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Abstract

We study subdifferential characterizations of the calmness property for multi-
functions representing convex constraint systems in a Banach space. Extend-
ing earlier work in finite dimensions, we show that - in contrast to the stronger
Aubin property of a multifunction (or metric regularity of its inverse), calm-
ness can be ensured by corresponding weaker constraint qualifications which
are based on boundaries of subdifferentials and normal cones only rather than
on the full objects.

1 Introduction

Following [15] (p.399), a multifunction M : Y =% X between metric spaces X,Y
is calm at some point (g, Z) of its graph if there exist neighborhoods V,U of g, z,
respectively, and some L > 0 such that the corresponding distance functions satisfy

d(z, M(9)) < Ld(y,y) Ve e M(y)nU VyeV. (1)

With U := X, calmness reduces to the upper Lipschitz property of multifunctions
introduced by Robinson [14]. Obviously, calmness is also weaker than the well-known
Aubin property of multifunctions

d(z, M(y') < Ld(y,y') Vze My)nU Vy,y €V. (2)

(in particular, M (y) = 0 for y close to but different from 7 is possible under calmness
but violates the Aubin property). As a stability concept, calmness of multifunctions
is important for issues related with optimality conditions, stability of solutions to
parametric optimization problems or conditioning. For instance, in the context
of finite dimensional optimization problems with Lipschitzian data (inequalities,
equations and objective function), calmness of the constraint mapping defined by
right-hand-side perturbations of inequalities and equations implies calmness of the
optimization problem in the sense of Clarke and, hence, ensures the existence of
(nondegenerate) Lagrange multipliers at local solutions (see [4|, Prop. 6.4.4).

If M is a polyhedral multifunction, then it is automatically calm (see [14]). Apart
from this special class, certain conditions have to hold true in order to ensure calm-
ness, and it seems natural to characterize these conditions in terms of well-known
objects from nonsmooth analysis such as (co-) derivatives, (sub-) differentials or tan-
gent or normal cones. Similar characterizations have been successfully established
for the stronger Aubin property. In finite dimensions, for instance, (2) is equivalent
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to each of the following two conditions due to Mordukhovich [10] and Aubin (see,
e.g. [1] and [5], Corollary 1.19 for sufficiency), respectively:

D*M(y,z)(0) = {0} (3)
Ja,8>0: B(0,1) € D_M~(z,7)(B(0,a))Vz,y € Gph M N B((z,7),6) (4)

Here, D* and D_ refer to Mordukhovich’s coderivative and to the contingent deriva-
tive, respectively, while B refers to appropriate closed balls. As coderivatives relate
to normal cones whereas derivatives are associated with tangent cones, the first cri-
terion above is of dual nature and the second one is of primal nature. The question
arises if the criteria above can be modified appropriately in order to characterize
the weaker calmness property (1) rather than (2). An answer was given in [6] for
dual characterizations of (1) in the special case of finite dimensional multifunctions
of the type
M(y) := {z € C|g(z) +y € D},

where C' C RP, D C R™ are closed subsets and g : RP — R™ is locally Lipschitz.
This is the typical structure of constraint systems in nonlinear optimization or com-
plementarity problems. In this special case, Mordukhovich’s criterion (3) for the
Aubin property takes the form

U D@ n(-Ne(@) =9,

y*€Np(g9(2))\{0}

where N refers to Mordukhovich’s normal cone. It was shown in [6] that under mild
assumptions, calmness is implied by the weaker condition

U D@ ") (—bd Ne()) = 0,
y*€Np(g(z))\{0}

where ’bd’ refers to the topological boundary. Hence, passing from Lipschitzian
stability to upper Lipschitzian stability, is reflected in a transition from certain
geometric objects to their boundaries. This fact becomes most evident for the simple
case of one single inequality g(z)+y < 0 (i.e., D = R ): if g (as a function) and C' (as
a set) are regular in the sense of Clarke, then calmness of M holds true at some point
(0,z) with g(z) = 0 provided that bd dg(z) N (—bd N¢(z)) = 0. Here, ’d’ refers to
either Mordukhovich’s or Clarke’s subdifferential (which coincide due to regularity).
This last constraint qualification can be opposed again to the corresponding criterion
of the Aubin property which now takes the form 8g(z) N (—N¢(z)) = 0. For absent
abstract constraints (C' = RP) the calmness condition reduces to 0 ¢ bd 9g(z). In
particular, for convex g, a (nondegenerate) multiplier rule can be obtained under
this 'weak Slater condition’ (as opposed to the classical Slater condition 0 ¢ 9g(Z)
which ensures the stronger Aubin property).

The aim of this paper is to study possible infinite-dimensional extensions of the pre-
vious results. For the single inequality (plus abstract constraints) in a Banach space
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setting it turns out that, even for Clarke-regular data, the mentioned constraint
qualification bd dg(z) N (—bd N¢(Z)) = 0 no longer implies calmness. It does so,
however, for convex data, and in this case it can be even weakened again. This gives
an improvement even for the finite-dimensional case. Therefore, the focus of the
paper is on convex constraint systems.

2 Notation

Throughout this paper, X will denote some Banach space and X* its dual being
endowed with the strong topology. In these spaces, B(a, ) and B*(«, 3) are the
closed balls around « with radius 3,whereas B°(a, ) refers to the corresponding
open ball in X. By ig we denote the indicator function of a closed set S C X
and by epif the epigraph of some function f : X — R U {oc}. N(S;z),df and
0® f refer to the normal cone to S at some z € S and to the usual and singular
subdifferentials of f, respectively, all of them in the sense of convex analysis. In
contrast, 0° represents Clarke’s subdifferential. ’bd’ and ’int’ are the topological
boundary and interior. For a multifunction M : X = Y between Banach spaces,

GphM = {(z,y) € X x Y|y € M(z)}
range M = {yeY|Ire X,ye M(z)}
Mt . Y=X; MY y)={zcX|lyec M(z)}

denote its graph, its range and its inverse, respectively.

3 Convex constraint systems with a perturbed in-
equality
In this section, we consider constraint systems involving a fixed abstract constraint

set and an inequality which is subject to perturbations. More precisely, we are
interested in the calmness property (1) of the multifunction

M(y)={ze€C|[f(z)<y} (yeR), ()
where C' is a closed, convex subset of some Banach space X and f is a convex,
lower semicontinuous function. First, we state an auxiliary result. Recall from [2],
that a set S C X is compactly epi-Lipschitzian at some z° € S if there exist a
norm-compact set K and a constant r > 0 such that

SN B(z°,r)+B(0,tr) C S —tK Vte (0,r).

Lemma 3.1 For C and f as introduced above, the sum rule
O(f +ic)(Z) Caf(z)+ N(C;z)
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applies if the following constraint qualification is satisfied:

0*f(z)Nn—N(C;z) ={0} and (CQ")

C or epi f is compactly epi-Lipschitzian at T

Proof. Define two closed and convex subsets of X x R by D; = epi f and Dy =
C x R. The first part of (CQ*) implies that

N(Dy; (z; £(2))) N =N(Dy; (%; f(2))) = {0}

Along with the second part of (CQ*), this last relation is sufficient for the intersection
rule

N(Dy N Dy; (z; f(2))) € N(Dy; (%5 f())) + N(Dy; (z; f(Z)))

(see [7], Cor. 4.5). Now, let z* € 9(f +ic)(Z) be arbitrarily given, i.e., (z*,z —Z) <
f(z) — f(z) for all z € C. Consequently,

(%, —1), (z,t) — (&, f(2)) <O VzeCVt> f(z).

In other words, (z*,—1) € N(Dy N Ds;(Z; f(Z))), and the above intersection rule
ensures that (z*,—1) = (y*,r) + (2*,¢) for certain (y*,r) € N(Ds;(Z; f(Z))) and
(z*,t) € N(Dy;(Z; f(Z))). By definition of Dy one gets t = 0 and z* € N(C;Z).
It results that r = —1, hence y* € 0f(Z) by definition of D;. Summarizing, z* €
0f(z) + N(C;z), as was to be shown. m

Remark 3.2 The constraint qualification (CQ*) in Lemma 3.1 is always satisfied if
the convex function f is continuous at T or T is an interior point of C. The second
part of (CQ*) holds true whenever X is finite dimensional or the convez set C has
nonempty interior.

Theorem 3.3 With the setting introduced above, the multifunction M in (5) is calm
at a point (0,Z) € Gph M of its graph if one of the following conditions is satisfied:

f@) < 0 (6)
bddf(z) N —bd N(C;z) # 9f(z)N—N(C;Zz) (7)
bddf(z) N —bd N(C;Z) = 0§ and (CQ%) (8)

Proof. From (0,z) € Gph M it follows that z € C and f(z) < 0. In case of (6), it
follows that
0 € int [f(Z),00) C int range M *. (9)

Since M has closed and convex graph, this last relation implies metric regularity
of M~! at (Z,0) by the Robinson-Ursescu Theorem ([12],[16]). However, metric
regularity of M ! at (Z,0) is equivalent to M having the Aubin property at (0, Z)
(cf. [3],[11],[15]), which in turn implies calmness of M at (0, Z). Hence, in the sequel



we assume that f(Z) = 0. Suppose next that (7) is satisfied. Then, since both df(Z)
and —N(C; ) are (strongly) closed in X*, it holds that

intdf(z) N —N(C;Z) #0 or 0f(z)N—int N(C;z) # 0. (10)

If the first condition of (10) holds true, then choose z* € intdf(z) N —N(C;Z).
Accordingly, there exists some a > 0 such that B*(z*; ) C 9f(Z) . In other words:

(z*+ap*,z—Z) < f(z) — f(Z) = f(z) Vp* € B*(0;1) Vz € X.
It follows that
0o —7) <o {(f@) — (@*e— ) <o Lf(@) W' eB0;1) VreC,
since z* € —N(C; z). Consequently,
lz -z <a”'f(z) Vze€C and f(z)>0 VzeC, (11)
so it follows the desired calmness property of M (with ¢ := X and V := R in (1)):
d(z, M(0)) <|lz—z|| <a'y=a 'd(y,0) VyeRVze My).

If the second condition of (10) holds true, then choose z* € 9f(z) N —int N(C; Z).
Now, there is some a > 0 such that B*(z*;a) C —N(C;Z), hence

(z*¥ —ap*,z—Z) >0 or (p,z—z)<a Yz*,z—2Z) Vp*c B*(0;1) Vz € C.

Due to z* € 8f(z), this yields ||z — Z|| < a ' (z*,2 — ) < o' f(z) for all z € C.
In this way, we end up once more at relation (11) and, hence, at calmness of M at
(0,Z) as above.

Finally, assume that (8) holds true. If 0 € int 9f(Z), then - because of 0 € 9f(Z) N
—N(C; ) - (7) is satisfied and calmness of M follows as shown before. Suppose that
0 € bddf(Z). In case that N(C;Z) = X*, calmness of M follows again from (7). In
the opposite case N(C;Z) # X* it always holds that 0 € —bd N(C'; Z) which gives
a contradiction to (8). It remains to check the case

0¢0f(z). (12)
Then, two possibilities are left:
of(z)N—N(C;z) =0 or 9Of(z) C —int N(C; ). (13)

To verify this alternative, assume that none of the two conditions is satisfied. Then,
there exist z7, 25 € 0f(Z) such that z; € —N(C;Z) and z5 ¢ —int N(C;Z). The
convexity of 0f(Z) and —N(C; Z) guarantees the existence of some z* (on the line
segment [z}, z3]), such that z* € df(Z) N —bd N(C;Z). By the cone property of
N(C;z), one has that tz* € —bd N(C;Z) for all ¢ > 0. Due to the closedness of
0f(z), there must be some t* > 0 such that t*z* ¢ 0f(z) (otherwise a contradiction
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with (12)). But then, since z* € 8f(%), there must exist some £ > 0 such that
tr* € bd0f(Z). At the same time, {z* € —bd N(C;z), whence a contradiction to
(8), and (13) must hold true.

Now, the first case of (13) implies the existence of some z’ € C such that f(z') <0
(Slater’s condition). Indeed, negating Slater’s condition means that Z is a minimum
of f over C or, equivalently, a free minimum of the lower semicontinuous function
f +ic. Consequently,

0€d(f+ic)(z) Caf(z)+ N(C;z),

where we applied Lemma 3.1. However, the obtained relation contradicts the first
case of (13). Hence, Slater’s condition is satisfied and one has (9) with Z replaced
by z'. Consequently, calmness of M at Z follows as in the lines below (9).

Concerning the second case of (13), assume first that 8f(z) = 0. Then, we are back
to the already considered first case of (13). Finally, if 8f(z) # 0, then the second
case of (13) along with (8) yields (7) and calmness of M at (0, Z) follows again. m

For missing abstract constraints, a much simpler characterization of calmness can
be derived from Theorem 3.3:

Corollary 3.4 Let X be a Banach space and f : X — RU {oo} a convez, lower
semicontinuous function. Then, the multifunction M(y) := f~'(—o0,y] is calm at
a point (0,Z) with f(Z) <0 if

f(Z) <0 or 0¢bdaf(z). (14)

Proof. The first condition of (14) coincides with (6), thus it suffices to consider the
second condition of (14). Evidently, in the setting of (5), we have C' = X, hence
N(C;z) =bd N(C;z) = {0}. Along with 0 ¢ bd 0f(Z), this provides

bd df(z) N —bd N(C;z) = 0,

hence (8) is satisfied (note that (CQ*) is trivially satisfied in the context of this
corollary, see Remark 3.2). m

Note that in the setting of Corollary 3.4, we have the following implications
(7) = 0 € int 0f(z) = (8) = (14).

Hence, in contrast to the alternative of conditions (7) and (8) in Theorem 3.3, there
is no use of considering (7) in addition to (14) here . In the general setting of
Theorem 3.3, however, it is no longer true that (7) implies (8) as can be seen from
Example 3.6 below.

Remark 3.5 For finite dimensional X, condition (8) - with the convex subdiffer-
ential replaced by Clarke one’s - was shown in [6] to be sufficient for calmness of
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the multifunction M if f is locally Lipschitzian and both f and C' are reqular in the
sense of Clarke. Theorem 3.3 demonstrates that this condition can be weakened to
’(7) or (8)’ in the conver case even if X is infinite dimensional. More precisely,
one has the following structure of constraint qualifications here (assuming that f is
continuous at T € C and f(Z) =0):

of(z)N—N(C;z) =10 = 8) = (7) or (8)
)
Slater’s condition J (15)
)
Aubin property of M at (0, Z) calmness of M at (0, %)

We continue by some examples.

Example 3.6 All constraint qualifications considered in Remark 3.5 are strictly
different. Setting, for instance, f(z) = |z|, C = R, £ = 0, Slater’s condition is
obviously violated (and also 0 € Of(Z) N — N(C;Z) # 0), whereas (8) holds true:

bddf(z) N —bd N(C;z) = {~1,1} N {0} = 0.

Indeed, M is calm at (0,Z) but fails to have the Aubin property there. Another
eaample is f(z) = f(z1,25) = |[7ll, C = {(@1,22) | 21 > O}. Then,

bd 0 () N —bd N(C;7) = {(z1,22) | 2 + 23 = 1, 71 > 0,3, = 0} = {(1,0)},
Of(z) N —N(C;Z) = {(z1,z2) | 2] + 25 < 1, 1 > 0,7, = 0}
= conv {(0,0), (1,0)}.

Hence, (8) is violated here, whereas (7) is satisfied and thus, Theorem 3.3 ensures
calmness of M at (0,Z). Again, M fails to have the Aubin property.

The following example demonstrates that Theorem 3.3 provides just a sufficient but
not a necessary condition for the calmness of the multifunction M considered there.

Example 3.7 Let X = C = R z = 0 and f(z) = max{z,0}. Then, (0,Z)
Gph M, f(z) = 0 and M(0) = R_. One has M(y) = 0 for y < 0 and M(y)
(—o0,y] for y > 0, hence, d(z, M(0)) < d(y,0) for ally € R and all z € M(
This means calmness of M at (0,Z). On the other hand, since Of(Z) = [0,1], (14)
is violated, which implies violation of both (8) and (7).

S
)

Note that, in the last example, M was a polyhedral multifunction, hence it seems
that one cannot recover by Theorem 3.3 Robinson’s result mentioned in the intro-
duction. However, this will be possible after some modification following the ideas
of [8].

The next example requires some technical work. It illustrates the limitation of
Theorem 3.3 to convex data. In finite dimensions, the condition 'f(Z) <0 or 0 ¢
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bd 8°f(Z)’ (i.e., (14) with the convex replaced by Clarke’s subdifferential) was found
in [6] to ensure calmness of multifunctions (5) without abstract constraints (i.e.,
C = X) as long as f is regular at Z in the sense of Clarke. This is no longer true in
infinite dimensions unless the data are restricted to be convex as in Corollary 3.4.

Example 3.8 For k € N, let 7, € (0,k?) be the unique solution of T + ky/T = 1.
Define the sequence of real functions

o (r) = { |7'|1—k\/|7 if T € [—Tk, Tk

if || > 7%

Elementary analysis shows that each ¢y, is (globally) Lipschitz continuous with mod-
ulus 1 and regular at zero in the sense of Clarke (close to the origin, each @y can be
represented as the mazimum of two C'- functions). Furthermore,

or >0, o(1)=0<=7=0 and ¢i(r) =77 Vke€ NVreR (16)

Now, let X =1 and define f : X — R by f(z) := > 1o, ox(zk). Evidently, f(0) =0
by (16). Since pp(7) < 12 < k™* for all T € R and all k € N, f is well defined. For
arbitrary z,y € X, one has

oo

f@) = FW) = 1D (oelz) — orl)] < > lor(e) — i (ve)]

k=1

oo
< Z |z — vl = llz — ylh,
k=1

hence f is (globally) Lipschitz continuous with modulus 1.

Next, we calculate Clarke’s directional derivative f°(0;h) of f at zero in arbitrary
direction h € X. By definition (see [4]), one has

fla+th) = f(@) _ | f@ +t0h) - fa0)

f°(0;h) = limsup

£10,2—0 t n—o00 t(n)
BT s pu(zy”) + thy) — pi(a) 17
= ng{}oz ) ; (17)

where ™ — 0 and t™) | 0 are suitable sequences realizing the above limsup as a
limit. Now, we fix an arbitrary k' € N. Assume that there exist € > 0 and ng € N
such that

o) < o) —¢e VYn > ng. (18)

In order to lead (18) to a contradiction, define a sequence ™ € X by

(n) /
~(n x k#k
xi ) :—{ Ok P Vk,n € N.
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It follows, that 2™ — 0 and, in view of (16),

FE™ +t™p) — f(3M) i": or(@ + 1™ hy) — o (zM) Lo (™ hy)

t(n)
k=1,k£k'

i or(zy” + 1) — pi(a”)
k=1 t

v

(n)
£ +t0h) — f(a)

= o) + g,
for n > ng whence the contradiction with (17)
th) —
lim sup f(z+th) = f(z) > f(0;h) +e.
£10,2—0 t

Therefore, we may negate (18) in order to obtain a subsequence symbolized by the
index m(n) such that

(™ + 1) — g (™)

.. PR
lim inf £0m(m))
‘ J(tm) .,
> nh_g)lo % = dow (0; hw) = @2'(05 hi)
(M) Mm@ Y — oy, (M)
> limsup or (2 i hue) = ow (@ ), (19)
s o t(m(n))

where doy’ refers to the usual directional derivative which, by the already stated
regularity of o in the sense of Clarke, exists and coincides with ¢%. From the
definition of o one calculates dpy (0; hy) = |hw|. Since k' was arbitrarily fized,
(19) provides

lim (@™ + 4D ) — o ()

= |hs| Vk €N

This finally allows to interchange limit and summation in the last term of (17) (upon
passing to the subsequence m(n) there too):

FO(0;h) = |he| = ||h[ly Vh e X.

k=1

Consequently, 0°f(0) = By, where 0°denotes Clarke’s subdifferential and B is the
unit ball in X.

Next, we verify that f is reqular at 0 in the sense of Clarke. To this aim, we calculate

its usual directional derivative at 0 in arbitrary direction h. Since for each sequence
t™ | 0 it holds that

tmp
i PEE™R)

n—o0 (n)

= di(0;h) = |h| Vh € RVk €N,



one may interchange limit and summation once more:

et he) e ent™he) L f(E™R) — £(0)
Ikl = Z lim 771 = nlggozi = lim :

k=1

As t™ | 0 was arbitrary, it follows that df (0;h) = ||h||; = f°(0;h), hence f is

reqular in the sense of Clarke.

Finally, we consider the multivalued mapping M : R = X defined by M(t) := {z €
X | f(z) < t}. This is exactly the setting of (5) with abstract constraints missing
(X = C). By definition of f and (16), one has

f(z) >0 VzeX and f(z)=0<=z=0.

Hence, M(0) = {0}. Define a sequence 2™ = (0,...,0,7,,0,0,...) € X, with 7, at
position n. Then, again by (16),
d(z("), M) =[[z™|y =7 and f(z™)=p.(m)=12 VneN.

n

Putting y™ = f(z™), we have constructed sequences 2™ y™ such that 2™ ¢
M(y™), z(”) — 0, y™ — 0 (because of 7, € (0,n72)). From here, we derive that
M fails to be calm at (0,0):

d(2™, M(0)) = 7, (™) = 7, 'd(f(21"), 0) > n?d(f (™), 0)

(again by 1, € (0,n72)), which contradicts (1). On the other hand, we have seen
that 0°f(0) = By, hence 0 € int9°f(0) and the constraint qualification ’f(Z) <
0 or 0 ¢ bdo°f(z)’ - which was sufficient for calmness in the regular, finite
dimensional and in the convex, infinite dimensional case - is evidently satisfied.
However, the same constraint qualification (to which the conditions (8) and (7)
reduce when C' = X ) does not imply calmness in the regular, infinite dimensional
case, as was shown in this example.

The next result is an immediate application of Theorem 3.3 to the characterization
of calmness for non-structured multifunctions.

Corollary 3.9 Let X be a Banach space, Y a metric space, M : X =Y a multi-
function with closed values and (Z,0) € Gph M. Assume further that

1. The distance function d(0,M(-)) is conver and lower semicontinuous in a
neighborhood of T.

2.0 ¢ bdad(0, M())(z).

Then, M~ is calm at (0,Z) (or, equivalently, M is metrically regular at (%,0)).
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Proof. Corollary 3.4 immediately provides calmness at (0, Z) of the multifunction
P : R = X defined by

P(t) :=={z € X |d(0,M(z)) <t}
This means existence of some L > 0, £ > 0 such that
d(z, P(0)) < L|t| Vt € (—¢,¢) Vz € B(z;¢) N P(t).

Since P(0) = M~1(0) and M '(y) C P(d(0,y)) for all y € Y, it follows the calmness
of M~ at (0,7):

d(z, M~*(0)) = d(z, P(0)) < Ld(0,y) Yy € B°(0;¢) Vz € B°(z;¢) " M~ (y).

Note that condition 2. in the above corollary is far removed from being necessary
for calmness or even the stronger Aubin property.

Example 3.10 Consider M(z) := [z,00) at (0,0) € Gph M. Since d(0, M(z)) =
max{0,z}, condition 1. of the last corollary is satisfied whereas condition 2 is vio-
lated. On the other hand, the inverse multifunction M~'(y) = {z|z < y} is easily
seen to satisfy the Aubin property (2) and, hence, calmness at (0,0).

4 Calmness of the intersection of two sets

In this section, we turn to the calmness property with respect to two sets. To
this aim, let C, D C X closed, convex subsets such that £ € C' N D. We want to
characterize calmness of the multivalued mapping @ : R = X defined by

Q) :={z € X |d(z,C)+d(z,D) < t}

at the point (0,Z) € Gph Q.

Lemma 4.1 Q is calm at (0,Z) € Gph Q provided that
int N(D;z) N —N(C;z) # 0. (20)
Proof. Choose z* € int N(D;Z) N —N(C;Z). From z* € int N(D; ), it follows
similar to the proof of Theorem 3.3 the existence of some a > 0 such that
allz —z|| + (", — %) <0 VzeD.

Hence, T is a minimizer of the function (z*,Z — -) — af| - —Z|| on the set D. Now,
using a well-known penalization argument, which appeals to the Lipschitz constant
of the function involved, it follows the existence of some € > 0 such that

(", — ) — al|lz — Z|| + (||z*|| + a)d(z, D) > 0 Vz € B(Z;¢),
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whence, by z* € —N(C; ),
—allz — z|| + (||z*]| + a)d(z, D) > 0 Vz € B(z;e)NC.

In other words, Z is a local minimizer of the function —«|| - —Z|| + (||z*|| + «)d(+, D)
on the set C'. Now, upon repeating the same penalization argument, one arrives at

—allz = z|| + (|z*|| + @)d(z, D) + (||z*|| + 2a)d(z,C) > 0 Vz € B(z;e)
for some &' > 0. This, however, is the desired calmness property
d(z,Q(0) < [lz — z|| < o *(|2*|| + 2a)(d(z, D) + d(z,C)) < a *(||lz"|| + 2a)[¢|
which holds true for all ¢ € R and all z € B(Z;¢') N Q(¢). m

Next, we need an auxiliary result which is of independent interest.

Lemma 4.2 If one of the sets C' or D is compactly epi-Lipschitzian in a neighbor-
hood of T, then

N(D;z)n—N(C;z) = {0} <= 0 € int (D — C N B(z,1))

Proof. (=) For symmetry reasons, one may take, e.g., D to be compactly epi-
Lipschitzian in a neighborhood of Z. Assume that

0 ¢ int (D — C' N B(z,1)) = int (D — C N B(z, 1))

(the equality follows from [13], Lemma 1). Accordingly, there exists a sequence
b, — 0 with

b, ¢ D—Cn B(z,1)).
The separation theorem, provides a corresponding sequence z; € X* such that

|zk|| =1 and

n|
(x} by) < (z},d—Z) Vde D, (z;b,)<(z;,z—c) YeeCnNB(z1). (21)

The first relation of (21) yields that (z%,z) < (}n{j(:pfl,d) + ||b.||. Now, Ekeland’s
€

variational principle provides a sequence d,, € D such that
\ldn — Z|| < V/||bu|| and (z),dn) < {(z),d) + \/||bul|||dn — d|| Vd € D. (22)

The second relation of (22) entails that —z}, € N(D;d,)+B*(0, \/||b.||), hence there
are sequences z; € N(D;d,) and b} with ||b%|| < 1/||bs]|| such that 2} + zX + b} = 0.
In particular; ||z} || — 1. Thus, the sequence z;; is bounded and, hence, there exists a
weak* convergent subnet z} —,+ z*. Now, since z§ € N(D;d,), this last convergence
along with dy — Z (see first relation of (22)) and the very definition of the normal
cone to convex sets yield that z* € N(D;Zz). Now, the assumed property of D being
compactly epi-Lipschitzian in a neighborhood V; of Z results in the inclusion

N(Dj;z) C{z" | ||| < lrllaxk<:z:*,hi)} Ve e V;ND

12



for certain h; € X (i =1,...,k). From dy — Z, one derives that

max (25, ) > |12

i=1,...,

Consequently, z* # 0. On the other hand, we also have that z} = —2} —b} —y» —2*
which together with the second part of (21) provides

(—=2",T —¢) “—r (25,T — ) > (2},b2) = 0 VYece CnB(z1),

whence z* € —N(C;Z). Summarizing, there is some 2z* # 0 with z* € N(D;z) N
—N(C;z). This contradicts our assumption.

(=)

Choose an arbitrary z* € N(D;z) N —N(C; Z). Then,

(z*,d—Z) <0 VdeD and (z",2—¢) <0 VceC.

In other words, (z*,d —¢) < 0 for all d € D and all ¢ € C. However, since by
assumption 0 € int (D — C), it results that z* = 0, as was to be shown. m

Theorem 4.3 Let one of the sets C or D be compactly epi-Lipschitzian at . Then,
Q is calm at (0,Z) under the following condition:

bd N(D;z) N —bd N(C; z) = {0}. (23)
Proof. In case that N(D;z) N —N(C;z) = {0}, Lemma 4.2 ensures that 0 €
int (D — C). Since D — C equals the range of the multifunction M : X =2 X defined

by
—x+D zeC

M(x):{(b ¢ C

we have 0 € int range M and the Robinson-Ursescu Theorem yields metric regularity
of M at the point (Z,0) of its graph. This property means the existence of L,e > 0
such that

d(z, M *(y)) < Ld(y,M(z)) Vz € B(z,¢) Yy € B(0,¢).
With M~1(y) = C N (D — y), and fixing y := 0, one arrives at
d(z,CN D)< Ld(z,D) Yz € B(Z,e)NC, hence

d(z,CND)<(L+1)(d(z,D)+d(z,C)) VYze B(z,e¢).
This, of course, is calmness of the multifunction @ at (0, Z).

Otherwise (N(D;z) N —N(C;z) # {0}), (23) implies that
int N(D;z) N —N(C;z) #0 or N(D;z)N —int N(C;z) # 0.
In both cases, Lemma 4.1 yields the desired result. m
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5 The differentiable nonconvex case

In this section we briefly return to the constraint system (5) with a convex closed
subset C' C X as before but with a (strictly) differentiable function f. Theorem
3.3 has shown that, in the completely convex case (C' and f), each of the constraint
qualifications (8), (7) is sufficient for calmness of (5). On the other hand, we know
by Example 3.8 that none of the two conditions ensures calmness if f is just regular
in the sense of Clarke. Since, in that example, f was non-differentiable, the ques-
tion arises if a positive result can be expected in the smooth case. The answer is
affirmative even for a finite number of inequalities.

Theorem 5.1 Consider a multifunction M : R™ = X defined by

M(y):={z € C| f(z) <y} (yeR™),

where C' C X is conver and closed and f : X — R™ is strictly differentiable. Then,
the constraint qualification

conv {V fi(Z) }icrz N —bd N(C;z) =0 (24)

implies calmness of M at (0,Z) € Gph M. Here, f; denote the components of f and
I(z) ={i € {1,...,m}|fi(x) = 0} refers to the set of active indices.

Proof. Assume first that conv {V f;(Z)}icrz) " —N(C;Z) = 0. Then, the strict
differentiability assumption on f allows to apply Theorem 2.4. in [9] in order to
derive metric regularity of M ! at (z,0) which is equivalent to the Aubin property
of M at (0,Z) and, hence, implies calmness of M at (0,Z). In the opposite case,
(24) guarantees the existence of some z* € conv {V fi(Z) }ic1(z) N —int N(C; Z). Ac-
cordingly, there exist A; > 0 (¢ € I(z)) with >, ;) A = 1 as well as & > 0 such
that
Z)\Vf and ¢llz —Z|| < (z*,z—Z) VzeC.

i€l(z

Due to the dlfferentlablhty assumption on f and to the finiteness of I(Z) there is
some 1 > 0 such that

£ : _
file) = fi(z) 2 (Vfi(z),2 —2) = Slle —z|| Vo € B(z,n) Vi € I(z).
Using that f;(Z) = 0 for ¢ € I(Z) it holds for all z € C' N B(Z,n) that

€ €

rnax Ai N(Vfi(z),z—Z)— ||z —Z|| > =||lz — Z||.

max fi(z Z il Z i ) = Sl — 2l > e - 2
i€l(z i€l(z

Measuring, without loss of generality, the distance in R™ with respect to the maxi-

mum norm, one has for all x € M(y) N B(Z,n) and all y € R™:

2 2 2
d(z, M(0)) < llz — 2] < max fi(z) < — max_ || = —d(y,0).
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This, however, is calmness of M at (0,Z). m

The last result shows that the ideas of the completely convex case can be extended
to differentiable inequalities. With a single inequality which is differentiable and
convex, (24) reduces to (8) (without the need of the additional constraint qualifica-
tion (CQ*)). One might ask about an alternative condition in the sense of (7) for
the differentiable case as well. However, the closedness of the normal cone immedi-
ately provides that the differentiable formulation of (7) implies (8), hence the two
conditions are not independent as in the convex (nonsmooth) setting. Finally, we
note that for finite dimensional X, (24) can be weakened to the condition

bd conv {V f;(Z) }icrzy " —bd N(C; Z) = 0.

(see [6], Th. 9). In inifinite dimensions, the interior of the convex hull involved is
empty, hence this last relation is equivalent with (24).

6 Conclusion

The conditions for calmness formulated in this paper (in particular (7),(8), (14)
and (24)) can be interpreted as constraint qualifications ensuring (nondegenerate)
multiplier rules in optimization problems where the corresponding multifunctions
figure as constraint systems subject to perturbations. If, for instance, Z is a solution
of the convex optimization problem

min{g(z)|z € C, f(z) < 0}

with convex and continuous objective g, then the constraint qualification ’(7) or (8)’
- which is much weaker than Slater’s condition, see (15) - entails the existence of
some A € Ry such that 0 € 9g(z) + A0f(Z) + N(C;Z). A similar statement holds
true for differentiable optimization problems with constraint sets as in Theorem 5.1
under condition (24). Finally, it is noted that also conditioning results in the sense
of linear growth of the objective locally around the solution set of an optimization
problem can be obtained from the same conditions in the respective settings. This
has an immediate impact on quantitative stability of solution sets.

References

[1] J.-P. AUBIN AND I. EKELAND, Applied Nonlinear Analysis, Wiley, New York,
1984.

[2] J.M. BORWEIN AND H.M. STROJWAS, Tangential approximations, Nonlinear
Anal., 9 (1985), pp. 1347-1366.

[3] J.M. BORWEIN AND D.M. ZHUANG, Verifiable necessary and sufficient condi-

tions for regqularity of set-valued and single-valued maps, J. Math. Anal. Appl.,
134 (1988), pp. 441-459.

15



[4]
[5]

[6]

[7]

8]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

F. CLARKE, Optimization and Nonsmooth Analysis, Wiley, New York, 1983.

R. HENRION, The approximate subdifferential and parametric optimization, Ha-
bilitation Thesis, Humboldt University Berlin, 1997.

R. HENRION AND J. OUTRATA, A subdifferential criterion for calmness of
multifunctions, to appear in: J. Math. Anal. Appl.

A. JOURANI, Intersection formulae and the marginal function in Banach spaces,
J. Math. Anal. Appl., 192 (1995), pp. 867-891.

A. JOURANI, Hoffman’s error bound, local controllability and sensitivity analy-
sis, STAM J. Control. Optim., 38 (2000), pp. 947-970.

A. JOURANI AND L. THIBAULT, Metric regularity for strongly compactly lips-
chitzian mappings, Nonlinear Anal., 24 (1995), pp. 229-240.

B.S. MORDUKHOVICH, Complete characterization of openness, metric reqular-
ity and Lipschitzian properties of multifunctions, Trans. Amer. Math. Soc., 340
(1993), pp. 1-35.

J.-P. PENOT, Metric reqularity, openness and Lipschitzian behavior of multi-
functions, Nonlinear Anal., 13 (1989), pp. 629-643.

S.M. ROBINSON, Normed convex processes, Transactions AMS, 174 (1972), pp.
127-140.

S.M. ROBINSON, Regularity and stability for convexr multivalued functions,
Math. Oper. Research, 1 (1976), pp. 130-143.

S.M. ROBINSON, Some continuity properties of polyhedral multifunctions,
Math. Prog. Studies, 14 (1981), pp. 206-214.

R.T. ROCKAFELLAR, AND R.J-B. WETS, Variational Analysis, Springer, New
York, 1997.

C. URsEscU, Multifunctions with closed, convex graph, Czechoslovak Math. J.,
25 (1975), pp. 438-441.

16



