHEME

Let be V1 € Hj an arbitrary starting point and a > 0 any positive real number. We
define the iteration sequence {Vi}{2, C H3(Q) by

Vipr =1 —t)Vi+ 4J 7 (n(Vo + Vi) — np) 1=12,...,
: 2 _
# = min {1, Tﬂ;} mo=p ([Villmy + 19V = n(Vo + Vi) + nplla=)  (8.1)

where p is an increasing function with
1AW) — AV |- < p (max {|U e, 1Vl }) IU = Vlgg, YU,V € H.

(7.2) provides such a function p. According to [3] ch. III, Th. 4.2, Rem. 4.12 we
have ‘

Theorem 8.1. The sequence (8.1) converges strongly in Hy(Q) towards the solu-
tion V' of the Schrédinger-Poisson equation (1.5).

Remark 8.1. The dynamical step size in (8.1) can be replaced by a constant ¢; = ¢
and any smaller positive value can be used just as well (cf. [3] ch. II], Rem. 4.11). —
Theorem 8.1 implies that the sequence {V;}{2, is bounded in L?. So in the following
we can choose a finite M such that

IVo+Vilza <M, 1=1,2,.... (8.2)

Thus we have uniform constants for all members of the iteration sequence and the
solution. '

Ultimately we are interested in uniform convergence of the sequence (8.1). By
means of assumption (1.14) we may notice

Lemma 8.1. For every starting point V; € H*(Q) N HY(Q) the iteration sequence
(8.1) belongs to the spaces H3(Q), H*(Q) and L>(R).

Theorem 8.2. Let be V; € H?(Q2) N H3(R2). Then the iteration sequence (8.1) con-
verges weakly in H?() towards the solution V of the Schrédinger—Poisson equa-
tion (1.5).
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Proof. In §6.4 we have proved that the electron—density operator is bounded Lip-
schitzian. Hence the Hy—convergence Vi — V of the iteration sequence (8.1) implies
n(Vi) = n(V) in L*(Q).
As J-' € B(L? H?) (cf. assumption (1.14)) we have
T (W) = (V) in (),
i.e. the sequence {J~! (n(V1))}2, is bounded in H*:
e (n(V}))HHz <K, 1=12,....

Now from the definition (8.1) of the iteration sequence we may deduce

-1
WVisallme < (1= O[Villas +1K < (1=} [Villas + K 3 (1~ )"

v=0
tK
< ||V1”H2+1—_—£ (NB.0<t<1).
Thus we have got that the iteration sequence (8.1) is bounded in the space H2((Q).
As H%*(Q) is reflexive {Vi}{2, is also weakly compact. Now the assertion follows

from the already established Hj-convergence of the whole sequence {Vj}12, . O

Corollary 8.1. Let be Vi € H(Q) N Hy(2). Then the iteration sequence (8.1) con-
verges strongly towards the solution V of the Schrédinger-Poisson equation (1.5)
in every space to which H*(Q) N H3(R) has a compact embedding, especially in
L=(Q). ;

Let be H; = —A + Vi + V} the Schrédinger operator (2.3) corresponding to the po-

tential Vo + V; which the iteration sequence {8.1) provides and o (H;) the spectrum
of Hj. There is (cf. [9] ch. V, Th. 4.10)

dist (0 (Hiy1),0(H1)) < |Hipa — Hll = Vi1 = Villp,
dist (o (Hv),o (H)) < |Hv - Hl| = [V - Ve,

V being the solution of the Schrédinger—Poisson equation (1.5) and Hy the corre-
sponding Schrédinger operator (2.3). '
The Schrédinger operators (2.3) are operators with compact resolvent (cf. Pro-
position 3.1). Hence, their spectrum consists entirely of isolated eigenvalues with
finite multiplicity. Thus, for each A € o(Hy), V being again the solution of the
Schrédinger-Poisson equation (1.5), there is an index I()), such that

digot, = dist (A, o(Hy)\ {A}) > 2 [[Vi = V] pw, VI>I(N).
Let be m the multiplicity of A € o(Hy). Then for each ! > I(}), H, has exactly m
repeated eigenvalues in the interval (/\ — 4‘;“‘-,,)\ + 4‘;“‘-) and at most m repeated

eigenvalues in the interval (A — ||V = Vi|| e, A+ [V = V|| ) (cf. [9] V.4.3 and
take there T'= Hy, S = H;, a = ||V — V|| 1w, b =0).
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A Note on the Discretization of a Stationary Schrédinger—Poisson
System (by G. Albinus)

Abstract: Recently it has been observed that the stationary Schrédinger-Poisson system
is a variational problem with a strongly monotone potential operator. In this note a
way of discretization is described such that the discretized problem is also a variational

- problem with a boundedly Lipschitz continuous strongly monotone potential operator.
These properties guarantee the unique solvability of the discrete problem as well as the
convergence of the iteration method of the steepest gradient.

Key words: stationary Schrédinger—Poisson system, discretization of the Schrédinger—
Poisson system, monotone potential operators, iterative methods
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1. INTRODUCTION

The atom is a ’classical’ example of a quantum mechanical system of some electrons
which may be described by a stationary Schrédinger-Poisson system. The atom is
considered as a system which consists of a fixed nucleus and a number of electrons
around the nucleus. If the interaction of the electrons among another is neglected
the single electrons ’see’ the nucleus as an Hamilton operator Hy in a Hilbert
space, let us say Ly(R?). The Hamilton operator is positive definite and has real
eigenvalues € < €; < ... and eigenstates 1;,! = 1,2,.... If the Pauli principle
is regarded in a rudimentary way the nucleus of a stable atom with K protons
binds K electrons in the K lowest states. A better description may be expected if
the electrostatic interaction of the electrons is also considered. Roughly speaking
the stationary Schrédinger—Poisson system for the stable atom with K electrons
consists in an eigenvalue problem

(HO + V)")bl ‘= el")bl (l = 172; 7K)

for a Schrédinger operator with an unknown potential V which is defined by the
sought eigenfunctions,

V)= 4 [ S

Advances in the semiconductor technology are another source of interest in sta-
tionary Schrédinger—Poisson systems. In this case one may consider a rather small
(part of an) electronic device which consists of a semiconductor material with a
fixed positive doping profile such that the equilibrium of the system of the crystal
electrons in the conductive band should be described by quantum mechanics and
statistics. The lattice together with the exterior electrostatic conditions are repre-
sented by an undisturbed Hamilton operator Hy which operates on the states of
single crystal electrons. Let us regard again the electrostatic interaction of elec-
trons. Thus we ask for the eigenvalues ¢ and the eigenfunctions 1y of an Hamilton
operator H = Hy + V in Ly(f2), the unknown potential V of which is determined
by the eigenvalues and eigenfunctions in the following way.

With an energy distribution function f and with the fixed density D > 0 of the
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doping profile the Fermi level pp is defined by the condition
/DIZf(GI—(,DD) ’
1

which turns out to be just the supposed charge neutrality of the system. Now the
electron density N is defined by

Ny(z) = ;f(ez — op)l(z)f .

If the electron charge is —1 and if Hy does not contain the electrostatic interaction.
between the electrons and the doping profile, then the potential V of the electrons
due to the electric charge is the solution of a boundary value problem for the
Poisson equation

—V-(eVV)=Ny —D

under homogeneous boundary conditions. F. Nier [11] has observed that this nonli-
near problem is a variational problem with a strongly monotone potential operator.
H.-C. Kaiser and J. Rehberg (cf. this preprint) have shown that this operator is
also boundedly Lipschitz continuous in Ly(Q).

In this note, answering a question of H. Gajewski, we will show that the nice
structure of the nonlinear problem can be preserved under discretization. If one
is going to discretize the stationary Schrédinger-Poisson system, one should take
regard to the fact that the wave functions 1, the potentials V and the electron
densities N are all described by functions on a domain 2, but nevertheless they
are rather different objects. Their different characters should be reflected by any
discretization procedure. Without specifying neither the discretization procedure in
detail nor the boundary conditions we formulate a discrete stationary Schrédinger—
Poisson problem and define a property (cf. (2.1) below) which guarantees that
the discretized problem is also a variational problem with a boundedly Lipschitz
continuous strongly monotone potential operator. These properties guarantee the
discrete stationary Schrédinger-Poisson problem to be uniqely solvable and the
convergence of the method of steepest gradient applied to the problem.

2. A DISCRETE STATIONARY SCHRODINGER—POISSON SYSTEM

Let M > 1 be a fixed natural number corresponding to the number of knots of a
grid for the domain 2. As in the continuous case the equilibrium state of an electron
system with a self-consistent potential is described by some statistics applied to the
eigenvalues and eigenstates of the Hamiltonian H = Hy+ V for a single electron. In
our discrete case the space CM with its usual scalar product is the Hilbert space.
Thus the Hamiltonian is a M x M Hermite matrix H. The matrix consists of a
fixed Hermite part Hy and a Hermite part V due to the electrostatic potential of
the electric charge of the whole system. This charge consists of a given positive
charge density 0 # D € RM,D; > 0, and the unknown electron density N. The
electrostatic potential V' of the electric charge is self-consistently determined by a
discrete analogon of the Poisson equation under homogeneous boundary conditions,

AV =N-D,
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where A is a real symmetric positive definite matrix. The Hamiltonian of the total
system is

M
H=H(V) =H0+ZV}HJ- =Hoy+V

=1
with fixed Hermite matrices Ho, Hy, ..., Hps. The operator V is the discretization
of the multiplication operator 3 + V1 in Ly(Q). In general, a discretization will
not provide Hermite matrices Hy, ..., Hps, but we admit here only such discretizati-
ons which provide positive semidefinite Hermite matrices Hy, ..., Hys. We assume,
moreover, that

M
) " H; = unit matrix L. (2.1)
=1
This assumption looks quite natural. In a first step the eigenvalue problem in Ly(2)
may be discretized in such a way that the matrix formulation becomes

M M
(Ho+ Y ViH;)yY =€) He,
j:]_ k=1

where the ﬁj are symmetric positive semidefinite matrices, but their sum J is
positive definite. Diagonalizing the scalar product (¢,J¢) by the transformation

,¢, — Jl/z’l/l, ﬁ' — J—l/ZﬁJ-—l/%

prov1des the property (2.1).
Let €, ...., % be the eigenvalues of the operator H = H(V) with an arbitrary
V'e RM and let (47, ...,%};) be a corresponding frame of orthonormal eigenvectors.
For the statistics we need a real function f like exp(—t) or 1/(1 + exp(t)) as an
energy distribution function. We consider a smooth nonnegative function f on the
real line with the properties

(1) F'(8) <0 < f(2),

(2) lzmt_,+°°f(t) =0,

(3) 0 < d:=X¥, D; < Msup, f(t).

Because of the last property of f the following definition of the Fermi level ¢p of
the electron system makes sense.

Definition 2.1. The real-valued function ¢p on RM which is implicitely defined

by
; fle —en(V)] =

is called the Fermi level (with respect to f) of the quantum system with the
Hamilton operator H = H(V) = Ho + ZjM=1 V;H; = Ho + V and with the doping
profile D. Following [11] the function defined on RM™ by

FV) = po(V) 3. f1é - pn(V)] - Z /

m=1 -‘FD(V)

is called the energy function for the system.
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Theorem 2.1. The Fermi level and the energy function F are smooth functions
on RM. The gradient VF of F has the components

O;F(V) = Zf ey, — on(V)|(¥m, Hjp)) =1 N;(V)

(=1, M).

Proof. Let U € RM be an arbitrary fixed vector. According to the theory of self-
adjoint perturbations initiated by theorems of F. Rellich there is a complex open
neighbourhood Gar C CM of U on which there are analytic functions A, ..., Ap
(some of them may be identical) and analytic frames (¥y, ..., ¥5) in CM such that

H(W)U (W) = Ap(W)¥,.(W) (WeGu,m=1,..,M)
and
(T(V), Uu(V)=6m (VEGMNRM,1<,m < M)
(cf. [14] chap. XII, problem 17). Thus the sets

{Al(V)) ey AM(V)} = {€¥7 e GII\CI}

are the same. It follows from the implicite function theorem applied to ®(V,Y) =
Y f[Am(V)—Y] that the Fermi level ¢p is smooth on GpNRM. Then the function
F is evidently smooth there. Straightforward differentiation provides

i faVAm

\V/ —
L >

(2.2)

and

VF=Vep ) fm+ ) iVIAi~¢p] = 3 fuVAm (23)
m l m

where fm = f[Am(V) — ¢p(V)] = flef. — op(V)]. The identity
OiAm(U) = (Ym, Hipm) (Y = ¥m(U)) (2.4)
is obtained by differentiating the identity
Am(V)(bm, Tm(V)) = ($m, H(V)¥m(V))
and by setting V = U. The identity

3 fles — ep(U)(e, Hipl) = le FIAY = op(U)](sh1, Hysr)

is proved elementarily regarding that there are unitary matrices C¥ such that
Y = O U (V) with CF, = 0if ¢ # Am(V). We have seen that ¢p and the
function F' are smooth on a neighbourhood of an arbitrary point U € RM | i.e. they
are smooth functions. O

We have assumed that the matrices H; are positive semidefinite. Therefore the vec-
tor N(V) = VF(V) can be interpreted as a density. The property (2.1) guarantees
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that the definition of the Fermi level is equivalent to the charge neutrality of the
system, indeed ‘

SN; =303 fn(ms Hitoy) = 3 fa(ms 2 Hith) = 3 fn (s )

The equality N;(V) = X, fm|ty,;|* holds if and only if the operator V is just the
diagonal matrix V* corresponding to the vector V.

Definition 2.2. The discrete stationary Schrddinger—Poisson problem is
to find a potential V € RM™ which satisfies the vector equation AV = N(V) — D.

Let us use the notation as in the proof of the preceding theorem, but let us assume,
furthermore, that the eigenvalues ),, = A, (U) are simple. We differentiate the
identities '

[A(V) = A (s O(V)) = (b, (V = U (V) (1< 1#m < M)
with respect to V; and set V"= U. As the result we get

(b 0504(07) = %) 25)

Similarly one gets
R(Ym, 0;%,(U)) =0 (m=1,..,M)
for the real part of the scalar products. In the following we use the summation
convention with respect to the indices a and apply the differential operator X,0, =
XV with respect to V. Thus
(XVXP F(V) = XV D fm XVA,] =

> fr [XV(Am — D)l XVAm +3 iXV (XVA)=:S+T.
m !

Substituting Vpp in S by (2.2) and abbreviating XVA,, =: wn, we get
Wm
§ =3 futi = 2 fulD fln5}
m m i Ek flc
ie. ,
S fo =22 fifu(wf —wwm) =323 fifm(w —wm)® 20
k I m I m<l

or § <0, since Y fi < 0.
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The summand T can be estimated by means of (2.4). Applying
XV (XVAR) = XV(¥n(V),XT,,(V)) =
(XVUA(V), XUn(V)) + (Tn(V), X XVIL(V)) =
= 2R( XUn(V), XVUL(V) ) =2R( ) (s, XUn(V)) , XVI(V) ) =
1

2R{ Xa (s XU (V) (s 8a¥m(V)) + D Xa(X ¥ (V), 91)(3h1, 82 ¥m(V)}

l#£m
Xthm, 1) (%1, XtPm)
= 2R ( - - =2 —_—
l§n A'm - Al l;ézm Am. "" Al
with wmi = |(¥1, Xt )|? = wim, we get
=2Y fm f ! Nwm S0,
m l;ém AT I<m

since f decreases.
In the case that the eigenvalues of H(U) are simple, we have seen that

X X300, F(U)<0 (X € RM).

The result does not really depend upon the simplicity of the eigenvalues, but the
proof given just before makes use of the identities (2.5) the right-hand side of which
may be an indefinite expression in the case of multiple eigenvalues. In the general
case another proof works. It is based on Dunford’s integral calculus for operators.

3. APPLICATION OF DUNFORD’S INTEGRAL CALCULUS

From now on we assume that the function — [ f is the restriction onto the real
line R C C of a complex analytic function A on an open neighbourhood G C C
of R. Then f is the restriction onto R of the derivative h' of k. In this case the
Fermi level and the energy function F are restrictions onto R of complex analytic
functions gp and F', respectively, defined on a complex open neighbourhood Gas C
CM of RM C CM. Let Koo C RM be an arbitrary bounded set (in the proofs
of local statements Kog = {U} with an arbitrary U € RM). A properly chosen
nelghbourhood G C Gag of Koo can be covered by a finite number J of open sets

Lt C CM as in the proof of Theorem 2.1. If AL, and ¥:, have the same meaning
as in the proof of that theorem, then the closures

Ky =cl{A4(V): 1<m <M, VeGynRY}
and

K*=d{A—p(V): A€ K3, V€Gi,NRM}
are compact sets in R. Let I' C G be a path which is the boundary of an open
simply connected neighbourhood of Gx C C of K = UL, K* such that Cauchy’s
integral formula is applicable. Then for any analytic functlon g on Gk, which is
continuous on Gx = Gk UT there is an matrix-valued function

olH(V)] = o [ g~ BV =: [ g(0)[h — H(V)] e
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The values g[H(V)] do not depend on the special contour I' which encloses the
spectrum of H(V). The function depends smoothly on V € G N RM. Indeed,
since

gH(V +1X)] — g[H(V)] = g(H +1tX) - g(H)
= [a [ -H=-X)" = (A~ H)™]dr
= / g [(F = H - X)X\ - H) ] dpA
the identities
XVEV) = [ ¢(0) [(A — H)X(A — H)™] dr, (3.1)

(XVX)2g[H(V)] = 2 / g {(x = H) XA — H) P} dr | (3.2)

hold. 4
The trace of a matrix A is Tr(A) = M, (e, Ae) for any orthonormal basis
(e1, ..., em) in CM. Choosing,in particular, e; = U(V) (I = 1, ..., M) for the matrix

gHW)] = > gAm(V)¥m(V) ® Tm(V)*

m=1

with a real V € Gpr N RM we get

M
Tr{g[H(V)]} = 2—:1 9lAm(V)]. (3.3)

This identity provides a connection between the formulas of the preceding section
and the formulas which will be derived below.
Thus the Fermi level and the energy function can be redefined by

d = Te{ KH(V) - ep(V)] }, (3.4)

F(V) = ¢p(V) Te{k'[H(V) — ¢p(V)]} + Tr{R[H(V) - ¢p(V)]}. (3.5)
Furthermore, we get
XV Tr{g[H(V)]} = Tr {XV{g[H(V)]}}
= [gTHO - H)X(O - H) Y ded = [ g(N)Te( - H)7X] dr

= Tr‘[/ g( A\ = H)"2 dr X] = Tr[¢'(H)X].
with regard to (3.1) and the idendity Tr(AB) = Tr(BA), i.e. the identity
XVTr{g[H(V)]} = Te {XV{g[H(V)]}} = Tr {g'[H(V)] X} (3.6)
holds.

If a family of analytic functions 9(.,Y) on Gk depends smoothly on a real parameter
Y, then the matrix family g[H(V'), Y] depends smoothly on Y, too. In our case

g(\,Y) = YH(A=Y)+h(A-Y) and Y =yp(V).
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We mention the identity ‘
OvTrh(H-Y)] = —Tr['(H-Y)). (3.7)
Regarding the definition of the Fermi level and the listed formulas we get
XVE(V) = [XVep(V)ITr{h'[H(V)=ep(V)]} + Tr {XV{A[H(V) — op(V)I}}
= Tr{h'[H(V)-¢p(V)] X} = 3} X; T{h'[H(V)-pp(V)] H;} = > X;N;(V).

4. THE VARIATIONAL FORMULATION OF THE NONLINEAR VECTOR EQUATION

Theorem 4.1. The matriz d*F(V) of the partial second-order derivatives is nega-
tive semidefinite for any V € RM,

Proof. Using the last identity of the preceding section we start with
(XVPF(V) = Te{XV{KHY) - op(V)]} X}
Applying (3.6) and (3.7) we get
(XVYF(V) = Te{a"[H(V) — op(V)] X* = [XVep(V)] A" [H(V) — @p(V)] X}

Instead of rewriting (2.2) by means of (2.4) the expression XVpp(V) is obtained
by differentiating (3.4).

0 = Tr{XV{r[H(V) - ¢p(V)]}}
= Tr{ A"[H(V) — (V)] X - [XVep(V)] A’ [H(V) — ¢p(V)] }.
Actording to the assumptions concerning f the trace
e {W[H(V) ~ op(V)]} < 0
does not vanish. Thus ‘
Tr{ A”[H(V) —ep(V)] X }
TR H(Y) - po(V)]}

XV(pD(V) = (4.1)

and thus

Te{ W H(V) - op(V)] X}
Te{h”[H(V) — ¢p(V)]}

The operator A”"[H(V) — ¢p(V)] is a diagonal matrix B = Bx with respect

to the orthonormal basis (¥;(V),..., ¥am(V)). Their diagonal elements are B; =

F'[A{(V) — op(V)] 0. The symmetric operators X are Hermite matrices Y with
respect to this basis. Thus the inequality

Te{h"[H(V) — pp(V)]} (XV)?F(V) = Tr(B) Tr(YBY) — [Tr(BY)]?
= 2.3 BiBu(Yu — Y3)* + 2D BiBi)_ |Yul* 2 0

k j<k £k

(XVYF(V) = Te{ RH(V) - op(V)] X } -

is checked quite elementary, i.e..

(XV)F(V) <0
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for any real X, V € RM, because Tr{h”’[H(V) — p(V)]} = &, B; < 0. In other
words, the set F':= {(V,Y) € RM x R:Y < F(V)} is convex. [
As an easy consequence of theorems 2.1 and 4.1 we get the variational formulation

of the discrete stationary Schrédinger-Poisson problem together with its unique
solvability.

Theorem 4.2. A vector U € RM is a solution of the nonlinear problem AV =
N(V) — D if and only if the vector U minimizes the strictly convez functional

G(V) = 5(V,AV) +(D,V) = F(V)

5. A REMARK oN THE CHOICE OF M

For a given Schrdédinger-Poisson equation the influence of eigenstates with higher
and higher energy levels of the associated eigenvalue problem becomes smaller and
smaller. If the problem is to be solved, only a finite number L of lowest eigenstates
can be regarded at all. These eigenstates can be calculated only approximately
on a finite grid of M > L knots, and M > L is reasonable to be expected. This
reflection suggested, on the other hand, a modification of the discrete stationary
Schrédinger- Poisson problem.

Let us assume that there are an integer L between 1 and M and a function AZ on
RM such that

(1) d < Lsup, f(t),
(2) for any V € RM the set
IL={m:1<m <M, & < ANV}
consists of exactly L indices.
Then we define a Fermi level ¢% and an energy function F'Z by

Z f[em - (PD(V)]
mGI{;
and

FAY) = ob(V) A -Vl - X [

lelZ melg “’D(V)

respectively. The analogues of theorems 2.1, 4.1, and 4.2 hold for ¢% and FL , too.
Indeed, let U € Gy C RM, A4, ...,Ap, ¥4,..., ¥y have the same meaning as in
the proof of theorem 2.1. Let denote '

JE = {I:1<1< M, AU) L AEU)}

and CJE the complement of J5 in {1,..., M}. Then there is a complex open neigh-
bourhood of U, without any restriction of generality Gz itself, such that

1l'najl.xA;(V) < mm Am(V) (V € Gy N RM).
€ meC

The existence of such a ’gap’ in the spectrum of the ’discrete’ electron is the
consequence of and the reason for the assumption made above. Unfortunately, we

39




do not know, how restrictive the assumption is. The smoothness of the Fermi level
% in Gy N RM follows again from the implicite function theorem applied to the
function

a(V,Y) = Y flAn(V) - Y],
mEJ{;

Dunford’s integral calculus claims some more attention than above, as the operators
GulHV)] = [N~ HWV)™ dry

are defined with a closed curve I'; which encloses only the poles Ai(V), I € JZ, of
[A —H(V)]7}, but not A, (V), m € CJE.
The Fermi levels were defined by

ZLf,L = ZfAl(V) en(V)] = Zfl + Y fm =D S

JL cJL I
where f; denotes f[Ay(V) — @wp(V)]. Therefore there is at least one n € JE such
that f£ > f,. Since f is a monotonously decreasing function, the inequality
v5(V) 2 ep(V) | (5-1)
holds. Thus we have ff > f; for all [ € J& and
X)) = X e = MY, (52)
JE cJE

Furthermore, we get F'L > F because of

PHY) = F(V) = deh(V) - polV)] = 3 / n+xf

A— ‘PD Ai—op C.]I’ Am— ‘PD
1= ‘PD

> dgh(V) = oo(V) - 3 [

A~ ‘PD

2 [‘PD(V) — (V)] (d - ZL ffy =0

The function n’ attains positive values < d. As the following theorem shows,
integers L < M are of interest for which n%(V) << d.

Theorem 5.1. Let o denote the ’ellipticity constant’ of the matriz A. Then the
estimate

alV = VEe < min[ [N(V) = NY V), IN(VE)— N5 (VD) |
< 2min [p%(V), % (V")]

holds for the difference of the vectors V and VE which minimize the functions G
or GH(V):= 3(V,AV)+(D,V) — FE(V), respectively.
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Proof. The difference of the identities
(W,AV) = (W,N(V)-D) (W eRM),
(W,AV") = (W,NY(VF)-D) (W eRY)
for W =V — VL gives
oV —VER < (V-VE AV - VL)) (V - VE,N(V) - NY(VE))
= (V-VE N (V) - NY(VE) + (V- VE N(V) - NY(V))
< (V=VENV) = NYV)) < [V = VEo IN(V) = NE(V),

since the operator N¥ is monotone. An ana.logous estimate with the factor
IN(VL) — NE(VE)]; on the right-hand side is obtained, because N is also mo-
notone. Furthermore,

IN(V) = NV = SN = NV

= 3| > Fu((V), B2 (V)) S @) BBV

= D> f(¥m(V), H;¥n(V)) + ZZ(fl V), ;¥ (V)
J CJI’ J J'L
=) fm + Z(fl fB) < 2m(V).
cIt

d

The theorem gives some rough hints of the proper choice of M. The number M
should be large enough for a given problem, if there is an L ~ M/2 for which
7H(VE) << d.
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