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Abstract

The mathematical modelling of nonlinear thermo-visco-plastic develop-
ments and of phase transitions in solids have drawn much attention in past
years. On the one hand, one is interested how phase transformations on the
micro- and/or mesoscales (for instance, between different geometric configura-
tions of the crystal lattice) influence the global thermo-visco-plastic behaviour;
on the other hand, the global evolution of solid-solid phase transformations is
strongly affected by the presence of micro- and/or mesoscopic stresses. In such
situations, a typical macroscopic phenomenon is the occurrence of hysteresis
effects, and it is therefore important to model these effects. This paper is a
contribution towards this direction. A new one-dimensional model is consid-
ered that incorporates both the occurrence of hysteresis effects and of phase
transitions. In this connection, the phase transition is described by the evo-
lution of a phase-field (which is usually closely related to an order parameter
of the phase transition), while the hysteresis effects are accounted for using
the mathematical theory of hysteresis operators developed in the past thirty
years. The model extends recent works of the first two authors on phase-field
models with hysteresis to the case when mechanical effects can no longer be
ignored or even prevail. It leads to a strongly nonlinear coupled system of
partial differential equations in which hysteresis nonlinearities occur at several
places, even under time and space derivatives. We show the thermodynamic
consistency of the model, and we prove its well-posedness.

1 Introduction and physical motivation

In this paper, we study initial-boundary value problems for systems of partial dif-
ferential equations of the form

PUw — UUzee = 05 + f(z,t), a.e.in Qp,
o = Hilug, w] + 0 Ha[uz, w], a.e. in Qp,
(CV9 + Fl[uz,w])t — Kl = pu, +ouy + g(z,t,0), a.e in Qp,
vwy =—1, a.e. in Qp,
Y = Hslug,, w] + 0 Hyu,,w], a.e. in Qr,
u(-,0) =ug, ul,0)=wuy, 0(,00=0, w(-0)=wy, a.e inQ,

u(0,t) =0, pun(lt)+o(l,t)=0, 6,(0,t)=20,(1,t)=0,
a.e. in (0,7, (1.7)



where Q := (0,1), T > 0 denotes some final time, and where Q,; := Q x (0,¢)
for t € (0,77].

The system (1.1)—(1.7) constitutes a model for the one-dimensional thermome-
chanical developments in a linearly viscous piece of wire of unit length in which a
solid-solid phase transition takes place. In this connection, the unknowns u, 6, o,
w, 1 denote displacement, absolute (Kelvin) temperature, elastoplastic stress, phase
variable (usually a so-called generalized freezing index, cf. [15]), and the thermo-
dynamic force driving the phase transition, respectively. The positive physical con-
stants p, u, Cy, k,v denote mass density, viscosity, specific heat, heat conductiv-
ity, and a relaxation coefficient, in that order. For the sake of notational convenience,
we will always assume without loss of generality that p=pu=Cy=rk=v=1.
Finally, the expressions H;, 1 < j <4, and F;, are nonlinearities of hysteresis
type (to be specified below).

The equations (1.1), (1.3), (1.4) represent the equation of motion, the balance of
internal energy, and the phase evolution equation, in that order (see below); equation
(1.2) is the constitutive law relating strain and phase variable to the elastoplastic
stress, and (1.5) expresses that the phase variable evolves into the opposite direction
of the thermodynamic force driving the phase transition. Besides, the boundary
conditions (1.7) indicate that the wire is thermally insulated at both ends, fixed at
x =0, and stress-free at z = 1.

The motivation to study systems of the above type is twofold. On the one hand,
it is well-known that for many materials the macroscopic strain-stress ( € - o , where
£ = u, is the linearized strain and wu is the displacement) relations measured in
uniaxial load-deformation experiments strongly depend on the absolute (Kelvin)
temperature # and, at the same time, exhibit a strong elastoplasticity witnessed
by the occurrence of hysteresis loops that are rate-independent, i.e. independent
of the speed with which there are traversed. Due to the hysteresis, which reflects
the presence of a rate-independent memory in the material, the stress-strain relation
can no longer be expressed in terms of a simple single-valued function. Among the
materials showing very strong temperature-dependent hysteretic effects are the so-
called shape memory alloys (see Fig.1 below and Chapter 5 in [2]|); but even quite
ordinary steels are well-known to exhibit this kind of behaviour (cf. [21]), although
to a smaller extent.
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B

Fig.1l. Schematic load-deformation curves in shape memory alloys, with temperature
increasing from left to right.



Usually the occurrence of a hysteresis in the macroscopic stress-strain relations
is accompanied (or even triggered) by changes between different configurations of
the crystal lattice within the solid. It thus makes sense to complement macroscopic
equations of thermoelastoplasticity by field equations accounting for such phase
transformations on the micro- and/or mesoscales.

On the other hand, phase transition phenomena are often accompanied by macro-
scopic hysteresis effects that are caused by thermal and/or mechanical stresses act-
ing on the micro- and/or mesoscales. It then makes sense to complement the field
equations describing the macroscopic phase transition by equations modelling such
micro- or mesoscopic stresses.

A classical approach to such problems would be the following. One first tries to
construct a local free energy function of the form

F(e,w,0) =0(1 — log(0)) + Fi(e,w) + 0 Fy(e,w) (1.8)

in such a way that the experimentally observed € - o and/or w - ¢ hysteresis loops
are approximately matched using the relations

F F
o= (?9—5(8’w’9)’ P = g—w(a,w,g), (1.9)
then determines the corresponding internal energy U and entropy S,
oF
Ule,w,0) := F(e,w,0) — 9%(5,11),9) =0 + Fi(e,w),
oF
S(e,w,0) := —%(a,w,g) = log(0) — Fy(e,w), (1.10)

and finally inserts these expressions in the governing field equations: equation of
motion,
uy — 0, = f, (6 =total stress = o + viscous stress) (1.11)

balance of internal energy,
Ug — Opy = Guy + g, (U = internal energy) (1.12)

and phase evolution equation (1.4).

We then obtain (1.1), (1.3), (1.4), if we put

_ OF 0P,
HI[S,U)] T E(saw)a HZ[saw] T E(saw)a
_on _ R
7—[3[6,11)] T Ow (5aw)a H4[6,U)] T Ow (5aw)a
File,w] := Fi(e,w). (1.13)

In order that a €-0 (or w -, respectively) hysteresis be modelled by (1.9),
F(-,w,0) ( F(e,-0), respectively) needs to be a non-convex function within the
range of interesting temperatures.



This approach has advantages: if the nonlinearities involved in (1.1)—(1.7) are
smooth functions, then the vast literature on one-dimensional thermoviscoelasticity
(we just refer to the fundamental papers [4], [5]) can be applied to derive results
concerning well-posedness and asymptotic behaviour. However, while this approach
is capable of correctly predicting many of the experimentally observed phenomena,
it also has certain disadvantages from the phenomenological (engineering) point of
view: the use of a non-convex free energy does not guarantee that a hysteresis
actually occurs, and simple functional relations like (1.7) are certainly not able to
give a correct account of the inherent memory structures that are responsible for
the complicated loopings in the interior of the external hysteresis loops that are
observed in experiments.

To avoid these difficulties, the first two authors have recently proposed a different
approach using the theory of hysteresis operators developed in the past twenty years
(let us at least refer to the monographs [8], [20], [22], [2], [9] devoted to this subject).
In this approach, we replace the relations (1.9) by the identities (1.2), (1.5), where
the expressions H;, 1 <j <4 and F; are no longer real-valued functions but
hysteresis operators acting between suitable function spaces. This approach has
been successfully carried out for the two cases when either we have one-dimensional
thermoelastoplastic hysteresis without phase transitions (that is, we have (1.1)—(1.3)
with no dependence on w , cf. the papers [10], [11]) or we have a multi-dimensional
phase transition without mechanical effects (that is, we have (1.3)—(1.5) with no
dependence on u, o, see [7], [13]-[17]). In this paper, we want to extend some of
these results to the fully coupled problem.

In this connection, we also refer the reader to the forthcoming paper [18] where
the present authors have investigated a related version of system (1.1)—(1.7): an
additional curvature term 7 ugpee , v > 0, was added on the left of (1.1), and
the boundary conditions for u were of the form w(0,t) = u(1l,t) = u..(0,t) =
uzz(1,£) = 0. We remark at this place that our analysis will not apply to the
case when (1.1) is complemented with zero boundary conditions at both ends of the
wire; we have to assume a stress-free regime at one of the ends in order to be able
to perform a transformation due to [1].

Let us recall some basic facts about the notion of hysteresis operator (for details,
we refer to the monographs mentioned above). Let T > 0 denote some (final)
time. A mapping H from the set Map[0,7] := {w : [0,7] — R} into itself is
called a hysteresis operator if it is causal, that is, if for all w;, ws € Map|0,T] and
t € [0,T] we have the implication

wi(T) =wy(r) V7 €0,t] = Hlw](t) = H]ws](t),

and if it is rate-independent, that is, if for every w € Map|0, T'] and every continuous
increasing mapping « of [0, 7] onto [0,7] we have

Hlw o al(t) = H[w](a(t)) Vte[0,T].

In the case of partial differential equations, when the input functions not only depend
on a time variable ¢ € [0, 7] but also on a space variable z € [0, 1], it is necessary
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to extend the above notion. In this situation, it is natural to associate with a
hysteresis operator H defined on Map|0,7] in the above sense an operator H
acting on Map ([0, 1] x [0,7]) by simply putting

Hw](z,t) = Hlw(z,-)](t). (1.14)

It is customary to identify the operators H and # . The hysteresis operators
appearing in (1.1)—(1.7) have to be understood in this way.

The advantage of this approach is that an operator equation like (1.2), (1.5), is
suited much better than a simple relation like (1.9) to keep track of the memory
effects imprinted on the material in the past history. In fact, the output at any
time ¢t € [0,7] may depend on the whole evolution of the input in the time interval
[0,¢] . Observe that the rate-independence implies that the hysteresis behaviour
cannot be expressed in terms of an integral operator of convolution type, i.e. we
are not dealing with a model with fading memory.

Unfortunately, there are also disadvantages: the input-output behaviour of hys-
teresis operators usually cannot be described explicitly, and they have, as a rule,
only very restricted smoothness properties. In fact, nontrivial hysteresis operators
are, as a rule, not differentiable, but at best only (possibly locally) Lipschitz con-
tinuous in suitable function spaces; in addition, they carry a nonlocal memory with
respect to time.

Both non-differentiability and presence of a memory are unpleasant features from
the mathematical point of view. For instance, the classical method of deriving higher
order a priori estimates for w (namely, differentiation of (1.4) with respect to ¢
and testing with w;) does not immediately work, since there is no chain rule for the
hysteretic nonlinearities; also, we may not simply differentiate (1.2) or (1.5) with
respect to z . These facts result in a lack of compactness and thus in difficulties in
existence proofs.

However, hysteresis operators usually dissipate energy which typically is propor-
tional to the area of closed traversed loops in the hysteresis diagram. Let us explain
this fact for one fundamental hysteresis operator which plays a most prominent rule
in the theory, namely the so-called stop operator or Prandtl’s normalized elastic-
perfectly plastic element. To this end, let 7 > 0 (the yield limit) and o° € [—r,7]
(the initial stress) be given. For any input function e € W1(0,7T") , we define the
output o, € Wh'(0,T) as the solution to the variational inequality (the index ¢
denotes time differentiation)

o.(t) €[—r,r] Yte[0,T], o,(0) =02, (1.15)

(ee(t) — or4(t)) (0n(t) —m) >0 Vne[—rr], ae in(0,T), (1.16)

In Fig. 2, the typical input-output behaviour is depicted.



Fig. 2. Prandtl’s normalized elastic-perfectly plastic element.

It can easily be proved (see, for instance, [9], where also the multi-dimensional case
is treated) that (1.15)—(1.16) admits a unique solution o, € W11(0,T) for every
e € WHY0,T) and o? € [—r,7] . The corresponding solution operator

sp 1 [—r,r] x WHHO,T) — WH(0,T) : (60, €) = o, (1.17)

is just the stop operator. It has the well-known property (cf. [2], [9]) that for any
r1, e € [0,400) , a,?]_ €[—rj,+rj], =12, t€[0,T],and €1, ey € C[0,T], it
holds

snlof,1)(t) = sn,[0f,, &](8)]

< fea(t) = ea(t)] + max {|ry — o] + max |e(7) —ex(7)], o7, — ), }. (1.18)

Besides, it holds for any ¢ € W1(0,T)
sifotel|<ry osfol.elt) =eut) i |sfo?e](t)| <7, (1.19)
sr[ag,e]tr = s,[0Y,€lse;, a.e.in (0,7T). (1.20)

The intrinsic dissipation property of the stop operator results if we insert 7 =0

in (1.16). We then obtain that the energy P, := 1s? of the stop element satisfies
the inequality

d__ ., . .

a’Pr[ar,s](t) < s.lop,€](t) e4(t) a.e. in (0,7), (1.21)

for all (a2, ¢) € [—r,r] x WH(0,T), and the difference between the right and the
left of (1.21) is the dissipated energy. Equation (1.21) can also be interpreted as a
chain rule inequality for the energy operator P, where the stop operator s, plays
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the role of the “derivative” of P, with respect to & (only formally, since P, is
certainly not differentiable with respect to ¢ ).

Chain rule inequalities of the form (1.21) have proven to be crucial for a suc-
cessful study of differential equations with hysteresis (for this, see the cited litera-
ture). In the case of system (1.1)—(1.7), an appropriate form of such a condition
is to postulate the existence of a further hysteresis operator F, such that for any
(e,w) € WH(0,T) x WH'(0,T) it holds, for a.e. t € (0,T),

%ﬂ[a,w](t) < FHale, w](t) enlt) + Hsle, wl(t) wi(t)
%Fz[s,w](t) < Haole, w](t) ei(t) + Hale, wl(t) wi(t) - (1.22)

We then can associate with system (1.1)—(1.7) free energy, entropy, and internal
energy hysteresis operators by putting (compare (1.8), (1.10))

Fle,w,0] = 6(1—1log(8)) + File,w] + 0 Fale,w],
Sle,w,0] = log(0) — Fale, w],
Ue,w,0] = 0 + File,w], (1.23)

where [e,w,0] € Map[0,7] x Map[0,7] x (0,400) . Indeed, if we associate o
and 1 as given by (1.2) and (1.5), respectively, with the “derivatives” of F with
respect to € and w (only formally, as they do not exist), respectively, then we
arrive at system (1.1)—(1.5) as field equations. It will turn out later that the validity
of (1.22) (rather, of a generalized version thereof, see below) will guarantee the
thermodynamic consistency of the model, that is, the temperature stays positive
during the evolution, and the Clausius-Duhem inequality, which in view of (1.12)
can be written in the form
d

d . .
9£S[a,w,9] — %L{[a,wﬂ] > —0¢e, a.e.in Qp, (1.24)

where ¢ = o + ¢; again denotes the total stress, will be satisfied.

The rest of the paper is organized as follows: In section 2, we give a detailed state-
ment of the mathematical problem and of the main mathematical result. Section
3 brings the proof of local existence and global uniqueness, and in the concluding
section 4 we prove global existence for system (1.1)—(1.7).

In what follows, the norms of the standard Lebesgue spaces LP(Q), for 1 <p <
oo , will be denoted by ||-||, . Finally, we shall use the usual denotations W™?(2)
and H™(Q), me IN, 1< p< oo, for the standard Sobolev spaces.

2 Statement of the problem

We make the following general assumptions on the data of the system.



(H].) Uy € HQ(Q), u; € HI(Q), By € Hl(Q), wy € Hl(Q), it holds
Oo(z) > 0 >0 for all z € Q , and the compatibility condition ug(0) = u;(0) = 0
is satisfied.

(H2) It holds f e H(0,T; L*()) .

(H3) We assume that g: Q x (0,7) x R — IR is a measurable function such
that

goe L™(Qr) : 0 <0 = g(z,t,0) = go(z,t), (2.1)
1K; >0 : % < K; a.e.in Q2 x(0,7) xR, (2.2)
go(z,t) > 0 a.e. in Qrp. (2.3)

(H4) The operators H;, 1 < j <4, and F; are causal and map C[0,T] X
C[0,T] into C[0,T] and W''(0,T) x W'(0,T) into W''(0,T) . Besides, the
following conditions are satisfied:

(i) 3JK;>0: Ve,we C[0,T] it holds

max, |Hile, w][|loo < K2, File,w](t) > —Ky Vite[0,T]. (2.4)
] )

(ii) JK3>0: Ve,we WH(0,T) it holds, for a.e. t € (0,7),

max [Hle, wl(t)| + |File,wl(®)] < Ks(le(®)| + [w(t)]).  (25)

1<j<4
(iii) JKy>0: Ve, wy,ez,we € C[0,T] it holds, for every t € [0,T],

max [ Hjler, wil(t) — Hjlez, wal(t)]

< Ki max, ([es(r) — ea(r)] + Jun(r) = wa(r)]) (2.6)

| Filen, wil(t) — Falez, we](t)| < K, [|51(0) — €2(0)[ + [w1(0) — w2(0)|

+ [ (lena(r) = ()] + lwia(r) — waa()]) dr] (2.7)

(H5) There exist causal operators F, : W11(0,T) x WbH1(0,T) — Wt1(0,7T),
G : wh(0,T7) — WH0,T), and a constant K5 > 0, such that the following
conditions are satisfied:

(i) Forevery e,w € WH(0,T) it holds

File,wly < e Hile,w] + Glw], Hsle,w] a.e. in (0,7),
Folv,wly < erHole,w| + Glw]; Hale,w] a.e. in (0,7).

—~~
S
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(ii)  For every w € W"'(0,T) it holds

IGlw],()? < Ksw,(t) Gw]y(t) fora.e. t € (0,T). (2.10)

Remark 1. Owing to (H4),(iii) we have, in particular, that for any e, w €
H'(0,T) and t€[0,T] it holds

|Hale, w](B)] + [Hsle, w](2)|
< [Hale, wl(0)] + [Hsle, wl(0)] + 2 K4 max (le(r) —e(0)] + fw(r) — w(0)])

< [Hale, wl(O)] + [Hsle, wO)] + 2Ks [ (letr)] + wilr)]) dr
< [Hale,w)(0)| + [Hale, w](0)] + 2K4ﬂ(At(|€t(r)|2 + Jwi(r)P) dr)"* (2.11)

Besides, a linear growth of H; and 3 with respect to both £ and w is admitted,
which, in particular, includes the case of simple linear elasticity. It also follows that
for any e,w € H'(Q;C[0,T]) it holds, for a.e. (z,t) € Qr,

max ‘(Hj[a,w])x(x,t)‘ < Ky max (|az(x,7‘)| + |wm(x,7‘)|). (2.12)

1<5<4

Indeed, we only have to apply (2.6) with e;(z,t) := e(z+h,t), es(z,t) = e(z,t),
wi(z,t) = w(z + h,t), we(z,t) := w(z,t), with some h > 0, and then let
h \, 0 . Consequently, we may consider first order spatial derivatives of H;le,w],
and we have (’;‘-[]-[es,u)])ac eL*(Qr), 1<j<4.

Remark 2. A typical example where (H4), (H5) are fulfilled is given by Prandtl-
Ishlinskii operators of the form

Hile, w] == / ©0;(r) s, [af’j, s} dr, j=1,2,
0
Hile, w] == / ©0;(r) s, [af’j, w] dr, j=3,4, (2.13)
0
where 0%/ € [—r,+r], 1 < j < 4, are given initial values for the operators s,

defined in (1.17), and the weight functions ¢, are non-negative on [0,+o0) and
satisfy

112%%1/0 (14+7r%)@i(r)dr < +o0. (2.14)

Indeed, defining the (energy) operators

File,w| :=

S N

Fole,w| :=

N | = DN =
S N

/000 (@1(7‘) s [0371’ g:| + @3(r) s,% [02,3’ w]) dr
/000(802(7‘)8 [02

2 a] + @4(r) 82 [02’4, w]) dr, (2.15)



choosing G[w] = w , and invoking the properties (1.18)—(1.21) of the stop opera-
tors s, , we easily verify the validity of (H4), (H5). Other examples, where the
dependence on e, w is no longer decoupled as in (2.13), can be constructed using
multi-dimensional stop operators as basic elements (cf. [15], [16]). For examples
where the ?; are not Prandtl-Ishlinskii operators and G differs from the identity
operator we refer to [14], [15].

We can now formulate the main result of this paper.

Theorem 2.1  Suppose that the hypotheses (H1) to (H5) are satisfied. Then the
system (1.1)—(1.7) admits a unique strong solution (u,0,w) such that (1.1)—(1.5)
hold a.e. in Qr , and such that

u € H?(0,T; L2(Q)) N HY(0,T; H3(Q)), w € H*(0,T;L*(Q)) N H'(0,T; H'(Q)),

0 € H'(0,T; L*(Q)) N L3(0,T; H*()). (2.16)
Besides, with the finite norms Bi = |[usllioriz=) and B = ||willomy) i
holds

0(z,t) > §e (K1t EaKsP)t+K200)  for oIl (,t) € Qr. (2.17)

Remark 3. We note at this place that Theorem 2.1 also implies that the second
principle of thermodynamics is satisfied for the system (1.1)—(1.7). Indeed, we have
6 >0 a.e. in Qr , and the validity of the Clausius-Duhem inequality (1.24) follows
from the simple calculation

0Sle,w,0]; — Ule,w,0]; + 6, = —0F[e,w); — File,w]; + oe; + €
> — (’Hl[a,w] + 97—[2[5,11)]) €1 — ('Hg[s,w] + 97-[4[5,11)]) Glw); + oe + €2
> &2 + w;Glw)y > 0 a.e. in Qp, (2.18)

where F,S,U are given by (1.23). We may therefore claim that our system is
thermodynamically consistent.

The proof of Theorem 2.1 will be given in the following sections. During its course,
we will make repeated use of Young’s inequality

) 1
ab§§a2+2—662 Va,beR,§ >0, (2.19)

of the elementary inequality
t
2(0)]2 < 2]2(0) + Zt/ 2(r)dr Vte (0,T) Vze HY(0,T),  (2.20)
0
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and of the one-dimensional Gagliardo-Nirenberg inequality

lwlly, < Ko (llwlly ™ llwall? + llwll,) Ywe W (Q)nL4(Q), (2.21)
where K, > 0 is a constant depending only on p, q, r, and where
1 1 1 1

1<r<+o0, 1<g<p<+oo, w(———+1>:———- (2.22)
q T q p

3 Local existence

We rewrite the system (1.1)—(1.7), using the transformation due to Andrews [1],

up = p+q, where p(z,t) = [ wi(,0)de. (3.)
We easily find that (1.1)—(1.6) is equivalent to the system
P b =+ [, (32)
p(LY) = p.0.8) = 0, p(2,0) = [ w(©)de, (33)
o = Hilp+q,w| + 0 Ha[p+ q,w], (3.4)
aw=—o— [ re1d, (3.5)
a(@,0) = up(@) — [ wi(E)d. (36)
(9 + .7:1[p+q, w])t - gzz = piz + O Pz + g(.’]?,t, 9)7 (37)
w, = — 1, (3.8)
Y = Ha[lp+q,w] + 0 Halp+ q,w], (3.9)
0(z,0) = by(z), w(z,0)=wo(z), 6,(0,t)=20,(1,t)=0. (3.10)

Let Vp:={z € H'(Q); 2(1) = 0}, and let Vy denote its dual space. We are
going to show the following result.

Theorem 3.1  Suppose that the hypotheses (H1) to (H4) are fulfilled. Then there
is some T > 0 such that the initial-boundary value problem (3.2)—(3.10) admits a
unique solution quadruple (p,q,0,w) on Q x [0,7] satisfying

p € H*(0,7;Vy) N HY(0,7; H'(Q)) N L*(0,7; H*(R)), (3.11)
q,w € H*(0,7; L2(Q)) n H'(0,7; H'(Q)) n C*([0,7];C(Q)), (3.12)
0 € H(0,7; L3(Q)) N L*(0,7; H*(Q)) N C(Q3), (3.13)
0(z,t) > g >0 for every (z,t) € Q x[0,7]. (3.14)
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Proof: ~ We divide the proof of Theorem 3.1 into several steps, each formulated as
a separate lemma. The existence part of the proof is based on the following special
case of the Schauder—Tikhonov fized point principle (cf., for instance, Theorem 3.6.1
in [6]):

Lemma 3.2  Let the operator T map the nonempty, closed, convex, and weakly
compact subset M of the separable Hilbert space X into itself, and suppose that
T is weakly sequentially continuous on M , that is, it holds T (v,) — T (v) weakly
in X whenever v, — v weakly in X for some sequence {v,} C M . Then T
has a fized point in M .

We aim to apply Lemma 3.2 to the following setting. Consider for 7 € (0,7 the
separable Hilbert spaces

P = H(0,7;V5) 0 H(0,7 HY(Q) N L*(0,7; H(Q)),
Q. = H20,m; IX(R)) N HY(0,7; HY(%)),
Z, = HY0,7;L*(Q)) n L*(0,7; H*(Q)),
W, = H?*0,7;L*Q)) n H'(0,7; H(Q)),
X, = P xQ; x Z, x W,, (3.15)
and introduce the sets
M, = {(p,q,9 w) € X, ; (3.3), (3.6), (3.10), hold, p; + ¢ = pzz a.e. in Q,,
/ / (62 + 62,) dzdt + max / 10, (z,8)[2de < M, , (3.16)
0<t<t JQ
max_ |0(z, 1) § M, (3.17)
(z,t)EQ~
max / (|qt (z,)]* + |wi(z, b)) )dx < Ms, (3.18)
/ /(qxt +wl)dedt < M, (3.19)
2
/0 [2 p; + pM dt + max /Q|pm(:z:,t)| dz < My, (3.20)
2 2
max [l(|qx(x,t)| + |wg(z,t)] )dx < Mg, (3.21)
Py + [ [phdodt + max [ |p(e, 0P de < M7, (322)
2
max /Q ez, )2 dz < Ms, (3.23)
/T/pfmc dzdt < My, (3.24)
0 Jo
in_ 6( t)>6>0} (3.25)
min_ O(z,t) > = , )
(zt)€0, 2

where the positive constants M; , i =1,...,9, will have to be specified later. Ob-
viously, M., is a nonempty, closed, convex, and bounded (hence weakly compact)
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subset of the separable Hilbert space X, .

Next, we introduce the operator 7 on M, by T(p,4q, 0,w) := (p,q,0,w),
where for (p,q,0,®) € M, the quadruple (p,q,0,w) is the unique solution to the
linear initial-boundary value problem

P b =+ [, (3.26)

p(1,6) = pa(0,) = 0, p(,0) = [ wa(€)de, (3.27)

6 = Hi[p+q,w] + 0Hs[p+ q, 0], (3.28)
aw=—o— [ 11, (3.29)

a(e,0) = up(@) — [ w(©)de, (3.30)

et - 93:3: = _fl[p—i_q’ u_)]t + piz + 5’}71.1. + g(fE,t, é)’ (331)
wy = — 1, (3.32)

Y = Ha[p+q,w] + 0 Hy[p+ q, 0], (3.33)

0(z,0) = by(z), w(z,0)=wo(z), 6.(0,t)=26,(1,t)=0. (3.34)

We have the following result.

Lemma 3.3  There exist 7 € (0,T] and positive constants M; , 1 =1,...,9,
such that T(M,) C M, for any T € (0,7] .

Proof: ~ Let 7 € (0,T], be given. Without loss of generality, we may assume
that 7 < 1. We have p; + ¢ = p a.e. in €., and we infer from the general
hypotheses that p;, pes, @, Wi, 0;,0. € L?(Q;) . Therefore, 0 € Z, . Besides,
since (p,q,0,w) € M., , it follows from Remark 1. that the right-hand sides of both
(3.29) and (3.32) belong to H'(Q,) so that ¢ € Q, and we W, .

Next, we consider the parabolic initial-boundary value problem

% — Zes = U = Ty + /let(ﬁ,t) de, (3.35)

2(0,8) = 2(1,8) = 0, 2(z,0) = . (z) + 5(0) + /lzf(g,o) d (3.36)

Since z(-,0) € L?*(Q), and since the right-hand side v of (3.35) belongs to
L*(€,) , it follows from general linear parabolic theory (cf. Lions-Magenes [19]),
that (3.35)—(3.36) admits a unique weak solution z € L?(0,7; H'(Q))n H' (0, ; Vy")
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NC([0,T]; L*()) , and there is some constant C > 0, not depending on 7 €
(0,7T] , such that

2 [ 2 2
12l E 0,mv) + /0 /szdxdt + max /Q|z(:z:,t)| dz

C(ZJAxJDde+—A<4v%hdﬂ. (3.37)

Invoking the compatibility condition u;(0) =0, we easily verify that

p(z,t) = /lxul(f) d¢ + /Utz(x,r) dr, (3.38)

so that p € H?(0,7;Vy) N HY(0,7; HY(2)) N C*([0,T]; L*(Q)) , and (3.37) holds
for z = p;. Hence, using (3.26), we can conclude that p,., € L?*(Q,), and
also pg, € C([0,T]; L*(©2)) . In conclusion, p € P, , and we have shown that
TM,) C X, .

Now let (p,q,0,w) = T(p,q,0,w) for some (p,q,0,w) € M, , where the con-
stants My,..., My and 7 € (0,T] are assumed to be fixed. We are going to derive
a number of estimates for (p,q,0,w) in terms of Mi,..., My and of the data of
the system. In what follows, we denote by C;, i € INU {0}, positive constants
which may depend on the given data wug, uy, 6y, wo, f, go , and on the constants
K;, 0<i<4 ,but neither on 7 noron M,..., M.

At first, we conclude from (2.11) and from (2.5) that

(167 + 16) (@,) da

2| (Hilp+ 4,0+ Hilp+ 4, 0] +  (H3lp + 4, 0] + Hilp + g, 0) (z, 1) do

IN

< 2K22M22+C’0 1+tA/ pt—i—qt—i-wt)dxdr]
[

< 2K3 M + Co (1 + t(Ms+ My)) forall t € [0,7], (3.39)

6] + [¢] < 2K; ((1+M2)(|pt| + |@| + |we]) + |§t|) a.e. in Q,.  (3.40)

Besides, it follows from (2.12) that for 1 <:<4 and a.e. (z,t) € Q, we have
(Hilp+ q.a) (2,0] < Ka s, (1pule, )]+ e, n)| + [, )) - (3.41)
In addition, owing to (2.5),
\Fip+q, @] < Ks(|pe|+ |@|+ |w:]) a.e in Q, (3.42)
as well as, by virtue of (H3),
l9(z,t,0(z,1))| < go(z,t) + K1 Ms. (3.43)

14



Now multiply (3.31) first by 6; , and then by —8,, , add the resulting equations
and integrate over Q X [0,¢] for any ¢ € (0,7]. Using Young’s inequality, and
invoking (3.39), (3.42), and (3.43), we find that

// (02 + 02,) dxdr+/|9 1) do

< O {1+tM§+ALpt+qt+wt)dxdr

t t
+/ /pfmda:dr—l—//ﬁg;ﬁizdxdr
0 JQ 0 JQ

Invoking the Gagliardo-Nirenberg inequality (2.21) for p = 400, ¢ =1 = 2,
w=1/2, we infer that

/Ilzom ) dr < 2K3( //pmdxdr

+ s, [50a (o) [ [aneor)2 )

(3.44)

0<rt

< 2KZ(tMs + M Vi /My) < 2KEVE(Ms + \/Ms M) . (3.45)

It follows that

t
—~4 2
[ [ptdedr < max 15l 0B [ 5ol dr

< 2K§\/Z(M§ + MY M) . (3.46)

Besides, by (3.39),

/ /0 pmdxdr < max & (-, ||2 / |Pae (-, T ||2 dr
< 2K5VE(Ms + \/Ms Mg) (2K3 M3 + Co (1 + t(Ms + My))) . (3.47)
In conclusion, we have shown the estimate
/ / 92 + 92 dzr dr + max / 0,(z,t)|? dz
0<t<t JQ
2 2 3/2 1/2
< G [1 + \/;(Mz + M3 + M7+ Mg + Mg'" My
+(Ms + Mg Mg"™?) (1 + M3 + My + My))]. (3.48)

Next, we consider (3.29) and (3.32). By the general hypotheses and (3.39), we
have

max /Q (lge(z, )17 + |welz, 1)) dz < Cs (1 + M3 + t(Ms + My)).  (3.49)

Now differentiate (3.29) and (3.32) with respect to z . Then, by (3.41),

o (2, )|+ |va(2,8)| < 2K2(0.(z, 1) +2 Ky (14+M>) max (152 |+ o+ @] ) (,7) ),
- (3.50)
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for a.e. (z,t) € Q, . Therefore, using (2.20), we can conclude that

// (2 + w?)dodt < Ci(1 // (172 + [65.]?) da dt)
Cs {1 M2+ / [18af? dwdt + (14 M3) T/ [ (@2 + @&+ a2) dodt
0 JQ 0 JQ

< Cs (14 M+ 7 (M + (14 M) (My + M))). (3.51)

IN

But then also

Orgta<xT/Q(|qx(x,t)|2—|—|wz(x,t)|2) dz < Co(1+M]+1(My+ (1+M) (My+ My))) .
o (3.52)

Next, we consider the linear parabolic system (3.26)-(3.27). Standard parabolic
estimates, using the general hypotheses and (3.39), yield that

// (v + p2,) dzdt < O (1+ // 6] dzdt) < Cs(1+7(M§+Ms+My)).
0 Ja o Jo

(3.53)
Moreover, since (3.37) is valid for z = p; , we can infer from (H2) and from (3.40)
that

||p||%12(0,T;V0*) + /0 /szt drdt + rnax/ |pt |2 dzx

<t<
< +ATL(95+(1+M§)(ﬁt+§t + @7)) dz dt)
< Co(1+ My + 7(1+M3) (Ms + My)). (3.54)

But then we obtain from (3.26), also using (3.28) and (H2), that

2 < / 2 / 2
max /Q|pm(x,t)| dz < 20n§1ta§XT Q|pt(x,t)| dx—i-ZC'lO 1+ max |5 (z,t)] dx)

< Cu (1+M1+M22 + 7 (1+ M3) (M3+M7)) . (3.55)

Besides, employing (3.50), and (3.54), and arguing as in the derivation of (3.51), we
can deduce the estimate

/T/pimdxdt < Z/T/pitdxdt+2/r/|6z+f|2dxdt
0 Jo 0 Jo 0 Jo

< Cu(1+ My + M+ 7(My + (1+ M) (Ms + My + My)).
(3.56)
Finally, the imbeddings H(0,7; L2()) N L3(0, 7; H2(Q)) — C25(Q,) — C(Q,)

are continuous (the latter being compact), since  is one-dimensional, and there
exists a positive constant C; such that for every (z,t), (y,s) € 2, it holds

u(z,t)—v(y, s)| < Ci (/OT/Q(vf +o2,)dwdt)” (Je— 5[0 + o — y'?) , (3.57)
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for every function v € H*(0,7; L2(2)) N L?(0,7; H*(Q)), 0 <7 < T . Choosing
any constant Cj3 > [|6p]|c , we therefore obtain that

max_|9(:1:,t)| S 013 + él V Ml, (358)

(z,t)eQ,

where M is equal to the expression on the right-hand side of (3.48).

Now, we can define the constants M ..., My . We make the choices

M1 = 202, M2 12013+CA’1\/M1, M3 = 2C3+CSM22a

My :=2Cs + Cs My, Ms :=2Cs, M :=2Cs + Cg M,

M; := 2Cy + Co My, Mg :=2Cyy + Cuy (M + M3),

Mg = 2012 —|— C]_g (M1 —|— M22) . (359)
It then follows from the estimates (3.48)—(3.49), (3.51)—(3.56), and (3.58), that there

exists some 7y € (0,7] such that the inequalities (3.16)—(3.24) are fulfilled for any
T € (0,7 -

To conclude the proof of the lemma, note that by (3.57) we have

max |0(z,t) — Oy(z)] < Cy /M tY/S, (3.60)

e

so that, for sufficiently small 7 € (0, 7],

O(z,t) > O(z) — [0(z,t) — Op(z)] > & — Cy/MEYS > §/2, (3.61)
for all (z,t) € Q x [0,7] . With this, the proof of the lemma is complete. 0

Lemma 3.4  The operator T is weakly sequentially continuous in M; .

Proof:  Suppose a sequence {(Pn, @n, On, W)} C M; is given such that
(Prs @ns Ony @) — (P, q,0,w) weakly in X; as n— oo. (3.62)
Since M; is weakly closed, it holds (p,q,0,w) € M; . Now, let
(pn’qn)9n7wn) :: T(ﬁn’q_nénJ,an)’ ne N7 (p’q797w) :: T(ﬁ’q_’ é’/l‘l_))'
(3.63)
We have to show that
(Pns @ny On, wn) — (p,q,0,w) weakly in X; as n— oo. (3.64)

Clearly, as (pn, n, On, w,) € M; for all n € IN |, we have, on a subsequence which
is again indexed by 7,

(Prs Gny Ony wn) — (D, cj,é,ﬁ)) weakly in X; as m — oo, (3.65)
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for some (p,q,0,w) € M; . It remains to show that (p,q,0,%) = (p,q,0,w) . The
uniqueness of the limit point then entails that (3.65), and thus (3.64), holds for the
entire sequence. To this end, note that we have the convergences

gn,t — ét ) gn,q:q: — gmz ) ﬁn,t — th ) pn,q:q: — pzz ) pn,z‘z‘z — pzz‘z ) pn,z‘t — pz'ta
u_)n,t — wta u_)n,z't — wz‘ta (In,t — qt ) QTL,z't — qg't ) all Wea’kly il’l LZ(Q%) . (366)

By compact imbedding, we may also assume that
0, =0, Pnz—> DPs, bothuniformlyin Q;, (3.67)

Pn—D, Gn— 4, W,—w, allstronglyin L*(Q;CI0,7]). (3.68)
But then, owing to (H4), it follows that

On =G, Up =0, Filbp + Gn, Wn) — Fi[p + @, @], all strongly in L*(Q;CI0,7]),

_ (3.69)

where G, , ¥, have obvious meaning. Also,
g(,+,0,) — g(-,+,0) uniformly in Q;, (3.70)
On Pngs — 0 Pge  Weakly in L*(Q;). (3.71)

Besides, the sequence {Fi[p, + Gn, Wy} is bounded in L*(Q:), so that we may
assume that
Fi[Pn + Gn, W] =y weakly-star in L=°(Q;) (3.72)

for some y € L>*(Q;). But then it follows from (3.69) that y = Fi[p + q, w]; .
Finally, we conclude from (3.66) and (3.67) that

Praa = Pae  weakly in L*(Q3). (3.73)

Indeed, we have for any test function n € C§°(Q;) that

. 4 _9 o . 7 _ _ _ _
,}gglo/ /pnmndrvdt = —,}gglo/ / pnmpmn+pnmpn,xnx)dxdt

Now observe that (3.65) implies, in particular, the convergences

Ont — 0, Onwe — Ovey, Dng— Dty DPnge — Pews dng — Gty Wnyp — Wy,
(3.75)
all weakly in L?(€;) . Combining all the above convergences, and letting n — oo ,
we finally can infer that (p, g, 0 ,w) = T(p,q,0,w) . This concludes the proof of the
lemma. 0

By virtue of Lemma 3.3 and Lemma 3.4, we deduce from Lemma 3.2 that 7 has a
fixed point in M; which then is a solution to the system (3.2)—(3.10). To conclude
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the proof of Theorem 3.1, we still need to show the uniqueness. We achieve this
through the following result, which even shows global uniqueness.

Lemma 3.5 Let the assumptions of Theorem 3.1 be fulfilled, and let T € (0,T]
be arbitrary. Then the system (3.2)—(3.10) has at most one solution in X, .

Proof: ~ Suppose that (p;,qi,0;,w;) € X, , i = 1,2, are two solutions to (3.2)—
(3.10) on €, forsome 7€ (0,T]. Let p:=p1—p2, ¢:=q1—q2, 0 :=01—05, w :=
wy — wsp , and put o := Hq[p; + g, wi| + 0; Holpi + @i, wi|, Vi := Hslpi + g, wi] +
0; Halp; + gi,w;] , for i = 1,2 . Then it holds

Dt — Pz = 01 — O2, (376)
gy = 02 — 01, (3.77)
0 — O0pe = —Filpr+qu,wi]e + Fi[pe + g2, wa]s + pim - pi,m
+Ul pl,zz‘ — 02 pZ,z'z‘ + g(xa ta 91) - g(.’L‘, ta 92) ) (378)
Wi = ’lﬁl — ’lpz, (379)

with corresponding zero initial and boundary conditions. Owing to (H4),(iii), we
have for every (z,t) € Q,

max {|o1(z,t) — oa(z,1)[, [¢1(z, 1) — Ya2(, i)}
< G (|oGz,0)] + max (Ip(e, )] + la(z, )| + [w(z,r)))
t
< (0l + [ (nlen)] + ] + we,r))dr,  (380)
where by C;, ¢ € IN, we denote positive constants that only depend on the data
of the system. Hence, we may multiply (3.76) by p;, and by — p,, , respectively,
(3.77) by gq;, and (3.79) by w; , respectively, add the four resulting equations,

integrate over space and time, and apply Young’s inequality appropriately, to arrive
at the estimate

t t s
//(pf+piz+qf+w?)dxds < 02///(p?+q§+w$)dxdrds
0 JQ 0 JO Q
t
+03/ /szxds. (3.81)
0 JQ

Next, we integrate (3.78) over [0,s| for some s> 0. We obtain

0 — /0 ezzdr = _Fl[pl +QI’w1] + Fl[p2+q2’w2] + A (piz'z' - pg,xm) dr
+/ (Ulpl,q:q: - UZpZ,a:a:) d’)" + / (g(fE,T', 91) - g(fE,T, 92)) d’l".
0 0
(3.82)
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Now let v > 0 (to be specified later). First, we note that for a.e. (z,t) € Q, it
holds

t
Filpy + @, wil(2,8) — Filps + 2, wal(z, 1) < Ci /0 (Il + lael + lwel) (@, 7)dr,
(3.83)
so that, using Young’s inequality,

t s
/0 L|9(:1:,3)| /0 | Filpr + ¢, wi](z, ) — Filpe + g2, wol(z, )| dr dzx ds
Y[ 2 Cs t[° 2, 2 2
< 5/0/99 dxds—i_ﬂ/o/o /Q(pt—l-qt—i-wt)dxdrds. (3.84)
Moreover, owing to (H3), we have
t s
/ /|9(x,t)|/ lg(z,r,01(z,7)) — g(z,r,0:(z,7)| drdzds
0 Jo 0
t s
cﬁ/ /|9(x,t)|/ 0(z, 7)| dr dz ds
0 Jo 0

t C, t ps
1/ /92 drds + —6/ / /92d:1:drds. (3.85)
2Jo Ja 2y Jo Jo Ja

Next, we estimate

IN

IN

t s
/ /|9($a3)|/ |01 P1,gw — 02 P2gal|(z,7)drdzds
0 Jo 0
t s
/ /|9(-’L',3)|/ loa(z, )| |Pee(z,7)| dr dz ds
0 Jo 0
t s
+/ /|9($, s)| / (|p1,$q:| loy —02|)(.’E,T‘) dr dx ds
0 Ja 0

IN

By the boundedness of o3

fy t 9 C7 t S 9
B; < —/ /9 drds + —/ / /pmdzz:drds. (3.87)
2Jo Ja 2v Jo Jo Ja

Next, we employ the Gagliardo-Nirenberg inequality (2.21) with p = 400, ¢ =
r=2, w=1/2, to conclude that, for i =1,2, and every z € Q,

[ sl )P < [l dr
< 283 [ (IpsasCor)I + Ipsasor)l [pssa( ) dr

s 1/2
< Cs max pise )l + Co max sl ([ [ el da )

0<r<s

IN

Cho . (3.88)
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Hence, we have
s s 9 1/2 s 9 1/2
| (o= ol Ipraal) @ ) dr < ([ 101 = o2)(@,r)Edr) ™ ([ praa(e, )P dr)
0 0 0
s 1/2
< /o / (01— o2)(@,r)Pdr) ", (3.89)

so that, by virtue of (3.80) and of Young’s inequality,

B, < 7/ /szxds—i- —/ / /|01—02| dz drds
< %//sza:d +—/// (62 + 9 + @ +w?) dudrds. (3.90)
0 Jo
Finally, using (3.88), we estimate
t s
[ [16@ ) [ (5 e = Pha) (2,7) dr duds
0 Q 0 ) b
t s
//|9(‘/E’3)| / (|pmz||p1,z‘z +p2,m|)(l’,7')d7'd$d8
0 Jo 0
t 8 1/2 ;¢ 1/2
|10 ([ el r)2dr) ™ ([ |pros + pasa)(@, )P dr) " dods
0 Jo 0 0
t s 9 1/2
< C’13//|9(x,s)| / Paal,r)?dr)"” do ds
0 Jo
t
< 1//92dxd —I——///pmdxdrds (3.91)
2Jo Ja

Now, we multiply (3.82) by 6, and integrate over € x [0,¢] for some ¢ € [0,7].
Combining the estimates (3.84)—(3.91), and choosing « > 0 appropriately small,
we obtain the inequality

t t s
//Qdeds < 015// /(02+piz+pf+qf+wf)da¢d7‘ds. (3.92)
0 JQ 0 Jo JQ

Consequently, combining inequalities (3.81) and (3.92), we have finally shown that

t
/0 /9(92 + P2+ @+ w?)deds

IN

IN

t K]
< Cie / / /(92 +p; + Pl + a4+ wf) drdrds, (3.93)
0o Jo Ja
whence, by Gronwall’s lemma, p; = ¢ = w; = 0 = 0 a.e. in Q. , so that the
assertion follows. With this, the proof of Theorem 3.1 is complete. 0

4 Global existence

Suppose now that the hypotheses (H1) to (H5) hold so that (3.2)—(3.10) has a
unique solution (p,q,0,w) on §; which satisfies (3.11)—(3.14). Using the com-
patibility condition uy(0) =0, we then easily verify that (u,6,w) , where

u(z,t) = [ (p(&,0)+ alé, 1) de, (4.1
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solves (1.1)—(1.7) on Q; and satisfies (2.16). Now let 7 € (0,7] be arbitrary
such that (u,f) can be extended to a solution of (1.1)—(1.7) on Q. and satisfies
0(z,t) > 0 for some 6 > 0, as well as the smoothness properties (2.16). Owing
to the global uniqueness result of Lemma 3.5, this solution is unique. We are now
going to derive a number of global a priori estimates. To this end, we denote by
C;, i € IN, positive constants which may depend on the given data of system
(1.1)-(1.7), but neither on 7 nor on the lower bound f for the temperature. For
notational convenience, we put € := u, .

First estimate.

We multiply (1.1) by wu;, add the result to (1.3), and then integrate over Q;,
€ (0,7], and by parts. In view of (H1), we have

%/Qu%(x,t) dr + _/Q(Q(x,t) —I—.7:[a,w](x,t)) dz

< Ci + /Ot/ﬂg(x,r,ﬁ(x,r))dxdr + /Ot/ﬂfutdxdr. (4.2)

Invoking (2.2), (2.4), (H2), (H4),(i), the positivity of €, and Gronwall’s lemma,
we find that
max ([10C, 6)lli + Ju(1)2) < Co. (4.3)

0<t<r

Second estimate.

We multiply (1.3) by —6~" and integrate over Q,, t € (0,7] (note that 6" is
actually bounded, since 6 > 60 > 0). It follows

//( a)dxdr < C’3+// Flsw]t—aat—g(xTQ))dxdr
—l—Llog(@(x,t)) dz . (4.4)

In view of (4.3), and of the elementary inequality log(d) < 6 for 6 > 0, the second
integral on the right-hand side is bounded. Besides, we obtain from (1.2), (1.4),
(H3), (H5), and Young’s inequality, that a.e. in €, it holds

File,w|s —oey — gz, r,0) < Hsle,w] Glw]; — 0 Hale, w]es — go(z,7) + K1 0
< (OHae,w] + wi) Tl + Ko 0ol + K0 < Ky 0+ Ky0z + 53 K5 K202,
(4.5)
Therefore, using (4.3), we find from Young’s inequality that

t 1 t
[ [ 5 (Flewl — oa — gla,r,0)) dudr < Cu 1+//|et|dxdr
0
< Oy + 2// % gedr. (46)
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In conclusion, we have shown the estimate

T 62 g2
/0/Q<9—; + é) dedt < Cs. (4.7)

But then, using (4.3) and Young’s inequality,

/()T/Q‘(\/a)x ola:dt:/OT/Q 29\%

whence, using the Gagliardo-Nirenberg inequality (2.21) with p = 400, ¢ = 2,
r=1,and w =1, and invoking (4.3) once more,

o 02
drdt < Cy + / /e—zdxdt < Cy, (48)
0 Ja?

/(:||9(-,t)||oodt < Gy, (4.9)

Hence,
2
/0/99 dzdt < Orgtang||0(-,t)||1/0 10( )|l dt < Cio. (4.10)

Third estimate.

We now exploit the decomposition (3.1). We have u, = ¢ = p+ q, where, owing
0 (4.3), |Ipllz=(e,) < Ci1 . Therefore, invoking (H4) and (2.11), it holds for every
(z,t) € Q.

jo(z,0)] + [(z,8)] < Cua+2Kz6(z,t) + 2 Ky max (lg(z,m)| + [w(z,r)]). (4.11)
Now multiply (3.5) by ¢, and (3.8) by w , respectively, add the resulting equations,

and integrate over [0,t], where ¢ € (0,7] . Using Young’s inequality, and invoking
(4.9), we conclude from (4.11) the estimate

> (@0 + w*(@,0)
< Cu |1+ max (la(e,n)| + (e, n)l) (1 + [ (la(e,n] +lw(e,r)]) dr)]
< Cu + i max (q2(x,7‘) +w2(x,r)) + Cy5 /Ot(q2(x,7‘) —I—w2(x,7‘)) dr.(4.12)

Taking the maximum with respect to ¢ on both sides, we obtain from Gronwall’s
lemma that

gl + lwllz=@,) < Cis, (4.13)
whence also
||€||LOO(QT) =+ _maX ||Hj[€,w]||Loo(QT) S 017, (4.14)
]E{1a3}

and we obtain from (3.5) and (3.8), using (4.9)—(4.11), that

||Qt||L1(0,T;L°°(Q))ﬂLz(QT)ﬂLw(O,T;LI(Q)) + ||wt||L1(0,T;L°°(Q))ﬂLz(QT)ﬂLOO(O,T;LI(Q)) S C’18-
(4.15)
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Moreover, (4.10) and (4.14) imply that the right-hand side of (3.2) is bounded in
L?*(Q,) ; hence, using standard parabolic estimates, we can conclude that

||p||H1(0,'r;L2(Q)) N L2(0,m;H2(Q)) N C(0,; HL(RQ)) < Cig, (4.16)

which yields, in particular, that w,; = p,, is bounded in L?*(Q,) .

Fourth estimate.

As next step, we perform a classical estimate (cf. [5]), namely, we multiply (1.3) by
— 0713 and integrate over Q, for ¢ € (0,7]. It then follows from (4.5)

t t
/ / (9’4/3 02 + g-1/3 sf) dedr < Cy (1 + /92/3(:1:, t)dz + / /92/3 dzx dr)
0 Jo Q 0 Jo

t t
+ Oy (/é /992/3 |6Adxdr+/é/995m da dr) . (4.17)

Owing to (4.3) and (4.10), the first, second and fourth integrals on the right of (4.17)
are bounded, and the remaining expression is estimated as follows:

t t
/ /92/3 led| dzdr = / /95/6 0=V6 |ey| dzz dr
0 Jo 0 Ja

1 rt 7 1 rt
5/0 LH 1/3sfdxdr+§A/5295/3dxdr. (4.18)

Since the second summand on the right of (4.18) is again bounded, we have shown
the estimate

/ ’ / (074202 + 0712&2) dadt < Cns. (4.19)
0 Jo
But then 6'/% isbounded in L*>(0,7; L3*(Q))N L2(0,7; H(R)) , and the Gagliardo-
Nirenberg inequality (2.21), with p = +o00, r=2, ¢ =3, and w =2/5, yields
that -
[l6c 0 de < 0, (4.20)
0

whence, using (4.3) once more,
/ /98/3 dzdt < Cyy. (4.21)
0 Jo
Thus, the right-hand sides of (3.2), (3.5), and (3.8), respectively, are bounded in
L¥3(Q,), and we can infer from standard parabolic estimates, using &; = pgs ,

that

pell ersia,y + lledllnsrs,y + llallsrs,y + llwellpers,) < Cos. (4.22)
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Fifth estimate.

We now turn our attention to (1.3). By virtue of (4.21) and (4.22), and invoking
(2.5), we easily verify that the right-hand side of (1.3) is bounded in L*3(Q,) .
Therefore, multiplying (1.3) by @ , integrating over Q. for ¢ € (0,7], and applying
Young’s inequality and (4.3), we see that for any v > 0 it holds

t t
106,018 + [ [Bdwdr < Cos(1+77Y) + [ [0tddr
0 JQ 0 JQ
t
< On (1477 4+ [ 6675 dr). (423)

Now use (4.3) and the Gagliardo-Nirenberg inequality (2.21) with p = 400, ¢ =1,
r=2,and w=2/3, in order to obtain that

t t
/ 10, )% dr < Cos (1 + / /95 d dr). (4.24)
0 0 Ja
Hence, choosing v > 0 small enough, we have shown the estimate
10]| = (0,m;22(Q)) N2 (0,2 () < Coo, (4.25)
whence, using interpolation once more,
10llzs@.) < Cao- (4.26)
Thus, just as in the derivation of (4.22), we have
1Pellzo(e.) + lledlire.) + llallzo@,) + llwellzo,) < Car. (4.27)

But then the right-hand side of (1.3) is bounded in L?(2,) , and standard parabolic
estimates, also using (3.57), yield that

1011 2 0,m:220)) 1 200, 1200 M (@) no@n) < Cse- (4.28)
This implies, in particular, that o; and 1; are bounded in L?(Q,), so that

lgetlz2(,) + lJwiellz2@,) < Cas. (4.29)

Besides, we may argue as in the derivation of (3.37) to conclude that also

1Pl z20,mv ) M2 02 () < Ca - (4.30)

Swzth estimate.

In view of the above estimates, we have, for a.e. (z,t) € Q. ,
o2 (@, 0)] + [u(z,0)] < Cos (|0.(z,0)] + max ((Ipa] + las] + [wa)(z, 7))
t
< Cso (1 4+ |0z, t)] + /0 (Ipat(@, 7)| + Gat(@, )| + |wai(z,7)]) dr) . (4.31)
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Hence, differentiating (3.5), and (3.8), respectively, with respect to z , and invoking
the estimates (4.28) and (4.30), we easily derive the estimate

t
laadllzzqon + lwsiliooy < Cor (1 + [ (laallio,) + llwallizan) dr), (432
whence, using Gronwall’s lemma,
Gzellz2@.) + | Wetll20,) < Css (4.33)

Finally, we conclude from the above estimates that also

|Pazallz2(@,) < Cao (4.34)

In conclusion, combining all previously shown estimates, we have shown that

||(p7q)9)w)||X,— S C\(40; (435)

where X, is the space introduced in (3.15).

Conclusion of the proof of Theorem 2.1.

So far we have shown that it holds (4.35) as long as there is some 6 > 0 such
that & >0 on €, . To conclude the proof of the assertion, we still have to prove
the validity of (2.17). To this end, first observe that we have shown above that
€ = Dzz is bounded in L8(Q,) N L*(0,7; H'(Q)) . In particular, there is some
B1 > 0, independent of 7, such that

/ e, ) lwdr < Bi forall ¢ € (0,7]. (4.36)
Besides, there is some (5 > 0, independent of 7 , such that
max_|wi(z,t)| < Bs. (4.37)
(z,t)€Q-

Now test (1.3) with an arbitrary function z € H'(f,) satisfying z < 0 a.e. in
Q, . In view of (2.10), (4.5), and (4.37) it follows, for a.e. t € (0,7,

/Q(zﬁt—i-zz%)(x,t)dx < /Q|z(x,t)|((f[s,w]t—aat—g(-,-,G))(x,t))dx

< / 22, 8)] ((— 0 Hale, w] — wy) Gluly + Ko 0les| + K1 0)(z,t) do
< (K1+K2K5ﬁ2+K2 lle (-, ||oo /| (z,t)|0(z, ) dz
< o) /Q \2(z, 8)| 0(z, ¢) de (4.38)

where ©(t) := (K, + Ky K582 + Ks||es(-,t)||0) is by (4.36) bounded in L'(0,7)
by a constant which does not depend on 7 € (0,7]. Now, put

+

z(z,t) == — ((5exp(— /(:go(s) ds) — Q(x,t)) for (z,t) € Q.. (4.39)
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Then it follows from inequality (4.38) that

/Q (z (z + (5exp(— /Otgo(s) ds))t + zi) (z,t) dz
< o(t) [ 14 (|z| + bexp(— /Otgo(s) ds)) (2,1) dz. (4.40)
This yields, in particular,

1d
T sz(:z:,t) dx + /in(x,t) dr < ¢(t) /Qz2(x,t) dz . (4.41)
Therefore, by Gronwall’s lemma, z =0, and thus,

0(z,t) > de (KLt K2KsB)t+KaBo)  for al] (z,t) € Q. (4.42)

Therefore, we can claim that 7 = T, and the assertion of Theorem 2.1 is completely
proved. 0

Remark 4. It does not present any major difficulties to extend the above proof
to the more general case when Hs and #H, are vector hysteresis operators and,
accordingly, (1.4) is a vector differential equation (then, of course, the hypotheses
(H4) and (H5) have to be appropriately modified). Note that this situation has
been treated in [18].

Remark 5. It is easy to see that the solution (u,8,w) depends Lipschitz contin-
uously on the data of the system. Indeed, a closer look at the proof of Lemma 3.5 re-
veals that L?(Q) -variations of ug, ui,6y, wy and L?(Qgr) - variations of f lead
to Lipschitz variations of (p,q,0,w) in the norm of the space (HI(O, T; L)) N
L3(0,T; HZ(Q))) x HY0,T; L3(Q)) x L*(Qr) x HY0,T; L*(R)) . A similar re-
sult holds for variations of g . As the line of arguments should be clear, we leave
the explicit formulation and the proof of the corresponding result to the reader.
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