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Abstract

We study a pair of populations in R? which undergo diffusion and
branching. The system is interactive in that the branching rate of
each type is proportional to the local density of the other type. Pre-
vious work had established the existence of such a process and de-
rived some of its small scale and large scale properties. This paper is
primarily focused on the proof of uniqueness of solutions to the mar-
tingale problem associated with the model. The self-duality property
of solutions, which is crucial for proving uniqueness and was used in
the previous work to derive many of the qualitative properties of the
process, is also established.
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1 Introduction and statement of results

1.1 Background, motivation and brief description of results

Super-Brownian motion is a measure-valued process which arises as a limit of branching particle
systems undergoing Brownian motion and critical (or asymptotically critical) branching. For ex-
ample let us take large population of N particles in R? with small masses of N1 per particle and
let them move as independent Brownian motions with diffusion rate o2. Suppose that each particle
dies independently of the others with rate Np(z) at site z at time ¢ and at the time of death each
particle (independently of the others) is replaced by 2 particles or by nothing with probability 1/2
to each event. The replacement particles, if there are any, perform independent Brownian motions
and the story of alternating branching and diffusions continues. If we define measure-valued process
XN by
X (A) = {mass of the particles alive at time ¢ in A}, VA € B(RY),

then as N goes to infinity the resulting X"V converges in an appropriate topology to the measure-
valued process known as super-Brownian motion with diffusion rate 0? and branching rate p. In
dimension d = 1 super-Brownian motion takes values in the space of measures which are absolutely
continuous with respect to Lebesgue measure and its density satisfies the following stochastic partial
differential equation (see [9], [15]):

T o? .
(1.1) 6);2( ) = TAXt(:c) + vV p(z)Xe(2)Wy(z), (t,z) € Ry xR,

where A is the one-dimensional Laplacian and W is standard time-space white noise on R, x R.
In dimensions d > 2 the super-Brownian motion takes values in the space of singular measures,
therefore it can not be represented as a solution to the above SPDE (for discussion on parabolic
SPDEs see e.g. [16]). It is characterized as a solution to an appropriate martingale problem (see
e.g. Chapter 6 in [2]). One of the strongest tools available in the study of superprocesses is its
Laplace transform. Write (u, ) or u(p) to denote the integral of ¢ with respect to a measure p.
Then for the super-Brownian motion X adapted to filtration F; we have

where V() solves the following nonlinear partial differential equation:

(1.3) { o) — 2 Avy(e) — A2uy(x)?,
Vo = @.

This formula for Laplace transform is the key for proving that super-Brownian motion is a unique
solution to the martingale problem and so is strong Markov.

Recently there has been considerable interest in the area of the superprocesses with interactions.
In [5] solutions to the following system of stochastic partial differential equations were studied:

Xi 2 . ..
e B TAXie) X @XEE@W @), (xR xR i=12,

where WI,WZ are independent space time white noises and v > 0. In this model, called the

mutually catalytic branching model, there are two types of particles each of which may branch
only in the presence of the other type. More precisely the branching rate of each type at a site is
proportional to the density of the other type present at that site.



A number of approaches are used to study uniqueness in law of interactive superprocesses (see
e.g. the use of “historical calculus” in [13], [14], [8], or exchangeable particle representation in [6]).
For the one-dimensional mutually catalytic branching model (1.4), uniqueness was resolved in [12],
by deriving the so-called exponential self-duality formula. We will introduce this formula now. Here
and elsewhere we identify non-negative functions X (z) which are integrable on compact sets with
Radon measures X (z)dz = X (dz). If (X', X2) and (X!, X2) are two independent solutions to (1.4)
starting at (X}, X2) and ()?&, )?3) respectively (suppose that the initial conditions are in the space
of continuous functions) then the self-duality formula states that

Plexp {— (X} + X2, &+ 33) +4 (X} - X2, %5 - %)}
- p [exp {_ <Xg + X2, X! +5<’3> +i<X§ ~ X2, X} - 5<'3>}] .

In addition to proving the uniqueness result, the above self-duality formula is the key tool for
deriving the long time behavior of the processes with infinite initial conditions through the long
time behavior of the processes with finite initial conditions.

The question of extending the mutually catalytic branching model to dimensions greater than
one was intriguing for a number of reasons. One’s intuition does not work very well in this case
(see, for example,the intuitive “non-existence” argument in the introduction of [3]). Eventually the
existence of the model in dimension d = 2 was proved in [3],[4], providing /o2 is small enough.
More specifically, it was shown that a mutually catalytic process X = (X!, X?) makes sense in
dimension d = 2 as a pair of measure-valued processes that solves the following martingale problem.
For an appropriate class of test functions ¢;, ¢ = 1,2,

t 2 i
M; (i) = (X}, i) — (X4, 1) —/0 <X§, z §W1> ds,t >0, i=1,2,

are orthogonal continuous L2-martingales such that M{(p;) = 0 and
(M (i) =7 (Lx (), 9), t>0,i=1,2.

Here Lx is the collision local time of X! and X? loosely described by
t
Lx(t,do)= [ 8.()X}(de) X2(d)ds 1 >0,
0

whereas the precise definition is given in Definition 1.1 below. [3] deals with the finite measures state
space and [4] handles the infinite measures case. Several intriguing properties of mutually catalytic
process were derived in these papers, such as absolute continuity at fixed times, segregation of types
property, the extinction of one type as time goes to infinity and a number of others. The proof
of some of these properties is based on self-duality formula which we are going to derive in this
paper under additional integrability condition (IntC). The uniqueness for the mutually catalytic
martingale problem, which is the major result of this work, follows from the self-duality formula.
The derivation of self-duality formula in d = 2 is by no means simple generalization of d = 1 case.
The main problem is unboundedness of the densities of the processes. To circumvent this problem,
first, we introduce an additional integrability condition (IntC) and prove self-duality, and hence
uniqueness, under this condition. Second, to show that our uniqueness result is not vacuous, we
verify existence of the processes satisfying (IntC). Some moment calculations are required to show
that the processes with finite initial conditions constructed in [3] satisfy (IntC), and hence are
unique solutions to the corresponding martingale problem. Note that these moment calculations



are based on moment duality introduced in [3]. Besides uniqueness, we prove the strong Markov
property for the finite measure case-the requirement of a side condition like (IntC) means there is
a bit to say here. Moreover, (IntC) also allows us to give a simple proof of absolute continuity of
collision local time with respect to time, that is, the existence of a collision measure process Kx (¢, -)
such that Lx (dt,-) = Kx (¢, -)dt.

In the case of infinite measures initial conditions, the situation is more complicated. We were
able to derive (IntC), and hence self-duality and uniqueness, only for initial conditions with bounded
densities. As the problem of finding a proper state space for these infinite measure-valued processes
remains unresolved, we do not have results on the Markov and strong Markov properties in this
case.

1.2 Notation

We will try to use the same notation as in [3] and [4].

We use ¢ to denote a positive (finite) constant which may vary from place to place. A ¢ with some
additional subscript or superscript usually denotes a specific constant. Write |-| for the Euclidean
norm in R%, d > 1.

For A € R introduce the reference function ¢y:

ox(z) = ez e RY.

For f : R — R put
[fIx = sup |f(2)]/oa(2), AeR,

zcR?

and

[flloe = sup [f(2)].
zeR4
For A € R, let By = B)(R?) denote the set of all measurable (real-valued) functions f such that
|f|, is finite. Introduce the spaces

Btem = Btem Rz ﬂ B_ As exp = Bexp Rz U B)\; Brap = Brap Rz ﬂ B)\
A>0 A>0 A>0

of tempered, exponentially decreasing and rapidly decreasing functions respectively. Also let B =
B(R?) (resp. By = Bu(R?), By com = Boeom(R?) C = C(R?), G = Cb(R?), Ceom = Ceom(R?)) be
the set of all measurable (resp. bounded measurable, bounded measurable with compact support,
continuous, bounded continuous, continuous with compact support) functions on R%. Note that B
will also serve as a notation for Borel sets in R?.

Let Cy refer to the set of continuous f in By with the additional property that the f(z)/dx(z)
has a finite limit as |z| T 0o. The definition of Ciem, Cexp and Cy,p is analogous to that of Biem, Bexp
and B, . If F is any subset of continuous functions on R? then F(™) (resp. F'*°) is a subset of
functions in F' whose partial derivatives up to the order m (resp. of any order) belong to F. For
example Coo . is the subspace of infinitely differentiable functions in Ceop.

If F is a set of functions we will write F or F'* for non-negative functions in F'.

The topology on Ciepy, is induced by the metric

o0

dtem(f;g) = Z 2_n(|f - g|—1/n A ]-)a fag € Ctem-

n=1



Let M be the set of all Radon measures on R2. Then let Moy = Mtem(R2) denote the subset
of all measures p in M such that (u, ¢») < oo, for all A > 0. We topologize the set of tempered
measures Mienm, by the metric

o0

dtem(:u';l/) = dU(ﬂaV) + Z2in(|:u' - V|1/n A 1)) B, v e Mtem .

n=1

Here dj is a complete metric on the space of Radon measures on R? inducing the vague topology,
and |pu — v|, is abbreviation for |(u, ¢x) — (v, ¥a)|. Note that (Miem, dtem) is a Polish space and
P = pin Miem if and only if (un, ) = (, @) for all ¢ € Cexp . Let My = M;¢(R?) denote the
space of finite measures on R? with the topology of weak convergence. Let M., be the space of
rapidly decreasing measures y on R? such that (u, p) < oo for any ¢ € Biem. We say that p, = p
in Myap if pp, = p in My and sup,, (pn, @) < oo for any A < 0.

For any metric space E let D(R, E) (resp. C(Ry, E)) be the space of cadlag (resp. continuous)
E-valued functions with Skorohod topology. Let M;(E) denote the set of probability measures on
E and B(FE) serve as a notation for Borel sets in E.

Let

Pe(x) = € PP(G =), t> 0,z € Z?,

where °£; is a continuous time simple random walk which jumps to a nearest neighbor in €¢Z? with

rate 2¢ 202, Write (¢,11,,z € Rz) for the Brownian motion on R? with variance parameter o2,

pe(z,y) = (2mo’t) texp {— |z —y|* /2t0”}, ¢ >0, z,y € R,

for its transition density, and {S; : ¢ > 0} for the corresponding semigroup. With slight abuse of
notation let pi(z) = pi(z,0). If p € Miem, set Siu(z) = [ pi(z — y)p(dy).

For E a topological space let £(X) be the law on E of E-valued random variable X.
1.3 Uniqueness theorems

In this subsection we will state our main uniqueness theorems. We start with necessary definitions.
Let X = (X!, X?2) denote an M2, -valued process, where M2, = Miem X Miem. Define

1 ) t
(1.5) LY (t,de) = g/ / S, XNx)S, X%(z)dsdrdx, t>0,6>0,
0 0

t
(1.6) L (t,dz) = / SsX1(x)SsX%(x)dsdz, t>0,6>0.
0

Definition 1.1 (Collision local time) Let X = (X!, X?) be an M2, -valued continuous process.
The collision local time of X (if it exists) is a continuous non-decreasing Myem -valued stochastic
process t — Lx (t) = Lx (t,-) such that

<L;(’5(t), g0> — (Lx (t), ¢) asd ] 0 in probability,
for allt >0 and ¢ € Ceom-
The collision local time will be also considered as a locally finite measure Lx (ds, dz) on Ry x R2,

Now we are ready to introduce the martingale problem for the mutually catalytic model in d = 2.
Note that all filtrations will be assumed to be right continuous and contain the null sets at time 0.



Definition 1.2 (Martingale problem (MP)y) A continuous F;-adapted M2, -valued process
X = (X1, X?) on some (Q, F, Fi, P) satisfies (MP);(’Z if and only if Yy; € Cg%, ,i=1,2,

o’ Ayp;
2

t
Mi(pi) = (Xi, i) — (X, @i) —/0 <X;', > ds, £>0,i=1,2,

are orthogonal continuous L? F;-martingales, such that Mg(go,) =0 and

Note that Xy may be a random Fy-measurable initial condition.
To present the results dealing with solutions to the above martingale problem we need to define
spaces of measures satisfying some regularity conditions.

Definition 1.3 Define
Pi(p1, p2)(x) = Sipi(z)Sipe(z), t>0,

Ge(un, p2)(@) = / Supt1 (2)Supia(z) ds = / Baln, p2)(z) ds, > 0.

Definition 1.4 Write u = (p!, u?) € Mt and say that p satisfies the energy condition if and only
of w EM% = M x Ms and

/R2 gt(p1, pe2)(z)dz < oo, V0O <t < oo.

Write p = (u', p?) € M s and say that p satisfies the strong energy condition if and only if p € M%
and ¥p € (0,1] there ezists ¢ = ¢(p, p) such that for all t > 0

De( i,y de < ctP.
12%?’%2/1@2 Pe(pi, pj)(z)dz < c

Remark 1.5 In view of Lemma 8(b) of [3] (see also (1.8) below) the strong energy condition need
only be checked for 0 <t <1 (asct ! < ct™P fort > 1). As we only need to check t = 2°™ and
p=pnl0,(n€N), clearly Mg, is a Borel subset of M2.

Definition 1.6 Write p = (u',u?) € Miem,e and say that p satisfies the energy condition if and
only if p € M2, and

tem
/2 gt(p1, p2)(z)Pa(z) dz < 00, VA >0, 0 <t < oo.
R

Write p = (pt,pu?) € Miemgse and say that p satisfies the strong energy condition if and only if
p € M2 and for any p € (0,1) and X > 0 there is ¢ = c(p, \, ) such that for any t >0

/2 Pe(i, 1j)(z)pa(z) dr < ct™P.
R

max
1<i,j<2

Definition 1.7 Write p = (u!, u?) € Miap,e and say that p satisfies the energy condition if and
only if p € M%ap and

/2 gt(p1, p2)(z)9p-r(z) dz < 00, VA >0, 0 <t < oo.
R



In Theorem 11(a) of [3] solutions to (MP)¥! were constructed for Xy, a deterministic initial
condition in Mg, providing

(1.7) v/o% < (3vV6merw) 7L,

where ¢y is a universal constant (independent of 02?) defined in Lemma 8(b) of [3] by

(1.8) Gw = sup  pi(x)to?.

zeeZ?,t>0

In Theorem 4 of [4] solutions to (MP)U’ were constructed for infinite initial conditions Xo € M2,

which have densities (z}, z2) in B2,,. Recall that we often use the same letter to denote a measure

and its density.

In order to establish uniqueness in law of solutions to (MP)3” ,» we need to assume additional
integrability condition:

For any compact K C R? set

Hex(X // 14|z —y| )SX()SXZ( )S. XL (y)S. X2(y) dz dy, € > 0.

(IntC) For each 0 < § < T < 0o, compact K C R?
[f5 e, k(X ds|.7:,5} is bounded in probability as € | 0

ie. Yn > 0 dM > 0 such that limsupP( [/ H. x(X ds|.7:5] >M>
€l0

Note that (IntC) is implied by the simpler condition

(SIntC) VT >0, compact K C R?, limsup, |, P [fOT H. k(X;) ds} < 00.

We now introduce an integrability condition on possibly random initial condition Xy:

(EnC) P [S2, X§(6) + frz (X3, X3) (@) (2) d] < 00, ¥E>0, VA > 0.

Now we are ready to present our main result.

Theorem 1.8 (General Uniqueness Theorem) Assumey/o? < (V67eew) ™ and let X € Miem e

be a possibly random initial condition satisfying (EnC). Then there is at most one solution to
(MP)g] satisfying (IntC).
Notation Let Qy = C(Ry,M7?), Qrap = C(Ry, M2,)), Qe = C(Ry, MZ,,,) with the usual

topology of uniform convergence on compact subsets of R .

It will be shown in Theorem 5.1 of Section 5.1 that the solutions constructed in [3] with X € Mg,
satisfy (IntC). It was also shown in [3] that X; € M;, for all £ > 0 a.s. and this allows us to show
the strong Markov property for the processes starting from finite initial conditions and satisfying
(IntC). Overall we have the following theorem.



Theorem 1.9 (Finite Measure Initial Conditions) Assume /0% < (3v67mcry) ™! and Xy €
M.

(a) There is a process X satisfying the martingale problem (MP)g(’Z and the integrability condition
(IntC), and such that Xy € Mse for anyt > 0 a.s.. If Xg € Msge then there is a solution to
(MP)x! satisfying (SIntC).

(b) The law Px, on Qq of the solution in (a) is unique.

(c) There is a time-homogeneous Borel Markov transition kernel P = {Py(u,dv) : t >0, p €
Mg e} on My such that any process satisfying (MP)g" and (IntC) on (Q, F, Fy, P) is (Ft)-
strong Markov with transition kernel P.

The martingale problem (MP)” for finite initial conditions was defined in [3] with a larger set of
test functions than in Definition 1.2. Clearly any solution to the martingale problem (MP)g" in [3]
is a solution to the (MP)X of Definition 1.2. Therefore the existence part of (a) follows from the
proof of Theorem 11(a) in [3]. To complete the proof of (a) we need to verify integrability conditions
(IntC) and (SIntC) for the constructed processes. This will be accomplished in Section 5.1. Then
part (b) will follow from part (a) and Theorem 1.8. Part (c) will be proved in Section 5.4.

Remark 1.10 To ensure the existence of solutions to (MP)Y) satisfying (IntC) Condition 1.7

maybe weakened to y/a® < 1/v/6, although to ensure only existence (without (IntC)) it may be
weakened to y/o? < 2/4/6 (see Remark 12(ii) of [3] and Theorem 5.1 of Section 5.1 deriving (IntC)
below).

The uniqueness in law of the mutually catalytic branching process X with Xy € Bg, constructed
in [4], is established in the following theorem.

Theorem 1.11 (Initial Conditions with Bounded Densities) Assume
(1.9) v/0? < (Vbmer) ™
and Xo € (BF)%. Then

(a) There is a solution to (MP)Y" satisfying (SIntC).

(b) The law Px, on Qem of the solution in (a) is unique.

The existence of a solution to (MP)g” follows from Theorem 4 and Remark 9(i) of [4]. To com-
plete the proof of (a) we need to verify integrability condition (SIntC) for the processes constructed
in [4]. This will be accomplished in Section 2 in Corollary 2.11 . Part (b) then follows immediately
from part (a) and Theorem 1.8.

1.4 Duality relation

The key ingredient in the uniqueness argument is an exponential duality introduced in [12], [5] for
solutions to the analogue of (MP);(’Z on R! and on a lattice respectively. For our continuum setting
the dual process will be a particular solution to (MP)g” constructed in [3], [4] for particularly nice

initial conditions, which we now describe. Let 5;6() € B, and set )?(])(dz) =& (z)dz, j =1,2. For
€ > 0 define X7 : Z? — [0,00) by

X (e te) =2 /C ( ):%?;(y)dy, j=1,2,

9



where C¢(z) is the square of sidelength ¢ and southwest corner z € €Z?. Let {Wt](:c) czel’ j=
1,2} be a collection of independent standard 1-dimensional Brownian motions on some filtered
probability space and consider the unique (in law) solutions of

~ ~ t ;2 ~ .
Xt]’ﬁ(x):Xé’e(:c)+/0 %m@ ds+/ \/7X“ X2 (z)dWi(z), z€Z t>0, j=1,2,

constructed in [5]. Here 'A is the usual discrete Laplacian on Z* ('"Af(z) = Y2, (f(z +e:) + f(z —
ei) — 2f(z)), e; is the i-th unit basis vector.). We then consider the rescaled process

X} (z) = X1, (zeY), €l t>0
and define its associated measure-valued process X. = (65(: 1 ,E)A(: 2) by

(Ki o) = Y K@)

z‘GeZZ
= / X] (z)p(z)dz, t>0,j=12
RZ

where dz assigns mass €2 to each point in EZQ. Let “Mem denote the subspace of~ Mtem~of measures
with densities with respect to d°z. Then X. is a ‘M2, -valued process. Clearly Xy = Xg in M2, .
Propositions 37, 38 and Remark 9(i) of [4] show that if

(1.10) v/0? < (Vbmery)
then {X.: € > 0} are tight in C(R;, M2 ) and any weak limit point X = (X', X2) (that is
(1.11) “X = X,

for some €, | 0) satisfies (MP);{"Y. Using notation from [4], we set

0
M) = i (21, 23, 20,20) = P (K (21K (02) K2 2) K2wa)) (@ € (Z)1).
Then Corollary 31 of [4] states that if
sin(r(1 — p))

1.12 o? < ,

(1.12) v/ Voo
for some p: 0 < p < 1, then there is c;(7, 02,p) > 0 which is increasing in ¢ and satisfies
(L13)  m (@) < alyo®p)(|E0], Vv IIE6] )"

< (15 [ onle! =)+ ule — 2 ds), e

and

sugq(% o®,p) = cr(v,0%,p) < 0o, VT > 0.
t<

In particular, if p = 1/2, then
(1L14) Mm@ < a(r,o)(|F] ., Vv I1E].L)*

X (1 + /tsl/z(ﬁpgs(:cl — wz) + EPQS(CES - 1'4))‘13) , Vt>0.
0

These moment properties of X play an important role in the proof of the dual propositions stated
below.

10



Proposition 1.12 (Duality under (IntC)) Assume v/0? < (vV6mcry) L. Let (2} ,%2) € (CL,)?

rap

and X be the particular solution of (MP)§7 given by (1.11) on some (0, F, ﬁt,ﬁ). Let X be any
0

solution to (MP);&Z satisfying (IntC) on (Q, F, Fy, P) for some Fy measurable initial condition X,
satisfying (EnC). Then for anyt >0

Plexp{— (X} + X7, &0+ #3) +i(X§ — X7, %5 — #3)}]

(D) = limPxP lexp {— (X3 + X3, 5.(X} + X))+ (X3 - X3, S.(X] - X)) }|.

In particular, if Xg(dx) = 2l (z) dz for some (deterministic) :c% €C., then

P [exp {— (X} + X¢, & + &) +i (X, — X, & — &) }]
(D) = P [exp{_ <X01 +x2, X! +;?3> +i<X§ ~ X2, X} _;?gm .
Remark 1.13 (a) The restriction on /o2 is required for the ezistence of X and (1.14). This
restriction maybe weakened to yo 2 < 2/+/6 (see Remark 1.10).

(b) As X is a fized particular solution, the right hand side of (D1) depends only on L£(Xy). This
will allow us to to derive the Markov property of solutions with finite initial conditions — see
the proof of Theorem 1.9 below.

Proof of (D;) — (D2) We will show that (D3) is an easy consequence of (Dj). Note that
Sex) (z) — l(z), Vr e R?

as € } 0, and also by Lemma A.l of the Appendix we have

sup S () < ear(1,X) [7h|  6a(@), G=1,2,
e<1 -

for any A > 0. P <¢,,\, )Nq> < 00, j = 1,2, therefore by Dominated Convergence
<X5', Sj(f> — <sezg, )?g'> = <:c0 )?{>, P—as,ij=1.2

A second application of Dominated Convergence allows us to take the limit in (D7) inside the P x P
and derive (D3). [

We can get another version of Proposition 1.12 under finite initial conditions for larger class of
test functions.

Proposition 1.14 (Duality under (IntC) for finite initial conditions) Assume

v/o? < (V6mem) L. Let (35,%2) € (CF)? and X be the particular solution of (MP)§7 given
~ 0

by (1.11) on some (Q, F, F;, P). Let X be any solution to (MP)g(’Z satisfying (IntC) on (Q, F, F, P)

for some Fy measurable initial condition X € My e satisfying (EnC). Then for any t >0 (D) is

satisfied, that is,

P [exp {— (X{ + X7, & + &) +i (X, — X7, & — %;) }]
= limP x p [exp {— <X3 X2, 5.(XL+ 5('3)> +i <X§ ~ X2, 8.(X! - 5('3)>H .

11



Organization of the paper Section 2 is devoted to the proof of basic duality Proposition 1.12.
The proof of Theorem 1.11(a) is completed in Corollary 2.11 of Section 2. In Section 3 we prove
uniqueness Theorem 1.8 for general initial conditions. Theorem 1.11(b) follows as a trivial corollary
of Theorem 1.8 and Theorem 1.11(a). Section 4 is devoted to continuity of transition function of
mutually catalytic process with respect to initial conditions. In Section 5 we prove Theorem 1.9,
Proposition 1.14 and show existence of the collision measure for a process satisfying (IntC).

The last section is the Appendix where some auxiliary results are presented and proved. Note
that all the results in the Appendix are labeled with capital letter “A” instead of a section number
(for example Lemma A.1).

2 Proof of Proposition 1.12

We start with proving of Proposition 1.12 under the stronger (SIntC) instead of (IntC). That is
we are going to prove

Proposition 2.1 (Duality under (SIntC)) Assume v/0? < (vV/6mcry)™t. Let :E% €Ch and X

rap

be the particular solution of (MP)%’Z constructed in Section 1.4 on some (Q, F, Fy, ﬁ) Let X be any
solution to (MP);C’Z satisfying (SIntC) on (2, F, Fy, P) for some Fy measurable initial condition
Xy satisfying (EnC). Then for any t > 0
P [exp {—(X; + X}, &g + @5) +i(X; — X7, &g — &) }]
(D) = limPxP lexp {— (X3 + X3, 5.(XF + X))+ (X3 — X3, S.(X} - X)) }|.

We start with some first and second moment results for solutions of (MP)Y? satisfying (SIntC)
and (EnC). Assume X is such a solution with X possibly random. To simplify our notation in
the following let

(2.1) Li(dz) = L(t,dz) = Lx (t,dz),
(2.2) Li(dz) = L“(tdz) = Li(t, dz)
(2.3) Li(dz) = L(t,dz) = L% (t, dz).

The next lemma shows that (SIntC) (even without the |z — y| term) implies square integrability
of Li(¢) for any ¢ € By com-

Lemma 2.2 (a) For each T >0, ¢ € By, com there exists ey, < 0o such that
limsup P [L;*(p)? + Li(p)?] < erpt, VYt € [0,T).
€l0

In particular
P [Lt(go)z] <ecrgt, Vt€[0,T], Yo € By com ;

and

as € 0 for any ¢ € Ceom-
(b) If v1,92 € By and T is a stopping time, then on {t > T}
P X{(e)\Fr| = (Xh, Semes) . G=1,2,
and

P [X} (o) XP(02)|Fr] = (X1, Si-rr1) (XT, Se—102)

12



(c) If 1,92 € By then
P [th(%')] =P KXS, Stnpj>] , §=1,2,1t>0

and
P [X{(¢1) X7 (p2)] = P [( Xy, Sep1) (X3, Sip2)], £ >0
where all these quantities are finite if Syp; € By for some A > 0.

(d) If : R? — [0,00] is Borel, then

Pitdol = [ [ P[5.55@SX30)] ple) dods

Proof
(a) Fix arbitrary ¢ € By com. There is some compact set K C R? such that supp(p) C K. If
t <T, then
*E( )2 L[ 1 2 ds ’ 2
P[Ly(9)?] = P||- SuXY(2)SuX2(z)p(z) dz — du ) | ¢
€Jo Jo JR? t

IA

2 1 [° tds 1 2 21,2
lells, — du | —P SuX; (2)Su X5 (z)dz= | t
oo € 0 0 t K S S

1 € t
oty [ du [ asp i)

IA

An analogous bound holds for P [L{(¢)?] by an even simpler argument. (SIntC) now implies
the first inequality in (a). Fatou’s lemma gives the second. The above L2-boundedness
shows that the convergence in probability in the definition of L;(¢) may be strengthen to L!
convergence.

(b) If t >ty > 0 are fixed we may argue as in Corollary 43 of [4] to see that if ¢ € C35,,, then

com?

(2.4)  X](p) = tho(st,togp) +/ /R2 1(r > to)St—re(z) dM(J)(r, r), j=1,2.
0

(See Chapter 2 of [16] for the construction and properties of the stochastic integral with
respect to the orthogonal martingale measure M(j).) Let ty be a stopping time taking on
finitely many values {t1,...,t,} with {¢1,...,t,} N[0,¢] = {t1,...,tx}. Then on {t(, < t},

t t
/ / 1(r > t0)Se_rp(z) dMY) (r,z) =) " 1(ty = t;) / / Sy rp(x) dMY) (7, z)
0 JR? im1 t; JR?
as one can easily check by noting that 1(r > #9)S;_re(x) = 1(r > t;)St—re(z) on {ty = t;}
and then following the proof of the corresponding “localization” result for ordinary stochastic
integrals (see Theorem 27 on p. 307 of Meyer [10]). It follows that (2.4) remains valid for the
finite-valued stopping time t; on {t; < t}. Let T be an (F;)-stopping time and let T,, | T be
the standard set of finite-valued stopping times (we may allow T;, = 00). Apply (2.4) with T,
in place of ¢y and let n — oo to see that on {T" < ¢t} C U2 {T <},

25 Xio) = XfSero)+ [ [ 10> TS0 pla) MO ), =12
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()

(d)

This is of course trivial on {T" = t} (again using the localization result) and by taking bounded
pointwise limits we see (2.5) is valid on {T" < t} for ¢ € Bpcom- We get by (a) and the
definition of (MP)g) that the stochastic integrals Is Jr2 1r = T)Si_r () dMU) (r,z), s <
t, j = 1,2, in (2.5) are orthogonal L? martingales and hence (b) follows for ¢; € By com , j =
1,2. The boundedness and compact support conditions are readily dropped by Monotone
Convergence.

The equalities are immediate from (b) with T = 0. The finiteness follows from (EnC)
condition on Xj.

By Monotone Convergence to establish the equality in (d) it suffices to consider non-negative
bounded ¢ with compact support. The L!-convergence of L;*(¢) as € | 0 from (a), and the
second moment result in (c) imply

P[Li(p)] = UmP [L7*(¢)]
— 16%1///11@ P [SuX; (2)SuX2(z)] ()d:cd—uds
- lim / / /R P [SussXb(@)Su1s X3 (2)] (o) do " ds
(26) =ggU{Aégwmmmwﬁ(u>m@d&

Let G¢(s) denotes the expression in square brackets. Then

/tP [Ge(s)?] ds
0

t € r
< / / P / Suts X (2)Syy s X2 (z) () dx2] d—uds
0 Jo L/R?

_ /0 t /0 plp [ /R S.X! (). X2(2)¢(2) d:c|.7-"0]2] d?“ds (by (b) with T = 0)

t re - d
< / / P / S XN z)Su X2(x)p(x) d:cz] s (by Jensen inequality)
0 Jo L/R? €

which is bounded uniformly in € < ¢y by (SIntC). This allows us to take the limit through
the first two integrals in (2.6) and conclude

du

(2.7) MWH—A[%//%% )Susa X3 (@)ol(x) da™ | ds

We are implicitly assuming this limit exists. To this end we claim

(2.8) u /RZ S X} (2)SuX2(x)p(x) dx

is continuous on (0, 00).

Note first that u — S’qu(x) is continuous on (0,00) by Corollary A.5. As ¢ has compact
support and, by Corollary A.4, S’qu(x) < cas(T, )\)cA4(e)¢,,\(x)Xg(¢,\) fore<u<T,(28)
follows from application of Dominated Convergence. (2.8) shows that the limit in (2.7) is
Jr2 Ss X} (2)Ss XE(z)p(z) dz for s > 0 and this gives the equality in (d).

14



In the following we assume that X, € (Cr";p)2 and X is a particular solution to (MP)%’7 con-
0

structed in Section 1.4, which is independent of X.

Denote by C; ra)p (resp. C; tezn) the set of all real-valued functions ¥ on [0,7] x R? such that

t > (t, ), ¢ 2D and ¢ Ag(t,-) are continuous Crap (resp. Ciem) valued functions.
Lemma 2.3 (a)Let (p1, p2) € Mieme and T > 0. Define p = p1 + po +i(p2 — p1). Then
e (X8 512 (1) —(X2, 57—+ () _ (X3, 57(w) (X3, 51 ()

+ 4y /0 e (RSt ) (RS0 B) 5y (1) () S (2) ) L (ds, di)

- /t/ e (X3, 87—a(w) (X2, Sr—. (M) (ST o(u)(z) M (ds, dx) + ST,S(ﬁ)(x)]\;ﬂ(ds,dm)) , 0<t<T,
RZ

where M'(ds,dz) (I = 1,2) are martingale measures.
(b) Let (p1, p2) € Mrape and T > 0. Define pp = p1 + po +i(p2 — p1). Then

o= (X2, St (W) —(X2, 81 o(B)) _ —(X4Sr(w))—(X3, Sr(m))

t
e Xt S )= S0 S ) 0) S (2) &) (0, d)
/ [ cksr )=S0 (5 () ()M (ds, d) + Si—a () (0) M*(ds, ), 0t < T
R
where M(ds,dz) (I = 1,2) are martingale measures.

Proof Arguing as in Lemma 42 of [4] we get
) ) b 0
e xw) = X+ [ 1] (bav o) ds
0
t .
+/ /zzps(x)MJ(ds,d:c) 0<t<T, j=1,2yeCp?,
0 JR
~. ~. t_. B
@10 X = K+ [T (b o) s
0
t ~ .
+/ /ztps(x)M’(ds,d:c) 0<t<T, j=1,2, 9 ECTte)m
0 JR

A little bit of care is needed to be able to take 1 € ¢ in the second case—the proof uses
Ttem

Monotone Convergence and simple moment calculations.) By choosing functions ¢} = St _4(u),
¥? = Sp_4(m) in (a), (b), and then applying It6’s formula on the interval [0,7) one can readily
complete the proof of the lemma. |

Lemma 2.4 If X, € (Ct,)? and X is as above then X. € Qrap a.s..

rap
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Proof By Theorem 11(c) of [3] we get that X. € €. To complete the proof we have to show that

P

sup <)?g', ¢A>] <00, j=1,2,VT >0, A < 0.
t<T

First, for any A < 0, choose ¢y € Ct(i)n such that @) > ¢x. Then use (2.10) with ¥;(-) = @x(+) for

all t > 0. The result follows easily by moment calculations and by Doob’s inequality.
|

To simplify our notation (as in (2.1 — 2.3)) in the following let

(2.11) Ly(dz) = L(t,dz) = Lg(t,dz),
(2.12) Ly (de) = I:J*’E(t,d:c):L;{(t,d:c)
(2.13) Li(dz) = Lf(t,dz) = L (t,da).

Lemma 2.5 Let T be any bounded stopping time and ¢ be a random function such that
¢ € LN(R? x Q, Ly(w, dr)P(dw)), Yt >0

and ¢ is B X Fp-measurable. Then
T+t
(2.14) P [L(p x [T, T + t])|Fr] = / /ZSUT(X:}«)(m)SuT(X%)(m)np(x) dzdu, P —a.s..
T R

Proof Take a non-random ¢ € Ceom. Ly is a continuous measure-valued process, therefore Li(y)
is continuous. If T is a bounded stopping time, then by Dominated Convergence and Lemma 2.2

(a)
%iglp [Lry5(¢) — Lr(@)|Fr] =0, P —a.s..

Hence, for any § > 0, for P-a.e w there exists §'(w) > 0, §' € Fr such that
P[L(|¢| x [T, T + §"))|Fr] <4, vo<g' <§.

Arguing as in the proof of Lemma 2.2(b), that is by using approximation of the stopping time 7T’
with finite values stopping times and continuity of L; we can show that

PlLrae) ~ Lrssr @) Fr) = P mLit (o) — Lifpn(o)| r

By Lemma 2.2(a) L**€ converges to L in L!, therefore

PlLr4() = Lrisr (p)|Fr] = limP [L754(0) — Ly 5 (0)| Fr]
T+t 1 €
~ lim / ! / P [Su(X1)(2)Su(X2)(@)|Fr] o) du dz ds
€l0 T+6"JR2 € Jo
T+t 1 € L 5
= lim / —/ Suts—1(X7)(@)Syts—7(X7)(z)p(x) dudz ds
€l0 T+6"JR2 € Jo
T+t
= [ ] sertehE)s s e deds, <8 <4,
T+6" JR?
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where the second equality is a consequence of Fubini’s theorem and the third equality follows by
Lemma 2.2 (b). Hence, we get that

T+t
P[L(p x [T,T +t])|Fr] — / Sy 7(XF)(2)Sy_7(X2)(x)p(x) de du| <, YO0 < 8" <6, P—a.s..
T 16" JR?

Letting 6" | 0, (2.14) follows since § was arbitrary and L; is continuous.
The extension of (2.14) for any B x Fpr-measurable

¢ € L'(R? x Q, Ly(w, dr)P(dw)), Vi >0,

is trivial.

The next lemma does not give lii(r]lLE = L but it is nonetheless quite useful.
€.

Lemma 2.6 Let g be Borelx optional-measurable function on Ry X R? x Q such that for P-a.e. w
the mapping

§H= g(s,-,w)

is continuous from Ry to C and for each compact set K C R? and t > 0, there exists a constant
Ck s such that

lgllex = sup |g(s,z,w)| < Ckyp P —as.
0<s<t,zcK

Assume also that

0S<1:21P [/Ot/R2 lg(s, z, )| Lﬁ(ds,dx)] + P [/Ot/R2 |g(5,$,-)|L(ds,dx)] .

limP [/Ot/Rzg(s,x, -)Lﬁ(ds,dx)] _p [/Ot/RZg(s,x, -)L(ds,d:c)] .

Proof For any ¢’ > 0 choose a compact set Kg C R? such that

// (s,z,-)| L*(ds, dz) // (s, , |L(dsd:c)]<5’/3

By Lemma 2.5 for any ¢t > 0 and § > 0 and any B x F;-measurable, L; 5(w, dz)P(dw)-integrable
function ¢(w, z), we have

lim sup P
k=00 0<e<1

Then

(2.15) sup P +P

0<e<1

t+0
P[L{plk, x [tt+8)|F] = / /K Suct(X1) (2) Suee (X2)(2) () di du.
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This means that for any optional step function f = Y p_; @r1([tk,tk+1)), where ¢y, is an B x Fy, -
measurable L;(w,dz)P(dw)-integrable function, we have

limP
€0

/ f(s,z,-)L(ds, dx)]
0 JKy

n tp1 AL 1
3 / / Seru 1 (XE)()
k=1 YAt K

X Setu—ty (thk)(x)gok (z)dz du] (by Lemma 2.2(b))

limP
€0

(2.16) = P

/t f(s,z, -)L(ds,d:c)] (by Lemma 2.5).
0 JKy

For arbitrary g (indicated in the assumptions of the theorem) the procedure is standard. Define:

th = o,
thiy = th+27F
g(t) = gltn), tn <t <tp.,
Ak,ls” = {w : sup g(s)xaw) - gk(s;x;w)‘ < 6”}
0<s<tzeKy

g(+,+,w) is continuous P-a.s. and so for each 0 < §,8"” < 1 there exists K > 0 such that

(217) P (Ak,J”) > 1-4, Vk > K.

/ot/Ks,g(s’xw)Lf(ds,dx)] _p

+P

(2.18) P

/ot/K&,g(s’m’ ) — g (s, x, -)Lﬁ(ds,d:c)]

t
/ / g (s, z, -)Lﬁ(ds,d:c)] ,Vk > 1.
0 JKg

P[L{(Ky)], P [L§(Kg)?], P[Li(Ks)], P [Li(Ks)?]| are bounded by Lemma 2.2(a). Choose §” such
that

" (P [Li(Ks)] + P[Ly(Kg)]) < 6'/3

and choose § such that
2Nall, (/P UK+ VPIERTS) <85

Now take k such that (2.17) is satisfied. Then

[,

(2.19) P

9(s,z,:) — gk(s,x, )‘ (Lf(ds,dx) + L(ds, dx))]

< P

9(s,z,:) — gk(s, T, )‘ (L(ds,dx) + L(ds, d:c))]

18



+P

s,z,-) — g% (s, x, )‘ (L¢(ds,dx) + L(ds,dz))

1AZ,5,,(')/0t/K5’ g(

< &P [1Ak5,,()(Le(Ké’)+Lt(K5’)):| +2||g||t,K5: {1‘42 "(')(LE(K‘SI)—FLt(K‘s’))]
< §"(P|LE :)]+P [L+(Ks)])

+2||g||tK5, P[L{(Ky) ]P( kJ”) \/P[Lt(Ké’) ]P( ké”))
< ?,, Vo<e<1

Letting € | 0 in (2.18) we get by (2.15), (2.16),(2.19) that

P[/Ot/Rzg(s,x,-)LE(ds,dx]— [// 5,3, L(ds dm)”ﬁé’/3+2§’/3:6’

Since ¢’ was arbitrary we are done. |

lim sup
€l0

To simplify our notation in the following let

E(p,p) = exp{—(p1+p2, f1+ p2) +i{p1 — p2, 1 — f2)},
for p = (p1,p2) € M XM, o= (11, i2) € By x By
or pp = (p1, p2) € By x By, i = (i, fiz) € M x M,
L'([0,s] x B) = L([0,t] x B) — L([0,t — s] x B), 0<s<t
LY([0,s] x B) = L([0,t] x B) — L([0,t — s] x B), 0<s<t,
and we set € (u, ) = 0 if (1 + po2, i1 + fiz) = oo. For p = (p1,pu2) € M X M we set Sy =

(Stp1, Stpz). Given the Polish space E and the space of Radon measures M( ) on E let P be any
probability measure on M(E). If the measure i € M(FE) defined by (A f/vl P(du) has

a density, this density, with a slight abuse of notation, will be denoted by P[ (z )] For example we

ﬁ[/t/Rze xt,s,sﬁ(is)) ¥(s,2)L(ds, dx)]

//Rz Xt 81 6()25)) @b(ij)f/(S,x)} ds dz,

P U;/RZG (%, 8% ) w(s,x)L(ds,dx)]
/ot/RzP (€ (X4, (X)) (s, 2)L(s, )| ds da,

for any integrable function % on R x R?. Recall that the above measures are absolutely contin-
uous (and therefore densities are well-defined) since P [fj(ds, dm)] and P [L(ds,dz)] are absolutely

will write

continuous by Lemma 2.2(d) (note that X also satisfies the hypotheses of Lemma 2.2).
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Lemma 2.7 For anyt,e >0
PxP[ (Xt, )} PxP [ez (XO,SE()NQ)H

= op [ [ Ple(Xin5.%) (5DE)S.X2 @] L, de)

/ /Rz Xt 5 (5&5)) i(s,x)} Lt’e(ds,d:c)],

Proof Fix any T > 0 and define three functions: hi, ho, f by

J(ts) = PxPle(Xy,s5r0X))],
hi(t,s) = /R 9P x P [€ (X0, S7-01(R))) (S XD (@) (S7—-s X2) @) L(1, )| de,
ha(t,s) = /R yPx P [e (Xt,sT,t,S(fis)) (sT,t,thl)(x)(sT,t,sxf)(x)i(s,x)] dz

for0<s+t<T.
By Lemma 2.3 (it is easy to check that stochastic integrals with respect to martingale measures
are in fact martingales due to L? boundedness) and Fubini’s theorem we have

t
f(t,s) = £(0,s) +/ hi(u,s)du, Vt,s>0: t+s<T,
0
f(t,9) :f(t,0)+/ ho(t,u)du, Ws>0: t+s<T.
0
From Lemma 4.4.10 of [7] (see e.g. Lemma 4.17 [11]) it follows that
t
(2.20) f(t,0) — f(0,t) = / hi(t —s,8) — ha(t — s,8)ds
0

for almost every ¢, 0 < ¢t < T. To verify (2.20) for every 0 < t < T it is enough to show the
continuity of the right side of (2.20). Take an arbitrary ¢, — ¢t and check that

T T
(2.21) / 1(s < tp)hi(t, —s,8)ds — / 1(s < t)hi(t — s,s)ds,i =1,2.
0 0
Consider (2.21) for i = 1. To simplify the notation define

Fltn,s) = € (XS,ST_tn()NCtn_S)) .

Then

T T
/ 1(s < tp)hi(tn — s)ds:/ 1(s < tp)hi(s,tn — 8)ds
0

= 4'yP><P[/ /Rz (s <tn) ,8)

X (ST—tnthfs)(m)(STftnffnfs)(m)L(ds,dfv)
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By Lemma 2.4 )A(:_l, X2 are continuous in Map. This together with Corollaries A.4, A.5 and Domi-
nated Convergence implies that

(2.22) 1(s < tn)f (tn, 8)(Sr—1, Xp, _,) (@) (ST-1, X7, _,) (@)
= f(t8)(Sr—eXi—,) (@) (Sr- X} ) (@), asn — oo,

for every z € R%, s < t, P x P-a.s.. Note that

(223)  Jim P x P [ / /R (s < 1) (Sro1, XY, s)(gc)(sT_tn)?tznS)(gc)L(ds,dx)]

= lim PxP [(ST_SJ?&)(z)(sT_jé)(w)(ssXé)(x)(ssXS)(z)} dz ds

tn—t 0 RZ

= /0 2 PxP [(ST—s)?é)(w)(ST_S)?(%)(z)(sng)(x)(sng)(x)}
_ T _ _
= Pxp [/0 /R2 I(s < t)(ST—tths)(x)(ST—tXtZS)(iL‘)L(dS,d.’L‘)] .

Define p(ds, dz, d®, dw) = L(w, ds, dz)P(d®)P(dw). Then (2.22), (2.23) imply that convergence
15 < ta)(S7 1, X1 _)(@)(Sr0n K2 _)(@) = 1(s < )(Sr 1 XL,) (@) (Sr_1X2,)(x), asn - oo,
is in L'(u(ds,dz,do, dw)). Since f(tn, s) is uniformly bounded in n we get that
1(s < tn)f (tn, ) (S 1, Xb, —o)(@)(ST-1, X, _5)(@) = L(s < 1)f (¢, 8)(Sr-o X} ,) (@) (ST X7 ) ()

in L (u(ds, dz,d®,dw)) and (2.21) follows for i = 1. By the same argument it is easy to show that
(2.21) holds for i = 2 and the continuity of the right hand side of (2.20) follows. Hence (2.20) is
satisfied for each 0 <t <T'. Take T' =t 4 € and the proof is complete.

[

Fix t > 0. To simplify the notation denote
(2.24) o = ¢ (Xs, SE(}NCt,S)) ,
[ s,8) = (S X[ (2)S X} (2))(Se X} () Se X3 (x)).

Use Lemma 2.7 and the equality in (2.24) with s = ¢ to see

I

[P x Blgs - i)

‘4713 [ /0 t /R P [wgsjg_s(x)sjf_s(x)] L(ds, dz)

(2.25) . /0 t /R P [npi_sf/(s,x)SEth_s(x)SﬁXtQ_s(:c)] d:cds] .

Now apply Lemma 2.6 to see that the second term inside the P-expectation is

~ t ~

P [/ / S S X}  (x)S. X2 (x)L(ds,dz) ] = h?olp [/ / O5_ sf“ —s,z)dz ds]
0 JR? '
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Similarly by applying Lemma 2.6 to the first term in (2.25) we get

l}irolp [/Ot /RZ P [@Efe’ﬁl(é‘,x)] dr ds] - P [le}?olﬁ [/Ot /R2 @S (s, ) da ds” ‘

To justify taking the limit outside the expectation in the second term, fix arbitrary A > 0,e > 0
and note that

[/ / S| £€ (s, @ d:cds] / / S XM (2)S X2 (2)Su 14— s X (2)Sury1_ s X2 (z)dx ds
RZ

(2.26)1, =

< [, et = apeton = adeno-s 0,007 |3 R3], doa(0) o ) X2 ) s
R* JR

IA

(Ko, N)e ! / X (3) X2 (1) ds

where the first inequality follows from Lemma 2.2(c), the second one follows from Lemma A.1 and
the third one from Lemma A.2. Note that ¢(Xo, ) is finite since Xg € (Crap)?.

By Lemma A.1 S;¢) € Cy for any s > 0 and any A € R. Therefore Lemma 2.2(c) shows that
fot X1 (¢x)X2(¢y)ds is P-integrable and hence we may use Dominated Convergence to write (2.26)
as

(2.27) I =

hmeP [/ / (€ (s,2) — F(s, x))dmds]

Arguing as in the proof of Theorem 11(a) of [4] (this theorem establishes absolute continuity in
the particular case of X <« dz, j = 1,2), we can check that the hypotheses of the general absolute
continuity Theorem 57 of [3] are satisfied. Therefore, with probability 1, X 7 and X? have densities
zl(-) and #)(-) respectively for j = 1,2.

Fix 0 < s <t. Then S Xt_s( ) — zt s(z), 7 = 1,2, for Lebesgue a.a. z, P-as., by standard

differentiation theory. Moreover,

PxP [<Xg' , sj('g'_sﬂ - P /R Su(X])(@)Sers 5(X]) (@) dx] (by Lemma 2.2(c))

= 2| [, [ pereton — ) T xi )|

(2.28) - P /2 /2 pe(y1 — y2)fg(dy1)Xg(dy2)] , asel0,j=12,
L/R® JR
by Dominated Convergence, Lemma A.1 and P [X(J)(qﬁ)\)} < 00. Use again Lemma 2.2(c) to show

PxP|[ dl oxia)] = P|[ Plscde)]d wal
= [ P[s.D@)] s s(Fo)do
P

(2.29) _ / iy — y2) X (dyn) 3’(dy2>], =12

It follows from (2.28) and (2.29) that

S(Xi_)(@) = #_,(¢) in L'(P x P(X{(da))) asel0, j=1,2,
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and hence

<Xg', SE()?{_S)> = <Xg', & > in L' (P x P) asel0,j=1,2

t—s

Therefore for each s in (0, ),

(230) i, =exp{— (Xs+ X2, &_,+&_,)+i(X, — X2, &_,—%_,)},

boundedly and a.s. as € | 0. The right side is only defined up to a null set for each s, but clearly
we may define a Borel map
@ Mg, = {z€C: 2] <1}

such that
(2.31) w5 = s = p(Xs, Xt )
boundedly and a.s. as € | O for each s € (0,¢). Our immediate goal is to prove

(2.32) liml, = 0.
€l0

By (2.27) and an elementary argument it suffices to fix €, | 0, €, | 0 and show

n—oo

(2.33) lim P x P [/t wgn(/ femen(s,z) — fin(s, z) da) ds] =0.
0 R2

The key step in proving this is the following lemma:

Lemma 2.8
(2.34) { fen(s,z) + fn(s,z)de: ne N}

is uniformly integrable on Q x Q x [0,t] with respect to P x P x ds.

We first assume this and finish the proof of (2.33) and Proposition 2.1. If ¢ : Q x Qx(0,t) —»C
is bounded and F x F x B(0,t)-measurable let

~ t ' ’
5 =P x B | o[ 1ots,2) - g (o,0) 0y as]

(Lemma 2.2(c) easily shows this integral is finite). The left side of (2.33) is bounded by

~ t ] !
limsup P x P [/ | — s (/ feen(s,x) + f (s, x) da:) ds] + lim sup J,, (),
0 R?

n—oo n—o0

which by (2.34) and (2.31) is easily seen to equal limsup,,_,. Jn(¢). Therefore (2.32) reduces to
proving

(2.35) lim sup J,,(¢) = 0.

n—o0
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Let ¥ be the linear class of bounded measurable ¢ : {2 Qx(0,t) — C satisfying lim sup,, ., Jn(¢) =
0. Assume 9 : Q x Q x (0,t) — C is bounded measurable, {¢x} C ¥, and 9, — 3 boundedly and

in P X P x ds-measure. Then our uniform integrability assumption (2.34) implies
lim sup [Jn(¢x) — Jn(¥)| =0
k—oo pn

which in turn shows ¥ € ¥. So we have shown W is closed under bounded convergence in P X P xds
measure. Hence in order to prove ¢, = gb(Xs,it,s) € VU, we may assume ¢ is bounded and
continuous. Now we may approximate ¢, by the appropriate sequence of step functions and use the
linearity of W, to see that it suffices to prove (2.35) for

Ps = @(Xa;it—a—ﬁg)l(a + 51 <s<a+ 52) = §0a1[a+61,a+52)(3)a

where ¢ < a4+ < a+d2 < a+ 63 <t and ¢ is bounded continuous. Fix such a ¢ and note by
Fubini’s theorem (FX = o(X,: s < a+))

a

a+9d2

nie) = PxPlen [ [ (s (xH@)s, (xD@IF)

% P[50 (RL)@)50 (FL)@)IFE, ]
= P [S6, (X3)(2)Se, (X2) ()| F5 ] )
< P[5 (X2,)(@)80, (57 )(@)| 7K, ) deds]

+41

- a+9d2
= PxPlo [ [ (SanmaXD@)S 4 1ema(XD(E)
a-t+d1 R

X Sentatss—s(Xi—a_s,)(€)Sentarss—s(Xiq_s,)(@)
- Sen-l-s—a(X;)(x)sen—l-s—a(Xg)(x)

X Se’n—l-a—l-és—s(thfafdg)(x)se’n-i-a-i-tss—S(thfafJg)(x)) dx ds] )

where we have used Lemma 2.2(c) in the last line. Note that the integrand in brackets approaches 0
asm — 00 (note s—a > §; > 0 and a—s+0d3 > d3—d2 > 0). Fix Ay > Ay > 0 and use Corollary A.4
to bound the integrand by

cas(t +1, A1)’eas(t + L X2)%caa(01 A (63 — 62)) X, (2,) X2 (2,)
X th—a—53(¢—A1)Xt2—a—53(¢—A1)¢2(A1—A2)($)

(without loss of generality we assume that €,, €, < 1). By Lemma 2.2(c) and our assumptions on
the initial conditions Xy and )N(O, this latter expression is integrable with respect to P x Pxdz x ds
and so by Dominated Convergence we have lim,_,o Jn(¢) = 0. This completes the proof of (2.32).

It is now easy to use (2.32) to prove the Proposition. As )?(]) has a bounded continuous density

5:{;(-), SE()?S)(m) — I}, pointwise boundedly as € | 0 and so by Lemma A.l and Dominated Conver-
gence <X§, Se)?g> — <X§, i'f)> A second application of Dominated Convergence now shows (D1)

is immediate from (2.32).
It remains only to prove the uniform integrability condition (2.34). To this end we need the
following moment condition on X which will be also used in the proof of Theorem 1.11(a)
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Lemma 2.9 Let v/0? < (V6mer) ™!, X € (B)? and X be the particular solution to (MP);{’
0
constructed in Section 1.4. Define

w(@,y) = P [S,(X)(@)S,(X)(@)$, (X)X W], (m,t > 032,y € R).
For anyp: 0 <p <1/2 such that

sin(r(1 p))
\/Eﬂcrw

the following holds. For each T > 0, there is a cy = cr(v,02,p, io) > 0 such that

(2.36) vo? <

wl(z,y) < er(1+]z—y|™#), Vne(0,1], z,ycR* 0<t<T.

Proof Recall that X = ()?1 )?2) is a weak limit point in C(Ry, M2,,) of a sequence of rescaled
lattice systems nX = (G"X Lenx 2) By taking subsequence if necessary we may assume that X is
the limit in law of ©#X. Recall (see Section 1.4) that ‘M, is the subspace of Myem of measures
with densities with respect to dz. Let

wp(2,9) = P | Sy(K)(@)Sy(K2)@)S) (XD @)So(XD)], 2y € 2,

where
/ Py(z — y)u(dy), Ve € €Z?, Y € Myem, 1 > 0.
A local central limit theorem (see Lemma 8(a)) of [3] implies
(2.37) d(e,n) = sup |py(z) —py(z)] =0, asel 0 for each n > 0.
rceZ?

By Skorohod’s Theorem we may assume E"Xt — Xt in M2, a.s.. Fix arbitrary z € R? and a
sequence {z,} such that z,, € €,Z? ,¥Yn > 1 and lim z, = z. Then, for any compact set K C R?,

n—o0

limsup |8, (*X7)(zn) — Sp(X?)(z)| < limsup / 1Dy (2 — ) — Py(z — )| = X7 (d2)
K

n—o0 n— 00

+ limsup/ P (2 — 4) — Pylz — z)| X7 (d2)

n—oo

+ lim sup / pn(z — ) (en)’zg(dz) — )}g(dZ)) ‘
n—o00 R2
= limsup/ |“"py(2 — &) — pp(z — )| E")?tj(dz)
n— 00 Kec
(2.38) = limsuplk, j=1,2,
n— 00

by (2.37) and the above a.s. convergence "X; — Xy in M2 .
For any € > 0, there exists a compact set K, C R? such that

P[Ig ]

[ 100l = 2) — byl — 2)| P [ )]

IN

18] [ 1pate = 0) = pale — ) vz

€,

IN
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uniformly in n. Since € was arbitrary we get by (2.38) that E"Sn(ﬁnig)(mn) — Sn()zt])(x) in proba-
bility, as n — oo for j =1, 2.
Now Fatou’s Lemma shows that for arbitrary z,y € R?

(2.39) wi (z,y) < hm 1nfw"’ "(Zn, Yn)-

where lim 0 Ty = T, lim 0 Yn =Y and z, ,yn € enZ2 Vn > 1.

For any €e>0 let ?)n(zl, 22,23, 71) = II}_Py(2;) be the transition function for the 8-dimensional
continuous time simple symmetric random walk on €Z®. Recall that

M2 (2) = P (K} o1) K} () K (20) K (20)]

and hence

(z,y) / Pn(Z — (2,9, 2,y))'mi 2 (2)dZ

where dZ assigns mass €® to each point in (eZ )%, Apply (1.13) and Chapman-Kolmogorov to
conclude that for 0 <¢ < T,

- t
W(@,y) < erly,o?p,Xo) (1+ /0 u—pr2<u+n>(z—y)du).

Now use (2.37), (2.39) and Dominated Convergence to conclude that for n € (0, 1] and p as in (2.36),

- t
w?(x; y) < (’Y; g,p, XO) < / uipp2(u+7']) (.’,C - y) du)

t
< v,0%,p,Xq) u”’ du2pay(z — y) + / 2P (u + 1) P2pa(usy)(z — y) dU>
n

|$—y|2 t+1
< Y, 0 ,anO 1+n Pexp T +/ u Ppou(z —y)du | .
n 0

In the last line we use
2 2
n Pe A /81 < sup z2Pe * /8 A—2P

z

to bound the term preceding the integral and the substitution w = |z — y|2 /8u to handle the
integral. This gives the desired bound.

|
Corollary 2.10 Let yo 2, )~(0 and X be as in Lemma 2.9. For each T > 0, there is a cr =
cr(vy,02,Xg) > 0 such that
w}(z,y) er(l+]e—y[™"), vne(0,1),z,y €R?%te[0,T].
Proof Immediately from the previous lemma with p = 1/2.
|

Corollary 2.11 Let yo 2, X, and X be as in Lemma 2.9. Then X satisfies (SIntC).
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Proof Take p < 1/2 satisfying (2.36). Then, for any compact set K C R?, we have for s < T,
Plac®)] = [ [ (1+l—ul ") uite.y)dody

< // (1+1z—y™) er(1+ |z —y| ") dzdy (by Lemma 2.9)
K JK
< 00

uniformly in 0 < € < 1. This gives the desired result.
[

Remark 2.12 The proof of Theorem 1.11(a) is now finished since Corollary 2.11 implies that
solutions constructed in [4] satisfy (SIntC).

Proof of Lemma 2.8 As ¢,,¢, | 0 are arbltrary we only need to show {f fE”’E (s,z)dr: n€
N} are uniformly integrable with respect to P x P x ds. As a first step we will show that for any
compact set K C R?,

(2.40) {/ fu(s,z)dz : n € N} is uniformly integrable with respect to P x P X ds .
K

This would follow from (each of the above functions are integrable by Lemma 2.2(c))

t 2
/ (/ feren (s, z) dm) ds] < 00, for some ng € N.
0

For fixed n the above expectation is

/0 /K /K P |86, (XL) (@), (X2,)(@)Se, (K) 0)Se, (X2, )]
X P [Sa, (X3)(@)Se, (X2) (@) Ser, (X3)(y) Ser, (X2)(w)]

(2.41) sup P x P

n>ng

< ¢P / Ho (X ds) (by Corollary 2.10).

By (SIntC), there are constants ng € N and ¢} g > 0 such that

supct/H/K ds<ctK

n>ngp

This gives (2.41) and so (2.40).
Fix arbitrary A > 0 and assume without loss of generality that €,, e, < 1. Now by Lemma 2.2(c),
Lemma A.1 and simple calculus we get

/RZ/U PXP[fE"’E"(s,x)} ds dz
- /R /0 P [Si-sten(XD)(@)S1- 1 (X)(@)| P [Surt, (X (@) S0t (XD)(@)] ds do
< (ear(t+1),2)?| X3 | X2 /\/Rz/o $ox(€) P [Syrer (X2)(@)Ss1er (X3) ()] ds da

t+1
< G+ DN [RE, [ [ en@P nxd X)) dsds

= (car(t+1),))?|X}| | X2 A/Rz ¢ox(z) P [e+1(Xy, X3)(2)] dz, Vn > 1.
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The last bound is finite by (EnC) condition and hence, by Fubini’s theorem, we get
(2.42) sup P x P [/ / [ (s, z)de ds] < 00.
n 0 JR?
Moreover, for any n > 1, fot PxP [fe"’eln (s, m)] ds is dominated by integrable function
(cart+1),3)? | 3| %3] 62r(@)P [311(X3, X3) ()]
Therefore for arbitrary § > 0 we can fix a compact set K C R? such that
t g ’
/ / PxP [fE"’En(s,:c)} deds < §/2, Vn>1.
0 c

It follows from (2.42) that {fRz femen(s, z) dz} is Px P x ds-tight, and so we can choose N such
that

t jg !
/ PXP( 2fe"’en(s,av)d:cZN> ds§52/4ci,K
0 R

for all n sufficiently large. Therefore

PxP Uot ( . femen(s, z) dx) 1 ( . feren(s, ) dz > N) ds]
< PxP [/Ot (/K femen(s, z) dx) 1 (/R2 femen(s, ) dz > N) ds]
Uot (/K femcn (s, z) da:) 1 (/Rz feren (s, z) de > N) ds]

+PxP

t 2 t
J/OPXP (/Kf"’n(s,x)da:>]dS\//OPXP</RZf"’n(s,x)dmZN> ds+4/2
J.

This gives (2.34) and so completes the proof of Proposition 2.1.

IN

<

Proof of Proposition 1.12 Fix ¢ > 0 and any § € (0,¢). (IntC) implies that there exists a
sequence F} C F5 C ... of events in Fy such that F; 1 €2, as [ — oo and for each n > 1:

t
lim sup P [/ H. k(X;)dslp, | < oo, Vcompact set K C R?, Vvt > 6.
€0 )

Define the process Xi = Xs,4, filtration F) = F5,; and
B(B) = P (15 P(15|%5)) /P(F), B € F.

Then X! satisfies the (MP);{’I7 on (Q, F,F?, P) with

0

() = £(Xb) = P(X; € | ).
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Note that

t
limsupPl[/ HE,K(Xg)ds] = limsupp[/ H. (X dlel] /P(F) <
€l0 0 €l0

for any compact set K C R?. Therefore X! satisfies (SIntC). (EnC) for X} also follows easily by
Lemma 2.2. Therefore Proposition 2.1 shows that for any ¢ > 0,

jo [ez (Xixo)] = limP x P [ez (xg, se(it))} .
€.
Now let us take I — co. We immediately get that
lim P [ez (Xi, xg)} = P& (Xurs, F0)].-
l—o0

For the right hand side we have

lim limP; x P [ (X}, (X)) | —timP x P [ (X, Se(fct))]‘

500 €0 €0
— | im tim / / X, 5.(X0)) 15 (w)/P(F) P(de) P(d2)  lim / / X;, S, Xt)P(dw)lB(dG))‘
< Jim lim /Q /Q ¢ (X5, 5:(%0)) 15 @)/ P(F1) — 1] P(dw) P(d)

<

tim [ 15 (w)/P(R) — 1| P(do)
[—o00 Q
= 0,
where the last limit follows by Bounded Convergence Theorem. Therefore we have

(2.43) P[€ (X145, 80)] = limP x P [ez (XJ, sﬁ(it))] . Vt,6 > 0.

Now we have to let § | 0. By continuity of X, the left hand converges to P [€ (X, Z()] and we have
to handle interchange of limits on the right hand side. By Lemma 2.3(b), for any §,e > 0, we have

Px P e (X, 5.(X0))]
= PxP [6 (X0,55+6(it))}

~ 6 ~ ~ ~
+PxP [ /0 ¢ (Xs, Se+,5_s(Xt)) 478 esg— o (X1)(2)Serss(X2)(z)L(ds, dz)

15+ 125

Trivially

limlimIl,; = limP x P [cz (Xg, Se(it))} .
610 €0 7 €l0

We will show that lims g lim, o 152,5 = 0. Without loss of generality assume that € + ¢ < 1.

~ 6 ~ ~
‘IEZ,(S‘ < 4’7PXP|:/ Se+st(th)( )S£+5 s(X )( ) (ds d.’L‘):|
0
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6 ~ ~
4y /0 Sttets—s(X0)(@)Styers—s(X3) (@) P [Ss(X()(2)Ss(X3)(2)] da ds (by Lemma 2.2(c))
§
< dyem(t+ 1,075, |53, P [/R ¢2A(x)/0 S (X1)(2) S, (X2)() ds d:c] (by Lemma A.1)
= dyear(t+ 1L, |ag|, |25, P [/RZ pox(7)7s (X, X3) () dm]
— 0, as ¢ | 0, uniformly in ¢,

where the last convergence follows by (EnC) and Dominated Convergence. This gives the desired
result.
[

3 Proof of Theorem 1.8

We start with the following lemma.

Lemma 3.1 (Uniqueness of one-dimensional distributions) Assume~y/o? < (v/6mcry )™t and
Xo € Mieme- Let X and Z be any two solutions to (MP)Y satisfying (IntC) with initial con-
ditions satisfying (EnC). Then X and Z have the same one-dimensional distributions, that is, for
each t >0

P(X; €T) = P(Z; €T), VI € B(Miem).

Proof A monotone class argument shows the bounded pointwise closure of the complex linear
span of {€& (-, XO) : X0 € Crap} is the set of all bounded complex-valued measurable maps in Miem

(e.g. see Lemma 6.2 of [5]). Therefore, the result is immediate from Proposition 1.12.

Before we give a proof of Theorem 1.8 let us prove two useful lemmas.
Lemma 3.2 Let X be a solution to (MP)Y) on (Q, F, F;, P) satisfying (IntC) and (EnC). Then

(a) X; € Mieme for any t > 0 P-a.s., and for any bounded stopping time T
(3.1) P [/ Gs(XL, X2)(z)pa () dm] < o0, V8§ >0, VA>0.
RZ
(b) For any bounded stopping time T

2
(3.2) P Y Xi(¢r)?| < oo, VA>O.
7j=1

Proof
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(a) The proof essentially goes along the lines of the proof of Proposition 24 of [3] with changes
necessitated by the infinite measure states. Define

(3.3)  ga(p1,p2)(z) = / e Sup1(x)Sype(x)du, Ya >0, xz € RZ,(,ul,ug) € Miem,es
0

(34) ga,e(ﬂlaﬂZ)(m) = / e u,ull(x)su,uﬂ(x) dua Va > 0; TE Rza (,u'la;U'Z) S Mtem,e-

Fix arbitrary A > 0. For any t > 0, gi(p1,p2)(z) < €**ga(u1,pu2)(z). Therefore it is enough to
check that

(3.5) sup/ 9o(X}, X2)(2)pr(z) dr < 00, P —as., YO <T < oo,
t<T JRR?
and
(3.6) P| [ salx} XD(@)r(0) da] < o0
RZ

for any bounded stopping time 7. It follows from It&’s formula, just as in the derivation of (7¢) in
Section 5 of [1], that

/ Goc (X1, X2)(2)62(2) dz = / G e (X3, X2) (@) (2) do
R2
2)éx(c

[ f e

where M{ is a local martingale. Then

/ 9ae(X}, X7P)(2)92(2) do = / . 9a,e (X5, X0)(@)9x () da
R R

_/tea(s+6)/ ﬁﬁ(Xl,XZ)(CB)QS,\(.'L')dIdS+/teadeE,

0 R2 s s 0 s

N d:cds—i—a/ / Joe( XL, X2)(2)pa(2) dx ds + Mg

This shows that e~ [> go (X}, X7)(z)¢x(x) dz is a positive supermartingale. Letting € | 0 we
get by Fatou lemma that the limiting process e * [52 go(X}, X?)(z)$a(2) dz is also a positive
supermartingale. This together with maximal inequality for positive supermartingales, Optional
Stopping Theorem and (EnC) gives the desired result.

b) Fix arbitrary A > 0. We can choose ¢ > ¢, such that b 0(2). Since T is bounded, it is
( y A ,
enough to check that

sup X] 2 < oo, VT >0.
0<t<TZ

But this follows by a simple moment calculation combined with Doob’s maximal inequality. ]
Lemma 3.3 Let X be a solution to (MP)g) on (Q, F, 3, P) satisfying (IntC) and (EnC). Let T
be any bounded stopping time. Fiz arbitrary F' € F, with P(F) > 0. Define

P(B) = P(1pP(18|77))/P(F), BEeF,

F{ = Fris, and Xy = Xryy. Then X solves (MP)ZY on (Q, F, F, P1) with £(Xo) = P(X, € -|F)
0
and satisfies (IntC) and (EnC).
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Proof Since 7 is bounded there exists M > 0 such that 7 < M, P-a.s. It is easy to check that X
solves (MP);{’Z on (Q,F, F7, P1) with £(Xo) = P(X, € -|F). Let us check that it satisfies (IntC)
and (EnC). It is enough to check (IntC) and (EnC) for F' = Q. Fix arbitrary § > 0. Take a
sequence I} C Fy C ... of events in Fy such that F; 1 Q, as ] — oo and foreachn > 1and t > ¢

t

(3.7) lim sup P [/ H67K(Xs)dslpn] < 00, YV compact set K C R?.
€0 é

Then foreach n>1,t>§

t T+t
lim sup P [/ H. x(Xs) dSan:| = limsupP [/ H. x(Xs) dSan:|
€l0 ) €l0 T+

M+t
< limsupP [/ HG,K(X-S)d81Fn:|
el0 5

< 00, Vcompact set K C R?,

by (3.7). Therefore X also satisfies (IntC) (note that {X;} is adapted to {Fr,}) and the result
follows. Regarding (EnC) it follows from Lemma 3.2. [

Proof of Theorem 1.8 We argue as in the proof of Theorem 4.4.2 [7]. Let X, Z be any two
solutions to (MP)g" satisfying (IntC). We want to show that

(3.8) PG fe(Xe, )] = P [ fi(Z, )]

for all choices of ¢, € [0,00) and bounded Borel measurable functions f; on M2, . It is sufficient
to consider only fr > 0. For m = 1 (3.8) follows from Lemma 3.1. Proceeding by induction,
assume (3.8) holds for all m < n. Fix 0 < ¢; < t3... < t, and bounded strictly positive Borel

measurable functions fi, ..., f, on M2, . Define
P 111} X P1pI1} Z
(39) PI(B) — [ B k:lfk( tk)]’ Be .7:X,P2(B) — [ B k:lfk( tk)] Be ]:Z,

P[0 fe(Xs, )] P[0}, fi(Ze,)]

and set X = Xy 44, Z = Z; 4;. Then Lemma 3.3 shows that X and Z solve (MP)?” on
(Q, F, Fin, Pl) and (Q,F, Fir, P?), respectively, with the same initial distribution v (the latter
by the induction assumption). X and Z also satisfy (IntC) and (EnC) by Lemma 3.3, and there-

fore by Lemma 3.1 they have the same one dimensional-distributions. This implies that for any
bounded Borel measurable function f on M2, we have

(3.10) P! [f(X0)| = P2 [£(Z0)], vt>o0.
It follows from the definitions of P! and P? and the induction hypothesis that

(3.11) Pf(Xt,+6) Mgy f (Xt )] = P [f(Zt,44) Mgy fr(Zs,.)]

and by setting ¢, 11 = t, + ¢ we get (3.8) for m =n + 1.
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Proof of Theorem 1.11 As it has been mentioned already in Remark 2.12 the proof of Theo-
rem 1.11(a) was completed by Corollary 2.11. Part (b) of Theorem 1.11 follows now from Theo-
rem 1.8 and Theorem 1.11(a).

]

4 Continuity of the transition function with respect to initial con-
ditions

For any A,t > 0let ca3(t, A), caa(t) be the constants defined in Lemma A.3. To simplify the notation
define also the constants

C4_1([L, )‘7ta 6) = 476A3(ta )‘)2CA4(t - 5)2N1(¢A)N2(¢A), V,LL = ()u‘laH‘?) € Mtem,e; 0<d6< t7 A> 0)
C4_2(M, )‘7ta 6) = 476A3(ta )‘)2CA4(t - 5)2M1(¢7/\)iu2(¢7/\)a vll‘ = ()u‘laH‘?) € Mrap,e; 0<d6< t7 A>0.

Lemma 4.1 (a) Let p = (p',u?) € Mieme, = (B, 4%2) € Myape. Let X solve the martingale
problem (MP);7. Then for all0 <§ <t, A>0

limsup | P (& (X0, )] = PIE(SsXe-ss i)l < canlinht,9) /R (i, %) (2)¢ 2 () da
< oo.

(b) Let zy = (z},22) € B x B, i = (a',i®) € Ms.. Let X solve the martingale problem
(MP)z). Then for all 0 < § < t,

lim sup | P [€ (S:Xe, 3)] = P[€(S5Xu -5, )]l < 47]ab] Jof] /R | Gs(i*, %) (z) de

(c) Let p = (u',u?) € Miape, b = (it @?) € Mieme. Let X solve the martingale problem
(MP);". Then for all0 <§ <t, A\ >0

limsup |P € (SX:, £)) = P [& (SiXe5, D] < eaaltdt,0) /R Gs(i1", %) (@) poa () do
< 0.

Proof (a) By Lemma 2.3(b) we get that for any € > 0,
|P [6 (SEXt; ﬁ)] - P [6 (S5Xt—5) ﬁ’)“

(4.1) < i | [ € Xoi) [ Sew @S @)D do)|
+ [P [€ (SetsXt—s, )] — P [€(SsXs—s, 1)]| -

The first term in (4.1) is bounded by
t
4'YP |:/ /Rz Se—l—t—sﬂl(I)Se+t—sﬂ2(m)L(dsa diL‘):|
t—é
t
<y [ [ S i @) o (0)Sun! ()Sun* () d do
t—6 JR
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€+4d
< 47/0 /Rz cas(t, A)20A4(t — 5)2¢_2A(x)u1(qﬁ)\)uZ(qﬁ)‘)l(e <s<e+ 5)55;]1(:6)55,&2(9:) dsdzx

€+9
= cnlurtd) [ [ 1e<s <t 05 @S0 (o) dsda,
0

where the second inequality follows from Corollary A.4. Now let € | 0. By Corollaries A.4, A.5
and Dominated Convergence we get that the second term in (4.1) converges to 0. Applying again
Dominated Convergence we get

e+9
lim / (e < s < €+ 0)Ssi' (¢) S5 (2)p-2a(z) dsdz = / gs(i", i) (2)¢-2x(2) do
el0 Jo R? R?

< 00,

and the result follows.
The proof of (b), (c) is completely analogous and therefore is omitted.

Proposition 4.2 (Continuity of transition density with respect to initial conditions) Let
Pn = pin Miem e, such that

limsup [ gs(uh,12)(2)6r(a)do =0, VA >0,
00 n JR2

Assume that there exist solutions X", X to the martingale problems (MP);7 and (MP);” respec-

tively, satisfying (IntC), and let Pi(pn,-) and Pi(u,-) be their one-dimensional distributions on
Mz Then

tem -

Pi(pin, ) = Pe(p,-), VL 2>0.

as n — oQ0.

Proof To prove the proposition we have to check weak convergence
(4.2) XP = X; in M2%,,, asn — oo, Vt > 0.

To this end it is enough to check that for arbitrary ¢ = (¢!, ¢?) € (Crap)?

(4.3) (X" ("), X7"(67)) = (X1 (1), XE(¢?)), asn — o0,V >0,
and
(4.4) sup P [Xg"”(@)} <00, j=1,2, V£ >0, VA > 0.

(4.4) follows immediately from Lemma 2.2(c), Lemma A.l and our assumptions on the initial mea-
sures pl, u.

To check (4.3), fix arbitrary ¢ = (¢',¢?) € (Ch,)? and let X be a solution to the martingale
problem (MP)Z” . Then

|P[€ (X}, @)] — P[E (X, 0)]| = , (by Proposition 1.12)

i fe (o 5)| P [e (5%

<

P ¢ (s 5%0) = P [€ (53R )]| [P [ (5% 1)) P [ (5% )]
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e u5)] P e (%)
< aa(e At 0) /Rz (@5 (1ny 12) (@) + G5 (u, 12 (2)) pa(2) dee (by Lemma 4.1(c))

+|P [Gﬁ (un,Sait—é)] - F [6 (“’S‘sit_'s)]

Let n — oco. Then by Lemmas 2.4 and A.1,

, Vt>0,n>1.

lim ‘13 [ez (un, s(;it,,;)] _p [ez (u, S,;fit,a)} ‘ —0.

n— 00

Therefore
fimsup P € (X7.0)] = PLE(Xe )| < swpesale\td) [ (@sluho i) (o)

n—oo
+3s(u', 1%)(2)) ¢a(z) do
for any § > 0. Let 6 | 0. Then it follows from our assumptions on ul ,u2 that
limsup | P[€ (X7, )] - P[€(Xy,0)]] = 0, VE>0.

n—o00

By a standard argument, the last convergence implies (4.3) and we are done.

5 Finite initial conditions

5.1 Existence of a process satisfying (IntC) and Proof of Theorem 1.9(a),(b)

We recall some facts about the dual process (¢, I;) introduced prior to Theorem 32 of [3]. This
process takes values in & = M((R?)*) x 2{1-4} and points in S are denoted by (¢,I). For
1 < j,j" < 4 define maps m; ;r : (R?)* — (R?)* and [ C;((R2)4) — Me((R?)?) by

{ T, if 4 #j’;

(7'(']"]'11,‘)1‘ zj, ifi = j’, r = (1"171"271"371"4)a

fii(@)(A) = /A ¢(j,j:@)0z; —a,, (z) dz1 doo drs doy .

Let 5’; be the 8-dimensional Brownian semigroup with variance ¢?. The dynamics of the dual

process, (¢.,1.) € D(Ry,S) are as follows:

(a) Foreach (j,5') € Iy x Iy, j # j', with rate /2, (¢—, I;—) jumps to (f;;/(¢+—), [t~ —{j'}), and
for each (j,5') € If x I, j # j', with rate v/2, (¢s—, I;—) jumps to (f;j(¢s—), [1— U{j'}). In either
case we will say 7' switches via j.

(b) Let 0 =Ty <Ty < Ts... be the successive jump times. Then for T), <t < Tp41, (¢4, ;) =
(St-1, 91, » I, )-

Let Py, 1, be the law of (¢.,1.) on D(R,;,S). Note again that we identify functions ¢ in
Co(R®) N LY (dz) with ¢(z)dz € Ms(R®). Let U, = T,, — T, _1,n > 1. Then under Py, p,

(5.1) {U,h} are independent exponential random variables and

if |[Iy| = 2, Uz, 41 has mean (27) ! while Us, has mean (3v) 1.
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Assume that Xy € M. and X satisfies martingale problem (MP);(’Z We introduce a fourth
moment condition on X: for § >0

(MB);s V¢, € Cg_(]Rz)4 , In € {1,2,3,4} and any Borel map 1 : Mf(R2)4 — Ry, VE >4,

P /d’o(fvl @, 23, xa) | [ Xi (dmi) [[ X7 (dej)ep(Xs)

i€l JEI

< Pasy x P | [ orsoraa 20,00 T] Xhe) T] X3dzy)o(xs)

i€l s JEI 5

ol (1) () )]

The existence of a solution satisfying (M B);s for any § > 0 was established in Proposition 52
and Theorem 53 of [3]| providing

(5.2) o2 < (3v6meny) L.

In addition conditions were given under which the upper bound is finite (see Theorems 53, 54 of [3]).
The following theorem completes the proof of Theorem 1.9(a), by establishing existence of
solution satisfying (IntC).

Theorem 5.1 Assume
(5.3) yo 2 <6712,
(a) If (M B)s holds for all § > 0, then X satisfies (IntC).

(b) If (MB)y holds and Xy € Mg e, then X satisfies (SIntC).

The rest of this subsection is devoted to the proof of the above theorem and we will use the
following notation.

co = colo) = (2m0%) T,

ca = ci(o) =2¢(o) = (ro?) 7L,
n—1

pn = ci(o)" H(Uk + Ups1) "
k=1

For the proof of Theorem 5.1 we will need the following lemma.

Lemma 5.2 Assume Iy = {1,3} and

(5.4) 0 < &e(y1,Y2,Y3,Ys) < F(£)Patit(Y1 — Y2)Petar(ys — ya), for0 <t < T,

for some a,c > 0,b,d > 1, and continuous function f : Ry — Ry which is bounded on compacts.
Let

) f(0), ifTy <t <T,
t) = _ .
p 1) (2! s ) voriomys 7w <E<Tapi,n=12,....
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Then for all n > 0 there are random wvariables Vi > 0,6 > 1 (i = 1,2) and random indices
{it,...,i} ={1,...,4} such that
(Dnla)  de(y) < p(E)Pv 441 (1—15,) (Yizr — Yizn)
X Pv2 112 (1—Tym) Wizn — Yizn), if Ton <t < Tony1, Iy = {i1", 83"}
(Dn(b)  S(y) < 2p()pvy 18y
X Po(t=Tonir) Yizntt — Yzntr), if Tonpa <t < Ty(nya),

I = {ig"-H} or {i§n+1}c.

(t=Ton 1) Wznt1 — Ygznt1)

Proof We proceed by induction on n. Note that (I)o(a) holds by assumption with Vil = a,VZ =
c,by = b,b3 = d. Assume that (I),_1(a) holds for some n > 1. Then, writing i; for ii(n_l), we have
¢T2n—1_(y) < f(Ul)P?n—lpVZI(n_1)+bé(n_1)Uzn,l(yi1 - yiz)

X pV22(n_1)+b§(n_1)U2n,1(yis - yi4)7 and Ip,, , = {7'1 )23 }

By symmetry we may assume I, _, = {i1}, i.e. ig switches via ¢; at ¢ = T, 1. This gives

¢T2n—l(y) < f(Ul)p2n—1pV21(n_1)+b;(n_1)Uzn,l(yil - yiz)

x pVVZZ(n—l)+b§(n—1)U2n71 (yi, — yi4)6yi1 —Yiq (y)-

Set W2i(n71) = Vzi(nfl) + bé(n,l)Uanl and use the semigroup property of the Brownian densities to
see that for To,_1 <t < Ty,

(5.5)  &u(y) < F(Ur)pan— /R2 PW) _ 4t—To_ s (%2 — Yis)

n

X pW22n71+t—T2n,1 (Zil - yi4)pt7T2n—1 (Zil - yis)pthzn—1 (Zil - yi1)dzi1

(5'6) < f(Ul)panl /RZ |:1(|Zi1 - yi2| < |Zi1 - yi4|)pW21n_1+t7T2n_1(0)

i — Ui
X pW§n_1+t7T2n_1(%)

+ 1(|Zi1 - yi2| > |Zi1 - yi4|)pW22n_1+t7T2n_1(0)

X pWQ]'n,]_‘i‘t—TZn—l(%)

X Pt—Top 1 (zi1 - yis)pt—TznA (zi1 - yi1)dzi1 :

In the last line we use the fact that |z;, — yi,| < |2, — vi,| implies |z, — vi,| > |yi, — ¥iu| /2 and
also monotonicity in |z| of ps(z). Now set W =W}  AW2 and WM =W VW2 .
Use the inequality

(5.7) Pt>(0)Pe: (%) < Pty (0)p, (2), if 41 < b,

in (5.6) to conclude that for T, <t < Toy,,

$e(y) < fU)pen-1Pwg_ +t-Tou s (O)Pwr 1y gy, ((Wiz — ¥ia)/2) Pagt—Ton—1) Wir — ¥is)
460

SRS W+t — Tom_y DA 14 Ton1) (Yiy — Yis) P2(t—Ton_y) Yiy — Yis)
(5.8) < 2P(t)P4W2{\T{71-1-4(t—T2n,1) (Yiy — Yia) P2(th2n_1)(yi1 — Yiz)-
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This implies (I),—_1(b) for appropriately chosen V21nfl,i?"_1 and bl | = 4. Rather than using

this to derive (I),(a), we can do a bit better with (5.5) which implies (set Wi = Wi | + Uy, >
Uzn-1 + Usn)

o1, —(y) < f(U1)p2n—1 /R2 Pw; (21 = Yin)Pw2 (2in — Yia)PUs., (Zis — Yis )P0, (26 — ¥ir) dziy
ITan = {il} °

Note the roles of i3,i4 and of iy ,i3 are symmetric in the above and so there are 3 cases to
consider.

Case 1 iy switches via ip (i2 switches via i4 is similar). Then I, = {1,474} and
¢12,(y) < f(U1)pon—1 /R2 Pwi (2 — Yia)Pw2 (Zir = Yin)PU2, (Ziy — Yia)PU2n (2iy — ¥ir) d2iy Oy, —ys, (¥) -
Case 2 iy switches via i3 (i3 switches via i3 is similar). Then Iy, = {i1,i4} and
¢15.(y) < f(U1)p2n—1 /R Py, (i = 4in)Pwz, (2 = Yis)PUsn (2in — Yis )P (200 — Yin) d2iy Oy, i, (Y) -
Case 3 i3 switches via i4 (i3 switches via g is similar). Then Iy, = {i;,i3} and
¢12,(y) < f(U1)pon—1 /R2 Pwi (2 = Yia)Pw2 (Zir — Yia)PU2, (Ziy — Yis)PU2 (20 — ¥ir) d2iy Oy —y;, (¥) -

Now we may define {z?"} and szn(: Wi W2 or Us,) > Usy, and use Wi > Us,_q + Usy, to

combine these three cases into the simple bound (write i; for zf” now),

o0 (8) < F(U)prncr(co/ Unno + Uan) /

Py1 (2i, — yiz)pVZ (2iy = Yis)PUs, (2iy — Yiy) dzi16yi3—yi4 (v),
RZ 2n 2n
I, = {i1,is}.

Therefore if Ty, < t < Tony1, then I = {i1,i3} and

(5.9) #(y) < f(U)p2n-1(co/(Uzn-1 + Uzn)) /R2 /RZ Py ooty (Zi — Yin)Py2 (2iy — 2iy)
X PUzp+t—Ts, (zi1 - yi1)pt—T2n (yis - zi4)pt—T2n (yi4 - zi4) dzi1 dzi4 :

Use (5.7) and the fact that Vj > Us, and argue again as in the derivation of (5.8) to see that
/R L Pi ey, (Zin = Yia)Pi2 (210 — 2id)PUsnto-Ton (201 — ¥in) d2iy

< /Rz [1(|Z"1 — Yio| <z — yil|)p‘~/'21n+t7T2n(O)pUZn‘thTZn((yil — ¥is)/2)

+1(|Zi1 - yi1| < |Zi1 — Yio |)pU2n+t*T2n (0)pf/'21n+t7T2n((yi1 - yzz)/2)] pffzi’n (Zi1 - Zi4) dzil
< (co/(Uan +t = Ton))Pis 1y, (Yir — ¥in)/2)
4(co/(Ugp +t — TZn))P4f/21n+4(th2n)(yi1 — Yiy)-
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Use this in (5.9) to conclude that for Ty, < t < Ton 41, m = {i1,i3} and

Uan—1 + Uap, Uy +t =T
= P(OP473 1 a(t—15,) Wir = Yin)P2(t~T0,) (Vi — Yia)-

2c 2¢
¢t(y) < f(Ul)PZn—l ( 2 ) ( 0 ) p4l721n+4(t—T2n)(yil - yiz)pQ(t—Tzn)(yi3 - yi4)

This gives (I),(a) and the induction is complete. [

Now we are ready to complete the

Proof of Theorem 5.1 Fix0<d <T <oo. Let 0 <p<1/2,N > 0 and define

on(X) =1 max, sup o [ [ pulo — 22) Xj(den) X (dez) < ) = 11, (%)

We claim first that it suffices to show:

(5.10) SI;EP [/ H( dsz/)N(XJ)] 00,
where
He(X,) = H, g2 (X /RZ/RZ 1+|z—y|~ )SXI( )SX2(2)S X (y)S X2 (y) dz dy, € > 0.

Assume (5.10) and recall that X5 € My g, a.s., (by Proposition 24(a) of [3]). The latter implies
that P(Xs € Kn) 11 as N — oo. Therefore

( [/ H.( ds|.7-"5] >M>
< P(X;€KS) +P< [/ H.( dsqu(X,;)|.7-"5]>M>

< PXseK$)+M P [/5 H.(X,) d8¢N(Xa)]

If n > 0 we may first choose N > 0 such that the first term is at most 7/2 and then choose M large
enough so that the second term is at most n/2 for all € > 0. This proves (IntC).
Turning to (5.10), a change of variables shows that

1
(5.11) /0 w2(1 4 pu(@)) du > (o) (2| + 1),

If e > 0,u € (0,1], and

¢g’6() ¢0(y1;y2;y3ay4 //1+pu r—y Hpe Yi — T Hpe dmdy,

then (5.10) is therefore equivalent to

1 T
(5.12) sup/ / P [/qﬁ’é’e(yl,yg,ys,m)
e>0Jo J§

X} (dy1) X7 (dys) X7 (dy2) X2 (dya)pn (Xs)] u /% dudt < oo
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If (¢¢,I;) is the dual process starting at (¢, {1,3}), then for t < T7,

(5.13) ¢:(y) = Po(erey(y1 — y2)p2(e+t) (y3 — y4)
//Pu r—y Hpe-l—t i — & Hpe—l—t dwdy

Use the fact that |z — y1| < |z — y2| implies |y; — y2| /2 < |z — y2| to bound the second term by

/ / [1(jz — 41| < |2 — y2D)Pese(@ — y1)Pere((W1 — 12)/2)

+1(Jlz — y1] > |z — y2|)Pert(z — y2)Pert((y1 — y2)/2)]
X Pu(T — Y)Pett(Y3 — Y)Pest(ya — y) dz dy

< pert((y1 — 92)/2) / (Pett+u(y — Y1) + Pettru(y — ¥2)) Pett(y3 — Y)Pett(ya — y) dy
260
< m4p4(e+t) (Y1 — Y2)P2(et+) (Y3 — Ya)-

Put this into (5.13) to see that for 0 <t < 77,

860

de(y) < <2+m

) Pa(ert) (Y1 — Y2)Po(e+t) (U3 — Ya)-

This shows the hypothesis (5.4) of Lemma 5.2 holds with f(¢) =2+ tsquj

If p(t) is defined as in Lemma 5.2, then that result and (M B); imply
G19) [P [ [ 6800 ) 5 ) X2 ) XE o (0|
< / Pyuc 1y x P /qst s@) [T Xi(dy) [[ X3(dyj)vn(Xs)| 7 dt
i€l J¢Ii—s

T o]
< /5 TN " Pyue 1 X P [T < t < Toy1)2p(t)(t — Tp) ] N dt
n=0

T ~
(5.15) < c(v,T, N)/é {P¢g’f,lo (1t <T)(1+ (t+u) )P

1
Pue T t<T,+U, 1
+z¢ i<t < g (1+ )

n—1

< [T Uk + Ukgr) '(Un +t = Tp) 't —Tn) P
k=1

c’f} dt.

Recall (5.1), write out the appropriate exponential densities, and set ug = u to bound (5.15) by
(c(v,T,n) may change from line to line)

c(y,T,N) {/JT(l + (t+u) et Pdt

n—1

o) T n
1
§6"/2""//1§ <t] (1 -1
+n:1 v ] . i:lu +u0+u1 kl_Il(Uk‘i‘UkH)
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n -1 n —-p
X (un—i—t—Zui) (t—Zui> dui ... du,dt
i=1 i=1

T e8] n+1
(5.16) < c(v,T,N) {1 +/ (t+u)" 1t Pdt + Z(\/E'ycl)" /n+1 1 (Z u; < T)
i=1

0 n=1 R+
X (H(“k +ugn) T+ H(Uk + Uk+1)_1> Upppdus ... dun+1} :
k=1 k=0
If ¢(p) = w(sin((1 — p)7)) ! and
n—1
I p(ug) = / (uo + up) ! H(u] +uji1) tu,Pduy ... duy,
R: o

then (5.16) is at most

oo T
e(7,T, N) {1 L) + 3 (VBrer)” ( /0 L p(w1) dus + In+1,p(u>) }

n=1

o0 T
= ¢(v,T,N) {1 +c(p)u™? + Z(\/E'yclc(p))” (/ uy P duy + c(p)u_p> } , (by Lemma 60 of [3])
n=1 0

< ¢(v,T,N,p,0) (1+u?),

where we used (a) in the last line and have chosen p < 1/2, sufficiently close to 1/2 so that
V6eiye(p) < 1. Put the above upper bound for (5.14) into (5.12) (and recall (5.11) to conclude
that

1
(5.17) supP [/ H( dsz,bN(X(;)] < c(a)lc('y,T,N,p,a)/ w21+ uP)du
e>0 0
= ¢(,T,N,p,0) < oo,

since p < 1/2. This concludes the proof of (a).

(b) This is the minor modification of the above. We need the estimate (5.12) with § = 0 and
N = 1. The only change is in the derivation of (5.15) where instead of using ¥y to get a factor
of N? we simply use Xy € M;s s to get a constant depending on Xy. The rest of the proof is the

same.
]

5.2 Existence of collision measure

Theorem 5.3 Let Xy € M¢, and X be the unique in law solution of (MP);C’Z satisfying (IntC)
on (2, F,Fi, P). There is a jointly measurable map

Kx : Ry x Q— Mg(R?)

such that

t
:/ Kx(s,")ds, Yt>0, P— a.s.
0
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Proof We work with (Q, F, P) = (Q x [0,1],F x B, P x dz) on which we define M¢(R?)-valued
random vectors Z° (for § > 0) by

Lx(3+6) — Lx(s) .

Z%(w,s) = 5

Let ¢ € C. Then s — Lx(s)(¢) is a continuous non-decreasing process and so by standard
differentiation theory

(5.18) <Z‘5, g0> = (L (), ) = (Kx(s), ), P—as., as6 0.
By Proposition 52 of [3] <L§"(s), 1> — (Lx (s), 1) in P-probability as n | 0 for each s > 0.

Now let us fix arbitrary u € (0,1). (IntC) implies that there exists a sequence Fy C F» C ... of
events in F, such that F; 1, as [ — oo and for each n > 1:

(5.19) lim sup P [/ H(X;)dslp, ] < 00, Vt>wu.
€l0

For each [ > 1 define the measure P, on 2 by
P(B)=P(lpls),B € F,
and for each u € (0,1) define f’l,u on Q x [0,1] by
Piu(B) = P (1pxulB),B € F x B.

In the following denote L; = Lx (t), Ki = Kx (t).
Fix 1 > § > 0. Then we may choose 7, | 0 so that

61 (LM (w) — L™ (w), 1) — <Z5(w,s), 1>, P—as. asn — .

Fix some [ > 1 and u € (0, 1). ﬁ’l,u is absolutely continuous with respect to P, therefore

5 (LM (W) = L™ (w), 1) — <Z5(w, s), 1> , Bl —as. asn — oo

Therefore Fatou’s lemma and Jensen’s inequality imply

N 2 .
Pl [<Z‘5, so> ] < [lollg lim inf £y, [(Lf‘fg(-) L, 1>2] 52

[ fosmmsams ) o]

o 2 4. .
= el lim inf £y

1 s+0 Tn dr d
< el tmintr | [ [ f ( / srxg(x)srxg(x)dx> _r_vds]
n—oo u s 0 Rz T]n 5
Mn 1+6 dr
< IIsoHioliminf/ P, / (/ Sng(m)Sng(x)dx> dv| —
n—o0 0 u Rz T]n
NMn 2
< ol timint | P[ / Hr(xv)dvlﬂ]@
n—00 0 u Mn
< el C
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by (5.19) independent of §. This together with (5.18) shows that
(5.20) <Z'5, g0> — K,(¢), in LY(Py,)asd | 0.

Therefore

! > )
P{ / Ks(so)dslp,] = lmP, (2, )]
1
= limP L — (L, -1
i Py | [ {Lurs, ) — (L ) o] 8

1+6 u+d
= lmp [ / (Lass, @) dsd™" — / (Lo, @) s~
1 u

(5.21) = P[((L1, ¥) = (Lu, ¥)) 1]

where the last equality follows by continuity of (L1, ) and fact that (L;, ¢) is P-integrable. Now
take [ — 0o. Then by Monotone Convergence we get from (5.21)

p[f Ki(e) &) = Pl )~ (L )

Now let 4 — 0, use Monotone Convergence on the left side again, and continuity of L; and Domi-
nated Convergence on the right side to get

(5.22) P [ /0 " Ki(e) ds] — P[Ly, )

This equality implies that the singular part of s — L4(¢p) is P-a.s. 0 and so,
(5.23) (Lg, @ / K(p)ds, Vte[0,1] P—as. Yo (.

It remains to choose a version of K(w,s) which is a finite measure on R?. First note that by
the same arguments as in (5.21) we can see that

(5.24) lim P (77, o) = Pl(L1, ).

Since P [L1(dz)] is a finite measure on R? we can easily get that the sequence of measures {Z%} is
tight in My, P-as.. Let {¢r} be a countable determining class in C, . By con51der1ng an appropriate
subsequence 6, in (5.18) we may assume lims,, 1o (Z%", ¢r) = K(p ), Vk P-a.s. It follows that there

is a random measure K € My on (Q, F) such that Z» — K P-a.s. and K(p) = <K; ‘P> P-as.

Vo € Cp. The required result is now clear from (5.23), at least for ¢ € [0,1]. Simply repeat the
above construction on [4,7 4+ 1] Vi € N to complete the proof.
[

5.3 Proof of Proposition 1.14

Let X be any solution to (MP)%! satisfying (IntC) on (Q, F, 3, P) for some Fy measurable initial
condition Xy € Mg, satisfying (EnC). Let Xy = (24 dz, &% dz) where (£},32) € (C)%. Take
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" = (V" ?") € (CLL)?% n 2 1 such that ¢"" 1 %}, i = 1,2, pointwise. Let X and X"
be particular solutions of (MP)Z” (MP) » respectively, constructed in Section 1.4 on some
probability space (Q, F, F;, 13)

Then

o
Xo

‘P [ez (Xt, 5(0)] ~limP x P [6 (XO, sj(tﬂ ‘

< ‘P [e (Xt,fio)} _Ple (Xt,cp”)]‘ + [limP P [e (XO, sji?)} _PxP [ez (Xo,safi;zé)] ‘
+ ‘P x P [ez (XO, S,;fi’g,é)] _pPxP [6 (XO, S,;fit,é)} ‘
n ‘P % P [ez (XO, S,;)Nit,(;)] ~limP x p [ez (XO, sj(t)] ‘ (by Proposition 1.12)

< 47(‘@1’" - ‘goln o T ‘5:(1)‘00 ‘:Eg‘oo)P [/Rz gs(X%, X3 (x) dx] (by Lemma 4.1(b))

| [e (%0 %) | - Plet, o] + [P x P (X0, 55%05) | - P x P e (%0, 85%s )|
— JLOn 4 20m 4 13,0,

for any 0 < § <t and n > 1. Now take n — o0o. Then by Proposition 4.2 we get that XQLJ = it_(;
in M2_ . Since S5 X} ,7 = 1,2, is not necessarily in Cexp, we need to check that th "(SsX}) =
t_(s(S(;X(])). But this follows easily by L2(P x P) boundedness of X]’ (S'(;X]) uniformly in n and
the fact that
Px D [ (SJXJ)} - P [Xg’"(stxg)]
— P |X{(six))]
= PxP[X] (8:x])] <.

These two facts together easily give that X]’ (S(;X]) = Xt] 6(55X‘7) (details are left for the reader).

Therefore I3™% — 0 as n — oco. Since ™/ — #) boundedly pointwise we get that I2™% 5 0 as
n — co. The first term I™9 is bounded by

4y (Slrllp ‘¢1,n‘w ‘Lpz,n‘oo + ‘;g(l) . ‘:E% oo) P [/R2 g,;(X& ,Xg)(a:) dx]
< sy 2t [a8].. P | [ 0sX3 XD(e) s

Il,n,5

uniformly in n. Now by (EnC) and Dominated Convergence we get limg o sup,, = 0 and so

we are done.

5.4 Markov and Strong Markov Properties
Lemma 5.4 Let Xy € (Ci )% and X be the particular solution of (MP);L("y constructed in Sec-
0

rap

tion 1.4 on some (Q,j:,]:t, pP).
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(a) There is a time-homogeneous Borel Markov transition kernel P = {Py(u,dv) : t > 0, p €
Mg} on Mg, such that

/Mf,e ¢ (1/, )Nio) Pi(u,dv) = lﬁig)lﬁ [6 (#, SE()NCt))] ‘

(b) Let X satisfy (IntC) and (EnC) and solve (MP)Y. Then for any bounded Borel measurable
function h on M. and any a.s. finite F;-stopping time T,

(5.25) PR )F) = [ hPKd)  as,

i.e. X is a strong Markov process.

Proof

(a) Fix a (deterministic) Xy € Mte. By Theorem 1.9(a) for any Xy € M there exists a solution
X to the martingale problem (MP);C’Z satisfying (IntC) and by Proposition 1.12

(5.26) P [e (Xt, 5&0)] - 115113 [e: (XO, Se(it))] .

By Theorem 1.9(b) the solution X is unique. Let P¢(Xy, -) be the unique law of X;. Then (5.26)
shows

(5.27) /Mf’e ¢ (u, XO) Pi(Xy,dv) = limP [e (XO, SE(Xt))} :

The right side is Borel measurable in X, € M;.. A monotone class argument shows the
bounded pointwise closure of the complex linear span of {€& (-, io) : Xy € (Cihp)?} is the set

of all bounded complex-valued measurable maps in M;, (e.g. see Lemma 6.2 of [5]). The

Borel measurability of Xo = P4(Xy, ) from Mg to M;(Ms,) follows.

(b) We now proceed by modifying the proof of Theorem 4.4.2 of [7] to accommodate the side
conditions (IntC) and (EnC). Let X be the unique solution to (MP)X? on (2, F, 73, P)
satisfying (IntC) with X (possibly random) satisfying (EnC). Let 7 be any bounded stopping
time and F' € F,; with P(F) > 0. Define

Pi(B) = P(1pP(15|7+))/P(F), BEe€F,

and Yy = X;4,. Then by Lemma 3.3 Y, solves (MP)yY on (Q, F, 7], P1) with L(Yp) =
P(X, € -|F) and satisfies (IntC) and (EnC). So by Proposition 1.12 if X, € (Cr";p)2 and
0= L(Yp) then

P[e (Yt,io)] = lim Mﬁeﬁ[e (,u,SE(Xt))}Q(d,u)

_ /Mf’e /Mf’e ¢ (1/, io) Py (u, dv)o(dp)
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by (5.27) and Dominated Convergence. A monotone class argument again as in Lemma 6.2
of [5] shows that for any bounded Borel h: M, — R

PBYL= [ [ h@P o)

and so

P(1pP(h(Xr1)|Fr)) = P(1p /M h(v)Py(Xr, dv)).

The required result follows for bounded stopping times, and the obvious truncation argument then
gives the result for a.s. finite stopping times. |

Remark 5.5 Lemma 5.4 completes the proof of Theorem 1.9(c).

Appendix

Lemma A.1 For any A € R and t > 0, set

cai(t,A) = / L e lul /20 gDl gy,

R2 2rto

Then, for any A € R and ¢ € Cy, we have

(A.1) Sip(x) < car(t, ) o]y ¢a(z), Va € R?,

and

(A.2) sup ca1(t,A) = ca1(T,A) < o0, VT > 0.
0<t<T

Proof (A.2) is obvious because e*P¢| is a submartingale. We will prove (A.1) for A > 0. For a

negative A the proof is analogous. For A > 0, we have
_|z—y|?/2to2
/ pe(z —y)e(y)dy = / smzze TP o(y) dy
R2 R?
RZ
R
lz—yl?/2t6® Mz
< oly oa(z) /Rz 27502@ lo—y|?/2to? Ao—y| dy

—lyl? 2
= |g0|)\ ¢)\(.’,C) /]RZ 27\'10‘26 ‘y| /2t0' eA‘y| dy,

and we are done by definition of c4;(t, A).

Lemma A.2 Assume ¢ € Cy for some A € R. Then, for any t > 0, there is a constant cas(t,\)
such that

/Rz pe(z — y1)pe(z — y2)(x) dz < can(t, Nt ™" 0]y daja(y)daj2(y2), Vyi,y2 € R%.
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Proof By the Holder inequality, we have

/Rz pe(z —y1)pe(z — y2)p(z) dz < \//Rz pi(z — y1)?¢() dw\//RZ pi(z — y2)?p(z) du

= ct—l\//Rz Pi/2(z — y1)p(z) dx\/./R? Pt/2(z — y2)p(z) dz
caz(t, At [ol5 v/ éx (1) A (2)

where the last inequality follows by Lemma A.1. ]

IN

Lemma A.3 For any A\, t > 0, set

62ta'2)\2
1

2nto?’

ca3(t, A)

CA4 (t)

)

Then, for any p € M;ap,
(A.3) /pt(x —y)u(dy) < cas(t,N)cas(t)dr(z)pu(p-r), YA >0,t>0.
]f:u' € Mtem; then

(A.4) /Pt(fE —y)u(dy) < cas(t, A)caa(t)g-r(z)u(dr), VA >0,t>0.

Proof For any pu € M;,p

1 _le—y|?

[ote =ty = s [ uiay

2rto?

_ |zfy|27\z|)\2ta'2

= CA4(t)¢,\(fE)/e o p(dy)

< calt)d(a) / 5 )
= eas(t, Neas()on (@) / Al u(dy)

where in the third line we used the trivial inequality a |z| — |z — y|*> < a|y| +a? for any a > 0. (A.3)
follows and the proof of (A.4) goes along the same lines.
]

Corollary A.4 For any pt € Mrap, A>0and 0 <e<T

(A.5) sup_ / pi(z — y)u(dy) < cas(T, A)caa(e)da(x)pu(d-r)-

For any p € Miem, A >0 and 0 <e<T

(A.6) sup / pi(z — y)u(dy) < cas(T, A)caa(e)p r(z)p(dr).
e<t<T
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Proof Immediately from Lemma A.1. ]

Corollary A.5 For any v € Myem and z € R?, t — Syv(z) is continuous on (0,00).

Proof By Corollary A.4 with p(dy:) = d,(dy1), for any 0 <e <T, A >0,

(A7) sup pi(z —y) < ca3(T,A)cas(e)d a(z)da(y)

e<t<T

= ca3(T, N)caa(e)e* e

and the result follows by Dominated Convergence since ca3(T, A)caq(€)erl®!l Jz2 e Wy (dy) < oo. ]

References

[1]

2]
3]

[4]

[5]

[6]

7]

8]

[9]

[10]

[11]

[12]

[13]

M. Barlow, S. Evans, and E. Perkins. Collision local times and measure-valued processes. Can.
J. Math., 43(5):897-938, 1991.

D. Dawson. Measure-valued Processes. Ecole d’été de Probabilités de Saint Flour, 1991.

D. Dawson, A. Etheridge, K. Fleischmann, L. Mytnik, E. Perkins, and J. Xiong. Mutually
catalytic branching in the plane: finite measure states. Submitted, 2000.

D. Dawson, A. Etheridge, K. Fleischmann, L. Mytnik, E. Perkins, and J. Xiong. Mutually
catalytic branching in the plane: infinite measure states. Preprint., 2001.

D. Dawson and E. Perkins. Long time behaviour and co-existence in a mutually catalytic
branching model. The Annals of Probability, 26(3):1088-1138, 1998.

P. Donnelly and T. Kurtz. Particle representations for measure-valued population models. The
Annals of Probability, 27:166—-205, 1999.

S. N. Ethier and T. G. Kurtz. Markov Process: Characterization and Convergence. John Wiley
and Sons, New York, 1986.

S. Evans and E. Perkins. Collision local times, historical stochastic calculus, and competing
superprocesses. Flectronic Journal of Probability, 3:Paper no. 5, 1998.

N. Konno and T. Shiga. Stochastic differential equations for some measure-valued diffusions.

Prob. Theory Rel. Fields, 79:201-225, 1988.

P. Meyer. Un cours sur les intégrales stochastiques. In P. Meyer, editor, Séminaire de Proba-
bilités, X, volume 511 of Lecture Notes in Mathematics, pages 245—-400. Springer, Berlin, 1976.

L. Mytnik. Superprocesses in random environments. The Annals of Probability, 24:1953-1978,
1996.

L. Mytnik. Uniqueness for a mutually catalytic branching model. Probability Theory and
Related Fields, 112(2):245-253, 1998.

E. Perkins. Measure-valued branching diffusions with spatial interactions. Probability Theory
and Related Fields, 94:189-245, 1992.

48



[14] E. Perkins. On the Martingale Problem for Interactive Measure-Valued Branching Diffusions.
Memoirs of the American Mathematical Society, 549, 1995.

[15] M. Reimers. One-dimensional stochastic partial differential equations and the branching mea-
sure diffusion. Prob. Theory Rel. Fields, 81:319-340, 1989.

[16] J. Walsh. An introduction to stochastic partial differential equations. Lecture Notes in Math-
ematics, 1180:265-439, 1986.

Donald A. Dawson

SCHOOL OF MATHEMATICS AND STATISTICS, CARLETON UNIVERSITY, OTTAWA, CANADA K1S 5B6
E-mail address: ddawson@math.carleton.ca

URL: http://www_fields.utoronto.ca/dawson.html

Klaus Fleischmann

WEIERSTRASS INSTITUTE FOR APPLIED ANALYSIS AND STOCHASTICS, MOHRENSTR. 39, D-
10117 BERLIN, GERMANY

E-mail address: fleischmann@wias-berlin.de

URL: http://www.wias-berlin.de/~fleischm

Leonid Mytnik

FacuLTYy OF INDUSTRIAL ENGINEERING AND MANAGEMENT, TECHNION ISRAEL INSTITUTE OF
TECHNOLOGY, HAIFA 32000, ISRAEL

E-mail address: leonid@ie.technion.ac.il

URL: http:/ /ie.technion.ac.il /leonid.phtml

Ed Perkins

THE UNIVERSITY OF BRITISH COLUMBIA, DEPARTMENT OF MATHEMATICS, 1984 MATHEMAT-
1cs RoAD, VANCOUVER, B.C., CANADA V6T 172

E-mail address: perkins@math.ubc.ca

URL: http://www.math.ubc.ca/~perkins/perkins.html

Jie Xiong

UNIVERSITY OF TENNESSEE, DEPARTMENT OF MATHEMATICS, KNOXVILLE, TENNESSEE 37996-
1300, USA

E-mail address: jxiong@math.utk.edu

URL: http://www.math.utk.edu/~jxiong/

49



