The finite dimensional attractor for a 4th order system of Cahn-Hilliard type with a supercritical nonlinearity

Messoud A. Efendiev^a, Herbert Gajewski^b and Sergei Zelik^c

WIAS preprint No. 634 of January 25, 2001, ISSN 0946 - 8633

a Free University Berlin Department of Mathematics Arnimallee 2-6 D-14195 Berlin, Germany Email: efendiev@math.fu-berlin.de

b Weierstrass Institute for Applied Mathematics and Stochastic Mohrenstrasse 39 D-10117 Berlin, Germany Email: gajewski@wias-berlin.de

c Institute for Information Transmission Problems Russian Academy of Sciences Bolshoi Karetnii 19 Moscow 101447, GSP-4, Russia Email: zelik@iitp.ru

2000 Mathematics Subject Classification: 35B40, 35B45

Key words and phrases: Cahn-Hilliard system, global attractors, fractal dimension

Typeset by AMS-TEX 0

Abstract. The paper is devoted to study the long-time behaviour of solutions of the following 4th order parabolic system in a bounded smooth domain Ω ⊂⊂ R^n : (1) b∂_tu = −Δ_xu (aΔ_xu − α∂_tu − f(u) + g̃) , where u = (u^1, · · · , u^k) is an unknown vector-valued function, a and b are given constant matrices such that a + a^∗ > 0, b = b^∗ > 0, α > 0 is a positive number, and f and g are given functions. Note that the nonlinearity f is not assumed to be subordinated to the Laplacian. The existence of a finite dimensional global attractor for the system (1) is proved under some natural assumptions on the nonlinear term f.

Introduction

In the paper we study the longtime behaviour of solutions of the following 4th order parabolic system in a bounded smooth domain Ω ⊂⊂ R^n :

(0.1) b∂_tu = −Δ_x (aΔ_xu − α∂_tu − f(u) + g̃) ,

where u = (u^1, · · · , u^k) is an unknown vector-valued function, a and b are given constant matrices such that a + a^∗ > 0 and b = b^∗ > 0, α > 0 is a positive number, f and g̃ are given functions.

Systems of type (0.1) arise in mathematical study of phase transitions in multicomponent systems and are of great recent interest (see e.g. [4]–[6], [8], [19] and references therein). In particular, M.Gurtin (see [8]) proposed a model which takes into account microforces and described their influence in terms of ∂_tu. To derive the equation (0.1) he used a mass balance

(0.1^′) ∂_tu = − div h ,

where u is an order parameter (corresponding to a density of atoms) and h is the mass flux which is related to the chemical potential μ and to the order parameter by the formulae

(0.1^{′′}) h = −∇_xμ and μ = f(u) − Δ_xu + α∂_tu .

Inserting (0.1^{′′}) to (0.1^′) one obtains an equation of type (0.1).

It is well known that in many cases the longtime behaviour of solutions of evolution PDE can be described in terms of an attractor of the semi-group generated by this equation (see [1], [9], [16] and references therein). Attractors for the system (0.1) under various assumptions on the nonlinear interaction function f have been constructed in [3], [11], [14], [15]. Note however, that to the best of our knowledge the finite dimensionality of the obtained attractor has been established only under the following growth restriction (0.2) |f(u)| ≤ C(1 + |u|^q), q < q_{max} = n + 2 n − 2 , which guarantees the nonlinear terms in (0.1) to be subordinated to the linear ones in the corresponding energetic phase space. This assumption is used in order to obtain the differentiability with respect to the initial values, which is essential for 1

the standard scheme of estimating the fractal dimension by using k-contraction maps (see [1], [9] or [16]).

In the present paper we mainly consider the case where the assumption (0.2) is not satisfied. In this case the regularity of solutions which can be deduced from the energetic arguments is not sufficient for obtaining the differentiability with respect to the initial values and consequently the standard scheme does not work. So additional arguments must be involved.

Additional regularity of the attractor (A ∈ H^4(Ω)) of the three dimensional (n = 3) potential Cahn–Hilliard system (0.1) without microforces (α = 0, a = a^∗, f = ∇_xF ) has been obtained in [11] under the assumption that the potential F is positive, sufficiently smooth and quasi-convex, i.e. F (u) + K|u|^2 is convex for an appropriate constant K (without the growth restriction (0.2)!). Note that this regularity is enough for proving the quasi-differentiability and applying the standard methods of investigating the attractor.

A finite dimensional attractor for the second order reaction-diffusion system (b = 0, α = 1 in (0.1)) with a supercritical nonlinearity has been obtained in [18] for an arbitrary dimension n without proving the additional regularity of solutions. In that paper a new scheme of estimating the fractal dimension of invariant sets which does not require the corresponding map to be quasi-differentiable has been suggested.

In the present paper we extend this result to a more general class of 4th order Cahn–Hiliard systems (0.1) (b ≠ 0) with microforces (α ≠ 0) and supercritical nonlinearity. We will assume that the nonlinear interaction function (which is not assumed to be potential) satisfies the following conditions:

(0.3)

1. f ∈ C^1(R^k , R^k ) , 2. f(u).u ≥ −C , 3. f^′(u) ≥ −K . For simplicity we complete the system (0.1) by the Dirichlet boundary conditions

(0.4) u | |_{∂Ω} = Δ_xu | |_{∂Ω} = 0 .

(The case of physically more relevant Neumann boundary conditions is discussed in Section 5).

It will be convenient for us to assume that f(0) = 0, α = 1, and to rewrite the equation (0.1) in the following (formally) equivalent form:

(0.5)

{ ∂_t (1 + b(−Δ_x)_{−1}) u − aΔ_xu + f(u) = g, x ∈ Ω , u | |_{t=0} = u_0, u | |_{∂Ω} = 0 ,

where (−Δ_x)^{−1} is the inverse operator to the Laplacian with Dirichlet boundary conditions, the function g = g̃ − G and G is a solution of the following nonhomogeneous Dirichlet boundary problem

(0.6) Δ_xG = 0, G | |_{∂Ω} = g̃ | |_{∂Ω} . It is assumed that the function g in (0.5) belongs to the space L^2(Ω)

(0.7) g ∈ L^2(Ω) 2

and the initial value u_0 is supposed to belong to the nonlinear set

(0.8) D := {v ∈ H^2(Ω) : v | |_{∂Ω} = 0, f(v) ∈ L^2(Ω)}

(i.e. D is the domain of definition of the nonlinear maximal monotone operator v → −aΔ_xv + f(v) + Kv (in L^2(Ω)) in notations of the monotone operator theory, see e.g. [2] or [7]) and the ’norm’ in this set is defined by the following expression:

(0.9) ‖v‖^2_D := ‖v‖^2_H2_{(Ω)} + ‖f(v)‖^2_L2_{(Ω)} .

A solution of the equation (0.5) is defined to be a function

(0.10) u ∈ C_w([0, T ], D )

(i.e. u ∈ C([0, T ], H^2_w(Ω)), u | |_{∂Ω} = 0, and f(u) ∈ C([0, T ], L2_w(Ω)), where the symbol^′w^′ means the weak topology), which satisfies the equation (0.5) as a relation in L^2(Ω).

It is not difficult to verify that a solution of the equation (0.5) thus defined coincides with the variational solution of the initial problem (0.1), (0.4) if g ∈ H^1(Ω) and g | |_{∂Ω} = 0 (see [16]). Thus, instead of studying the behaviour of solutions of the initial problem (0.1), (0.4) we will study below the longtime behaviour of (0.5).

The paper is organized as follows. The existence of a solution for the problem (0.5) and it’s uniqueness is verified in Section 1. The extension of the semi-group S_t : D → D generated by the equation (0.5) in the spirit of the monotone operator theory in L^2 and the attractor A of the obtained semi-group are constructed in Section 2. Some regularity properties of the attractor are studied in Section 3. The proof of the fact that the attractor A has a finite fractal dimension is given in Section 4.

The case of Neumann boundary conditions ∂_nu | |_{∂Ω} = ∂_nΔ_xu | |_{∂Ω} = 0

is considered in Section 5.

Acknowledgements. The authors have greatly benefited from helpful comments of A.Miranville.

§1 Existence of solutions.

In this Section we deduce a number of a priori estimates for the problem (0.5) and prove that for every u_0 ∈ D this problem has a unique solution. The main result of this Section is the following Theorem.

Theorem 1.1. Let the assumptions (0.3) and (0.7) be valid. Then for every u_0 ∈ D the problem (0.5) has a unique solution u in the class (0.10) and the following estimate holds:

(1.1) ‖u(t)‖^2_D ≤ C_1(‖u(0)‖^2_D + ‖g‖^2_L2 )e^{2(K−ε)t}

with some ε > 0.

We give below only a formal proof of the estimate (1.1) which can be justified for instance using Galerkin’s approximation method. To this end we need the following Lemmata. 3

Lemma 1.1. Let u be a solution of the equation (0.5). Then the following estimate holds (1.2) ‖u(t)‖^2_H1 ≤ C_1 ( ‖u(0)‖^2_H1 + ‖g‖^2_L2 ) e^{2(K−ε)t} , where K is the same as in (0.3) and ε > 0 is small enough.

Proof. Indeed, multiplying the equation (0.5) by −Δ_xu and integrating over Ω we obtain after the standard integration by parts that (1.3) ∂_t ( ‖∇_xu(t)‖^2_L2 + (bu(t), u(t)) ) + ((a + a^∗)Δ_xu(t), Δ_xu(t)) + + 2 (f^′(u(t))∇_xu(t), ∇_xu(t)) + 2 (g, Δ_xu(t)) = 0 , Using that a + a^∗ > 0, f^′(u) ≥ −K and applying Friedrichs and Hölder’s inequality we deduce from (1.3) that (1.4) ∂_t ( ‖∇_xu(t)‖^2_L2 + (bu(t), u(t) ) + 2ε‖∇_xu(t)‖^2_L2 − 2K‖∇_xu(t)‖^2_L2 ≤ C_ε‖g‖^2_L2 , where ε > 0 is a sufficiently small positive number. Applying Gronwall’s inequality to the estimate (1.4) and using that b is positive, we obtain the assertion of the lemma.

Lemma 1.2. Let u be a solution of the problem (0.5). Then the following estimate is valid:

(1.5) ‖∂_tu(t)‖^2_L2 ≤ C_1(‖u(0)‖^2_D + ‖g‖^2_L2 )e^{2(K−ε)t} , where K is the same as in (0.3) and ε > 0 is small enough.

Proof. Differentiating the equation (0.5) with respect to t and denoting θ(t) = ∂_tu(t) we get

(1.6)

{ ∂_t (1 + b(−Δ_x)_{−1}) θ(t) − aΔ_xθ(t) + f_′(u(t))θ(t) = 0 , θ | |_{t=0} = aΔ_xu(0) − f(u(0)) + g , θ | |_{∂Ω} = 0 .

Multiplying this equation by θ(t), integrating over x ∈ Ω and arguing as in the proof of the previous lemma, we deduce that

(1.7) ∂_t ( ‖θ(t)‖^2_L2 + (b(−Δ_x)^{−1/2}θ, (−Δ_x)^{−1/2}θ) ) + + 2ε‖θ(t)‖^2_L2 − 2K‖θ(t)‖^2_L2 ≤ 0 . Applying Gronwall’s inequality to the estimate (1.7) we obtain the assertion of the lemma.

Lemma 1.3. Let u be a solution of the problem (0.5). Then the following estimate is valid:

(1.8) ‖u(t)‖^2_H2 ≤ C_1(‖u(0)‖^2_D + ‖g‖^2_L2 )e^{2(K−ε)t} , where ε > 0 is small enough.

Proof. Let us rewrite the equation (0.5) in the form of an elliptic boundary problem (1.9) aΔ_xu(t) − f(u(t)) = ∂_t ( 1 + b(−Δ_x)^{−1} ) u(t) − g ≡ h_u(t), u(t) | |_{∂Ω} = 0 . 4

Multiplying (1.9) by Δ_xu(t) and integrating over x ∈ Ω, we obtain, arguing as in the proof of Lemma 1.1, that (1.10) ‖Δ_xu(t)‖^2_L2 ≤ C_1K‖∇_xu(t)‖^2_L2 + C_2(‖∂_tu(t)‖^2_L2 + ‖g‖^2_L2 ) . According to (L^2, H^2)-regularity of solutions of the Laplace equation, we have (see [17]) (1.11) ‖u(t)‖^2_H2 ≤ C‖Δ_xu(t)‖^2_L2 .

Inserting the inequalities (1.2) and (1.5) into the right-hand side of (1.10) and using (1.11), we obtain (1.8) after simple calculations. Lemma 1.3 is proved.

Now we are in position to complete the proof of the estimate (1.1). Indeed, according to (0.9) we should estimate the H^2-norm of u(t) and the L^2-norm of f(u(t)). The H^2-norm is already estimated in Lemma 1.3, so it remains to estimate ‖f(u(t))‖_L2 . But it follows immediately from the equation (0.5) that (1.12) ‖f(u(t))‖^2_L2 ≤ C‖u(t)‖^2_H2 + C‖∂_tu(t)‖^2_L2 + C‖g‖^2_L2 . Inserting the inequalities (1.5) and (1.8) into the right-hand side of (1.12) we obtain the estimate of the L^2-norm of f(u(t)). The estimate (1.1) is proved.

The existence of a solution u ∈ C_w([0, T ], D ) for the problem (0.5) can be derived in a standard way using the a priori estimate (1.1) and the Galerkin’s approximation method with a special choice of basis generated by eigenfunctions of the Laplacian (see for example [1], [16]). So it remains to prove the uniqueness. Lemma 1.4. Let u_1, u_2 ∈ C_w([0, T ], D ) be two solutions of the equation (0.5) with the initial values u_1(0) and u_2(0) respectively. Then

(1.13) ‖u_1(T )−u_2(T )‖^2_L2 +

∫_{T +1} T ‖u_1(t)−u_2(t)‖^2_H1 dt ≤ ‖u_1(0)−u_2(0)‖^2_L2 e^{2(K−ε)T}

for some positive ε > 0. Particularly, the problem (0.5) has a unique solution for every u_0 ∈ D .

Proof. Let w(t) = u_1(t) − u_2(t). Then the function w satisfies the equation

(1.14)

{ ∂_t (1 + b(−Δ_x)_{−1}) w(t) − aΔ_xw(t) = f(u_2(t)) − f(u_1(t)) , ≡ h_{u1 ,u2} (t) w | |_{t=0} = u_1(0) − u_2(0) .

Note, that h_{u1 ,u2} ∈ C_w([0, T ], L^2). Moreover, since f^′(v) ≥ −K then (1.15) (f(ξ_1) − f(ξ_2)).(ξ_1 − ξ_2) ≥ −K|ξ_1 − ξ_2|^2 for every ξ_1, ξ_2 ∈ R^k . Thus, (1.16) (h_{u1,u2} (t), w(t)) ≤ K‖w(t)‖^2_L2 .

Multiplying now the equation (1.14) by w(t), integrating over x ∈ Ω and using the estimate (1.16) we deduce that

(1.17) ∂_t ( ‖w(t)‖^2_L2 + (b(−Δ_x)^{−1/2}w(t), (−Δ_x)^{−1/2}w(t)) ) + + ε‖w(t)‖^2_H1 − 2K‖w(t)‖^2_L2 ≤ 0 . 5

Applying Gronwall’s inequality to (1.17) we obtain the estimate (1.13). Lemma 1.4 is proved. Theorem 1.1 is proved.

Remark 1.1. Note, that the dissipativity assumption f(u).u ≥ −C has not been used in the proof of Theorem 1.1, consequently this theorem remains valid without this assumption. However the dissipativity assumption will be essentially used in the next Section in order to prove the existence of an absorbing set for the semigroup, generated by the equation (0.5).

§2 The attractor.

In this Section we describe the longtime behavior of solutions of the autonomous equation (0.5) in terms of the attractor for the corresponding semigroup. Recall that, according to Theorem 1.1, the problem (0.5) generates a Lipschitz continuous semigroup {S_t, t ≥ 0} in D :

(2.1) S_t : D → D , S_tu_0 = u(t) .

Moreover, (1.1) implies that

(2.2) ‖u(t)‖^2_D ≤ C ( ‖u(0)‖^2_D + ‖g‖^2_L2 ) e^{2(K−ε)t} for a sufficiently small positive ε. But the right-hand side of (2.2) tends to +∞ as t → ∞. (The case K − ε < 0 is not considered because in this situation it is easy to prove that the attractor consists of a unique exponentially attracting equilibrium.) Hence, the estimate (2.2) does not guarantee that S_t will be bounded in D when t → ∞. In fact under our assumptions we can prove that it will be bounded in L^2 or H^1 only and not in D . To avoid this difficulty we extend by continuity the semigroup S_t, which is initially defined for only u_0 ∈ D to Ŝ_t : L^2 → L^2. Indeed, D is dense in L^2 and according to (1.13) S_t is uniformly continuous on D in L^2-metric for every fixed t. Consequently it can be extended in a unique way to a semigroup Ŝ_t on L2 by

(2.3) Ŝ_tu_0 = L^2−lim_{n→∞} S_tu^n_0 , u^n_0 ∈ D , u_0 = L^2−lim_{n→∞} u^n_0 .

Moreover, the estimate (1.13) implies that

(2.4) ‖Ŝ_tu^1_0 − Ŝ_tu^2_0‖^2_L2 +

∫_{T +1} T ‖Ŝ_tu^1_0 − Ŝ_tu^2_0‖^2_H1 dt ≤ e^{2(K−ε)T} ‖u^1_0 − u^2_0‖_L2

for every u^1_0, u^2_0 ∈ L^2 and since u_n(t) = S_tu^n_0 ∈ C([0, T ], L^2) if u^n_0 ∈ D then u(t) = Ŝ_tu_0 also belongs to C([0, T ], L^2) for every u_0 ∈ L^2.

Thus, we can naturally interpret the function u(t) = Ŝ_tu_0 as a unique solution of the problem (0.5) for u_0 ∈ L^2 and study the longtime behavior of the semigroup Ŝ_t : L2 → L2. The following Theorem is of fundamental significance for these purposes.

Theorem 2.1. Let u_0 ∈ L^2 and u(t) = Ŝ_tu_0. Then u ∈ C([0, T ], L^2) for every T ≥ 0 and

(2.5) ‖u(T )‖^2_L2 +

∫_{T +1} T ‖u(t)‖^2_H1 dt ≤ C_1‖u(0)‖^2_L2 e^{−εt} + C_2(1 + ‖g‖^2_L2 ) 6

for a sufficiently small positive ε > 0. Moreover, for every t > 0, u(t) ∈ H^1, u ∈ C([t, T ], H^1_w), and the following estimate is valid:

(2.6) ‖u(T )‖^2_H1 +

∫_{T +1} T ‖u(t)‖^2_H2 dt ≤ C t + 1 t ( ‖u(0)‖^2_L2 e^{−εt} + 1 + ‖g‖^2_L2 ) .

Proof. According to (2.3), it is sufficient to deduce the estimates (2.5) and (2.6) only for u_0 ∈ D . Let us prove firstly the estimate (2.5).

Multiplying the equation (0.5) by u(t) and integrating over x ∈ Ω, we obtain that

(2.7) ∂_t ( ‖u(t)‖^2_L2 + (b(−Δ_x)^{−1/2}u(t), (−Δ_x)^{−1/2}u(t)) ) + + 2 ((a + a^∗)∇_xu(t), ∇_xu(t)) = −2 (f(u(t)), u(t)) + 2 (g(t), u(t)) .

Using that a + a^∗ > 0 and b = b^∗ > 0, the dissipativity assumption (0.3) on f(u), Hölder and Friedrichs inequalities we derive that

(2.8) ∂_t ( ‖u(t)‖^2_L2 + (b(−Δ_x)^{−1/2}u(t), (−Δ_x)^{−1/2}u(t)) ) + + ε‖u(t)‖^2_L2 + ε‖u(t)‖^2_H1 ≤ C ( 1 + ‖g‖^2_L2 ) . Applying Gronwall’s lemma to (2.8) we obtain the estimate (2.5).

Let us prove now the estimate (2.6). We give below only a formal deriving of it which can be justified by Galerkin’s approximation method.

Multiplying the equation (0.5) by tΔ_xu(t) integrating over x ∈ Ω, we obtain after integration by parts that

(2.9) ∂_t ( t‖∇_xu(t)‖^2_L2 + t(bu(t), u(t)) ) − − ‖u(t)‖^2_H1 − (bu(t), u(t)) + t ((a + a^∗)Δ_xu(t), Δ_xu(t)) = = −2t (f^′(u)∇_xu(t), ∇_xu(t)) − 2t(g, Δ_xu(t)) . Using now the quasimonotonicity assumption (0.3) on f(u) and that a + a^∗ > 0 and b = b^∗ > 0, we obtain as in the proof of the previous estimate that

(2.10) ∂_t ( t‖u(t)‖^2_H1 + t(bu(t), u(t)) ) + ε(t‖u(t)‖^2_H1 ) + ε(t‖u(t)‖^2_H2 ) ≤ ≤ C ( (t + 1)‖u(t)‖^2_H1 + t‖g‖^2_L2 ) for a sufficiently small positive ε. Applying Gronwall’s inequality to (2.10) and using the estimate (2.5) for the integral of ‖u(t)‖^2_{H1} , we obtain after simple calculations the estimate (2.6).

Thus, it remains to prove the continuity of u(t) with respect to t. Indeed, the fact u ∈ C([0, T ], L^2) follows from (2.3) and from the continuity of solutions u_n for (0.5) with u_n(0) ∈ D proved in Theorem 1.1 (u_n ∈ C([0, T ], L^2)).

The weak continuity in H^1 for t > 0 follows from u ∈ C([0, T ], L^2)∩L^∞([t, T ], H^1) (see [12] for instance). Theorem 2.1 is proved.

Now we are in a position to construct a compact attractor for the semigroup Ŝ_t in L^2. Let us remind that a set A ⊂ L^2 is called an attractor for Ŝ_t : L^2 → L^2, if 7

1. The set A is compact in L^2.

2. The set A is strictly invariant with respect to Ŝ_t, i.e.

(2.11) Ŝ_tA = A for t ≥ 0 .

3. A is an attracting set for Ŝ_t in L^2. The latter means that for every neighborhood O(A) of the set A in L^2 and for every bounded subset B ⊂ L^2 there exists T = T (B, O) such that

(2.12) Ŝ_tB ⊂ O(A) for every t ≥ T .

(See [1], [9], [16] for details).

Theorem 2.2. Let the assumptions (0.3) be valid and let g ∈ L^2. Then the semigroup Ŝ_t, defined by (2.3), possesses a compact attractor A ⊂⊂ L^2 (A ⊂ H^1) which has the following structure

(2.13) A = Π_0K ,

where K denotes the set of all complete bounded trajectories of the semigroup Ŝ_t:

(2.14) K = {û ∈ C_b(R, L^2 ) : Ŝ_hu(t) = u(t + h) for t ∈ R, h ≥ 0, ‖u(t)‖_L2 ≤ C_u}

and Π_0u ≡ u(0).

Proof. According to the abstract attractor existence theorem (e.g. see [1] ) it is sufficient to verify that

1. The operators Ŝ_t : L^2 → L^2 are continuous for every fixed t ≥ 0. 2. The semigroup Ŝ_t possesses a compact attracting set K in L^2. The continuity is an immediate corollary of (2.4). So it remains only to verify the existence of the attracting set.

The estimate (2.6) implies that the H^1-ball K ≡ {v ∈ H^1(Ω) : ‖v‖_H1 ≤ R} will be the attracting (and even the absorbing) set for the semigroup Ŝ_t in L^2, if R is large enough. Since H^1 ⊂⊂ L^2 then K is compact in L^2 and consequently the semigroup Ŝ_t possesses the attractor A ⊂ K ⊂ H^1. Theorem 2.2 is proved.

§3 The regularity of solutions.

Let us remind that in Section 1 we have proved that the problem (0.5) has a unique solution u(t) = S_tu_0 for every u_0 ∈ D . Then in Section 2 we have extended by continuity the semigroup S_t from D to Ŝ_t : L^2 → L^2 and proved that the semigroup thus obtained possesses the attractor A in L^2. This Section studies the following three problems which naturally arise after proving the above results:

1. In what sense the ’solution’ u(t) = Ŝ_tu_0 satisfies the equation (0.5) if u_0 only belongs to L^2 (but not from D ).

2. Whether the attractor A belongs to the space D . 8

3. Under what assumptions on f the semigroup Ŝ_t possesses the following smoothing property:

(3.1) Ŝ_t : L^2 → D for every t > 0 .

Note also that these problems occur to be closely connected with the problem of the finite dimension of the attractor A which will be considered in the next Section.

We start here with the most simple case where the nonlinear term f satisfies the following growth restriction:

(3.2) |f(u)| ≤ C(1 + |u|^p) where p ≤ p_{max} ≡ 1 + 4 n − 4 , if n > 4 and p is arbitrary if n = 4 (for n ≤ 3 we need not any growth restriction!). In this case one can easily verify (using Sobolev embedding theorem) that f(v) ∈ L^2 if v ∈ H^2. Thus,

(3.3) D = H^2(Ω) ∩ {v | |_{∂Ω} = 0}

and therefore the nonlinearity f(u) is subordinated to the linear term Δ_xu. Theorem 3.1. Let the assumption (3.2) holds. Then the semigroup Ŝ_t possesses the smoothing property in the form of (3.1) and consequently for every u_0 ∈ L^2 u(t) = Ŝ_tu_0 satisfies (0.5) in the sense of distributions. Moreover,

(3.4) ‖u(1)‖^2_D ≤ Q(‖u_0‖^2_L2 + ‖g‖^2_L2 )

for a certain monotonous function Q depending on f and therefore

(3.5) A ⊂ D .

Proof. Indeed, according to (2.6) u ∈ L^2([s, T ], H^2) for every s > 0. Hence due to Fubini’s theorem u(t) ∈ H^2 for almost all t ∈ R_+ . Then, according to (3.3), u(t) ∈ D for almost all t ∈ R_+ . But Theorem 1.1 implies that Ŝ_t : D → D , therefore u(t) ∈ D for every t > 0. Let us prove now the estimate (3.4).

Indeed, according to (2.6), ∫_1 1/2 ‖u(t)‖^2_H2 dt ≤ C(‖u(0)‖^2_L2 + 1 + ‖g‖^2_L2 ) .

The latter means that there exists a point t_0 ∈ [1/2, 1], such that

(3.6) ‖u(t_0)‖^2_H2 ≤ 2C(‖u(0)‖^2_L2 + 1 + ‖g‖^2_L2 )

and hence, according to (3.2) and the embedding theorem

(3.7) ‖u(t_0)‖^2_D ≡ ‖u(t_0)‖^2_H2 + ‖f(u(t_0))‖^2_L2 ≤ Q(‖u(t_0)‖^2_H2 )

for a certain monotonous function Q. The estimate (3.4) follows now from the inequality (2.2) with u_0 = u(t_0) applied in the point t = 1 − t_0 and from the estimates (3.6) and (3.7). 9

Thus it remains to prove the embedding (3.5). But this fact is an immediate corollary of the estimates (2.5) and (3.4). Theorem 3.1 is proved.

Remark 3.1. Let n ≤ 3. Then Theorem 3.1 and the embedding theorem imply that under the assumptions of Section 2

(3.8) Ŝ_t : L^2(Ω) → C(Ω) for t > 0 and A ⊂ C(Ω) .

Assume now that n ≥ 4, (3.2) holds with p < p_0 and the right-hand side g ∈ L^r(Ω) for a some r >^n_2 . Then using the L^q-regularity theory for the heat equations (see [10]) one can derive that the assertions (3.8) remain valid in this case as well. Moreover the space C in (3.8) can be replaced by H^{2,r} ⊂⊂ C.

Note also that the growth condition (3.2) is essentially less restrictive than (0.4). Let us consider now the case when the nonlinearity f is not subordinated to the linear part Δ_xu.

Theorem 3.2. Let the assumptions of Theorem 2.2 holds and let u(t) = Ŝ_tu_0 with u_0 ∈ L^2. Then the function f(u(t)).u(t) belongs to L^1([0, T ], L^1(Ω)) and satisfies the estimate

(3.9)

∫_{T +1} T ‖f(u(t)).u(t)‖_L1 dt ≤ C‖u_0‖^2_L2 e^{−εT} + C(1 + ‖g‖^2_L2 ) , for every T ≥ 0.

Proof. Indeed, let u(t) = L^2−lim_{n→∞} u_n(t) where u_n be the solution of (0.5) with the initial condition u_n(0) ∈ D . Multiply the equation (0.5) (with u replaced by u_n) by u_n(t) and integrate over (t, x) ∈ [T, T + 1] × Ω. We will have after evident transformations that

(3.10)

∫_{T +1} T (f(u_n(t)), u_n(t)) dt = 1/2 ( ‖u_n(T )‖^2_L2 − ‖u_n(T + 1)‖^2_L2 ) + 1/2 ( (b(−Δ_x)^{−1/2}u_n(T ), (−Δ_x)^{−1/2}u_n(T )) −

− (b(−Δ_x)^{−1/2}u_n(T + 1), (−Δ_x)^{−1/2}u_n(T + 1)) )

− ∫_{T +1} T (a∇_xu_n(t), ∇_xu_n(t))dt + ∫_{T +1} T (g, u_n(t)) dt . Inserting the estimate (2.5) into the right-hand side of (3.10) and using the fact that f(u).u ≥ −C we obtain

(3.11)

∫_{T +1} T ‖f(u_n(t)).u_n(t)‖_L1 dt ≤ C‖u_n(0)‖^2_L2 e^{−εT} + C(1 + ‖g‖^2_L2 ) .

Note that without loss of generality we may assume that u_n → u a.e. in [T, T +1]×Ω and consequently |f(u_n).u_n| → |f(u).u| a.e. Passing now to the limit n → ∞ in (3.11), we derive the estimate (3.9). Theorem 3.2 is proved.

Corollary 3.1. Let the assumptions of Theorem 2.2 hold and let the function f(u) satisfy the inequality (3.12) |f(v)| ≤ C ( |f(v).v| + 1 + |v|^2 ) for every v ∈ R^k .

Then 1. f(u) ∈ L^1([0, T ], L^1), 2. ∂_tu ∈ L^1([s, T ], L^1) for every s > 0 and u(t) = Ŝ_tu_0 satisfies (0.5) in the sense of distributions.

In general situations (where the estimate (3.12) is not assumed to be fulfilled) the function u(t) = Ŝ_tu_0 can be interpreted as a unique solution of a variational inequality (see e.g. [2]) which corresponds to the system (0.5). In order to derive this inequality we assume that u ∈ C_w([0, T ], D ) is a solution of (0.5) and v ∈ C_w([0, T ], D ) ∩ C^1_w([0, T ], L^2) be an arbitrary test function. Multiply now the equation (0.5) by u(t) − v(t) and intergate over [0, T ] × Ω. Then, integrating by parts and using the inequalities (f(u) − f(v), u − v) ≥ K‖u − v‖^2_L2 , −(aΔ_xu − Δ_xv, u − v) ≥ 0 , we derive the following inequality:

(3.13) 1/2 ( (1 + b(−Δ_x)^{−1})u(t), u(t)) − 2v(t) ) | | | t=T t=0 + ∫_T 0 ((1+b(−Δ_x)^{−1})u(t), ∂_tv(t)) dt ≤ ≤ ∫_T 0 (aΔ_xv(t) − f(v(t)) + g(t), u(t) − v(t)) dt + K ∫_T 0 ‖u(t) − v(t)‖^2_L2 dt . Approximating now a ’solution’ u(t) = Ŝ_tu_0 by u_n(t) := S_tu^n_0 , u^n_0 ∈ D , and u^n_0 → u_0 in L^2 and passing to the limit n → ∞ in the inequalities (3.13) for the solutions u_n, we derive that u(t) ∈ C([0, T ], L^2(Ω)) also satisfies (3.13). The following Theorem shows that this property characterises the ’solution’ u(t).

Theorem 3.3. Let the above assumptions hold and let u ∈ C([0, T_1], L^2(Ω)) satisfy the inequality (3.13) for every T ∈ [0, T_1] and every test function

v ∈ C_w([0, T_1], D ) ∩ C^1_w([0, T_1], L^2(Ω)) ,

then u(t) = Ŝ_tu_0.

Proof. Indeed, let v^n_0 ∈ D , v^n_0 → u_0 := u(0) in L^2(Ω) and v_n(t) := S_tv^n_0 . Then by definition v_n(t) → v(t) in C([0, T_1], L^2(Ω)), where v(t) := Ŝ_tu_0. Let us prove that u(t) ≡ v(t). Indeed, taking v_n(t) as a test function in (3.13), we derive using the equation (0.5) for v_n and integration by parts that ( (1 + b(−Δ_x)^{−1})(u(t) − v_n(t)), u(t) − v_n(t) ) | | | t=T t=0 ≤ 2K ∫_T 0 ‖u(t) − v_n(t)‖^2_L2 dt . Passing to the limit n → ∞ in this inequality and using that u(0) = v(0) and that the matrix b is positive we obtain that ‖u(T ) − v(T )‖^2_L2 ≤ 2K ∫_T 0 ‖u(t) − v(t)‖^2_L2 dt . 11

Gronwall’s inequality implies now that u(t) ≡ v(t). Theorem 3.3 is proved.

Remark 3.2. Approximating the test function v(t) in (3.13) by piecewise constant with respect to t ones, one can establish that instead of the inequality (3.13) it is sufficient to require that for every v_0 ∈ D and every 0 ≤ τ ≤ T ≤ T_1

(3.14) 1/2 ( (1 + b(−Δ_x)^{−1})u(t), u(t) − 2v_0 ) | | |^{t=T} t=τ ≤ ≤ ∫_T τ (aΔ_xv_0 − f(v_0) + g, u(t) − v_0) dt + K ∫_T τ ‖u(t) − v_0‖^2_L2 dt (which is similar to the standard variational inequalities for monotone operator theory, see [2]).

Now we are going to study the smoothing properties of (0.5) for the case where the main part of the nonlinearity f has a gradient structure.

Theorem 3.4. Let the assumptions of Theorem 2.2 be valid and let the function f have the structure

(3.15) f(v) = f_1(v) + f_2(v) ,

where the function f_1 also satisfies (0.3) and f_1(v) = ∇_vF (v), and the function f_2 be subordinated to f_1 in the following sense

(3.16) |f_2(v)|^2 ≤ C_1F (v) + C_2 ( 1 + |v|^2 ) . Then the semigroup Ŝ_t, defined by (2.3), maps L^2 to D for every t > 0. Moreover,

(3.17) ‖u(t)‖^2_D ≤ C

1 + t^2 t^2 ( ‖u(0)‖^2_L2 e^{−εt} + 1 + ‖g‖^2_L2 )

and therefore A ⊂ D .

The proof of this theorem is based on a number of lemmata.

Lemma 3.1. Under the assumptions of Theorem 3.3 the following estimate is valid:

(3.18) −C (1 + ln(|v| + 1)) ≤ F (v) ≤ C ( |f(v).v| + 1 + |v|^2 ) for every v ∈ R^k

and consequently

(3.19)

∫_{T +1} T ‖f_2(u(t))‖^2_L2 + ‖F (u(t))‖_L1 dt ≤ C‖u(0)‖^2_L2 e^{−εt} + C(1 + ‖g‖^2_L2 ) .

The proof of this lemma is given in [18].

Lemma 3.2. Let the assumptions of Theorem 3.3 hold. Then for T > 0

(3.20)

∫_{T +1} T ‖∂_tu(t)‖^2_L2 dt ≤ C T + 1 T ( ‖u(0)‖^2_L2 e^{−εt} + 1 + ‖g‖^2_L2 ) . 12

Proof. Let us multiply the equation (0.5) by t∂_tu(t) and integrate over t ∈ [0, 2]:

(3.21)

∫_2 0 t ( ‖∂_tu(t)‖^2_L2 + (b(−Δ_x)^{−1/2}u(t), (−Δ_x)^{−1/2}u(t)) ) dt = = ∫_2 0 (aΔ_xu(t), t∂_tu(t)) dt − 2F (u(2))+ + ∫_2 0 F (u(t)) dt − ∫_2 0 t(f_2(u(t)), ∂_tu(t)) dt + ∫_2 0 t(g, ∂_tu) dt . Applying the Hölder inequality together with (2.5) and (3.19) to the right-hand side of (3.21), we deduce that

∫_2 0 t‖∂_tu(t)‖^2_L2 dt ≤ C (∫_2 0 t‖Δ_xu(t)‖^2_L2 dt + 1 + ‖g‖^2_L2 + ‖u_0‖^2_L2 ) . Arguing as in the proof of estimate (2.6) one can easily derive that

(3.22)

∫_2 0 t‖Δ_xu(t)‖^2_L2 dt ≤ C ( ‖u_0‖^2_L2 + 1 + ‖g‖^2_L2 )

and therefore

(3.23)

∫_2 0 t‖∂_tu(t)‖^2_L2 dt ≤ C_1 ( 1 + ‖g‖^2_L2 + ‖u_0‖^2_L2 ) . Note that the estimate (3.23) implies (3.20). Indeed, for T ≤ 1 we derive from (3.23) that T ∫_{T +1} T ‖∂_tu(t)‖^2_L2 dt ≤ C_1 ( 1 + ‖g‖^2_L2 + ‖u_0‖^2_L2 ) . And if T ≥ 1, then according to (3.23) and (2.5) ∫_{T +1} T ‖∂_tu(t)‖^2_L2 dt ≤ C(‖u(T −1)‖^2_L2 +1+‖g‖^2_L2 ) ≤ C_1 ( ‖u(0)‖^2_L2 e^{−εt} + 1 + ‖g‖^2_L2 )

Lemma 3.2 is proved.

Lemma 3.3. Let the assumptions of Theorem 3.3 hold. Then for t > 0

(3.24) ‖∂_tu(t)‖^2_L2 ≤ C

1 + t^2 t^2 ( ‖u(0)‖^2_L2 e^{−εt} + 1 + ‖g‖^2_L2 ) . Proof. Let us differentiate the equation (0.5) with respect to t and denote θ(t) = ∂_tu(t). We will obtain the equation

(3.25) ∂_t ( 1 + b(−Δ_x)^{−1} ) θ(t) = aΔ_xθ(t) − f^′(u(t))θ(t) . Multiplying the equation (3.25) by t^2∂_tθ and using the monotonicity assumption on f, we derive that

(3.26) ∂_t ( t^2‖θ(t)‖^2_L2 + t^2(b(−Δ_x)^{−1/2}θ(t), (−Δ_x)^{−1/2}θ(t)) ) − 2t‖θ(t)‖^2_L2 ≤ ≤ −t^2((a + a^∗)∂_tθ, ∂_tθ) + 2t(b(−Δ_x)^{−1/2}θ(t), (−Δ_x)^{−1/2}θ(t)) + 2Kt^2‖θ(t)‖^2_L2 13

and therefore

(3.27) ∂_t ( t^2‖θ(t)‖^2_L2 + (b(−Δ_x)^{−1/2}θ(t), (−Δ_x)^{−1/2}θ(t)) ) + + ε ( t^2‖θ(t)‖^2_L2 ) ≤ Ct(t + 1)‖∂_tu(t)‖^2_L2 . Applying Gronwall’s inequality to the estimate (3.27) and using the estimate (3.23) for ∂_tu(t) in the right-hand side of (3.27), we obtain the assertion of the lemma.

Now we are in a position to complete the proof of the Theorem. Indeed, the estimate (3.24) inserted in (1.10) gives us that ‖u(t)‖^2_H2 ≤ C 1 + t^2 t^2 ( ‖u(0)‖^2_L2 e^{−εt} + 1 + ‖g‖^2_L2 ) . Inserting this estimate into (1.12) we derive the analogous estimate for the norm of f(u(t)). Theorem 3.4 is proved.

Remark 3.3. The model example of the nonlinearity f(u) for which the assumptions of previous Theorem hold is the following:

(3.28) f_1(u) = (a_1u_1|u_1|^{p1} , · · · , a_ku_k|u_k|^{pk} ) , f_2(u) = Lu ,

where a_i > 0, p_i > 0 and L is and arbitrary linear operator (L ∈ L(R^k , R^k )).

§4 The dimension of the attractor

In this Section we prove that under some additional assumptions on the nonlinear term f(u) the attractor A of the equation (0.5) has a finite fractal dimension. Note that the usual way of estimating the fractal dimension of invariant sets involving the Liapunov exponents and k-contraction maps (see for instance [16]) requires the semigroup to be quasidifferentiable with respect to the initial data on the attractor. But in our case where f(u) is not subordinated to the linear part Δ_xu (in the sense of (3.3)) we were able to prove only that A ⊂ D (under the assumptions of previous Section) which is not sufficient to obtain the differentiability. To avoid this difficulty we use below a another scheme of estimating the dimension of invariant sets introduced in [18] which works without the differentiability assumptions.

First of all we remind here the definition and the simplest properties of the fractal dimension (see [16] for further details).

Definition 4.1. Let X be a metric space and let M be a precompact set in X. Then, according to Hausdorff’s criterium the set M can be covered by a finite number of ε-balls in X for every ε > 0. Denote by N_ε(M, X) the minimal number of ε-balls in X which cover M. Then the Kolmogorov entropy of the set M in X is defined to be the following number

(4.1) H_ε(M, X) ≡ log_2 N_ε(M, X)

and the fractal (entropy, box-counting) dimension of M can be defined in the following way

(4.2) d_F (M) = d_F (M, X) = lim sup_{ε→0} H_ε(M, X) log_2^1_ε . The following properties of the fractal dimension can be easily deduced from it’s definition: 14

Proposition 4.1. 1. Let M be a compact k dimensional Lipschitz manifold in X. Then d_F (M, X) = k.

2. Let X and Y be metric spaces M ⊂ X and L : X → Y . Assume that the map L is globally Lipschitz continuous on M. Then (4.3) d_F (L(M), Y ) ≤ d_F (M, X) .

Particularly, the fractal dimension preserves under Lipschitz continuous homeomorphisms.

The following Theorem is of fundamental significance in our study the dimension of attractors.

Theorem 4.1. Let H_1 and H be Banach spaces, H_1 be compactly embedded into H and let K ⊂⊂ H. Assume that there exists a map L : K → K, such that L(K) = K and the following ’smoothing’ property is valid (4.4) ‖L(k_1) − L(k_2)‖_{H1} ≤ C‖k_1 − k_2‖_H for every k_1, k_2 ∈ K. Then the fractal dimension of K in H is finite and can be estimated in the following way:

(4.5) d_F (K, H) ≤ H_{1/4C} (B(1, 0, H_1), H) , where C is the same as in (4.4) and B(1, 0, H_1) means the unit ball in the space H_1.

The proof of this Theorem is given in [18].

Now we are ready to formulate the main result of this Section. Theorem 4.2. Let the assumptions of Theorem 2.2 hold and let A be the attractor of the equation (0.5). Assume that for a sufficiently small δ > 0 the following regularity assumption is valid (4.6) ‖f^′(αu_0 + (1 − α)u_1)‖_L2−δ_{(Ω)} ≤ C uniformly with respect to u_0, u_1 ∈ A and α ∈ [0, 1]. Then the fractal dimension of the attractor A is finite.

(4.7) d_F (A, L^2(Ω)) < ∞ .

We are going to apply Theorem 4.1. In order to do so we need some estimates for the difference v(t) = u_1(t) − u_2(t) between two solutions u_1 and u_2 belonging to the attractor.

Lemma 4.1. Let the assumptions of the theorem hold and let ε > 0 and δ > 0 satisfies the condition 0 < k(ε, δ) ≡ 4ε + δ − εδ 1 − (ε + δ) ≤ 4 n − 2 . Then the following estimate is valid:

(4.8) ‖∂_tv‖_L1+ε_{([1,2],L}1+ε_{(Ω))} + ‖v‖_L2_{([1,2],H}1_{(Ω))} ≤ C‖v(0)‖_L2 . 15

Proof. Recall, that the function v(t) satisfies the equation

(4.9) ∂_t ( 1 + b(−Δ_x)^{−1} ) v(t) = aΔ_xv − l(t)v , v | |_{∂Ω} = 0

with l(t) =

∫_1 0 f^′(su_1(t) + (1 − s)u_2(t)) ds. Since u_1(t), u_2(t) ∈ A, the assumption (4.6) implies that

(4.10) ‖l(t)‖_L2−δ ≤ C_1 .

Let us estimate the L^{1+ε}-norm of the function h_v(t) = l(t)v(t) using Hölder inequality, the estimate (4.10), and Sobolev’s embedding theorem H^1 ⊂ L^p if p ≤ 2 +^4_{n−2} : (4.11) ‖h_v(t)‖_L1+ε ≤ ‖l(t)‖_L2−δ ‖v(t)‖_L2+k(ε,δ) ≤ C_2‖v(t)‖_H1 . It follows from the estimates (2.4) and (4.14) that

(4.12) ‖h_v‖_L1+ε_{([0,2],L}1+ε_) ≤ C_3‖v(0)‖_L2 .

Let us rewrite (4.9) as a linear non-homogeneous problem in Ω

(4.13) ∂_t ( 1 + b(−Δ_x)^{−1} ) v = aΔ_xv − h_v(t) . Then according to the L^{1+ε}-regularity theorem for the linear equation (4.16) (this theorem for b > 0 can be easily deduced from the one for a standard parabolic equation using the compact perturbations arguments) and using the smoothing property for the corresponding homogeneous problem (see for instance [10]), we derive that

(4.14) ‖∂_tv‖_L1+ε_{([1,2],L}1+ε_) + ‖Δ_xv‖_L1+ε_{([1,2],L}1+ε_) ≤ ≤ C ( ‖v(0)‖_L1+ε + ‖h_v‖_L1+ε_{([0,2],L}1+ε_) ) ≤ C_4‖v(0)‖_L2 .

The estimate (4.14) together with (2.4) completes the proof of Lemma 4.1. Lemma 4.2. Let the assumptions of the previous lemma hold. Then

(4.15) ‖v(1)‖^2_L2 ≤ C

∫_1 0 ‖v(t)‖^2_L2 dt .

Proof. Indeed, multiplying the equation (4.12) by tv(t) and integrating over x ∈ Ω, we obtain using the fact that l(t) ≥ −K

(4.16) ∂_t ( t‖v(t)‖^2_L2 + t(b(−Δ_x)^{−1/2}v(t), (−Δ_x)^{−1/2}v(t)) ) − − 2K ( t‖v(t)‖^2_L2 ) ≤ C‖v(t)‖^2_L2 . Applying Gronwall’s inequality to the estimate (4.16), we obtain the assertion of the lemma.

Thus, combining the results of Lemmata 4.1 and 4.2, we derive that

(4.17) ‖∂_tv‖_L1+ε_{([2,3],L}1+ε_{(Ω))} + ‖v‖_L2_{([2,3],H}1_{(Ω))} ≤ C‖v‖_L2_{([0,1],L}2_) . 16

Now we are in the position to complete the proof of the theorem. To this end we introduce the space (4.18) W = {u ∈ L^2([0, 1], H^1) : ∂_tu ∈ L^{1+ε}([0, 1], L^{1+ε})} . It is known (see [13]) that the space W is compactly embedded into L^2([0, 1], L^2).

Let us consider the restriction K | |_{[0,1]} of the kernel K, defined by (2.14) and the map (4.19) L : K | |_{[0,1]} → K | |_{[0,1]} , (Lu)(t) = Ŝ_2u(t) .

Since the attractor is strictly invariant with respect to Ŝ_t, we have L ( K | |_{[0,1]} ) = K | |_{[0,1]}

and due to (4.17), ‖L(u_1) − L(u_2)‖_W ≤ C‖u_1 − u_2‖_L2_{([0,1],L}2_) .

Consequently, according to Theorem 4.1, (4.20) d_F ( K | |_{[0,1]}, L^2([0, 1], L^2(Ω)) ) < ∞ . The finite dimensionality of A in L^2(Ω) is an immediate corollary of (4.20), (4.15) and the second assertion of Proposition 4.1. Theorem 4.2 is proved.

Thus, we have proved that the attractor is finite dimensional under the regularity assumption (4.6). But it is still not clear how to verify this condition in applications. The following corollary gives an answer on this question.

Corollary 4.1. Let the attractor A be bounded in D (for instance let the assumptions of Theorem 3.3 be valid). Let us assume also that there exists a convex function Ψ : R^k → R_+ , such that (4.21) K_2Ψ(v) − C_2 ≤ ‖f^′(v)‖_{L(R}k_{,R}k_) ≤ K_1Ψ(v) + C_1 , ∀v ∈ R^k , where K_i > 0. Moreover, it is assumed that the derivative f^′ satisfies the estimate (4.22) ‖f^′(v)‖_{L(R}k_{,R}k_) ≤ C(|f(v)|^{1+β} + 1) for a sufficiently small β > 0 and every v ∈ R^k . Then the assumption (4.6) is satisfied and consequently the attractor A has a finite fractal dimension.

Indeed, since the function Ψ is convex, we have (4.23) ‖f^′(αv_1 − (1 − α)v_2)‖_{L(R}k_{,R}k_) ≤ K_1αΨ(v_1) + K_1(1 − α)Ψ(v_2) + C_2 ≤ ≤ K_1 K_2 ( α‖f^′(v_1)‖_{L(R}k_{,R}k_) + (1 − α)‖f^′(v_2)‖_{L(R}k_{,R}k_) + C ) for every v_1, v_2 ∈ R^k and α ∈ [0, 1]. Thus, (4.6) is fulfilled if (4.24) ‖f^′(u_0)‖_L2−δ_{(Ω)} ≤ C for every u_0 ∈ A .

In order to verify the assumption (4.24) we use the estimate (4.22). Indeed, according to (4.22) and due to the fact that A is bounded in D ‖f^′(u_0)‖^{2−δ}_{L2−δ} ≤ C(‖f(v)‖^2_L2 + 1) ≤ C(‖u‖^2_D + 1) ≤ C_1 for δ = 2 −^2_{1+β} . Corollary 4.1 is proved.

Remark 4.1. Since the solutions of the equation y^′ = y^{1+β} blow up in finite time, (4.22) is not a growth restriction but only some kind of regularity assumption. 17

§5 The case of Newmann boundary conditions.

In this Section we briefly consider the 4-order parabolic system of the Cahn- Hilliard type with Neumann boundary conditions:

(5.1) b∂_tu = −Δ_x (aΔ_xu − ∂_tu − f(u) + g̃) , ∂_nu | |_{∂Ω} = ∂_nΔ_xu | |_{∂Ω} = 0 , u | |_{t=0} = u_0 .

It is assumed as before that u = (u^1, · · · , u^k) is a vector-valued unknown function, b = b^∗ > 0 and a, a + a^∗ > 0 are given. As in the case of Dirichlet boundary conditions the solution u of the equation (5.1) is defined to be a function u ∈ C_w([0, T ], D(A)) ∪ C^1_w([0, T ], L^2(Ω)), where

D(A) := {u ∈ W^{2,2}(Ω) : ∂_nu | |_{∂Ω} = 0, f(u) ∈ L^2(Ω)}

and the equality (5.1) should be understood in the variational sence (see e.g. [16]).

The main difference to the case of Dirichlet boundary conditions considered before is the fact that the Laplacian Δ_x with Newmann boundary conditions has zero eigenvalue, moreover, the multiplicity of zero eigenvalue is equal to k in the case of systems. This leads to appearing of k concervation laws for the initial system (5.1) and to some additional conditions to the external force g̃. Indeed, integrating the equation (5.1) over x ∈ Ω we obtain after the standard integration by parts that

(5.2) b∂_t ∫ x∈Ω u(t) dx = ∫ ∂Ω ∂_ng̃ dS . The equality (5.2) shows that one can expect the bounedness of solution u(t) (even in L^1(Ω)-norm) only if the right-hand side of (5.2) equals to zero, i.e. we should impose the following restrictions on g̃:

(5.3) ∫ ∂Ω ∂_ng̃^i(x) dS = 0, i = 1, · · · , k (g̃ = (g̃^1, · · · , g̃^k)) .

It will be assumed everywhere below that the condition (5.3) is satisfied. Therefore, the relation (5.2) gives us k conservation laws (b is invertible!):

(5.4) ⟨ u^i(t) ⟩ = ⟨ u^i(0) ⟩ := m^i, i = 1, · · · , k, ⟨f⟩ := 1 |Ω| ∫ x∈Ω f(x) dx . Thus, it seems resonable to consider the restrictions of the dynamical system, generated by (5.1) to invariant surfaces

(5.5) T_m := {u ∈ D(A) : ⟨ u^i ⟩ = m^i, i = 1, · · · , k}, m := (m^1, · · · , m^k) and to study the dynamics on these surfaces.

Our task now is to rewrite the equation (5.1) in the form of (0.5) (as we have done for the case of Dirichlet boundary condtions). Note however that the Laplace operator with Neumann boundary conditions is not invertible and a priori it is not clear how to do so. 18

Define now the inverse operator L := (−Δ_x)^{−1} by the following formula: w = Lv is a unique solution of the following equation

(5.6) Δ_xw = v, ∂_nw | ∂Ω = 0, ⟨w⟩ = 0 , which is defined on L^2(Ω) ∩ {⟨v⟩ = 0} (it is well known that this definition is correct). Let us apply the operator L to both sides of the equation (5.1) (it is possible to do because ⟨b∂_tu⟩ = 0 due to the conservation laws). Then we derive after the standard computations that the solution u should satisfy the following equation:

(5.7) { (1 + bL)∂_tu = aΔ_xu − f(u) + ⟨f(u)⟩ + g, ∂_nu | |_{∂Ω} = 0, u | |_{t=0} = u_0 ,

where the function g = g̃ − ⟨g̃⟩ − G and G is a solution of the following nonhomogeneous Neumann boundary problem

(5.8) Δ_xG = 0, ∂_nG | |_{∂Ω} = ∂_ng̃ | |_{∂Ω}, ⟨G⟩ = 0 , which is uniquely solvable due to (5.3).

The obtained equation (5.7) is a compact perturbation (by the term bL∂_tu) of the mass-preserving Allen–Cahn equation. Thus, in contrast to the case of Dirichlet boundary conditions we will have now the additional non-local term ⟨f(u)⟩ in the right-hand side of (5.7). Note however that this term is also compact (and even one dimensional) perturbation and the methods applied above to the case of Dirichlet boundary conditions should work (after minor changing) in this situation as well. The main aim of this Section is to verify that it is really so.

It is assumed that the non-linear term f(u) satisfied the assumptions (0.3) (as before) and also the following additional condition: for every μ > 0 there is a constant C_μ, such that (5.9) |f(u)| ≤ μ|f(u).u| + C_μ, ∀u ∈ R^k . Note, that the assumption (5.9) is always true in the scalar case (k = 1) and looks not very restrictive even in the case of systems (k ≥ 2). We need this additional assumptions in order to obtain the appropriate estimates for the non-local term ⟨f(u)⟩. We assume also that the external force g ∈ L^2(Ω) and has a zero mean value ⟨g⟩ = 0 (which is necessary in order to obtain the conservation laws (5.4)).

The analogue of Theorem 1.1 for this case is the following one.

Theorem 5.1. Let the above assumptions hold. Then for every m ∈ R^k and every u_0 ∈ T_m the problem (5.7) possesses a unique solution which satisfies the following estimate:

(5.10) ‖u(t)‖_{D(A)} ≤ C_m‖u(0)‖^2_{D(A)}e^{2Kt} + C_m(1 + ‖g‖^2_{0,2}) ,

where the constant C_m depends only on m and is independent of g and u_0. Moreover, if u_0 ∈ T_m, then u(t) ∈ T_m for every t ≥ 0.

Proof. Indeed, in order to verify the invariance of T_m it is sufficient to integrate the equation (5.7) over x ∈ Ω and to take into account the assumption ⟨g⟩ = 0 and the fact that, by definition of the operator L, ⟨L∂_tu⟩ = 0. 19

The proof of the estimate (5.10) is completely analogous to the proof of Theorem 1.1 because ⟨Δ_xu⟩ = 0 and ⟨∂_tu⟩ = 0. Consequently the non-local term ⟨f(u)⟩ will disappear in the relations (1.3), (1.7) and (1.10) and therefore repeating word by word the proofs of Lemmata 1.1–1.3 we derive the estimates (1.2), (1.5) and (1.8) for the case of equation (5.7).

The only problem is to obtain the estimate for the non-local term ⟨f(u)⟩ which is necessary in order to obtain the estimate ‖f(u)‖_{0,2} expressing f(u) from the equation (5.7) (as in (1.12)). Thus, we restrict ourselves to give only the proof of such estimate.

Lemma 5.1. Let the above assumptions hold. Then

(5.11) | ⟨f(u(t))⟩ | ≤ C_m‖u(0)‖^2_{D(A)}e^{2Kt} + C_m(‖g‖^2_{0,2} + 1) ,

where α > 0 is an appropriate positive constant.

Proof. Indeed, taking the inner product in R^k of the equation (5.7) with the function u(t), integrating over x ∈ Ω and taking into account that ⟨u(t)⟩ = m, we derive the relation (5.12) ((1 + bL)∂_tu(t), u(t)) = −(a∇_xu(t), ∇_xu(t))− − (f(u(t)), u(t)) + (g, u(t)) + m. ⟨f(u(t))⟩ . Using the estimates (1.2) and (1.8) one can easily derive from (5.12) that

(5.13) ∫ Ω |f(u(t)).u(t)| dx ≤ |m| · |Ω| ∫ Ω |f(u(t))| dx+ + C_m‖u_0‖^2_{D(A)}e^{2Kt} + C_m(1 + ‖g‖^2_{0,2}) .

Applying the assumption (5.9) in order to estimate the first term in the right-hand side of (5.13) and taking μ < 1/(2|m| · |Ω|), we derive that

(5.14) ∫ Ω |f(u(t).u(t)| dx ≤ C^′_m‖u_0‖^2_{D(A)}e^{2Kt} + C^′_m(1 + ‖g‖^2_{0,2}) . The estimate (5.14) together with the assumption (5.9) imply the estimate (5.11). Lemma 5.1 is proved.

Having the estimate (5.11) together with (1.5) and (1.8), we may express the value of f(u) and obtain as before the estimate for ‖f(u)‖_{0,2}:

(5.15) ‖f(u(t))‖_{0,2} ≤ C_m‖u_0‖^2_{D(A)}e^{2Kt} + C_m(1 + ‖g‖^2_{0,2}) .

The estimates (1.8) and (5.15) imply (5.10). The existence of a solution can be easily proved basing on the estimate (5.10) by the Galerkin method. The uniqueness of a solution follows from Lemma 1.4, which can be reproved word by word for the case of Neumann boundary conditions (since ⟨u_1 − u_2⟩ = 0 the non-local term will disappear again). Theorem 5.1 is proved.

Thus, the semi-group S^{(m)}_t : T_m → T_m, generated by the equation (5.7)

(5.16) u(t) := S^{(m)}_t u_0, u_0 ∈ T_m 20

is well defined for every m ∈ R^k .

As in the case of Dirichlet boundary conditions we may extend in a unique way the semi-group S^{(m)}_t : T_m → T_m to the semi-group Ŝ^{(m)}_t : T̂_m → T̂_m (by the formulae (2.3)), where

(5.17) T̂_m := [T_m]_L2_{(Ω)} = L^2(Ω) ∩ {⟨u_0⟩ = m} .

(As in the case of Dirichlet boundary conditions the weak solutions û(t) := Ŝ^{(m)}_t u_0 of (5.7) for u_0 ∈ T̂_m can be characterized in terms of the appropriate variational inequality (see (3.13) and (3.14)).

The analogues of Theorem 2.1 and 2.2 for the case of Neumann boundary conditions will be the following one.

Theorem 5.2. Let the above assumptions hold. Then for every u_0 ∈ T̂_m a weak solution û(t) of the equation (5.7) belongs to C([0, T ], L^2(Ω)) ∩ C_w([τ, T ], W^{1,2}(Ω)) for every τ > 0 and the estimates (2.5) and (2.6) hold with constants C, C_1, C_2 depending on m. Moreover, for every m ∈ R^k the semi-group Ŝ^{(m)}_t : T̂_m → T̂_m possesses a global attractor A^{(m)} ∈ T̂_m ∩ W^{1,2}(Ω).

Proof. The result of this theorem can be obtained analogously to Theorem 2.1 and 2.2. That is why we restrict ourselves to derive only the dissipative estimate (2.5).

Let u(t) = v(t) + m. Then ⟨v(t)⟩ = 0 and the left-hand side of (5.12) can be rewritten in the following way:

(5.18) ((1 + bL)∂_tu(t), u(t)) = ((1 + bL)∂_tv(t), v(t) + m) =

= ((1 + bL)∂_tv(t), v(t)) = 1/2∂_t[‖v(t)‖^2_{0,2} + (bL^{1/2}v(t), L^{1/2}v(t))] .

Using the facts that a + a^∗ > 0, ⟨v⟩ = 0 and the operator L is bounded, we can estimate the first term in the right-hand side of (5.12) in the following way: (5.19) (a∇_xu, ∇_xu) = (a∇_xv, ∇_xv) ≥ 2α‖∇_xv‖^2_{0,2} ≥ α‖∇_xv‖^2_{0,2} + β‖v‖^2_{0,2} ≥ ≥ α‖∇_xv‖^2_{0,2} + β^′ ( ‖v‖^2_{0,2} + (bL^{1/2}v, L^{1/2}v) ) for some positive constants α, β, β^′ > 0.

The non-linear terms in the right-hand side of (5.12) can be estimated in a standard way using the second assumption of (0.3) and the assumption (5.9) (see also the proof of Lemma 5.1) (5.20) −(f(u(t)).u(t)) + m. ⟨f(u(t))⟩ ≥ −C^′_m . Inserting the estimates (5.18)–(5.20) in the relation (5.12), we derive that

(5.21) ∂_t ( ‖v(t)‖^2_{0,2} + (bL^{1/2}v(t), L^{1/2}v(t)) ) + + β^′ ( ‖v(t)‖^2_{0,2} + (bL^{1/2}v(t), L^{1/2}v(t)) ) + α‖∇_xv(t)‖^2_{0,2} ≤ C_m(1 + ‖g‖^2_{0,2}) .

Applying Gronwall’s inequality to the relation (5.21) and taking into account the facts that b = b^∗ > 0 and L = L^∗ > 0, we derive the estimate (2.5). The smoothing property (2.6) can be established completely analogous. Having the estimates (2.5) and (2.6) and repeating word by word the proof of Theorem 2.2, we obtain the existence of the attractors A^{(m)}. Theorem 5.2 is proved.

It is not difficult to see that the regularity results of Section 3 remains true for the case of Newmann boundary conditions as well. 21

Theorem 5.3. Let the assumptions of Theorem 5.1 hold and let in addition the condition (3.2) be satisfied. Then for every t > 0 the semigroup Ŝ^{(m)}_t : T̂_m → D(A) and the estimate (3.4) is valid. Consequently, for every m ∈ R^k the attractor A^{(m)} belongs to D(A) and is bounded in it.

The proof of this theorem is analogous to Theorem 3.1 and so we omit it here. In the case where the non-linearity is not subbordinated to the linear terms we have the analogue of Theorem 3.4.

Theorem 5.4. Let the assumptions of Theorem 5.1 hold and let in addition the non-linear term satisfy the conditions (3.15) and (3.16). Then

(5.22) ‖û(t)‖_{D(A)} ≤ C_m

1 + t^2 t^2 ( ‖u_0‖^2_{0,2}e^{−μt} + 1 + ‖g‖^2_{0,2} ) , and consequently the attractor A^{(m)} belongs to D(A) and is bounded in it.

The proof of this Theorem is the same as in the case of Dirichlet boundary conditions.

In conclusion of this Section we give the analogue of Theorem 4.2 for the case of Neumann boundary conditions which gives us the finite dimensionality of the attractors A^{(m)}.

Theorem 5.5. Let the assumptions of Theorem 5.1 hold and let in addition (4.6) be true (for instanse let the conditions of Corollary 4.1 be satisfied). Then the attractors A^{(m)} have finite fractal dimension in L^2(Ω):

(5.23) dim_F (A^{(m)}, L^2(Ω)) ≤ C_m < ∞ .

The assertion of this Theorem can be verified in the same way as in the case of Dirichlet boundary conditions (see Theorem 4.2).

Example 5.1. Let us consider the scalar case k = 1 and the polynomial nonlinearity

(5.24) f(u) = u^{2l+1} + 2l∑ i=1 a_iu^i, a_i ∈ R ,

where l ∈ N is a certain integer number. Then all assumptions of Theorem 5.5 are evidently satisfied and consequently for every l ∈ N and for every dimension n the equation (5.1) possesses the attractors A^{(m)}, m ∈ R, and their dimension in L^2(Ω) is finite. Moreover, it is worth to emphasize that in the case n = 3 due to (3.8) the solution u(t) ∈ C(Ω) for t > 0. If this fact is established one can easily derive by standard arguments the global existence of classical solutions for the equation (5.1) if the initial data u_0 and the external force g are smooth enough.

References

1. A. V. Babin, M. I. Vishik, Attractors of evolutionary equations, North Holland, Amsterdam, 1992.

2. H.Brezis, Operateurs Maximaux Monotones et Semigroupes de Contractions dans les Espaces de Hibert, Amstredam: North–Holland, 1973.

3. J. Cholewa and T.Dlokto, Global Attractor of the Cahn-Hilliard System, Bull. Austral. Math.

Soc. 49 (1994), 277–302.

4. C. M. Elliot and H. Garke, On the Cahn-Hilliard equation with degenerate mobility, SIAM J.

Math. Anal. 27 (1996), 404–423.

5. D. Eyre, Systems of Cahn-Hilliard equations, SIAM J. Appl. Math. 6 (1993), 1686–1712. 6. H. Garke, On Mathematical Models for phase separation in elastically stressed solids, Habilitationsschrift zur Erlangung der venia legendi der Math.–Naturwissenschaftlichen Fakultat der Rheinschen Friedrich-Wilhelms Universitat, Bohn (2000).

7. H. Gajewski, K. Groger, and K. Zacharias, Nichtlineare Operatorgleichungen und Operatordifferentialgleichungen, Akademie-Verlag, Berlin, 1974.

8. M. Gurtin, Generalized Ginzburg–Landaau and Cahn-Hilliard equaations based on a microforce balance, Physica D 6 (1996), 178–192.

9. J. K. Hale, Asymptotic behavior of dissipative systems, Math. Surveys and Mon., 25, Amer.

Math. Soc., Providence, RI (1987).

10. O. Ladyzenskaia, V. Solonikov and N. Uraltceva, Linear and quasilinear parabolic equations of second order, Translation of Mathematical Monographs, AMS, Rhode Island, 1968.

11. D. Li and C. Zhong, Global Attractor for the Cahn-Hilliard System with Fast Growing Nonlinearity, J. Math. Anal. Appl. (1998), 191–210.

12. J.-L. Lions and E. Magenes, Problèmes aux limites non homogènes et applications, Vol. I, Dunod, Paris, 1968.

13. J.-L. Lions, Quelques methodes de resolution des problemes aux limites non-lineaires, Dunod & Gauthier-Villars, Paris, 1969.

14. A. Mirtanville, A. Pietrus, and J. Rakotoson, Dynamical aspect of a generalized Cahn-Hilliard equation based on a microforce ballance, Asymptotic Anal. 16 (1998), 315–345.

15. B. Nicolaenko, B. Scheurer, and R.Temam, Some Global Dynamical Properties of a Class of Pattern Formation Equations, Comm. Partial Diff. Equ. 14 (1989), 245–297.

16. R. Temam, Infinite–dimensional dynamical systems in mechanics and physics, Springer–Verlag, New-York, 1988.

17. H. Triebel, Interpolation theory, function space, differential operators, North-Holland, Amsterdam-New York, 1978.

18. S. Zelik, The Attractor for a Non-linear Reaction-Diffusion System with a Supercritical Nonlinearity and its Dimension, Schwerpunktprogramm der Deutschen Forschungsgemeinschaft, preprint 16/00; Rend. Accad. Naz. Lincei, (2000), (in press).

19. S.Zheng and W.Shen, On the coupled Cahn-Hilliard equations, Comm. in PDE 18(384) (1993), 701–727.