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Abstract. This paper is devoted to the numerical study of diffraction by peri-
odic structures of plane waves under oblique incidence. For this situation Maxwell’s
equations can be reduced to a system of two Helmholtz equations in R? coupled via
quasiperiodic transmission conditions on the piecewise smooth interfaces between
different materials. The numerical analysis is based on a strongly elliptic variational
formulation of the differential problem in a bounded periodic cell involving nonlo-
cal boundary operators. We obtain existence and uniqueness results for discrete

solutions and provide the corresponding error analysis.

1. Introduction

We consider a time-harmonic electromagnetic plane wave incident on a general periodic
structure in R3, which is assumed to be infinitely wide and constant in one spatial direction,
say x3. The periodic structure separates two regions with constant dielectric coefficients. Inside
the structure, the dielectric coefficient is supposed to be a piecewise constant function. The
illuminating wave is given by

Ei — peiaxl—iﬂxz+i7x36—iwt : Hi = g elox1—ifaativas —iwt ’ (1.1)
and will be diffracted by the structure. The far field pattern consists of a finite number of
outgoing plane waves propagating in directions which lie on the surface of a cone. Therefore in
optics this problems is known as conical diffraction.

Recently the analytic properties of conical diffraction were studied in [4]. It was shown
that Maxwell’s equations for conical diffraction can be reduced to a system of two—dimensional
equations which are closely connected with the classical TE and TM diffraction, where the
wave vector of the incident field is orthogonal to the xz3—direction. Under certain assumptions
on the grating materials that have a reasonable physical interpretation and are satisfied for any
relevant practical application the conical diffraction problem admits a strongly elliptic variational
formulation. This was used to prove general existence and uniqueness results and to study the
asymptotics and regularity near edges of the grating surface.

In the present paper we provide the numerical analysis for the finite element solution of
conical diffraction problems. We give a variational formulation suitable for FE discretizations
and study their convergence. Due to nonlocal boundary conditions and in general complex—
valued material coefficients the resulting discrete system has a nonsymmetric matrix with fully
populated blocks. For the technologically important devices where the periodic structure is
incorporated into a multilayer stack, we describe how the domain of the FE discretization can
be reduced by incorporating the layer system into the nonlocal boundary operators. By using
generalized FE discretizations which are especially adapted to preserve the behavior of oscillating
solutions, we obtain efficient solution methods for conical diffraction.

For the numerical solution of these problems a few methods have been proposed, extending
the known engineering methods based on a system of first order differential equations (RCWA,
differential equation method) which are used for TE and TM problems (cf. [8]). In [9] an integral
equation method was proposed which solves the transmission problem described in Section 3.
To our knowledge, no rigorous results on the convergence of these numerical methods are known.



2. Preliminaries

Suppose that the whole space is filled with non-magnetic material with a permittivity
function e, which in Cartesian coordinates (z1, z2, z3) does not depend on 3, is periodic in z1,
and homogeneous above and below certain interfaces. In practice, the period d of optical gratings
under consideration is comparable with the wavelength A = 27¢/w of incoming plane optical
waves, where ¢ denotes the speed of light. For notational convenience we will change the length
scale by a factor of 2m/d, so that the grating becomes 2r—periodic: e(xy + 2w, z2) = e(x1, z2).
Note that this is equivalent to multiplying the frequency w by d/2.

The intersection of the upper grating surface with the (x1, z2)—plane is denoted in the sequel
by Ay, the intersection of the lower interface with the (x1, z2)—plane will be denoted by A;. We
assume that the curves Ay and Ay are simple and 2r—periodic and that Ag > Ay pointwise, i.e.,
if (z1,y0) € Ao, (z1,y1) € Ay then yo > y;. The material in the region G C R3 above the
grating surface Ay X R has the constant dielectric coefficient € = ¢, , whereas the medium in G~
below Ay x R is homogeneous with € = e_. The medium in the region Gy between Ay x R and
Ay x R is inhomogeneous with ¢ = %(x1,22), and we assume that the function &y is piecewise
constant with jumps at certain interfaces A;, j =2,...,¢.

The grating is illuminated by a plane wave of the form (1.1) at oblique incidence. This
wave will be diffracted by the grating, and the total fields satisfy the time-harmonic Maxwell
equations

VXxE=iwgH and V xH = —iweE, (2.1)

where p is the permeability of the free space. Additionally the tangential components of the
fields are continuous when crossing an interface A X R between two homogeneous media

nx (EW-E®)=0 and nx(HY -H®)=0 on AxR, (2.2)

where n is the unit normal to the interface A x R. We look for vector fields satisfying (2.1) and
(2.2) and possessing locally a finite energy, that is

E,H,VxE, VxHe (L},(R*)". (2.3)

loc

The incident plane wave (E, H') has to satisfy (2.1). Therefore the constant amplitude
vector p must be perpendicular to the wave vector k = (o, —3,7), p-k = 0, further k-k = w?pe
and s = (wp) 'k x p. The wave vector can be expressed in terms of the angles of incidence
0,0 € (—m/2,7/2) as

k = w(pes) /2 (sin 6 cos ¢, — cos 0 cos ¢, sin @) .

Since the grating is invariant with respect to any translation parallel to the x3—axis, in view
of (1.1) we assume the representation

E(z1,29,23) = (B, Ea, B3) (21, 2) €773,
H(z, 29, x3) = (Hy, Hy, H3) (1, 1) €77,
with E;, H; : R? — C. Then (2.1) leads to the relations
iwp (Hy, Hyy Hy) = (02 E3 — iyEs,ivEy — 01E3,01E2 — 02 Ey)

(2.4)
—iws (El, E2,E3) = (82H3 - Z"YHQ, i’yHl - 81H3, 81H2 - 82H1) .



Consequently, in the regions where ¢ is constant one obtains

w2,u6E3 =S i7(81E1 + 82E2) — AE; , OB+ O FEy = —ivEs (2 5)
WZ/M:‘H?, = z'fy(éﬁHl + 82H2) — AHs, 0O1H;+ 02Hy =—ivHj. ‘

For the following we introduce the piecewise constant function

k=/w?ep , (2.6)

where the branch of the square root is chosen such that k > 0 for positive real arguments w?ep
and its branch-cut is (—oo,0). Note that k can be expressed by the optical index v = ¢ (ue)/? =
(£/20)'/? of the corresponding material, here £y denotes the permitivitty of free space. In the
new length scale used in the computations we have

d
kle/.

By (2.5) the functions E3 and Hj satisfy therefore the Helmholtz equations with piecewise
constant wave numbers
(A+k —7*) B3 =(A+k —+°)H3 =0.
Denoting k:% := k% — 42 one obtains after some algebraic manipulations from (2.4)
k2B, =i (wndoHs +v01Es),  k2Hy =i (—wedy E3 + y01Hs) .
k2Ey = i (—wpd Hs + ¥y F3) , k2Hy = i (wedy B3 + 0, Hs) .

These relations show that the transverse components (Ey, Es), (Hy, H2) can be computed from
the third components E3, H3 of the electric and the magnetic field if k2 # +?. Note that the
condition of locally finite energy (2.3) is satisfied only if E3 and H3 are H'-regular.

We shall assume throughout the paper that the material parameters of the grating fulfill
the following conditions

k2_727é03
ky >0, Rek— >0, Imk_ >0, (2.8)

Re ko(l‘l,l‘g) >0, Im k[)(l’l,l’Q) >0.

Since n = (n1,n2,0) one has at the interfaces

O1Hz — ivH ivHy — 0o H .
nx E= (ngEg, —n1FE3,n ! 3, i — TLQW 2, 2 3) 61’73«"3’
wwe we
ivE — 01 E O F3 — ivE .
nx H= (ngHg, —ang,nl v 1, 173 — N2 2 3, v 2) 6273:3.
Wi Wi

Hence the continuity of the tangential components (2.2) leads to the conditions
ESY =B 0.EY —in(mEY + o EY) = 8,E — in(m B + naEYY),

2) 8nH§1) — i’y(mel) + nzHél)) _ anH§2) — i’y(meQ) + n2H§2))

(0 _ g
Hy" = H; iwe() iwel ’

on A. From (2.7) we see that

n1Ey +noFEy = YO B3 + wnuorHs) ,

i
k:Z—’y?(



niH) +noHy = m(’y@an — wedF3) ,

where J; = n10s — no0; denotes the corresponding tangential derivative. Therefore

k% 0, E3 + ywp Oy Hs

OnFE3 — i’y(mEl + nQEQ) =

k2 _72 )
, k%0, H3 — ywe O, E
OnHs — iy(niHy + nayHy) = — ;2 _7;2) =,

which yields the transmission conditions at the interfaces A

k% 0,E3 —|—’ywu6 Hj
[E3]A=0,[ . : }Azo,

[kz OnHs — ’ngo“'tEg} _0
(k? — y?)we A

[H3]p =0

where [-]5 denotes the jump across A.

In order to give the same physical dimension to the unknowns we introduce the field
(B1, By, B3) = Z (Hy, Ho, H3), with the positive constant Z = \/j/e, and set q = Zs. Hence
the functions F3 and Bj satisfy in R? the equations

(A+k?> =) E3=(A+k*—~+*)B3 =0 (2.9)
together with the transmission conditions

k2 0, Es + k.. 0, Bs

[E?)]A:Oa[ k)2—’)/2 }AZO,
k.0,B OE (2:10)
_ + 3~ ’Y 437
[Bsla =0, [ — |, =o.

The periodicity of €, together with the form of the incident wave, motivates to seek for
physical solutions E and H which are a—quasiperiodic in z1, i.e., we look for solutions of (2.9),
(2.10) satisfying

Eg(xl + 27 ZUQ) 2ma E3 (ml,ZUQ) Bg(xl + 27 ZUQ) 2ma Bg(xl, .%'2)

For |z2| — oo we impose the usual radiation condition. The physics of the problem imposes that
the diffracted fields remain bounded and that they should be representable as superpositions of
outgoing waves. Since the a—quasiperiodic functions E?,i, Bg,i are analytic above Ag resp. below
A1, they must take the form

(o0}
E3 = p3 ellom —fBrs) + Z a:ei(anﬂfﬁrﬁim)

n=-00 T9 > max Ag,
Bs = g3 eilaws —frs) + Z C+ i(ane1+07 22) (211)
n=-—o0

o0 o0
Z a,:e’(a"m_ﬁ" 2) By = Z c;e’(a"m_ﬁ" ?2) | 2y < min Ay,

n=-—oo n=-—oo

an=a+n, Bi=pG(ay)=/ki-7—-0a2,

and the square root is defined as in equation (2.6).

where



The complex scalars a5, b (the Rayleigh coefficients) are the main characteristics of
diffraction gratings. They indicate the efficiency and the phase shift of the propagating modes,
i.e. the outgoing plane waves corresponding to ﬂ,jf > (. The efficiencies represent the proportion
of energy radiated in each mode. Defining the “energy” as the flux of the Pointing vector
through a normed rectangle parallel to the (1, x3)—plane, the ratio of the energies of a reflected
or transmitted propagating mode and of the incident wave gives the efficiency of this mode. For
gratings used in conical diffraction these efficiencies can be computed from the formulas

B lat P + et

ey =2 2 2

B P53+ a3
B o L L M L e
S (s ) ) G P+

3. Variational formulation

The transmission problem (2.9 — 2.10) together with the radiation conditions (2.11) can be
transformed to a strongly elliptic variational formulation over a bounded domain. Introduce the
functions u = e ***1 F3, v = e "*¥1 By, which are 2rperiodic in z1, and the operators

Va=V+i(a,0), Ay =V Vo =A+2iad,, —a?,

ﬁm = 7’L182 - n281 - ian2 y 8n,a =n- Va .

Then (2.9 — 2.10) lead to the differential equations
(Ag +E =) u=(Ag+k*—7)v=0 inQ (3.1)

in regions where k is constant, and the transmission conditions

k2 Ona U+ kyy O v
[U]A_Oa|: k)2—’)/2 :|A_0’
(3.2)
_ k-l-an,av -7 8t,au N
pa =0, [, =0
Due to (2.11) solutions u,v € H., have to satisfy the radiation conditions
oo
u=p3e B2 4 Z a,‘te’.(mﬁ’g’t“)
"> 9 > max Ag,
v=gge 4 Y cheilnai+Bia) (3.3)
n=-—o00

oo o
— — t(nz1—08y T2 _ — i(nz1—0B, T2 .
u= E ayelnmi=Bnze) ) — E ¢y e ) gy < min A,

n=-—0oo n=-—0oo

We introduce two straight lines I'* = {(x1,4b), z; € [0,27]}, with b > 0 such that b > Ay and
—b < Ay, and the bounded periodic cell 2 = (0,27) x (—b,b). Let us denote by H;(€), s > 0,
the restriction to © of all functions in the Sobolev space H} .(R?) which are 27—periodic in 1.



Let €©;, j = 1,---,m, be the subdomains of €} in which the function £ is constant. Mul-
tiplying the equations (3.1) in each subdomain €; by the constant factors k?/(k? — 4%) and
1/(k? — ~+2), respectively, we get from Green’s formula the equations

k2
(/(kZ v Uvacp kZUSO /kZ nau<p>:0a
Q;

i (3.4)

1 - _
(/(k2_72VQUVQ¢_VU¢ _/k2_728n,av7/}>:0
Q 99;

J

m

(]

1

<.
Il

hE

1

<.
Il

for all functions ¢, € HI}(Q) Here the normal derivative on 0€2; corresponds to the outer
normal with respect to €2;.

Using the periodicity in z; and the transmission conditions (3.2) at the interfaces A =
{02, N 0Q;} the equations (3.4) can be transformed to

k)2
/(k2 5Va u Vap — k2u<p)—k+7/[772] O VP
Q

7/8nu<p k2— /8u<p—0

/(kZ 5Vav Vaih — UE)+kl/|:k;2%,)/2:| Oroi T
)

/anvl/i /anm/;_o

Note that integrals over the upper and lower boundaries I't of Q contain the usual normal

(3.5)

derivatives since the artificial boundaries are parallel to the x;—axis. Let us explain the integrals
over the interface A. In view of the identity

/Vaf Vig=— /8mf§ with VX = (9af, —01 f) — i (0, ) (3.6)
0,

for all f,g € H; (©2), the tangential derivatives 0y ou and Oy v are uniquely defined on A. Fur-
thermore, fixing the tangential direction on A, the jump [1 /(k* — 72)} N stands for the difference
“value on the left minus value on the right”.
Following [3], [2] (see also section 4) one can show that the normal derivatives on T'F satisfy
the nonlocal boundary conditions
anu|F+ = _To—;(uh*’) - 2i5p3€_iﬂb ) anu|F* = _Ta_'y(u|F—) ) (3 7)
8n'U|I‘+ = _ij(vh"*') - 2iﬁq3eii6b ) 8VLU|I‘— = _TJV(U|F_) )

where Toﬂf7 are periodic pseudodifferential operators of order 1 acting on 2m-periodic functions
on R by the formula

2

(TN @) = = S i fe™  fu= @) [ fla)e ™ do. (3.3

nez 0



Thus the conical diffraction problem admits the following weak formulation

k? —_— k2 N k2 _
/(7k2_72vau.va¢—k u®) + o s /(Tmu)¢+7k2 — /(Tmu)a
+ .
Q r

(3.9)

for all o, € H;(Q) The left-hand side of the system (3.9) generates a sesquilinear form
B((u,v), (¢,v)), which is bounded on (H}(€2))* x (H,())?. In the following we describe the
main analytic results obtained in [4] for equations of the form

B((u’ 'U)’ ((,0, T/J)) = (f: QO)Lz + (ga w)la (310)
with (f,9) € ((H,(©))?)"

Theorem 1. Suppose that k satisfies (2.8).

1. If Imk > 0 in some subdomain ©; C Q, then for any w > 0 equation (3.10) has at most one
solution (u,v) € (Hy(€2))%.

2. If k ¢ [0,7], then B is strongly elliptic, i.e. there exists a complex number ¢ and a compact
form ¢ such that

Re O-B((uv U)v (ua ’U)) > C”(ua ’U) ”%H},(Q))2 - Q((uv U)v (ua ’U)) .

3. Let k ¢ [0,7], k2 ¢ [0,a® ++?] and fix ® € (0,7/2). Then there exists wy > 0 such that, for
any incidence angles 6, ¢ with [0],|¢| < ® and any frequency w with 0 < w < wp, (3.10) is

uniquely solvable.

4. If k* > 42 and k2 > a® + +?, then for all but a countable set of frequencies wj, wj — 00,
there exists a unique solution in (H:;(Q))2

5. Denote by R the set of Rayleigh frequencies
R={(w0,¢):In€Z s th. k —7?=(n+a)}.

If for (w?,60°, ¢°) ¢ R the equation (3.10) is uniquely solvable, then in a neighborhood of this

point the unique solution depends analytically on w, 8, ¢.

Remark. By Snell’s law the condition k% > a? + 42 is necessary that the incident wave will
be transmitted into the grating material. Hence, the assumptions have a reasonable physical

interpretation. They are satisfied for any relevant application.

4. Finite element solution

Since the sesquilinear form B is strongly elliptic, it is natural to use a Galerkin method
for solving the direct diffraction problem. By standard theory one can easily show that FE



discretizations of the weak formulations (3.9) are stable and provide quasioptimal convergence
orders.

In the following we describe some aspects connected with the nonlocal boundary terms and
its discretization. In modern diffractive optics the grating structure is very often incorporated
into a stack of thin—film layers in order to combine and enhance the properties of these two types
of optical devices. In this case one can introduce new nonlocal boundary operators which model
the multilayer stack and the radiation conditions. Therefore one can reduce the integration
domain €2 used for the FE discretization to the inhomogeneous grating structure.

Before describing the construction of these boundary operators we first show that the
new variational form remains strongly elliptic. To do so we use integral representations for

2m—periodic solutions of the modified Helmholtz equations with constant k
(Ay + k> —~4*) ¢ =0 in some domain G (4.1)

with the property that (z1,x2) € G implies (x; + 27,29) € G and |za| < b. First we briefly
recall some basic properties. The fundamental solution is given by the infinite series
i einm—l—iﬁn\xﬂ

V()= —— (4.2)

2 nez ﬂn

with 8, = \/k? — 92 — o2. If one of the denominators 3, in (4.2) is zero, then the corresponding
term in the series must be replaced by €™ (C + |r2|), where C' is an arbitrary constant.
By standard potential theory the periodic function ¢ solves (4.1) if and only if it admits the

representation

o(z) = %(Vaugo(x) - ch(x)) . z€eq. (4.3)

Here V' and K are the single and double layer potentials
/w— (s, Kow) = [0, W0 =) oly)ds
oG

and v denotes the exterior normal of OG. Taking in (4.3) the normal derivatives at G one
derives the equation

20,0lac = K'(8vplac) + Ovplac + D(lac) (4.4)

with the integral operators

2) =0, Wa =9 () ds . Dola) = =0, [ 0,8~ y) ply) ds.
dc oG

Let us consider the special case that G represents a layer parallel to the (z1,z3)-plane. Then
O0G consists of two lines, say xo = t1 and zo = t9, t1 < 9, and therefore the boundary integral
operators have a very simple form. In the following we set Ko = K'(¢lt;)(z,ti), Dijp =
D(¢lt;)(w,t:), i,j = 1,2. These operators are diagonal in the Fourier basis with Kj; = 0 and

Du@ T1,t) = —1 Z ﬂ'n@n l einei ’
nez . .
Dij@(xl, ti) =3 Z ﬁnsbn(tj) elﬁnd eine :
nez
KZ]SO x1,t; Z (p eiBnd ginz1 :

neZ



where d = t3 — t; denotes the layer thickness. Therefore the boundary integral equations (4.4)
for solutions u,v can be transformed to
(I = K19K3,)0puly, = (I + Ky K1) Diyult, + 2D1zuly, (4.5)
(I = K31 K15)Opule, = 2Da1uly, + (I 4+ Ky Kiy) Dasuls,

If we suppose that at the line {z2 = t2} the normal derivatives are given by the equation

anu|tz _ Ayy Ayp u|t2 + f2 — A u|t2 + f2 (46)
8nU|tg Ayy Qyy U|t2 g2 'U|t2 g2
where the elements of A are certain pseudodifferential operators of finite order, then we obtain

from (4.5) a linear system for ul¢, and v|¢, with the operator matrix

(auu — Doz — (auyu + Da2) K3y K (I — Ky Kly)auy ) (4.7)

(I — K5 K{9)ap, ayy — Doz — (ayy + Da2) K51 K1

In the following we assume that this matrix is invertible. Putting the solution of this system
into the first equations of (4.5) we therefore obtain

Oyuly, = Dryuly, + (K{9K9 (I 4+ Kj Ki9) D11 + 2D12byy)uly, + 2D12byyvle, + f1
vy, = D110y, + 2D12byyuly, + (K19 Kb (I 4+ Kj Ki9) D11 + 2D12byy )]t + g1

with certain functions f; and g;. Thus we have proved

Lemma 2. If for o = t9 the normal derivatives and boundary values of solutions u and v to
(4.1) are connected by (4.6) and the operator (4.7) is invertible, then

aTlu|751 _ u|t1 fl
(i) =2 () () =

5_ Dy 0
0 Dy

maps H;/ % H;/ % into the set of functions with exponentially decaying Fourier coefficients.

where the operator

Now we apply this result to a stack of N layers L; = {z2 € (tj_1,t;)}, 1 < j < N, with
Helmholtz coefficients k;, located above the grating structure. For zo = b > ¢ty we have the
boundary conditions

Onulpr = =T.5 (ulp+) — 2iBpse P

| (4.9)
Onvlps = =T (vlp+) — 2iBgze™ 7

Note that 7,5, = D(p|p+) for k = ky. The boundary conditions (3.7) obviously follow from
(4.4) applied in the outer domains {|zz| > b} to the sum of the incoming and diffracted fields.
The change of signs is caused by the fact that v and the outer normal to I't with respect to €
have opposite directions.
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The transmission conditions (3.2) for u and v at the flat interfaces zo = t;, 1 < j < N,
generate an equation of the form (4.6). Thus if we choose a new artificial boundary I't =
{(x1,b), 1 € [0,27], b € (to,t,)} within the layer L; we obtain nonlocal boundary conditions

Onulgs ) _ M U ) g, (0 (4.10)
8n”|ﬁ+ U|F+ f2
which have to be satisfied by the solutions u,v of the conical diffraction problem (3.1 — 3.3).
Here 6y, is the Kronecker symbol. Repeating an analogous procedure with a layer-stack below
the grating structure, we obtain a new artificial boundary I~ within the first layer below the

grating with Helmholtz coefficient k_; and an analogous nonlocal boundary condition with an
operator M, . From Lemma 2 we obtain additionally

Lemma 3. The matrix operators Moﬁ are compact perturbations of the diagonal matrix oper-

ators
om0\ BECE B
T, = : X — X ,
7 0 T 1/2 5 12,
7 Hp (') Hy, (=)

where the pseudodifferential operators 7, o(lfl) are defined as in (3.8) with ki replaced by k.
Thus we have derived a reduced periodic cell Q with upper resp. lower boundaries I'* which

becomes the new integration domain. Let A denote the set of all interfaces between different

materials inside €. Taking into account that v has the opposite direction of the outer normal

to It (w.r.t. Q) we see that the problem (3.1 — 3.3) is transformed to the variational system

/(Lv Vop — K up) +k /[#] )
J k2—’72 all afp uep +’Y~ k2—’)/2 XU TP

Q A
ki K - o
s [ (L)t (V)07 + ey [Vt (M)
I+ r-
fik? [
k2 — 72~
I+ (4.11)

for all p,9 € H;((NZ) Here k1, are the Helmholtz coefficients of the layers directly above resp.

below the inhomogeneous structure and (Mojfv)ij denote the entries of the matrix operators

M(fv. We denote this sesquilinear form by B((u,v), (¢,%)). For the numerical solution we
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choose some finite-dimensional subspace Sj, of H;(€2) and seek a solution (up,vs) € (Sp)? of
the discrete equations

_ 2 _
B((un,vn), (¢n,¥n)) = k2f1 - /WJrﬁ/% (4.12)
I+ T+

for all ¢p, 1 € Sp. Since the domain integrals and the line integrals over the interfaces in the
variational form B can be exactly computed for piecewise polynomial functions, a consistency
error may occur only if the nonlocal boundary operators

_ 1 =
/(Mofzc’y)ijuso dr = % Z(m?;)nunwn (4.13)

Fu neZ

are discretized. But for finite elements whose traces on 't are periodic splines with uniformly
distributed break points this can be done very efficiently and accurately, so that this discretiza-
tion error can be neglected. We will show this in the next section.

Theorem 4. Suppose that k satisfies (2.8) and k ¢ [0, /a2 +~2]. Then for all but a sequence
of countable frequencies wj, |w;| — oo, and all sufficiently small h, the Galerkin equations (4.12)
are uniquely solvable. If the exact solution satisfies (u,v) € (H5(€2))?, 1 < s < 2, then the
difference between the finite element solutions and the exact solution can be estimated by

o= wnll s gy + 0 = onll g ) < OB Ul e sy + 10 o)
(= anll gy + N = onll o)) < Ol + 1ol e )

where the constants depend on k but are independent of A and w.

Proof. Consider the same inhomogeneous grating structure but without multilayer stacks and
with material parameters k1 above the grating and k_; for the substrate. Then Theorem 1 can
be applied. Note that the variational form corresponding to this problems differs by Lemma 3
from the sesquilinear form B by a compact perturbation. Hence all conclusions of Theorem 1
are also valid for B, and therefore by standard theory the assertion follows. O

5. Implementation

Here we discuss the efficient and accurate computation of the nonlocal boundary terms
which model a system of say N horizontal layers {2 € (tj—1,¢;)}, 1 < j < N, with Helmholtz
coefficients k;. The operators Moﬁ are diagonal in the Fourier basis. Therefore one should
use the Fourier series of the traces of the finite elements on I'*. Moreover, the solutions of
the equations (3.1) are analytic and 2r—periodic in z1, so that the application of Fourier series
techniques in the layer system is justified. For ¢ty < x5 < ¢ the solution can be written in the

form
u(z1,22) Z On(x2) €™, w(xy,w2) Z U (22) €771 (5.1)
nez neZz
where the Fourier coefficients ¢, and 1, solve the differential equation

& .
(dm2+(k —? = (n+0)))pn =0, ti1<z<t;, 1<j<N. (5.2)
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Therefore

On(x2) = a1p] (z2) + azpj (v2) ,  Un(z2) = asp) (x2) + asp; (v2)

with p;t = exp(:l:i\/ k¥ =% — (n+ a)?xg) or constant and linear functions in the case k=
7+ (n+a)

The transmission conditions (3.2) for u and v at the flat interfaces o =t;, 1 <j < N -1,
transform to conditions for the solutions of (5.2) at the inner points of the form

an(t;) = ¢n(t;r) ) ¢n(t;) = len(t;r)a

kigh — vkt (n+ ) | kjdh — vkt (n+ )i
k? — 2 7 ki — 72 o
iy (n + Q)pn + kY, iy (n+ ) pn + kTP,

K} — 2 5 ki — 72

)
t

where tji means that the interface xo = t; is approached from above resp. below. It can be easily
checked that (5.3) generates an one-to—one mapping between the coefficients a;, i = 1,...,4, of
the solutions corresponding to adjacent subintervals.

Let the multi-layer stack be located above the grating structure. Then for zo = tx we
have (5.3) with ky41 replaced by k;. Moreover, since for xo > ¢y the radiation condition has
to be satisfied we obtain from (3.7)

(mz(b) = Zﬁ; ¢n(b) - 2iﬁp3(50neiwb )
U (b) = B, UiF (b) — 2iBazdone " .

Hence the system of differential equations (5.2) with the interior jump conditions (5.3) has a
solution depending on two parameters, which for zo € (tx,b) is given by

On(x2) = creiPne + p3done” T2
Un(z2) = coePier 4 q3bone %2

Now we choose the left boundary b € (to,t1) and boundary conditions
(mz(b) = Zﬁ; ¢n(b) ) Y/J%(b) = Zﬁ:{ z/}n(b) )
P (b) = Yn(b) =0.
Suppose that the problem (5.2 — 5.4) has only the trivial solution for any n € Z. Then there

(5.4)

exists a matrix M, such that at this left boundary

S6)\ . (o) i
(w’(é)) =M (w@) oo (f)

It is clear that the matrices {M, ", n € Z} form the operator MOZ. Note that the unique
solvability of the boundary value problem (5.2 — 5.4) corresponds to the invertibility of the
operator (4.7) mentioned in Lemma 2.

Hence, the scalars (mf;)n in (4.13) can be found from solving the differential equations (5.2).
+
ij
as |n| — oo. Therefore these equations have to be solved only for a relatively small number

But due to Lemma 2 the numbers (mZ:), and the differences (m3), 4 i3 decay exponentially

of different n. This can be done efficiently by a recursive algorithm described in [7], which is
numerically stable for any number of layers, and there is no limit in layer thicknesses. Algorithms



13

of this type are widely used in other numerical methods for analyzing layered structures (see [7]
and the references therein).

Thus for the practical computation of the integrals (4.13) we solve the differential equations
(5.2) by the above mentioned method as long as (mi), + iGF! and (mf;)n are greater than a
certain tolerance. Hence for ¢ # j one has to sum only a few terms, whereas the sums for
i = j involve a factor (mi), of the order O(|n|~!). However, these summations can also
be performed very efficiently with an accuracy comparable with the computer precision. As
mentioned above, we discretize (4.11) with finite elements with traces on I'# which are periodic
splines with uniformly distributed break points. Then we can use recurrence relations for the
Fourier coefficients of spline functions and convergence acceleration methods.

For example, choose a piecewise linear or bilinear finite element discretization of (4.11).
Then its traces on ['t are spanned by the shifts of the hat functions. If I'% is divided into P
subintervals of equal length then in this basis the integral (4.13) corresponds to an p X p circulant

matrix with the eigenvalues

o0

_ =+ _
0 =2m(mg; )o , Ty = 277( - 2 o +afp) ;

0

q=1,...,p—1.

Since (m3), +i8+" decay exponentially as |n| — oo, it is advantageous to replace (m:)qp1q by
—zﬂ?;l_m and to expand

B [ () G (e )

with respect to powers of |r + ¢/p|. Then the corresponding sums can be obtained immediately
by using approximation formulas of the generalized Zeta function

o0

Clays) =3 (r+a)°.

r=0

To compute the eigenvalues 7,, one has to correct the result with the few terms where the
sums |(m:5)pprq + zﬂ?;,l_kq| are larger than the fixed tolerance. Therefore the discretization of the
nonlocal boundary operators does not affect the error of the FE discretization of (4.11).

Due to Theorem 4 the FE discretization converges with quasioptimal order, but with a
constant depending on k. It is well known that for usual FE approximations of the Helmholtz
equation these constants can become very large. This pollution error is caused by the fact that
the discretization of the Helmholtz equation with wave number k results in an approximate
solution possessing a different wave number kj,. In [6] we have extended a generalized FEM of
minimal pollution, proposed in [1], to the case of piecewise uniform rectangular partitions and
bilinear finite elements. Such partitions are well suited to treat binary and multilevel gratings,
which are fabricated using modern semiconductor technologies and whose cross sections have a
rectangular structure. A simple example is shown in Fig. 1.

For the case of arbitrary polygonal interfaces and therefore nonuniform triangulations, a
method with reduced pollution effect is presently not available.
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Figure 1. Grating within a thin—film multilayer stack

6. Numerical example

The method was used to analyze the diffraction properties of binary and multilayer gratings
of different geometries and materials. As an example we report on a thin—film multilayer stack
incorporating a single grating in the center layer shown in Fig. 1. This optical transmission filter
was introduced in [10]. It was shown that in the case of normal incidence this element is a highly
efficient (almost 100%) narrow—line transmission filter close to the wavelength A = 500 nm with
low sidebands over a range of approximatively 60 nm. This is illustrated in Fig. 2, where the
efficiency of the transmitted mode of order zero is shown for two different resolutions.

Zero order transmittance, 8=0°,¢ =0 ° Zero order transmittance, 8=0°, ¢ =0 °
100 T T T T 100 T T T T T T
90 - - 90 | -
80 |- - 80 | -
70 — 70 B
60 |- - 60 | -
50 4 50 g
40 4 40 b g
30 — 30 B
20 |- - 20 + -
10 - 10 + -
0 L T 0 L L L L L L
0.485 0.49 0.495 0.5 0.505 0.4988 0.4989 0.499 0.4991 0.4992 0.4993 0.4994 0.4995
Wavelength A in um Wavelength A in pm

Figure 2. Efficiency of the zero transmitted mode under normal incidence

With the data taken from [10] we analyzed the dependence of the transmittance on small
perturbations of the direction of the incident wave. The period of the grating is d = 300 nm,
the odd homogeneous layers have a thickness of 53.2 nm with dielectric constant ¢ = 2.352. The
even homogeneous layers parameters are ¢ = 1.38% and a thickness of 90.6 nm. The grating in
the fifth layer consists of two material with ¢ = 2.5? and ¢ = 2.22, respectively, the height is
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53.1 nm. The dielectric constant for the cover region is 1.0 and that of the substrate is ¢ = 1.522.

Zero order transmittance, A = 0.4992324 ym, ¢ =0 ° Zero order transmittance, A = 0.4992324 ym, 6 =0 °
100 T T T T T T T T T 100

90
80 | d 80 |
70 | d 70 b
60 - B 60
50 - B 50
40 E 40
30 B 30
20 B 20 +

10 B 10 |

0 T i L L L N o 0
-0.25 -0.2 -0.15 -0.1 -0.05 O 005 01 015 02 025 -6 -4 -2 0 2 4 6
Incident angle 6 in radian Incident angle ¢ in radian

Figure 3. Efficiency of the zero transmitted mode with for incidence fields with wave vectors perpendicular to z3
(left) and to z;1 (right)

Fig. 3 depicts the transmission efficiency obtained for the peak wavelength A = 499.2324 nm

and the wave vectors
(sinf,—cosf,0) and (0,— cos¢,sin¢)

for small 6 and ¢, respectively. We see that small perturbations of the incidence in the (x1, x2)—
plane lead to rapid changes of the transmitted energy, whereas the energy is not so sensitive
with respect to perturbations in the (x2, z3)—plane.

References

[1] I. Babuska and S. Sauter, Is the pollution effect of the FEM avoidable for the Helmholtz
equation considering high wave numbers, STAM J. Num. Anal. 34 (1997) 2392-2423.

[2] G. Bao, Finite element approximation of time harmonic waves in periodic structures, STAM
J. Numer. Anal. 32 (1995) 1155-1169.

[3] A.-S. Bonnet-Bendhia and F. Starling, Guided waves by electromagnetic gratings and
non—uniqueness examples for the diffraction problem, Math. Meth. Appl. Sci. 17 (1994)
305-338.

[4] J. Elschner, R. Hinder, F. Penzel and G. Schmidt, Existence, uniqueness and regularity for
solutions of the conical diffraction problem, Math. Models and Methods in Appl. Sci. 10
(2000) 317 — 341.

[5] J. Elschner and G. Schmidt, Diffraction in Periodic Structures and Optimal Design of
Binary Gratings I[. Direct Problems and Gradient Formulas, Math. Meth. Appl. Sci. 21
(1998) 1297-1342.

[6] J. Elschner and G. Schmidt, Numerical Solution of Optimal Design Problems for Binary
Gratings, J. Comput. Physics 146 (1998) 603—626.



16

[7] L. Li, Formulation and comparison of two recursive matrix algorithms for modeling layered
diffraction gratings, J. Opt. Soc. Am. A, 13 (1996) 1024-1035.

[8] R. Petit, (ed.), Electromagnetic theory of gratings, Topics in Current Physics, Vol. 22
(Springer, 1980).

[9] R. Petit and F. Zolla, The method of fictitious source as applied to the electromagnetic
diffraction of a plane wave by a grating in conical diffraction mounts, SPIE Proc. Vol. 2532
(1997) 374-385.

[10] S. Tibuleac and R. Magnusson, Diffractive narrow-band transmission filters based on
guided—mode resonance effects in thin—film multilayers, IEEE Photonics Tech. Letters, 9
(1997) 464-466.



