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ABSTRACT. A two-type infinite-measure-valued population in R? is constructed
which undergoes diffusion and branching. The system is interactive in that the
branching rate of each type is proportional to the local density of the other
type. For a collision rate sufficiently small compared with the diffusion rate,
the model is constructed as a pair of infinite-measure-valued processes which
satisfy a martingale problem involving the collision local time of the solutions.
The processes are shown to have densities at fixed times which live on disjoint
sets and explode as they approach the interface of the two populations. In the
long-term limit (in law), local extinction of one type is shown. The process
constructed is a rescaled limit of the corresponding Z2-lattice model studied
by Dawson and Perkins (1998) and resolves the large scale mass-time-space
behavior of that model under critical scaling. This part of a trilogy extends
results from the finite-measure-valued case, whereas uniqueness questions are
again deferred to the third part.
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1. INTRODUCTION

1.1. Background and motivation. In [DF97a], a continuous super-Brownian
reactant process X ¢ with a super-Brownian catalyst ¢ was introduced. This pair
(0,X?) of processes serves as a model of a chemical (or biological) reaction of two
substances, called ‘catalyst’ and ‘reactant’. There the catalyst is modelled by an
ordinary continuous super-Brownian motion p in R¢, whereas the reactant is a
continuous super-Brownian motion X¢ whose branching rate, for ‘particles’ sitting
at time t in the space element dz, is given by g:(dz) (random medium). This
model has further been analyzed in [DF97b, EF98, FK99, DF00b, FK00]. Actually,
the reactant process X¢ makes non-trivial sense only in dimensions d < 3 since a
“generic Brownian reactant particle” hits the super-Brownian catalyst only in these
dimensions (otherwise X¢ degenerates to the heat flow, [EP94, BP94]).

In a sense, (0, X?) is a model with only a ‘one-way interaction’: the catalyst o
evolves autonomously, but it catalyzes the reactant X¢. There is a natural desire
to extend this model to the case in which each of the two substances catalyzes the
other one, so that one has a ‘true interaction’. This, however, leads to substantial
difficulties since the usual log-Laplace approach to superprocesses breaks down for
such an interactive model. In particular, the analytic tool of diffusion-reaction
equations is no longer available.

Dawson and Perkins [DP98, Theorem 1.7] succeeded in constructing such a con-
tinuum mutually catalytic model in the one-dimensional case, whereas in higher di-
mensions they obtained only a discrete version in which R? is replaced by the lattice
Z%, and Brownian motion is replaced by a random walk. More precisely, in the R-
case they showed that, for given (sufficiently nice) initial functions Xo = (X{, X3),
the following system of stochastic partial differential equations is uniquely solvable
in a non-degenerate way:

(1) %X;(a:) = %AXZ(Q:) + /v X} (z) X2 (2) W (=),

(t,z) € Ry xR, i = 1,2. Here A is the one-dimensional Laplacian, o,v are
(strictly) positive constants (migration and collision rate, respectively), and W', T2
are independent standard time-space white noises on Ry x R. The intuitive mean-
ing of X/(z) is the density of mass of the i*! substance at time t at site z, which
is dispersed in R according to a heat flow (Laplacian), but additionally branches
with rate X/ (z), j #i (and vice versa).

For the existence of a solution X = (X', X?) to (1) they appealed to standard
techniques as known, for instance, from [SS80], whereas uniqueness was made possi-
ble by Mytnik [Myt98] through a self-duality argument. For the existence part, their
restriction to dimension one was substantial, and they pointed out that non-trivial
existence of such a model (as measure-valued processes) in higher dimensional R?
remained open.

Major progress was made in Dawson et al. [DEFT00] where it was shown that also
in R? such a mutually catalytic branching process X makes sense as a pair X =
(X L'X 2) of non-degenerate continuous finite-measure-valued Markov processes,
provided that the collision rate - is not too large compared with the migration
rate o. In order to make this more precise, we write (i, f) or (f, u) to denote the
integral of a function f with respect to a measure p. Intuitively, X = (X!, X?)
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solves (formally) the following system of stochastic partial differential equations
t 2
i i i i i g i
(2) (Xi¢") = <u,<p>+/ds <Xs, 7A<,a>
0
s [ W) G VAT K@, 20,
[0,]xR2

[compare with equation (1)]. Here the u’ are sufficiently regular finite (initial)
measures, the ¢ are suitable test functions, A is the two-dimensional Laplacian,
the W1 (d(s,m)) L W2 (d(s,:r)) are independent standard time-space white noises
on Ry x R?, and X!(z) is the “generalized density” at z of the measure X’(dz).

More precisely, consider the following martingale problem (MP)Z” (for still
more precise formulations, see Definition 3 below). For fixed constants o,v > 0,
let X = (X!, X?) be a pair of continuous measure-valued processes such that

(3) M{(g") = (X{, ") — (u', ") —/Otds <X§, §A¢i>,

t >0, i =1,2, are orthogonal continuous square integrable (zero mean) martingales
starting from 0 at time ¢t = 0 and with continuous square function

(4) (M), = / Lx (d(s,2)) (¢)2(x).

[0,t]xR2

Here Lx is the collision local time of X' and X2, loosely described by
(5) L (d(s,2)) = ds X3(do) | X2()3,(0)
R

(a precise description is given in Definition 1 below).

The main result of [DEF100] is that, provided the collision rate v is not too
large compared with the migration rate o, for initial states u = (u!, u?) in the set
Mg e of all pairs of finite measures on R? satisfying the energy condition

1
6 1 d 1 / 2 d 2 1 + ,
() [ty [ log" e < o
there is a (non-trivial) solution X to the martingale problem (MP)7"” with the
property that X; € M, for all t > 0 with probability 1.

1.2. Sketch of main results, and approach. The main purpose of this paper is
to extend this existence result to certain infinite measures (see Theorem 4 below),
where questions of long-term behavior can be properly studied. To this end, as in
[DEFT00], we start from the Z2-model 'X of [DP98], scale it to X on ¢Z?, and
seek a limit as € | 0. As in [DEF*00], to prove tightness of the rescaled processes,
we derive some uniform 4'" moment estimates. But in contrast to [DEF*00], we
work with moment equations for X instead of exploiting a moment dual process to
€X. We stress the fact that the construction of the infinite-measure-valued process
is by no means a straightforward generalization of the finite-measure-valued case of
[DEFT00].

The proof of uniqueness of solutions to the martingale problem (MP)Z’7 is pro-
vided in the forthcoming paper [DFM*00] under a mild integrability condition.
This integrability condition has been verified for the cases of finite initial measures
and bounded initial densities. However it has not yet been verified for the class
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of infinite measures with sub-exponential growth at infinity which are treated in
the present paper. Nevertheless we will be able to use the self-duality technique
and convergence of the rescaled lattice models in the finite measures case to show
that the lattice approximations for the case of infinite initial measures also con-
verge weakly to a canonical solution of (MP)Z’7 (Theorem 6 below) and study this
process.

We complement the existence result by showing that the process X which we
construct has the following properties:

(i) For any fixed ¢ > 0 and for each i = 1,2, the state X is
absolutely continuous,

Xi(dz) = X}(z)dz a.s.,

and for almost all z € R?, the law of the vector X;(x) of random
densities at x can explicitly be described in terms of the exit dis-
tribution of planar Brownian motion from the first quadrant. In
particular, the types are separated:

X} (z)X?(x) = 0 as,

and for both types the density blows up as one approaches the
interface. See Theorem 11 below.

(ii) Starting X with multiples of Lebesgue measure ¢, that is
Xo = cf = (c*4,c%0), then X; converges in law as t 1 0o to a
limit X, which can also explicitly be described:

Xoo £ X1(0)€ = (X{(0)¢, X7(0)0)

with X;(0) the vector of random densities at time 1 at the origin
0 of R? described in (i). In this case the law of X;(0) is the exit
distribution from the first quadrant of planar Brownian motion
starting at c. In particular, locally only one type survives in the
limit (non-coezistence of types). See Theorem 13 below for the
extension to more general initial states.

Clearly, the statements in (ii) are the continuum analogue of results in [DP98],
and the interplay between X, and X;(0) is based on a self-similarity property of
X, starting with Lebesgue measures (see Proposition 16 (b) below).

We mention that the proofs of the aforementioned approximation theorem, of
the separation of types, and of the long-term behavior require properties of the
finite-measure-valued case which are based on uniqueness arguments provided in
the forthcoming paper [DFM*00].

The problem of existence or non-existence of a mutually catalytic branching
model in dimensions d > 3, remains unresolved.

2. MUTUALLY CATALYTIC BRANCHING X IN R? (RESULTS)

The purpose of this section is to rigorously introduce the infinite-measure-valued
mutually catalytic branching process X = (X', X?) in R?, and to state some of
its properties.
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2.1. Preliminaries: notation and some spaces. We use ¢ to denote a positive
(finite) constant which may vary from place to place. A ¢ with some additional
mark (as ¢ or ¢') will, however, denote a specific constant. A constant of the form
C(#) Or cx means, this constant’s first occurrence is related to formula line (#) or
(for instance) to Lemma #, respectively.

Write |-| for the Euclidean norm in R?, d > 1. For x = (2',...,2") in (R%)",
n > 1, we set

(7) Il == Ja!|+- -+ J2"].
For A € R, introduce the reference function ¢y :

(8) or(z) = e Nl x € RY.

At some places we will need also a smoothed version ¢~)>\ of ¢, . For this purpose,
introduce the mollifier

(9) p(z) = co) <1y exp[—1/(1—2?)],  z€R,

with ¢(g) the normalizing constant such that [z, dz p(z) = 1. For A € R, set
(10) Ao = [ow-o.  ceR

and introduce the smoothed reference function

(11) or(z) = Pi(a1) - Ph(za), @ = (71,...,24) €R™L

Note that to each X € R and n > 0 there are (positive) constants ¢}, and @,

such that
ar - _
(12) Antr@) < [T @) < D), weR

(cf. [Mit85, (2.1)]). Hence, for A > 0 and n > 0,

(13) Crnbyaa(@) < %@ @)] < Bnr(@),
x=(z1,...,24) € RY, 1 <i<d, for some constants ¢ ,, and Cx,, . In particular,
there exist constants ¢, and €, such that
(14) exbyan(@) < ‘AJ)A (m)‘ < Gvpa(z), xeRe
For f:RY = R, put
(15) [flx = sup [f @)/ ér(x),  AeR

For A € R, let By = Bx(R%) denote the set of all measurable (real-valued) functions
f such that |f|x is finite. Introduce the spaces

(16) Biem = Btem(Rd) = ﬂ B_)\, Bexp = Bexp(Rd) = U By
A>0 A>0

of tempered and exponentially decreasing functions, respectively. (Roughly speak-
ing, the functions in Bien, are allowed to have a subexponential growth, whereas the
ones in Bexp have to decay at least exponentially.) Of course, Beyp C B = B(R?),
the set of all measurable functions on R?.

Let Cy refer to the subsets of continuous functions f in By with the additional
property that f(z)/¢x(z) has a finite limit as |z| 1 co. Define Ciem = Ciem(R?)
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and Cexp = Cexp(R?) analogously to (16), based on Cy. Write C;m) = C;m)(Rd)
and Céﬂ,) = ng,)(Rd) if we additionally require that all partial derivatives up to
the order m > 1 belong to Cy and Cexp , respectively.

For each A > 0, the linear space Cy equipped with the norm |-|, is a separable
Banach space. The space Ciem is topologized by the metric

(17) dtem(f,g) = 227n (|f_g|—1/n A ]-); f,9 € Ciem »
n=1

making it a Polish space.

Ceom = Ceom(R?) denotes the set of all f in Ceyp with compact support, and
we write C20 = C (R?) if, in addition, they are infinitely differentiable.

If E is a topological space, by ‘measure on E’ we mean a measure defined on
the o—field of all Borel subsets of E. If u is a measure on a countable subset Ej
of a metric space E, then g is also considered as a discrete measure on E. If
i is absolutely continuous with respect to some (fixed) measure v, then we often
denote the density function (with respect to v) by the same symbol p, that is
w(dz) = p(x) v(dz), (and vice versa).

Let Miem = Miem(R?) denote the set of all measures p defined on R? such
that (u,¢x) < oo, for all A > 0. On the other hand, let Meyp = Mexp(R?) be
the space of all measures p on R? satisfying (i, ) < oo, for some A > 0
(exponentially decreasing measures). Note that Mex, C My = M (R?), the set of
all finite measures on R? equipped with the topology of weak convergence.

We topologize the set Myem of tempered measures by the metric

o0
(18) dtem(:“’:’/) = dO(UaV)_‘_ZQ_n (|IU’_V|1/n A 1)7 JURZAS Mtem-

n=1
Here dg is a complete metric on the space of Radon measures on R? inducing the
vague topology, and |u — v|y is an abbreviation for |(u, oa) — (v, ¢>\)|. Note that
(Mem > dtem) is a Polish space, and that p, — g in Mgem if and only if

(19) (n, @) — () forall @ € Coxp -
ntoo

For each m > 1, write C :=C (R4, M%) for the set of all continuous paths
t = pp in MR, , where M is defined as the m—fold Cartesian product of
Mem - When equipped with the metric

0<t<n

(20) de(p., pl) = Z 2’"( sup  deem (pt 5 i) A 1), p.,p € C,
n=1

C is a Polish space. Let IP denote the set of all probability measures on C. Endowed
with the Prohorov metric dp, P is a Polish space ([EK86, Theorem 3.1.7]).

Let p denote the heat kernel in R? related to ";A :

2
(21) pe(z) = (2mo’t)~ 42 exp[ i }, t>0, zcRY
202t

and {S;: t > 0} the corresponding heat flow semigroup. Write & = (&,1I,) for the
related Brownian motion in RY, with II, denoting the law of ¢ if & =z € RZ.

Recall that ¢ refers to the (normalized) Lebesgue measure on R?. We use ||ul|
to denote the total mass of a measure u, whereas |p| is the total variation measure
of a signed measure pu.
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The upper or lower index + on a set of real-valued functions will refer to the
collection of all non-negative members of this set, similar to our notation Ry =
[0, 00). The Kronecker symbol is denoted by dy, ¢ -

Random objects are always thought of as defined over a large enough stochastic
basis (Q, F, F.,P) satisfying the usual hypotheses. If Y = {Y; : ¢t > 0} is arandom
process starting at Yy = y, then as a rule the law of Y is denoted by P;/. If there
is no ambiguity which process is meant, we also often simply write P, instead of
PY. We use F} to denote the completion of the o—field ()., o {Y,: s <t+e},
t>0.

As arule, bold face letters refer to pairs as X = (X', X?), ¢l = (c'¢,c%(), etc.

Next we introduce a version of a definition from [DEF*00] which is used through-
out this work.

Definition 1 (Collision local time). Let X = (X', X?) be an M2, ~valued
continuous process. The collision local time of X (if it exists) is a continuous

non-decreasing Mem—valued stochastic process ¢ — Lx(t) = Lx (¢, -) such that
(22) (L°(t),9) — (Lx(t),p) as §10 in probability,

for all + >0 and ¢ € Ceom(R?), where
L (t,da) = 5 / dr/ ds X}*p(z) X2#p,(z) dz, t>0, 0>0.
0 0

The collision local time Lx will also be considered as a (locally finite) measure
Lx (d(s,x)) on Ry xR%. &

We now consider the scaled lattice ¢Z¢, for fixed 0 < & < 1. In much the
same way as in the R?-case, we use the reference functions ¢,, A € R, now
restricted to £Z¢, to introduce |f|, , By = *Ba(¢Z9), “Bexp = “Bexp(eZ?), and
“Biem = “Biem(¢Z?). Let A denote the discrete Laplacian:

(23) Af(x) =¢e? > [fy)-fl@)], =zeeZf,

y: ly—al=e

(acting on functions f on £Z?). Note that *A¢y belongs to By, for each positive
A. The spaces (*Mem , “dtem) and C(R4, =M ) are also defined analogously to
the R?-case.

Write

(24) U=y b,

zeeZd

for the Haar measure on eZ? (approximating the Lebesgue measure £ in My, (R?)
as € | 0). Let °p denote the transition density (with respect to () of the
simple symmetric random walk (%¢,11,) on £Z¢ which jumps to a randomly chosen
neighbor with rate do?/e?, that is has generator "72 °A, with the related semigroup

denoted by {=S; : ¢t > 0}. In other words, °p;(z) := ¢ 9Iy(°¢ = =) and so

(25) 6pt(m) = 87d 1p€*2t(871m)7 t Z 07 T € Szd-
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In the case d = 2 we will need some random walk kernel estimates that for
convenience we now state as a lemma. For a proof, see, for instance, [DEF*00,
Lemma 8.

Lemma 2 (Random walk kernel estimates).

(a) (Local central limit theorem): For all ¢ > 0, with the heat kernel p
from (21),

lim sup |Ept(a:) —pt(a:)| = 0.
el0 peez2
(b) (Uniform bound): There exists an absolute constant cry such that

sup 0%t pi(z) = crws 0<e<l1l, o>0.
t>0, z€cZ2

In fact ¢py € (.15,.55) (See Remark 9 in [DEF*00, Lemma 8].)
Often we will need the constant

(26) ey = c2(0) 1= Cpy /07

instead of cpy.

2.2. Existence of X on R2. First we want to introduce in detail the martingale
problem (MP)Z’A’ mentioned already in Subsection 1.1 (extended versions of the
martingale problem will be formulated in Lemma 42 and Corollary 43 below). Let

d=2.

Definition 3 (Martingale Problem (MP)77). Fix constants 0,7 > 0, and p
= (u', p?) € MZ,,(R?). A continuous F.—adapted and M2, (R?*)-valued process

X = (X!, X?) [on a stochastic basis (2, F,F.,P)] is said to satisfy the martingale
problem (MP)77, if for all o', p* € 2 (R?),

. . . . . . t . 02 . i
@ M) = (i) - et - [ as (XL DA, 120, i=12
0

are orthogonal continuous (zero mean) square integrable FX-martingales such that
Mi(e*) =0 and

(with Lx the collision local time of X). &

The existence of the infinite-measure-valued mutually catalytic branching process
X = (X', X?) in R? is established in the following theorem.

Theorem 4 (Mutually catalytic branching in R?). Fiz constants o,7 > 0,
and assume that

0% 1
29 = < —.
(29) o " 6467 ey
Let p = (u*,u?) be a pair of absolutely continuous measures on R? with density
functions in Biem (R?) (abbreviated to u € B2,).

tem
(a) (Existence): There exists a solution X = (X', X?) to the martingale
problem (MP)77.
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(b) (Some moment formulae): For the process constructed in Theorem 6,
X = (X', X?), solving the martingale problem (MP)" the following mo-
ment formulae hold. The expectation measures are given by

Pi(Xti(da:) = plxpy(z)de € Miem, 1=1,2, t>0,

and X has covariance measures

. . t1A\ta
Covff (thll , Xt’j)(dz) = dz &;, 4, fy/ ds/de:n pt xps (z) p? * ps (z)
0
X ptl*S(zl - 1‘) ptz*s(z2 - :L’) € Mt?em’

ti,ta > 0, i1,i2 € {1,2}, z = (2%, 22) € (R%)2. Moreover, for the expected
collision local times we have

t
Pi(Lx(t) (dz) = dz /0 ds p' xps(z) ?#ps() € Miem, t>0.

Remark 5 (Non-degeneration). The covariance formula in (b) shows that (for
non-zero initial measures) the constructed process X is non-trivial. Moreover, the
variance densities will explode along the diagonal, as can easily be checked in specific
cases. For instance, if y=cl = (015,025) with c',¢? > 0, the variance densities

t
(30) Var¥, X} (z) = ¢! 027/ ds pas(zt — 2%), i=1,2,
0

are trivially infinite along the diagonal {z!' =22} . o

The existence claim in Theorem 4 (a) will be verified via a convergence theorem
for eZ?-approximations.

Fix again 0 <& < 1. Let *u = (Su' Fp?) € M3, and let (°X, P-,) denote the
mutually catalytic branching process on €Z? based on the symmetric nearest neigh-
bor random walk. This process was introduced in [DP98, Theorems 2.2 (a), (b)(iv)
and 2.4 (a)] in the special case ¢ = 1, where it was constructed as the unique

solution of the stochastic equation

0 14 o’ i i
(31) 5 Xi(@) = 5 AN (2) + [y X (2) X (2) W (=),
(t,x) € Ry x Z2, i = 1,2, where {Wi(z): z € Z% i =1,2} is a family of inde-
pendent standard Brownian motions in R. Of course, (31) is the Z2-counterpart
of the stochastic equation (1). The process X can be defined by scaling:

(32) Ni(z) = X, (e ), (t,r) € Ry x eZ?, i=1,2.

Here X is defined in terms of our fixed °u by setting ¢ = 0. We can interpret
{X}(z) : © € eZ?} as a density function with respect to ° of the measure

(33) X}B) = /B ¢(dx) X} (), B C eZ%

On the other hand, one can also define this process X directly as the unique
(in law) M2, —valued continuous solution of the following system of equations:

. . . . t . 0'2 .
6O (X = (a4 [ s (x5 T A
0

+ [ e [awie el @) VAR R,
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t>0, i =1,2. Here {W’(a:) cx€eZ? i=1, 2} is again a family of independent
standard Brownian motions in R, and the api are test functions in “Beyxp . Note

that “X = (X', X?) satisfies the following martingale problem (MP); 7"

( . . . . . . t . 2 .
Mi(p") = (Xi,9") — (W', ¢') - /ds <EX’ % 8A<p’>, t>0,
0
' € “Bexp, '€ “Miem, i = 1,2, are continuous square integrable

(35) (zero-mean) F. X -martingales with continuous square function

(M), M), = 6157 (Lex(t),6i7), where

t
| CLxtnp) = [ds[ U XWX pl), 120, 0 € By
0 cZ2
The continuous “Myen—valued random process €L:x is the collision local time of
€X, in analogy to Definition 1.
The scaled process X = (°X!,%X2) can be started with any pair X, = “u of

initial densities (with respect to <¢) such that

(36) { for each X\ > 0 there is a constant ¢y such that

2i(z) < cy el x €eZ?, i=1,2.

It is also convenient for us to think of X as continuous M2, (R?)-valued pro-
cesses (recall our convention concerning measures on countable subsets). Now the
existence Theorem 4 (a) will follow from the following convergence theorem.

Theorem 6 (Lattice approximation). Let v,0, and p satisfy the conditions of
Theorem 4. For each e € (0,1], choose a pair *Xo = “u = (u',u?) of measures
on €Z® with densities (with respect to °() satisfying the domination condition (36)
with the constants cy independent of ¢ and such that *u — p in MZ, (R?). Then
the limit in law

(37) liﬁ)l X = X ezists in C(Ry, M, (R?)),

satisfies the martingale problem (MP)Z’V, and the law of X does not depend on
the choice of the approximating family {*u: 0 <e <1} of p.

For instance, the hypotheses on ¢y will be satisfied if

(38) u(z) == e?u’ (z +0,8)%), r€eZ?, i=12.

From now on, by the mutually catalytic branching process X on RZ? with initial
density Xo = p € BZ,,, we mean the unique (in law) limiting process X from the
previous theorem.

Remark 7 (Uniqueness in (MP)Z’A’ via self-duality). Uniqueness of solutions
to the martingale problem (MP)Z’W under an additional integrability condition will
be shown in [DFM*00] This will be done via self-duality (see also Proposition 15
below) with the finite-measure-valued mutually catalytic branching process in R?
of [DEFT00]. However the integrability condition required for uniqueness will be
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established in [DFM*00] for the solutions constructed in Theorem 6 only when
the initial densities are uniformly bounded. &

Remark 8 (Phase transition for higher moments). In order to establish tight
ness of processes in Theorem 6, we will need to establish uniform bounds on the
fourth moments of the increments of these processes (see Lemma 34 below). For
v/o? large enough, it is not hard to see that these fourth moments (in fact even
third moments) will explode as € approaches zero. The bound (29) is sufficient to
ensure finiteness of these fourth moments for the limiting model; a somewhat more
generous bound appeared in [DEFT00]. We believe Theorems 4 and 6 should be
valid for all positive values of v and o as the existence of 2 + ¢ moments should
suffice for our tightness arguments, and for any given v and o these should be finite
for sufficiently small €. For this reason we have not tried very hard to find the
critical value of /o2 for finiteness of fourth moments (but see the next remark).

Remark 9 (Bounded initial densities). (i) If the initial densities are bounded, then
Theorems 4 and 6 remain valid if

(39) M p—

V6ere T

The proofs go through with minor changes, using Corollary 27 in place of Lemma
26.

(ii) An alternative construction of the process in Theorem 4(a) is also possible
if the initial densities are bounded. This is briefly described in Remark 12(ii) of
[DEF*00]. Here the process exists and the limiting 4th moments are finite if

v/o? < \/g ~ 0.8. These improved moment bounds are obtained using a modified

version of the dual process introduced in [DEFT00]. Basically one then may replace
Crw With its “limiting” value, namely ;- and this substitution in (39) gives the
bound stated above. <&

2.3. Properties of the states. To prepare for the next results, we need the fol-
lowing definition.

Definition 10 (Brownian exit time 7 from (0,00)?). For a € Ry, let 7 =
7(a) denote the first time, Brownian motion ¢ in R? starting from a hits the
boundary of R? . O

Here we state some properties of X. Recall that we identify absolutely contin-
uous measures with their density functions.

Theorem 11 (State properties). Let pu = (u*,pu?) denote a pair of absolutely

continuous measures on R? with density functions in B, (R?). Then the following

statements hold. Fix any t > 0.

(a) (Absolutely continuous states): If X is any solution of the martingale
problem (MP)Z’A’, then, for i = 1,2, with probability one, X}, is absolutely
continuous:

Xi(dz) = X}(z)d=.
Now let X be the mutually catalytic branching process from Theorem 6.

(b) (Law of the densities): For (-almost all = € R?, the law of X¢(z) co-
incides with the law of the exit state &;(a) of planar Brownian motion starting
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from the point a := (u**p; (z), p**p¢ (2)). In particular,
Vary X/(z) = oo, i=1,2,
provided that i/ #0, j =1,2.
(c) (Segregation of types): For (-almost all = € R?,
X} (z) X (z) = 0, as.

(d) (Blow-up at the interface): Define a canonical and jointly measurable
density field X = (X', X?) of X on Q xRy xR? by

' lim Xixpy-n (z) if the limit exists,
Xi(r) = § 1T
0 otherwise,

s>0, v € R%, i=1,2. Note that by (a) for all t > 0,
X, (z) = X¢(z) for L—almost all x, a.s.

If U is an open subset of Ry x R%, write

| Xy = esssupX’(z), i=1,2,
(s,z)€U

where the essential supremum is taken with respect to Lebesque measure. Then
Lx(U) >0 implies || X v = [|X2]l = o

Consequently, at each fized time point ¢ > 0, our constructed mutually catalytic
branching process X has absolutely continuous states with density functions which
are segregated: at almost all space points there is only one type present (despite
the spread by the heat flow), although the randomness of the process stems from
the local branching interaction between types. On the other hand, if a density field
X is defined simultaneously for all times as in (d) (although the theorem leaves
open whether non-absolutely continuous states might exist at some random times),
then this field X (related to the absolutely continuous parts of the measure states)
blows up as one approaches the interface of the two types described by the support
of the collision local time Lx . This local unboundedness is reflected in simulations
by “hot spots” at the interface of types.

At first sight, the separation of types looks paradoxical. But since the densities
blow up as one approaches the interface of the two types, despite disjointness there
might be a contribution to the collision local time which is defined only via a spatial
smoothing procedure. In particular, the usual intuitive way of writing the collision
local time as Lx (d(s,z)) = ds X} (z)X2(z) dz gives the wrong picture in this case
of locally unbounded densities.

Remark 12 (State space for X). Our construction of X (Theorem 6) was re-
stricted to absolutely continuous initial states with tempered densities. The latter
requirement is unnatural for this process because this regularity is not preserved by
the dynamics of the process, which typically produces locally unbounded densities
[recall Theorem 11 (d)].

It would be desirable to find a state space described by some energy condition
in the spirit of (6). Our use of tempered initial densities is also an obstacle to
establishing the Markov property for X. Both problems are solved in the finite-
measure case, see [DEFT00] and [DFM*00]. O
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2.4. Long-term behavior. Recall Definition 10 of the Brownian exit state £ (a).

The long-term behavior of X is quite similar to the one in the recurrent Z? case
(see [DP9S8]):

Theorem 13 (Impossible longterm coexistence of types). Assume addition-
ally that the initial state Xo = p of our mutually catalytic branching process has
bounded densities satisfying, for some ¢ = (c',c*) € R%,

(40) pixpe () — ¢, zeR?, i=1,2.
ttoo

Then the following persistent convergence in law holds:

(41) X prove Ereyl-

Consequently, if the initial densities are bounded and have an overall density in
the sense of (40) [as trivially fulfilled in the case X} = ¢! /], a persistent long-term
limit exists, and the limit population is described in law by the state {;(c) of planar
Brownian motion, starting from c, at the time 7(c) of its exit from (0,00)%. In
particular, only one type survives locally in the limiting population (impossible
coexistence of types).

Of course, this does not necessarily mean that one type actually dies out as
t 1 co. In fact, the method of [CKO00] should show that as ¢ 1 oo, the predominant
type in any compact set changes infinitely often, as they proved is the case for the
lattice model. However, this would require the Markov property for our X, and so
we will not consider this question here.

Remark 14 (Random initial states). In Theorem 13 one may allow random
initial states which satisfy

sup B(X{(x)?) < o0
T

and

lim E((X¢ *pe(x) —c)?) =0 for all z, i = 1,2.

t— o0
Note first that the law of X is a measurable function of the initial state by the self-
duality in Proposition 15(b) below and so the process with random initial densities
may be defined in the obvious manner. The derivation of (41) now proceeds with
only minor changes in the proof below (see [CKP00] for the proof in the lattice
case). <O

2.5. Self-duality, scaling, and self-similarity. Recall that we identify a non-
negative ¢ € Cexp with the corresponding measure ¢(z)dz, also denoted by ¢.

One of the crucial tools for investigating the mutually catalytic branching process
is self-duality:

Proposition 15 (Self-duality). Consider the mutually catalytic branching pro-
cesses X = (X1, X?) and X = (X1, X?%) with initial densities Xo = u € BZ,,,(R?)

tem

and Xo = @ € C2_(R?), respectively. Then the following two statements hold for

exp

each fixed t >0 :
(a) (States in M3, ): With probability one, X; € M2 (R2).

exp



MUTUALLY CATALYTIC BRANCHING IN R? 15

(b) (Self-duality relation): The processes X and X satisfy the self-duality
relation

P eXp[— (X} + X2, 0"+ %) +i (X} — X2, 0" - <p2>]
= Pg‘eXp[—(ul+u2,)?t1+)?3>+i<u1—uz,)?tl—f(f)], t>0,
(with i =+/—1).

Self-duality, for instance, makes it possible to derive the convergence Theorem 13,
in the case of uniform initial states in a simple way from the total mass convergence
of the finite-measure-valued mutually catalytic branching process of [DEFT00] (see
Subsection 5.3 below).

Our class of mutually catalytic branching processes X on R? is invariant under
Brownian time-space scaling, mass scaling by a factor, and spatial shift:
Proposition 16. Let 6, > 0 and z € R? be fired. Let X and X'©) denote the
mutually catalytic branching processes with initial measures Xo = p and X(()E) =
pe) = 829,11,(2’ +571(-)), respectively, with densities in BZ,,. Then, for t > 0
fized, the following statements hold.

(a) (Scaling formula): The following pairs of random measures in Miem co-

incide in law:
0> X 2 (z +e7'()) £ x{.
(b) (Self-similarity): In the case of uniform initial states = cl (c € RY),

X, ay(ct) £ X,
If X, has bounded densities, the uniqueness of the solutions to (MP)g(O7 estab-
lished in [DFM*00] shows that the equivalence in (a) (and hence (b)) holds in the
sense of processes in .

Remark 17 (Invariance of densities). Together with spatial shift invariance,
the self-similarity explains in particular why, in the case of uniform initial states,
the law of the density at a point described in Theorem 11 (b) is constant in space
and time. o

Remark 18 (Growth of blocks of different types). Recall that the types are
segregated [Theorem 11 (c)], and in the long run only one type survives locally
(Theorem 13). So it is natural to ask for the growth of blocks of different types.
To this end, for €,3 > 0, consider the scaled process X*? defined by

(42) X0 = XL, (677, t20, i=1,2,
and start again with Xg = ¢/, c € Ri . Note that this scaling preserves the expec-

tations: PX Xi’ﬁ =cl. If B8 =1, we are in the self-similarity case of Proposition
16 (b), that is X! = X. Consequently, essentially disjoint random blocks of linear
size of order €~! form at time €~2¢t. On the other hand, for any 8 > 0,

(43) X0 = 2B-D X (g1=0.) £ 26-1) X, (15 ),

by self-similarity. If now 3 > 1, then by the L?>-ergodic theorem, using the covari-
ance formula of Theorem 4 (b), from (43) it can easily be shown that in L?(PX),

(44) x5 g et in Miem,  t>0.
€
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That is, for 8 > 1, at length scales of e =% one has instead a homogeneous mixing
of types, so ! is the maximal order of pure type blocks. Finally, if 3 < 1, then
from (43) by Theorem 11 (a),(b), we can derive the convergence in law

(45) (X)) — X{0)9(0) £ &9, i=12 £20, p € Coom(®?).
Consequently, in the 8 < 1 case, at blocks of order e~” one sees essentially only
one type.

This discussion also explains also why in our construction of X starting from
the lattice model X, we used the critical scaling, 3 = 1. Indeed, if instead we
scaled with

(46) 21X, (78 ) (d),

where (3 # 1, then we would have obtained a degenerate limit when £ — 0, namely,
for 8 > 1 a homogeneous mixing of types, whereas for 8 < 1 a pure type block
behavior.

Moreover, from the point of view of the lattice model, our approximation Theo-
rem 6 (under the critical scaling) together with the discussion above also leads to a
description of the growth of blocks in the lattice model. In particular, at time & 2t
essentially disjoint blocks of linear size ¢! do form for solutions of (31) and by
the above these are the largest pure blocks that form. (Recall, as in the ¢ = 1 case
of [DP98] and as in Theorem 13, in “X; locally only one type survives as ¢ 1 c0.)
These considerations served as a motivation for us to start from the lattice model
in constructing the two-dimensional continuum model X.

Further elaboration on these ideas would involve the possibility of diffusive clus-
tering phenomena, as, for instance, in the two-dimensional voter model [CG86] or
for interacting diffusions on the hierarchical group in the strongly recurrent case
[FG94, FG96, EF96]. In fact, the possibility of diffusive clustering phenomena of
°X on eZ? is a topic of current study. &

2.6. Relation to the super-Brownian reactant with a super-Brownian cat-
alyst. At the beginning of the paper we motivated the investigation of the mutually
catalytic branching process X by the model of a super-Brownian reactant X?¢ with
a super-Brownian catalyst ¢ ([DF97a]). We want now to mention a few similarities
in the models (¢, X?) and X in dimension two.

Both models can be described by a martingale problem, where the collision
local time enters as an intrinsic part (see [DF00b, Corollary 4]). Also for X?¢,
one has to restrict the possible initial states for ¢ (see [FK99, Proposition 5]).
At each fixed time #, the measures g; and X/ are separated, more precisely,
the absolutely continuous reactant X7 lives outside the compact support of the
catalyst o; ([FK99, Theorem 1 (a)]), which however is singular. Moreover, in the
annealed case (that is, the law of X¢ is mixed by the law of p), the variance of
the random densities X7 () is infinite ([FK99, 4'" Remark after Theorem 1 ]), as
in our mutually catalytic model.

Under uniform initial states, both models are self-similar ([DF97b, Proposition
13(b)]), and in the long-term behavior of X¢ one has persistent convergence in
law to a non-degenerate random multiple of Lebesgue measure ([FK99, Corollary
2 (b)]), whereas g locally dies.

For a recent survey on catalytic super-Brownian motions, we refer to [DF00a].
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2.7. Outline. The remainder of the paper is organized as follows. In the next
section, we start from the £Z?-model X of mutually catalytic branching and
provide some fourth moment calculations that will lead to the uniform estimate of
the second moment of the collision measure for sufficiently small parameters, see
Corollary 30 below. Via a tightness argument (Proposition 37), this then leads, in
Section 4, to the proof of the approximation Theorem 6, hence to the construction
of a solution X satisfying the martingale problem (MP)z’A’. In the last section,
the claimed properties of X are verified. Finally, in the appendix, some auxiliary
facts about random walks that we shall need are gathered together, a lengthy proof
of a basic estimate related to our fourth moment calculations is provided, and a
simple Feynman integral estimate is derived.

3. MUTUALLY CATALYTIC BRANCHING ON LATTICE SPACES

In this section we first recall the Green function representation of the eZ2-version
of the mutually catalytic branching process *X. Then, in the case ¢ = 1 we will
derive a 4*" moment formula, and in Subsection 3.5 a 4" moment estimate. We will
use this estimate in Proposition 29 to bound the second moment of the collision
measure. After rescaling with e, this then finally gives a uniform estimate for
second moments of collision measures (Corollary 30).

3.1. Green function representation of °X. An obvious adaptation of Theorem
2.2(b) (ii) in [DP98] for the present simple random walk case (bearing in mind
our Lemmas A1l and A2) gives that X also satisfies the following Green function

representation of the martingale problem (MP)7""* :

For ¢ € *Bexp and € Miem ,
4D (XL (S = [ M) S (@),
[0,t] x£Z2

t>0, i=1,2, where SM"', SM? are (zero mean) F. X -martingale
measures with predictable square function

(fo e MO S0, [ W00 200
) =gy [ L) £ o)

i,j € {1,2} (see Chapter 2 of [Wal86] for information about mar-
tingale measures). Here f!, f2 belongs to the set of predictable
functions ¢ defined on Q x Ry x ¢Z2 such that

(49) P, ‘Lex (d(s,z)) *(s,z) < oo, t>0.
[0,t] xeZ?

Hence, the expectation of the Markov process X = (gXl, €X2) is given by
(50) P, X{(dz) = p'*°pg (x) (da).
In particular,

(51) PoyXi(x) = and B, |0 = |-
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On the other hand, by the Markov property, (50), and orthogonality, the ‘mixed’
second moment measure equals

(52) P, X (de') X7 (da?) = “U(da’)*(da?) p' x5py, (2') @ "y, (27)

bzlmeamty . ThUS, we get the following formula for the e:vpected collision local
g g
time:

(53) P,°Lex (d(s, a;)) = ds %(dx) p* *“p, (x) p® * “ps (2).

Moreover, again by the Markov property, (50), (47), (48), and (53), the second
moment measure of X? is given by

(54)  PuXy, (d2h) X, (d2?) = “U(dz")*(dz?) p' #"py, (21) i’ %y, (27)
t1 At
+ “(dz")%(d2?) 7/ ds/ (dx) pt *“ps (x) p® * p, (o)
0 cZ?

6ptlfs(zl - Z’) Eptzfs(z2 - 1‘),

t1,t; > 0. Combined with (50) and (52), we get the following covariance densities
with respect to €€ x ¢ :

t1Ato
(55) Cov, (X[, X.2) (2) = 0y s 'y/ ds/ ((dz)
72
ul*fps( ) 1 %Dy () “pty s (2" — @) “Pra—s(2” — 2),

i1,i2 € {1,2}, z = (2%, 2%) € (¢Z?)?. In particular,

. . t1 At
(56) Coveer (X1, X[2) (z) = &iync' 'y/ ds “pgy pto—2s (2t — 2%)

0
and
. . t1Ato
Cov, (INEILIXED = [ ptiaa) [ paat) [7 s paufat =),

where by (53) the triple integral coincides with the expected collision local time
Pu ELEX (t1 A t2 ,622).

3.2. Finite higher moments on Z2. As announced, we need some higher moment
bounds, uniformly in €. But first we proceed with € = 1, and in Subsection 3.8 we
will go back to general € by scaling.

Using differential notation, we can rewrite (31) as

2
(57) d'X{(z) = % AKX (2) dt + /v X (2) X7 () AW/ (2),
(t,z) e Ry x 22, i=1,2.

Fix for now u € 1/\/ltem . For n > 1, 1= (i1,...,in) € {1,2}", x =
(a:l, T ) € (Z%)", and t > 0, we introduce the following higher moment density
notation:

(58) mi(x) = P [[%7 @),

Note that these moment density expressions are invariant with respect to simulta-
neous reordering of i and x. For instance,

(59) P Xy (0h) XY (%) = P X (@®) X (a).
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First we check that the fourth moments are finite:

Lemma 19 (Finite fourth moments). Let p€ M2, (Z%) and X\ > 0. Then

(60) sup Pu ('Xi(x)) e Nl < oo, T > 0.

Proof. 1t6’s formula gives for ¢ > 0,

> 2 (i) e = 3 3 () e

i=1,2 x€Z2 i=1,2 xcZ2

+20% Y Z/ds Xi(z))” AW (x) e el

i=1,2 x€Z?
(61)
+4) > /dW’ VX () X2(2) (Xi(x))” e !
i=1,2 z€Z2

+6y > > /ds XL () X2(2) (Xi(x))® e Mal,

i=1,2 z€Z2

Note that the convergence of each of the series and continuity in ¢ follows from
the fact that the X' are 'Miem—valued processes (use the convergence of the
predictable square function to handle the local martingale term). The continuity
allows us to introduce a sequence of stopping times 77, 1 0o as n 1 00, in such a way
that each term in (61) is bounded if ¢ is replaced by ¢ A T,,. Then, by Holder’s
inequality,

P, Z 1XtZ/\T ¢>\>

i=1,2

(62) | T, |
< S W) + P ds Y (XD 6)
i=1,2 0 i=1,2

for some constant c, . But the latter expectation expression can further be boun-
ded from above by

(63) /@mz (Xing)t 62)-

i=1,2

A simple application of the Gronwall and Fatou Lemmas now gives the claim. =

Remark 20 (Refinement). By a refinement of the previous proof, the supremum
could be moved under the expectation sign. Clearly, also the fourth moment could
be replaced by a moment of any higher order, but fourth moments are enough for
our purpose. &

3.3. Moment equations. From (57), by It6’s formula,
4 4
d[[llng (27) = % Z 1Azk]H11XlJ (z7)dt + d(martingale)
+ v Z 5(ij,zf),(ik,zk)Xf (&™) % (V) X (27) P () dit,
1<j<k<4
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where 'A_« indicates that A is applied to the variable z* € Z2, and the local
martingale term is a martingale by Lemma 19. Moreover, the upper index A stands
for the number min({1,...,4}\{j, k}) whereas V refers to max({1,...,4}\{J, k}).
Taking expectations and using Lemma 19 to see that 'm!(z) < oo for i € {1,2}4,
we immediately get the following result:

Lemma 21 (4" moment equations). Let u € M2 (Z?) and X\ > 0. Then
the 4™ moment density functions are finite and satisfy the following closed linear

system of equations:

9 Imi(x) = o Z AL 'mi(x)
ot 2 & T
(64) -
7 Z 6(ij7xj)7(ik7wk)lmt(l ! 7172) (:L./\’:L.V,mj’xk)’

1<j<k<4

i=(i1,...,01) € {1,2}*, x=(a',...,2") € (Z%)*, and t > 0.

Let i° arise from i by interchanging the types 1 and 2. Pass in (64) from i to
i°. Note that concerning the new Kronecker symbol expression, i = i} holds if
and only if 7; = ¢ is true. Thus we can add up the new system with the original
one, and we get a system in terms of functions which are invariant according to

the transition i+~ i°. This justifies the following convention.

Convention 22 (Type symmetrization). For our later purpose of establishing
upper moment estimates, by an abuse of notation we assume that the moment den-
sity functions 'm!, i € {1,2}*, are invariant with respect to the type interchange
i~ i° In short, we will now be writing m' for 'm'+ 'm' without changing
our notation. Also, for simplification of notation, in calculations we often drop the
upper index 1 in front of m, p, and S, and we delete some commas in writing
m!22 instead of m>122, for instance. O

Actually, our aim is to derive a formula for m}}**(xg, x, x5, z3), with so > 0

and xg = (23,22, 23) € (Z?)3. For this purpose, set

S0
(03) olxo) = Segmi®® whoadonbad) + 4 [ ds Y
0 x1€(Z2)3
[ Doamss (28 = @) "Dy (26 = 1) + Doy, (@8 = 23) "Dy sy (25 — 2]

1p80—81 ('75{1) - CU%) 1p80—81 ('75[1) - :U?) 1881777[1)112 (m%am%m?vx?)v

where 'S denotes the semigroup of four independent random walks each with

generator "72 A. Moreover, for sy > -+ > s9, > 0, and x, € (Z2)3, 1 < (< 2n,
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write I, (s2n;Xo,...,Xa,) for the n—fold product
n
1 2 3 1 3 1
H |: Psoj_o—s2j_1 (mQj—Q_mQj—l) p82j—2—82j—1(mQj—2_m2j—1)
i=1

1 3 3 1 2 1
+ Pssj a2 1 (T2j_o—T2j_1) Psa;_s—sn;_ 1 (T2j_2 _3321'—1)]

1 1 2 1 1 3 1 3 3
Psaj_o—s25_1 (332]'—2 _3321'—1) Psaj_2—s2;_1 (332]'—2 _3321'—1) Psaj_1—s2; (3321'—1 _332]')
1 1 131 2 131 3 2
( p52j—1*52j (1’2]-,1_1'23-) p52j—1*52j (1’2]-,1_1'23-) p52j—1*52j (1’2]-,1—1'23-)
1 1 141 2 231 3 1
+ pszj—1*52j (mzjfl_mzj) p82j71782j (mzjfl_mzj) p82j71782j (mzjfl_mzj)
1 1 231 2 141 3 1
T Psaj1 sy (332]'—1 _332]') Psaj_1—s2; (332]'—1 _332]') Psaj_1—s2; (332]'—1 _332]'))
3.4. A 4" moment density formula on Z2. Here now is the desired formula:

Lemma 23 (A fourth moment density formula). Under Convention 22, for
so >0 and xo = (z},23,23) in (Z2)3

S0 S2n—1

1, 1122/..1 .2 2n

Mg, (6,25, 2, 25) = fso(X0) + E v / dsy / dsap
0 0

Z 1f32n (x20) M (203 X0, - - -, X2n)-

x0€(Z2)3 for 1<4<2n

Proof. Take i1 = i = 1 and i3 = 44 = 2 in (64) and using simultaneous (in
both i; and z;) reordering as well as our Convention 22, we obtain for ¢ > 0 and
Xpo € (22)4

o 4
Ot () = 2 D g o) 7By i) 1 By k),
where Xg := (23, ... ,25). By integration,
(66)  mi(x0) = 'Simj'* (xo)
4
#r s S TTmiealeh = o) (et mi 60 + gy md ).
x1€(Z2)% i=1

Specializing the xo—vector as well as using simultaneous reordering and renaming
of the summation variables, we get, for xo = (28,23, x5, 23) € (Z2)* and s¢ > 0,

50
U221 02 gl gy o L 1122 .1 .2
(67)  mg,~ (25,25, o, T5) = ~Ssymyp (330>330>330>930)+'7/ dsy E
0
Xle(z2)3

[pso—sl (HZ% - ZU?) Pso—s1 (ZU(?; - HZ%) + Pso—s1 (.Tg - x?) Pso—s: (56(2) - ZU%)]

Pso—s: (xll) - ZU%) Pso—s: (m(l) - x?) m1112(x%’ .T%, .T?, ZU?)
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On the other hand, from (64) combined with our Convention 22, we have for
X) € (22)47

0
68)  omia ——ZlA i () B i ah a3 )

1122( 1122(

+7613m X1) + Y 0,y203 M X1).

A similar derivation to that of equation (67) above yields, for x; € (Z?)3,

(69) muu(mivm%)xix?) = 1SS17n(1)112 (Z’i,l’%,l‘?,l‘?)
81
+ ’7/ dsy Z (ps1*52 (1.% - :L’%) Psi—s3 (:L‘% - 1‘%) Psi—s2 (1‘? - :L’%)
0 x2€(Z2)3

+ Psi—s2 (ZU% - ZU%) Psi—s2 (HZ% - HZ%) Psi—s2 (HZ? - ZU%)

+ Psi—ss (1.% - x%) Ps;—s2 (:L‘% - :L’%) Ps;—s2 (:L‘? - 1‘%))

3

Psy— 32(3% —$2)m1122( 1 2 1 3)

Lo, Ty, Lo, Lo

Substituting (69) into (67) gives the following “closed” equation for the moment

density m}1??(xf, 25, xf, ) :

(70) 1122(333):330:330,930) 50 (%0) +7/ dsl/ dss

X1,X2€ 22)3

|:p80—81 (m(Q) - .771) Psp—s1 (.Tg - 561) + Pso—s: (ZU(?; - 561) Pso—s1 (xO - xi):l

Pso—s: (x(l) - :L’%) Pso—s1 (mtl) - 1‘?) Ps;—s2 (1‘? - l‘g)

(ps1*52 (:L‘% - :L’%) Ps;—s2 (:L‘% - 1‘%) Ps;—s2 (1‘? - :L’%)
+ Psi—s2 (.Ti - HZ%) Psi—s2 (ZU% - ZU%) Psi—s2 (HZ? - HZ%)

+ DPs;—ss (:L‘% - :L’%) Ps;—s2 (1‘% - 1‘%) Psi—s2 (:L‘? - m%))mluz(m%: :L‘%, :L‘%, l‘g)

where f; (x0) was defined in (65).
Denote by S the right-hand side of the claimed identity in Lemma 23 (series ex-

pansion). Recall the notation IL,(s2,;Xo,...,X2,) introduced immediately before
the lemma, and set
(71) Th(s2n;Xo,- - - ,X2pn) = Z I, (s2n; X0, - - -, Xop)-

x¢€(Z2)3 for 1<f<2n—1
Iteration of the closed equation (70) implies that
S0 S2n—1
mit? (zg, 25, g, 25) = Soo + hm 72 / dsy / dsap,
0 0
(72) Z Th(s2n; %o, - - -, X2n) mi;n22 (x2n),
Xan €(22)3

where the series S, and the latter limit must converge by the monotonicity of the
partial sums and the finiteness of the left-hand side (by Lemma 19). To finish the
proof, we have to show that the limit expression in (72) will disappear.
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If A > 0, then Lemma 19 implies that
(73) M2 (x2n) < ¢(73) exp[Al|xza]l]

S2n

(recall that sz, < sp) for some constant c(r3) = c(73)(A,50). In Lemma 24 (see
Remark 25) we will show that

(74) Z Tn(S2n; X0, - - -y X27,) €XP [)\ ||x2n||] < c(ra) €Xp [2)\ ||X0||] 6"
Xon €(Z2)3

for some constant c(74) = ¢(74)(s0,A,0) [note that the left hand side of (74) is
L, (1)]. Use (73) and (74) to see that the limit in (72) is bounded by

2n
. n S
(75) Bim e(ry) oy (67) (2(;)! exp[2X[[xol]] = 0.
Thus, the limit expression in (72) vanishes, and the proof is finished. ]

3.5. A 4" moment density estimate on Z?. Now we temporarily fix a A > 0,
and assume that the initial state Xo = ' € M2, is deterministic with density
function (also denoted by X, = i) satisfying

(76) Wix) < exell wez? i=1,2,

for some constant cy. (In other words, 'u € B_y.) For fs,(xo), defined in (65),
with 0 < sp < T and xo = (2,23, 23) € (Z?)3, by Lemma A2 in the appendix we
obtain

50

foo(x0) < ) Chsexp[2A|zg| + Alzg| + Alzd|] + 'y/ dsy Z
0

x1€(Z2)3

Doos1 (@3 = 7) Do (2 = 21) + Do 51 (&3 = 7) Do (45 — 2]

Pso—s1 (26 = 27) Psg—s: (5 — 1) € €hs exp[A (J21] + |27])] exp[2A|2]],

with cas = ca2(T, \,0) > 1 (defined in that lemma). For the integral term on the
right hand side, we again use Lemma A2 (to eliminate the summation variables x}
and z?)) to obtain the upper estimate

S0
4 6
vk, [ds Y
0

F%ﬁ%—ﬁwwpwaﬂﬁm
I?€Z2

+ Dag—s (25 — 27) exp [ (|zg| + Iwgl)]] Pso—s: (20 — 77) exp[2X[}]].

Then, by Lemma A6, altogether we obtain
Yoo (¥0) < € cho exp[2A|zg| + Alzg| + Alzg|]

S0 3
+ vy Ao cas exp[2A|zg| + Alzd| + Alzf]] / dsy Z p2e2mz(50751)(w[1) — k)
0 k=2
with CAg = CAG(T,QA,U) Z 1.
To apply this estimate to 'fs,, (x2,,) occurring in the 4*" moment density formula
of Lemma 23, it is convenient to introduce two quantities L,(a) and M}/ (a,b).

To describe them, we set a := (a',a?,a®) with numbers o' € [0,2] satisfying



24 DAWSON, ETHERIDGE, FLEISCHMANN, MYTNIK, PERKINS, AND XIONG

a' + a® + a® = 4, and write A for the set of all these a. Moreover, with a slight
abuse of notation, we set

(77) [|lax|| := a1|a:1| + a2|:r2| + a3|a:3| if x= (ml,x2,m3) € (22)3.
Here now is the definition of L,(a), n >1:

Ln(a) = Ln(a,A;Sm;Xo)

(78) = Z exp [)\ ||ax2n||] I, (s2n; X0, - - -, X2n),
x¢€(Z2)3 for 1<4<2n
with IL,(s2n; X0, ..., X2,) as introduced in the end of Subsection 3.3. On the other

hand, M}(a,b) = MF¥(a,b,\,s0,11;%0), with £ = 2,3 and b > 1, is defined as
Ly(a) but with the additional factor pay (s,, sy 1) (T3, — @5,) under the summa-
tion symbol. With these definitions, the moment density function of Lemma 23
becomes

(79)  mg,* (g, 25, x5, 25) < C‘f\ci2{eXP[>‘||aX0”]
£l 3
+ 7 cRacas exp[AIIaXoll]/ dsi > Pab(s-s0) (@0 = 0)
0 k=2
00 50 San—1
i Z,ﬁn/ ds; / dsan Lp(a, A, s2n;X0)
n=1 0 0

oo S0 S2n 3
+ Aocas 272n+1/ ds; / dsani1 ZMff(a, b,/\,52n+1;xo)}
0

n=1 0 k=2

where a:=(2,1,1), b=, cas = ca2(T, A, 0) and cpg = cag(T, 22, o).
Now we need estimates for L,(a) and MF(a,b). Recall the definition (7) of the
norm || -||.

Lemma 24 (Basic estimates). For A >0, n>1, T > sy > --- > sp41 > 0,
xo € (Z%)3, a€ A, b>1, and k=2,3,

C?u 63271 21 1 1k
(80) Ly(a) < Sn . © ol Z P2b; & (30_31)(1‘0—1’0),
[T (sj=2 —s;) 1<i<6m/2
j=2 k=2,3
2n
c _
(81)  Mp(ab) < gl N A o (@5 —205),
Si_o —S; 1<7<6"/2
jl;[2 ( Jj—2 ]) F=2.3

where the b;x > 1 might depend on a,\,s2,—1, and the b,z > 1 even on
a,b,k,\ sapt1. Moreover, cas = caz(T,2\,0) > 1 and

82 cos = coa(T,\,0) := éog0 2 exp|60°T eB0N :
(
with the absolute constant C»4 := 64¢s.

The proof of this lemma will be postponed to the appendix (Subsection A.2).
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Remark 25 (Simplified bound). The proof of (80) will also show that
(83) Ln(a) < &, 6" el
To see this, instead of using Lemma 2 (b) to bound ps(z), use the trivial bound

of 1 throughout the proof and the factors of % effectively disappear. This

s2
bound was already exploited in (74) but will not be of further use because it does
not scale properly. &

Inserting these bounds into (79) gives the following result.

Lemma 26 (4'® moment density estimate). Suppose the initial state X, =
Y has density functions satisfying (76) for some X\ > 0. Then, for 0 < so < T
and x € (Z?)3,

1m1122(331 1’2 1’1 1’3)

s0
< cmemu{l IR U0 SUSTRSNEESE
0

S2n—1
+ cA2Z'yQ"c§Z 1/ dsy / dsap
k
%— Z Db, s (s0—ar) (' =)

1 (sj—2 —sj) 1<i<6m/2
j=2 k=2,3

> S0 S2n
2 2n+1 2n
+ Chscas 7T 024/ ds; / dsant1
0 0

n=1

1 _
2n+1 Z 1p2bz,1; (5051)(5”1_35k)}

where b = ¢2°%’ | whereas bix > 1 and by > 1 might depend on X,syn_1 and
b, \, sont1, respectively. Moreover, cas = cas(T,2X\,0) > 1, cag = cag(T,2M,0) >
1, and coq = c24(T, A, 0).

3.6. A 4'» moment estimate on Z> under bounded initial densities. For
the forthcoming paper [DFM*00] we will need the following more handy version of
the previous estimate concerning the special case A = 0.

Corollary 27 (Bounded initial densities). Let 0 < p < 1. Assume

o sin[r(1-p)]

o? V6 Cro

and that the initial state 'Xo = u has bounded density functions, ||1X3||00 <a
say, i = 1,2. Then for so >0, and x = (z', 22,23, 2%) € (Z%)*,

s0
lmi;”(x) < at (1 + co7 sg/ dsy 577 [1p231 (' — %) + "o, (23 — w4)]>
0

and

So .
1m1112(:r1 a:2 e a:3) < at <1+027 sg/ ds; s;p Z 1p231(1’J _l.k)>
0

1<j<k<3

(84)
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for some constant cor = c27(p,7y, o).

Proof. Step 1°. First we restrict our attention to x = (z!,2%,2%) in (Z?)3. Ac-
cording to Remark A7, in the A = 0 case, cas = 1 = cag, hence, by (A40), we can
chose €24 = 3 = Cpw 0 2. Moreover, under A =0, the b in (79) equals one, there-
fore all the b’s in Lemma 24 and its proof are one. Putting these simplifications in
the inequality in Lemma 26 yields (with a instead of cy)

S0
R O a4{1 7 [ ds1 gm0
0

e on 2m 1 S0 San—1 1 6™
+ Z Y " C2n7 / d81 v / dSQn n = Jso—s1 (X)
— 0 0 I1

Ly (sj—2 —s5) 2

P e 1
+ Z’V n+ C2n/ dsy / dsont1 —5n77 6" gso—s1 (%) 0
n=1 0 0 H

j=2 (sj—2 = 55)

where for x = (z!,22,2%) € (Z?)® we put

3
(85) 9s(x) = > pas(z' —2"), s> 0.
k=2

Applying the Feynman integral estimate of Lemma A8 with n replaced by 2n and
2n + 1, respectively, we obtain

50
(86) mi;22(m1,m2,a:1,a:3) < at {1 + 'y/ ds1 gso—s, (X)
0
1006n2n2n180 S0 P
- il — d 2n—2 _
! pnzzjl 2 e /0 ot Cas S0 — 81 ga—s1 (X)

1 o 2n+1 2 % 2n—1 S0 P
+—E6"’y" c"/ dslc”< )g_ x) .
P4 > Jo As S0 — 81 ro=1(x)

Changing variable in the integration (to interchange sg —s1 and s1), and recalling
that with (84) we assumed that v/67cz2cas < 1, we may sum the series (adding
the initial term in the second case) to obtain the estimate

so
(87) mién(wl,wQ,ml,mB) < a4{1+7/ dsy gs, (x)
0
+ DByttt [ s G0/ g0 (9
- - x) 5.
p’y Y C2 CAg 1—67203638 o S1 (So/S1 931

Hence,

s0
(88) mi;22(x1’m2’ml,x3) < a4{]‘ +c(88)/ dsy (So/sl)p Gs1 (X)}
0

for some constant C(88) = C(88) (p,7,0).

Step 2°. Next we want to substitute this estimate into (69) to derive the second of

the claimed inequalities. For this purpose, for x = (z!,2%,2%) and y = (y',9%,%°)
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n (Z2)® and r >0, set
I.(x,y) = |pr(z' —y") pr(2® —y") pr(2® — 9°)
(89) + pr(at —yt) pr(2® —y?) pr(2® —yt)
+ pr(zt —9?) pr(2® —y') pr(a® - yl)] pr(z® —y?),

to obtain from (69) and (88),

m1112($1 x2 3 553) < a +fy/ dsy Z Iso 31(X Y)
(90) yE€(Z2)3

s1
a* {1 + 6(88)/ dss (51/52)P s, (y)}
0
First we calculate two sums over y. Trivially,

(91) Z I.(x,y) = Z por(z? — 2%) =: h,(x),

ye(z2)? 1<j<k<3
whereas
(92) > L(xY) P2 @' —v7)

yE(Z2)3

_ 1 3 1

= > [pr(ﬂf —y") pr(@® = y") Pryos, (2 — y)

ylez2
+ pr(@' = y") Pryas, (2® — ") pr(@® — y")

+ Prizs, (@' —y') pr(@® —y') pr(2® — yl)]
< e (r+ 232)71 hr(x),

and a similar calculation gives

h,(x)
7+ 259

(93) Y L(xy) P —v?) < e

y€e(2?)?

Recalling the definition (85) of g5, (y), put these three bounds into (90) to conclude

m1112(x1 22,23, 2%) < a* +a? 'y/ ds1 hsy—s, (%)

+a 0(94/ dSl/ d82 81/82 SO Sl(X)

So — S1 + 289

(94)

1-p
for some constant cgg4) = c(94)(p,,0). The substitution r := (502%51) gives
81 4 2 P [ele] 1
(95) / dsy = o1 < ( %0 ) / dr ————
0 sy (so — 81 + 2s2) so—s1/ Jo 14777

= C(95) Sg (30 - 81)71)
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with a constant c(g5) = c(95)(p). Consequently,

1112/, 1 2 .3 .3
mso ('Clj y U5 & ,.’I})

S0

S0
a* + a47/ dsy hs, (x) + a’ c(gq sg/ ds1 ¢(o5) (S0 = 51) P hsg—s, (X)
0 0

50
a <1 + c96) sg/ dsy 577 hsl(x)>
0

with a constant c(gg) = ¢(96)(P,7,0). This gives the second estimate claimed in the
corollary [recall the definition (91) of hs, (x)].

IN

(96)

IN

Step 3°. It remains to prove the first estimate claimed in Corollary 27. According
o (66), for x = (2!, 22,23, 2%) € (2*)%,

S0
M2 (x) = S, mb2(x) + 7 / dsi 3
0

ye(Z?)?

(97) Pso—s1 (ml - y?,) Pso—s1 (12 - y3) Pso—s1 (mS - y2) Pso—s1 (IA - yl)

+ Pso—s1 (1.1 - yl) Pso—s1 (1‘2 - y2) Pso—s1 (mS - y?,) Pso—s1 (IA - y3)

ma Py y%y% yP).

Substituting (96) and using the definition (91) of hs,(y) gives

S0
P00 < atey [ ds Y
0

y€(Z2)3
|:p30—81 (xl - y3) Pso—s: (mQ - y3) Pso—s: (.773 - y2) Pso—s1 (.774 - yl)

(98)  Dogmsn (1 = 1) Doy a1 (8% = 1) Dogon (8% = 4%) Doy (& = 1)
S1
at (1 + ¢(96) s’l’/ dss s,
0

[P2s; (' = %) + D25y (' — ¥%) + Pas, (° — y3)]> :
By Chapman-Kolmogorov we have
(99) > pelat =) pr(a® = ) pr(a® =y pr(at — o)
ye(z2)?
(P25 (' = ¥7) + D250 (4 = y°) + P2sa (v° — 9°)]
= > pe(a' =¥ pe(a® =y
y3€Z2
[p2r+252 (1'3 - 1‘4) + pr+252 (1’4 - y3) + p'r'+252 (1’3 - yB)] .
According to Lemma 2 (b),

(100) P2r+2s, (5”3 - 5”4) <
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whereas for the second and third term in the final bracket of (99) one gets twice
this estimate. Thus, again by Chapman-Kolmogorov, (99) can be bounded by

1
101 —— po,(xt = 2?).
(101) 5622r+232p2 (@ %)

Use this estimate, a symmetrical counterpart, and the fact that (99) without the

square bracket expressions equals po,(z! — 2?), to conclude from (98) that

S0
mi?*(x) < a* +7/ ds1 [Pa(sy—s1) (@' — T%) + Da(sy—sy) (z° — 2%)]
0

81 1
1+ 5 ”/ d )
¢ ( e 20 0 ” sh (2(so — s1) + 252)

S a’4 +'Y/ dSl [p2 (s0— Sl)(ml -z ) + p2(50781)(x3 - 374)]
0

0,4 (1 + 0(96) 502 811) 0(95) (2(30 - 31))_p)7

where in the last step we used (95). Consequently,

S0
(102) ml?*(x) < o (1 + C(102) sg/ ds1 817 [p2s, (28 — 22) + Py, (2° — x4)]),
0
finishing the proof. [ ]

3.7. An estimate for the 2" moment of the collision measure on Z>. For
the desired tightness properties, we will restrict our consideration to a finite time
interval [0,T]. So let us fix now a T > 0.

Later we will need estimates for certain moments in the case of tempered initial
density functions and we will provide them for v/0? not too large. More precisely,
we will impose the following hypothesis.

Hypothesis 28 (Small collision rate). Assume that
2

\/671’624 - 70'7

with the absolute constant ¢s4 = 64 ¢p from Lemma 24. o

(103) 0 <vy<

Later we will consider initial density functions 'X¢ = u¢ belonging to !Biem C
'B_x, X > 0. Actually, under Hypothesis 28, we will restrict ourselves to those
A € [0,1] satisfying

(104) v exp [6 azT(egw‘2 - 1)} < Y-

We will use Lemma 26 to derive the following statement. Recall that we fixed
T > 0.

Proposition 29 (2! moment of collision measure). Assume that both v > 0
and X € [0,1] are small as in Hypothesis 28 and condition (104), respectively.
Suppose that 'Xo = 'u has density functions satisfying (76) (for the present \).
Then, for 0 <t <T and non-negative test functions o,

< Z‘P 4)‘z> + Cagl Z‘P eMel

T€Z? T€Z2

Pu| ¥ i@ 20 @(w] < &,
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where 3y = 3g(T, A\, 0) := 2¢5 S5 (T, 2\, 0) cas(T,4), 0) and

_ — > (1+2mye)
(105) 0 < Cog — CQg(T,)\,U',')/) = ')/+24’)/ CQ4W < 0
with coq = c24(T, \,0) from (82).
Proof. The left hand moment expression in the claim (with ¢ = sg) equals
(106) Z <p(m1)<p(x2)m1122(:61 562 561 .772)

zl,x2 €72

By Lemma 26 with 22 = 23,

s0
e > p(x') p(a?) eIl {1 + 7/0 ds1 Pap (sg—s1) (7" — 7°)

x=(zt,2?) € (Z2)?
o S0 S2n—1
2n 2 1
+ E v e / ds; / dss,
n=1 0 0

1
T Z p2blk(50 s1)(m —2%)
[T(sj—=2—s5) 1<i <2

we bound the latter sum by

j=2 k=2

+ Z,YQTH-I 2n/ d81 . / d32n+1
i I
2n+1 2b; 5 (s0—51)

(note that we passed from x €(Z2) to x €(Z2)?). We write the right hand side as
99 (S1 + -+ +S4) in the obvious correspondence. Trivially,

(107) < Z‘f’ pRNEd >2

reZ2

(recall (7) which now reads as ||x|| = |2'| + |2?|) giving the first term in the claim.
By Chapman-Kolmogorov and a change of variable,

S2 = / ds; Z Z )e4>\HXH Pbsq (ml - y) Pbs, (12 - y)

yeZ2 zl,z2 € Z2
2
= / dsi Y <Z<p el py, (w—y)> -
yezZ2 “xeZ?
By Jensen and L'-invariance, we may bound the latter expression by
W9 [ X T @ b e ) = 750 3 ) e
y€eZ2 recz2 zeZ2

which gives rise to the second term in the required upper bound. Treating Ss this
way, but without performing the integral in s;, we get

o] EN) S2n—1 ]_
Sy < > AP 1/ ds; / ds2, —5= 6" > ?(x) e,
ot 0 0 I ;

j=2 (8j—2 — ;) cez?




MUTUALLY CATALYTIC BRANCHING IN R? 31

By the Feynman integral Lemma A8 with 2n instead of n and with p = 1/2, this
in turn is

(109) S QZQDZ( 8)\|I Z 2n 2n 16n 2n— 2/ dSl

eez? S0 — 81
But f(f ds \/t/s = 2t, and
6’72 C24
110 2n 2n— 16n 2n—2 —
(110) Z e 1—-6m242c2,

since 6722 c3, < 1 by Hypothesis 28 and assumption (104) on v and A, respec-
tively. So

24307 024 oSz
(111) S; < T—6m e, Z(p v
z€Z?
Finally,
i it 2n [ sen 1 Z JCANED
Se< Yoy [ sy [ dsans o 26" 3" P(x) o
n=1 0 0 1_[.7:;r (Sj*Q - SJ) z€Z2

Lemma A8 applied to Kap41(s0,s1) and p =1/2 gives that this is

< 42(102( 8A\z\272n+1 2n6n 2n— 1/ ds,

reZ2

S0 — S1

483071'7 024 9 -~
112 < 00 7 =1
1) < g Lt

Combining the estimates (111) and (112) for S3 and S4, respectively, gives rise to
the second term of cs9, and we are done. [ ]

3.8. Uniform bound for second moment of collision measure on €Z2. Recall
that the mutually catalytic branching processes X = (EXI, EXQ) in €72, 0<e<
1, introduced before Theorem 6, can be defined through 'X via their densities
with respect to ¢ [defined in (24)]:

(113) XNi(z) = X, (e ), t>0, xze€eZ? i=1,2.
That is, the “M,,,,~valued process “X satisfies the martingale problem (MP)Z;"*

in (35) if and only if the 'MZ,,,—valued 'X satisfies (MP)7, 771 where (113) also

determines the relationship between u and u
Let

“my(x) =Py | [T "XV (@)
=1

be the corresponding moment densities.

Recall that we fixed T" > 0. Instead of imposing (104) we will consider now
A € [0,1] satisfying
(114) v exp[48002 T \? ] < ~,
(with v, from Hypothesis 28). The following statement is crucial for our develop-
ment.
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Corollary 30 (Scaled 2"! moment of collision measure). Assume that v >
0 and X €[0,1] are small as in Hypothesis 28 and assumption (114), respectively.

Suppose that the (deterministic) initial densities *Xo = u satisfy
115) wz) < exel®l,  zeez?, i=1,2, £€(0,1],
for some constant c) (independent of ¢).

Then there is a constant csop = cs0(T,\,0,7) independent of e, such that for
0 <t <T and non-negative test functions ¢ on eZ2,

(116) Psu{ /Z;é<dy> fXé@)fo(y)«,a(y)] < e /Z:é(dy) 2(y) 10N,

Proof. By definition, the left hand side of (116) can be written as

(117) Py, { > XLy (2) X2y (2) 5%0(8:6)} ,

r€Z?
where Wi(z) = %u'(ex) < ¢y e Ml by (115). Now we want to apply Proposition
29 with T, A, and ¢ replaced by 72T, e\ and &%p(e-), respectively. This is
actually possible, since
(118) e —1 < ceef, 0<e<l, ¢>0,
hence, by (114) and since A <1,
(119) v exp [6 0% e ?T (¥ ST 1)] < vexp[48007 T A%e*] < ~,.

Thus, Proposition 29 gives the following upper bound for (117):

2
(120) 639 [( Z 52 (P(El‘) e4€>\|z|> + 29 572 T Z 54 @2(61’) e85Az] ,

z€Z? T€Z2

with 99 = 9y (5_2T, 5/\,0) and co9 = co9 (5_2T, e, T, 7). Concerning their e—
dependence, these constants depend only on terms of the form

(121) ¢t exp [cz E*QT(ecssz)‘2 — 1)]

2

with constants ¢!, c?,¢® independent of e. Using again the trivial estimate (118),
the latter expression can be bounded from above by

(122) c! exp [CQ TN eCSAZ}

which is independent of €. Moreover, the second term in (120) is of the form of the
integral on the right hand side of (116) [except the enlargement of the constant 8
to 10]. Finally, using Cauchy-Schwarz, the squared sum in (120) can be bounded
from above by

(123) Z et (p2(SZE) elOEMm\ Z e—QE)\\m\’

z€Z? z€Z?

where the second sum equals ¢ (¢\) 2. Combining the arguments above gives (116),
completing the proof. n

The following bounds on the scaled fourth moment densities will be used in
[DFM*00] and follow directly from Corollary 27.
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Corollary 31 (Scaled moment density bounds). Let 0 < p < 1. Assume

o sin[r(1-p)]

o V6 Cry

and that the initial state “Xo = u has bounded density functions, ||5X8||OO < a,
say, i = 1,2. Then for € >0, sop >0, and x = (2,22, 2%, 2%) € (¢Z2)4,

50
Emiém(x) < at (1 + cor sg/ dsy 577 [Epgs1 (' — 2%) + “pas, (2° — m4)]>
0
and

s0
e 1112/,1 .2 .3 3 4 P —p e j k
mg, (x5, 27,27, 2°) < a <1+C27so/ dsy s; E pgsl(a:]—a:)>
0 1<j<k<3

(124)

for the constant ca7 = ca7(p,7,0).

4. CONSTRUCTION OF X

In this section, the approximation Theorem 6, hence Theorem 4 (a) will be proved
which states the existence of a mutually catalytic branching process X on RZ
satisfying the martingale problem (MP)Z’V.

4.1. Tightness on path space. The purpose of this subsection is to derive some
uniform moment estimates, which imply the tightness on path space (Proposition
37 below).

It is convenient to introduce the following hypothesis.

Hypothesis 32 (Uniformly tempered initial densities). Assume that the ini-
tial densities Xy = u satisfy the uniform domination condition (115) for all
A>0. <o

Recall that measures on £Z? will also be considered as (discrete) measures on
R2.

Lemma 33 (Uniform first absolute moments). Under Hypothesis 32, for each
T >0 and ¢ € Cexp(R?),

(125) sup P:, sup |(5Xt’,g0)| < 0, i=1,2.

0<e<1 0<t<T
Proof. Fix T > 0 and i = 1,2. We may assume that ¢ € C\/@\(Rz), A > 0. Since
lol < lelzx?zn [recall notation (15)], and using the first inequality in (13) in

the case n = 0, it suffices to verify the claim (125) with ¢ replaced by ¢, . By the

martingale problem (MP)77" in (35),

Py sup (X}, 9\) < cPey sup |Mi(n)| + c (i, ér)
0<t<T 0<t<T

(126) . ,
+ c/ ds <ESS i, T “Ady
0 T2

)

where in the last term we have used the expectation formula (50). Write ¢(S; +
Ss + S3) for the right hand side (in the obvious correspondence). For S, we use
(115) with X replaced by a A" € (0, A), and the upper estimate of (13) in the case
n =0 to get a finite bound, independent of ¢.
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Next, using the mean value theorem (twice), and then the second part of (13) in
the case n = 2, there is a constant ¢, independent of £ such that

(127) |*Agp(z)| < Ere M, T €eZ%

On the other hand, due to (115) with A replaced by A € (0, A),
(128) uo< v oo,

whereas by Corollary A3

(129) Ssp—x < caz Py

with cag = cas(T, N, o). Together these give

(130) Ssut < cp_y, 0< N <A,

with a constant ¢ depending on \'. Combining these estimates, S3 also behaves
nicely.
Finally, to S; we apply Burkholder’s inequality to get the upper bound

(131) cPey\/v CLex(T),43) < C\/PEWGLEX(T),@)

where we have also used Jensen’s inequality. By the expectation formula (53) and
the second part of (13) in the case n = 0, for the expectation under the root we
get the upper bound

T
(132) C’Y/ dS/ 0(dz) ' * °ps (z) Su? * “ps (z) e =2l
0 cZ?

Applying (130) twice, we are done. ]

From now on we assume in this subsection that the collision rate v > 0 is
small as in Hypothesis 28, and that the initial densities *Xy = “u are uniformly
tempered as in Hypothesis 32.

Lemma 34 (Uniform 4" moments of increments). Fiz a ¢ > 0 belonging to

Céi%(R2). Then there is a constant czq = c34(T,7y,0,9) such that

sup Py (X} — X7, @) < eaalt —tP,  0<t<t#<T, i=1,2
0<e<1
Proof. Fix T,v,0,i as in the lemma, and take ¢ € C§\2)(R2), A > 0. By the Green

function representation of the martingale problem (MP)ZJ”E in Subsection 3.1,

(133) (X7 — °X7, o) < ¢ (', “Spo — Spp)’
4
+ c

/ SMi(d(s,:r)) [EStz,sga(a:) —ESt,sga(a:)]
[0,t]xeZ?

4
+ c

/ gMi (d(s,$))55t/7590(1‘)
[t,t']xeZ?

Write the right hand side as ¢ (S; + Sz +S3) (in the obvious correspondence). We
will use the fact that

t' 2
(134) “Spp — “Sip = / ds %ESS “Ag.
t
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By the mean value theorem, and since by assumption A¢ belongs to Cx(R?), we
conclude that

(135) IFAp| (z) < ce Mol T € eZ”.

Then by (130), the term S; has the required property.
By Burkholder’s inequality, (48), and the definition of °L:x,

(136) Py Sy < cP5u< / ds/Zz (de) X () X2(x) (ESt’—sQD(:E))2>2

IN

2
ey |t —t / ds Peu< U(dx) X(x) X2(x) °Spr_50° (x)) )
t cZ?

where we have also used the Cauchy-Schwarz and Jensen’s inequalities. By Corol-
lary 30 with ¢ replaced by ®Sy_s;0?, and A by a X satisfying additionally
A € (0,2)\/5), the latter second moment expression can be bounded from above
by

(137) cso | U(dy) ((Sy_sp?)” (y) 0N,
eZ2

But by Corollary A3 (a),
(138) “Sp_sp® < coar

with a constant ¢ depending on T and A. Hence, by our assumption on X,
the integral in formula line (137) is bounded by a constant, uniformly in e, s,t'.
Altogether, S3 behaves as we want it to.

Similarly, Sy can be handled by using (134), finishing the proof. ]

Since each ¢ € CA\(R?), X > 0, satisfies |¢| < |p|x da < |cp|>\gz~5>\/\/§7 and ‘Z))\/\/ﬁ

belongs to CiQ/) \/§(R2)7 the previous lemma immediately implies the following result.

Corollary 35 (Uniform fourth moments). Let ¢ € Cexp(R?). Then

(139) sup P, <€th: <,0>4 < 00, i=1,2.
0<e<1, 0<t<T

We also need the following lemma.

Lemma 36 (2"! moment of collision local time increments). Fiz a ¢ > 0
in Cexp(R?). Then there is a constant css = c36(T,7,0,¢) such that

2
(140)  sup P, <5L5X(t) ~ Lx(t), <p> <oeglt —t%,  0<t<t <T.
0<e<1

Proof. The proof requires us to estimate

(141) Pu (3 [ 0 [t W o)

and this can be done in the same way as in the proof of Lemma 34 [recall (136)].m

Here is the essential result of this subsection.

Proposition 37 (Tightness). Under Hypotheses 28 and 32, the family of random
processes {(°X, °L:x): € € (0,1]} is tight (in law) in C (R4, M2, (R?)).
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Proof. Fix a T > 0. We want to exploit [EK86, Theorem 3.9.1]. For this purpose,
we use the relatively compact subsets

(142) K = K ((ea)ns1) = {I/E Miem = (0,01/n) < Cny 1> 1}

of Myiem, where (c,)n>1 is a sequence of positive numbers. For 0 < e <1, using
Lemma 33, we can find a sequence (cy)n>1 such that for i =1, 2,

(143) Pfu( sup ‘(EXg,qu/n> ch) < e/2m.
0<t<T

Then

(144) P., (Xt € K ((cn)ns1) forall ¢ € [O,T]) > 1-e.

By the Lemmas 34 and 36 we obtain that, for every non-negative ¢ € Céi%,, the
families

(145) {(X'py: 0<e<1}, i=12, and {(°L:x,p): 0<e<1}

of random processes, restricted to [0,77], are tight (in law) in C([0,T],R). Then
by [EK86, Theorem 3.9.1] the claim follows. (In fact, since our processes are all
continuous, tightness in the Skorohod space then yields the tightness in our C—
space.) |

4.2. Limiting martingale problem (proof of Theorem 4). As the main task,
here we want to verify the following proposition which implies Theorem 4 (a).

Proposition 38 (Limiting martingale problem). Fiz v,0,u as in Theorem
4, hence as in Theorem 6, and, for 0 < & < 1, choose “Xo = u € B2, (¢Z?) as
in Theorem 6, that is, satisfying the domination condition (36) with constants cy
independent of €, and converging in M2, (R?) to p as € | 0. Then, based on
Proposition 37, for each (in law) limit point (X,A) of {(°X, “L-x): € € (0,1]}
in C(R+,M3 (Rz)) we have A = Lx, and X satisfies the martingale problem

- tem
(MP)77.

The proof will be divided into a series of lemmas. For this purpose, in this
subsection we fix v, o, and *u — u as € | 0, aswell as (X, A) asin the proposition.
Note that then the Hypotheses 28 and 32 hold. Take a sequence (*"X, ~L) with
0<en,l0 as n 1T oo such that
(146) ("X, L) > (X,A)in C(Re s M (RY)

ntToo
in law. By Skorohod’s theorem, we may (and shall) assume that this convergence
is almost sure on the stochastic basis (Q,F,F.,P).

Since each =X is a time-homogeneous Markov process, from the expected colli-
sion local time formula (53) we immediately get the following statement: for fixed
en, 0< s <t, and ¢ € Coxp(R?),

P {<E"L£nx(t) — E"LEnX(S), SO> ‘.7:3}

(147) ¢

- / ar / euf(da) X1 % 0,y (2) X2 %D,y (2) o(2)
s enZ?

P-a.s. (conditional expected approximated collision local time).
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Lemma 39 (Uniform integrability). For any fited t > 0 and ¢ € Cexp(R?),
the random variables

2 2
(148) CrXi,e), (XEe) s (Lex(t),9), n>1,
are uniformly integrable with respect to P.

Proof. Fix t and ¢ as in the lemma. By Corollaries 35 and 30 the fourth moment
of <€"th, cp) and the second moment of the collision measure, respectively, are
bounded, uniformly in n. The conclusion of the lemma is then immediate. [

From the previous lemma it easily follows that the limit point (X, A) satisfies
the martingale problem (MP)Z’V of Definition 3, but with Lx replaced by A. In
order to complete the proof of Proposition 38, the only point which remains to be
checked is that A is in fact the collision local time Lx . This we will achieve by
some L!'-arguments based on the additional smoothing imposed in Definition 1 on
the collision local time. The first technical result in this direction is the following
lemma.

Lemma 40 (Convergence of expected collision local times). For every
0<s<t and e Ch (R?),

t
/ ar| / euf(d) X1y (2) X2 %5 pr_y (1) ()]
(149) 5 Jen?

t
nT—O)O /dT‘ R2€(d1') X;*prfs (1') X,?*prfs (Z’) (10(1.)
in LY(P).

Proof. Consider s,t,¢ as in the lemma. By the expectation formula (50), the
expectation of the integrand in square brackets in (149) equals

(150) / “np(da) Sl % *py (2) o %y (2) ().
enZ2

Since the »u satisfy (115) for all A > 0, and ¢ is fixed, by Corollary A3 (a),
(151) fipl xfnp, < excas oy, n>1, =12, r<t.

On the other hand, ¢ < ¢y ¢y and choosing X' > 2\, the integral in (150)
is bounded from above by ¢ (°*, ¢x'—2)) < ¢, uniformly in r and &, . Similarly,
the expectation of the corresponding integrand on the right hand side of (149) is
uniformly bounded. Thus, by bounded convergence, it is enough to show that for
fixed r > s >0 and ¢,

P / “uf(dr) XL %= p,_y (1) X2 % p,, (2) 9 (w)
enlZ?
(152) - {(dx) Xsl*prfs (z) Xg*prfs (z) () T> 0.
R2 n|Too

Next we bring in the additional terms

(153) = / “0(dz) XL x py_g (£) X2 5 py_s (2) (2).
enZ2
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This time we want to apply dominated convergence. Besides domination estimates,
the key is the following variance estimate: by the covariance formula (55), for
1=1,2,

(154)  Var="X!x [*"p,_s (z) — pros (2)]

= / du/ . U(dy) Tt x T pu (y) T x T pu (y)
0 enZ2

2

[/s z2 e(dz) [En Pr—s (2 =) = pr—s (2 — .7:)] TPs—u(2 - Y)

For fixed A > 0, by (151), and using Jensen’s inequality, we may bound this
expression from above by

(155) <c /0 du / . U(dy) d2x(y)
[ ) b= ) = e (e =] (e = ).

Interchanging the order of integration, and exploiting Corollary A3 (a), we get the
bound

(156) <e / . 0f(dz) [ prs (2 — @) = Pr_s (2 — 7)]° P an(2).

But ¢_ox(2) < dor(x) p_r(z — x), and, since r —s > 0 is fixed, by Lemma 2 (a),
given 6 > 0 we may choose N = N(0) such that for all n > N,

(157) " pros (2 —2) = pr_s (z—z)| < 6.

Therefore, we may bound the expression (156) by

(13%)  <cdon@) [ Hd) b ()62

enZ2

66 x(a) / 0(d2) prs () don(2), > N.

enZ?
By Corollary A3, the integrals are bounded in ¢, . Therefore, the variance expres-
sions in (154) tend to 0 as n 1 0o. It is easy to derive bounds in the z variable which
allow us to apply Dominated Convergence by using the fact that ¢ < ¢y ¢y and

choosing A" > 2.
Summarizing, it is enough to show that for our fixed r > s > 0 and ¢,

P

/ p(de) XL # py_y () X py_y (2) ()
enZ2

(159) - ((dx) Xtspr_s (2) X2%pr_s (z) o(x)] — 0.

R2 ntoo

But this follows from the assumed a.s. convergence X — X in C(Rj, Miem(R?))
by domination arguments using the uniform finiteness of fourth moments of Corol-
lary 35. ]
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By the assumed a.s. convergence in (146), Lemma 39, the identity (147) and
Lemma 40, we have, for each ¢ € Cexp(R?), the following convergence in L!(P) :

4

P {(A(t) — A(s), ) ‘ ]—'s} — lim P {< nlenx (t) — "Lenx(s), ¢> ‘ ]—'s}

ntoo

t
(160) { = tim [ ar / | FrH(dn) X (1) X £ (0) ()

ntoo Jg

t
/ dr [ €(dz) X sp,_s (z) X2xp,—s (z) ().
s R2

\

Recalling Definition 1 of collision local time, we now prove the following result.

Lemma 41 (Identifying the collision local time). For all ¢ € Cexp(R?) and
t >0, we have the following convergence in L(P) :

(161) (LX), ) — (Ix(t),0) as 540,
and A = Lx.

Proof. For ¢ € Cexp(R?), by (160) we have

t
(162) (L (1), ) = /ds %P{(A(s+6) — A(s), ) ‘}'} P-as.
0
Theorem 37 of [Mey66, p.126] and the continuity of ¢ — A(t) in Myem yield
that the latter integral term converges to (A(t), ) in L*(P) as § | 0, for each
t >0 and ¢ € Cexp(R?). Since A is a continuous non-decreasing Miem—valued
process, the identity (162) and Definition 1 tell us that the collision local time Lx
exists, coincides with A, and we have the convergence claimed in the lemma. This
finishes the proof. [

Note that we have now proved Proposition 38 and hence Theorem 4 (a).

Proof of Theorem 4 (b). The claimed moment formula for the collision local time
easily follows from the corresponding formula (53) for the approximating processes
¢X, the limiting martingale Proposition 38, and Lemmas 40 (deterministic case
s =0) and 39. Argue similarly for the remaining two moment formulae. ]

4.3. Extended martingale problem and Green function representation.
In this subsection, for convenience, we present two immediate consequences of the
martingale problem (MP)7>" of Definition 3.

For A > 0, denote by C% ’)\2) the set of all real-valued functions ¢ defined on
[0,T] x R? such that t ~ (¢, ), t+— %w(t, -), and t — Aw(t, -) are continuous

Cx—valued functions. Set C(T{éi)p =Uxso C(T{’f).

Lemma 42 (Extension of the martingale problem (MP)Z”Y). Let X be any
solution of the martingale problem (MP)Z’A’ of Definition 3. Then, for ', ¢? in
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C(172)

T,exp ?
o o ¢ . g2 . o .
(X)) = (') + [ ds (X0 T Avits) + 207 (9)
(163)
+/ M’(d(s,:r)) Yi(s,x), 0<t<T, i=1,2,
[0,t] xR?

where M'(d(s,z)) are the (zero-mean) martingale measures such that

<</[0,.]sz Mi(d(s,2)) fi(s,a), /[o,.]sz M (d(s,2)) fi(s,a:)>>t

(164)
=60 Ix(de0) a0 P, 0SEST, Q=12
[0,t]xR2
Here f', f% belong to the set of predictable functions f defined on Q x Ry x R®
such that

(165) Plf(/ Lx (d(s,z)) f*(s,z) < oo, t>0.
[0,¢]xR2

Proof. We will only outline the proof which is standard. We may fix a A > 0 and
note that S is a strongly continuous semigroup acting on the separable Banach
space Cy, and that each S; maps C§\2) into itself. We then use Proposition 1.3.3
of [EK86] to bootstrap up to the domain of the generator of time-space Brownian
motion on Cy([0,T] x R?) (the space of continuous functions [0,7] x R* vanishing

at infinity), and this domain contains C(T{ ;j()p . Approximate ¢ € C(T{ g{)p by an
appropriate sequence of step functions in the time variable, and then proceed as in
the proof of Proposition IL.5.7 of [Per00]. |

Corollary 43 (Green function representation of (MP)Z’V). Let X be as in
Lemma 42 above. Then, for ¢ in C2 1=1,2, and t >0,

exp
(166)  (Xie) = (Se) [ M) S0
[0,t]xR2
with the martingale measures M® satisfying (164). Further, if u € ngp, then
equation (166) holds for ¢ € CZ,,.

Proof. The first part is standard. Now assume p € CZ,,, hence p € C3 for some

A >0, and consider ¢ € CZ,, . Take ¢, € CZ,, with ¢, T ¢ € C,,, as n T oo.
Note that

(67 (Xl = (Sl & [ ) Sl
X R2
by (166). By monotone convergence,
(168) (Xioon) 1 (X{,9") and  (u',Sip)) T (i, Sip')  as m oo,
On the other hand,

Pf{/[o,t]mei(d(s’m)) (St—stpn (@) = Si—s6' () ]2

2

(169) = /0 ds o dz (St—s (90% — @i) (x)) Syt (z) SSMQ(ZU)'
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But the integrand in (169) is bounded by

(170) e (Sisd2)* (2) (Ssdn)” (@) < coonon ()
for any A > 0. Take X' > A, and dominated convergence implies that (169) tends
to 0 as n 1 co. Therefore (166) is satisfied also for p € CZ,, and ¢ € 3, - ]

4.4. Convergence of dual processes. The main purpose of this subsection is to
define a process X which later will be shown to be dual to X.
For convenience, we introduce now the following notation. For

(v,v) = ((1/1,1/2),(51,172)) € M2, (R?) x Bf_(Rz) or Bf_(R2) x MZ(R?)
set
(171) &(v,v) = exp [— (1/1 + 02, 0+ 172> +1 (1/1 -2 ot - 172>],

where the right hand side of (171) is defined to be 0 if (v' +v%, o' + #?) = oo,
and where here i = \/—1. We may apply this definition of &(v,7) also if R? is
replaced by €Z2, 0 < € < 1, everywhere. In particular, we may apply it in the
situation of the following lemma.

Theorem 2.4 (b) in [DP98], rescaling as in (32) and (33), and using our iden-
tification convention for density functions and corresponding measures gives the
following self-duality relation for the discrete space processes as introduced at the
beginning of Subsection 3.1. [DP98] deals with a smaller space of initial measures
than Bexp (called M.y, there) but the proof carries over without significant change.

Lemma 44 (Self-duality: lattice case). Fiz 0 < e < 1. Let °X = (X!, X?)
and X = (X',°X?) denote independent mutually catalytic branching processes
in €Z? with initial states *Xo = u = (u',u?) € M2, and Xy = S =

tem
("', %9?) € °Bi,, , respectively. Then with probability one, *X; € <BZ_, for all
t >0, and the following duality relation holds:

(172) P, €(°X, %) = P-,€(u,°Xy),  t>0.
Fix again =, o, and

(173) 1 E) w, as well as (**X, **L) — (X, Lx) almost surely
€

ntoo

as in Proposition 38, respectively in its proof. The ¢u continue to satisfy the
uniform domination Hypothesis 32. Fix also

(174) 0 < ¢ =(p,¢% €Cy

For each 0 <e <1, let

175 o = (%, %?) € °B2_(eZ?) denote the restriction of ¢ to £Z2,
exp

(R?).

and consider the mutually catalytic branching process
(176) °X in €Z? starting from X, = %p.

Then for each n > 1, we may apply the duality relation (172) of Lemma 44 to
(»X,>»X) [with &, from (173)]. Later we want to pass to the limit as n 1 oo
in the duality relation (172). For this we need, in particular, the convergence of
=X to some limit process. To make this more precise, we introduce the following
definition.
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Definition 45 (Strong 1ntegrab111ty condition (SIntC)). For § > 0, set

(177)  Hs(v /R2da:/R2dy 1+ |]55u (z) S512(x) Sy (y) Ssv2(y),

where v = (v*,1?) is a pair of measures in M¢(R?). A continuous M7—valued

process Y is said to satisfy the strong integrability condition (SIntC), if

T
(178) MP/ ds Hs(Y,) < oo,
510 0

for all T > 0. o

Proposition 46 (Exponentially decreasing initial densities). Fiz ¢ > 0 in

Caxp(R?).

(a) (Uniqueness): There ezxists a unique solution X of the martingale prob-
lem (MP)Z)’A’ of Definition 3 which satisfies the strong integrability condition
(SIntC) of Definition 45.

(b) (Convergence): For {EX 0<e<1} as in (175)—(176) and X of (a),
the convergence in law

lim *X = X holds in C(Ry, M}(R?)).

€

(c) (Exponentially decreasing states): For fized ¢t > 0,
Xt S M2

expl R?), almost surely.

Proof. Fix ¢ as in (174). In order to apply a result stated in [DEFT00], we first
recall the notation Mg g from there. M e is the set of all pairs v = (v',2?) in
M? satisfying the following strong energy condition: for any p € (0,1), there is a
constant c(179) = c(179)(v,p) such that
(179) max / Vi(dﬂf)/ v (dy) pr(e —y) < cargr?,  0<r<l.

R2 R2

1<4,j<2

(a) Clearly, p € M¢ge and so by [DEFT00, Theorem 11 (a,b)] there is a unique
solution X of the martingale problem (MP)Z;” there, satisfying (SIntC). Certainly,

this X solves also our martingale problem (MP)Z” of Definition 3 since the ¢ in

C2.,(R?) own the needed boundedness properties.

Let ‘X be another solution to our martingale problem (MP)77 and ¢ = (', ¢?)
be a pair of non-negative test functions as in the martingale problem (MP)Z;7
of [DEFT00] (that is, twice continuously differentiable with bounded derivatives).
Choose non-negative 1, € C3,(R?) such that ¢, + ¢ as n 1 co. By monotone
convergence,

(180) (XY & (XL, i=1,2, t>0.
ntoo
Hence, by simple moment calculations, ’ X satisfies the martlngale problem (MP)

of [DEFT00]. But by the uniqueness there, 'X = X, and the proof of (a) is
complete.

(b) Statement (b) is a variant of [DEF*00, Theorem 11 (c)]. In fact, by [DEF+00,
Remark 12 (i)] we need only check that the Lemmas 35 and 45 (a) there are satisfied
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by our sequence of initial measures “p, and this is trivial to verify. This gives the
convergence statement in (b).

(c) We may assume that ¢ belongs to C; for some A > 0. From the expectation
formula in Theorem 4 (b) [or from the Green function representation of (MP)7"”
in Corollary 43],

(181)  PX(X{,¢-n) = (¢, Sip-n) < o0, =12, 0<N <A

Claim (c) follows, finishing the proof. |

4.5. A regularization procedure for dual processes. We also need the follow-
ing two regularization lemmas.

Lemma 47 (Regularization for °X). Fiz r >0, t >0, 0< p € C2.p(R?), and
initial densities ‘u, 0 < e <1, satisfying the uniform domination Hypothesis 32.
For each € € (0,1], consider the independent mutually catalytic branching processes
X and °X on €Z® with initial states “Xo = ‘. and X, = “p, the restriction
of ¢ to €Z2, respectively. Then there is a constant ca7 such that for all bounded
measurable complez-valued functions f on C(Ry, ME,(R?)), and all § € (0,t),

(182) sup
0<e<1

Pey f(X) Py [€(X, X)) — QE(EXT’ESJE}@_(;)H < car 811 flloo-

Proof. For the moment, fix . From the Green function representation of the mar-
tingale problem (MP)% " [see (47) — (49)], conditioning on F; %, and Ito’s formula

(applied to the process EX), the expectation expression on the left hand side of
estimate (182) equals

47Pauf(§()Paw/ L. (d(s,2)) QS(SSt,SEX,,,SiS) Sy o X ()5S X2 ().
[t—5,1] x=Z2
Hence, the absolute value expression in (182) can be bounded from above by

41 llse Py Py / L5 (d(s,2) “S1—sX} () s X ()
[t—8,t]x=Z2

t
— 4|l Pon P, / ds / U(dz) Sy r KL (2) S1_s X2 (1) “Si_s XL (2) “Sh_s X2 ()
t—4 eZ2

t
= 49 £l / as / ) 5,5 (@) 5,5 @) S (1) Sieas 1),
t— eZ2

where we first used the expectation formula (53) for the collision local time, and
then the mixed second moment formula (52). Now take 0 < A < A and exploit the
fact that, by assumption, 4/ < cx¢ _» and p/ < c; ¢5 for some constants cy
and c5, j =1,2. Then the claim follows from Corollary A3 (a). ]

Here is a continuum analogue of the previous lemma:
Lemma 48 (Regularization for X). Fiz r >0, t >0, 0< ¢ € C2p(R?), and
1 € B, (R?). Consider the independent solutions X and X to the martingale
problem (MP)"" and (MP)7" occurring in Proposition 38 and Proposition 46,
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respectively. Then there is a constant cug such that for all bounded measurable
complez-valued functions f on C(Ry, ME,(R?)), and all 6 € (0,t),

183 lim
(183) lim

P Fx) PE[e(8,%, K,) — e(xr,sait_é)]‘ < cas 8 llo.

Remark 49 (Case r = 0). Note that in the case r = 0, one can immediately pass
to the limit as 7 | 0 on the left hand side of (183), that is, the additional smoothing
with S, can be dropped. O

Proof of Lemma 48. We need only slightly modify the proof of Lemma 47. From
the Green function representation of the martingale problem (MP);’W of Corollary

43, conditioning on .7-'35, and Ito’s formula, the expectation on the left hand side
of (183) equals

4yPX f(X)PX /[t e Lg (d(5,2) €(Syit—sXr, X) Sypt—s X2 (2) Syt s X2 (2)
—8,t] xR2

+ PX f(X) PXE(S,15X,, Xys) — PX f(X) PXE(X,, S5 X;_s).

Hence, using the moment formulae in Theorem 4, the absolute value expression in
formula line (183) can be bounded from above by

(184)  49)fll / s [ 2 5,61 (0) S10(@) Syttt (@) Syia-sert @)

(185) + Iflle P

P;( I:e(anrtSXr;xtfd) - Qf(saxmxtfa)] .

Now from Corollary A3 (b), the term in (184) gives the desired bound in (183),
uniformly in n € (0,1]. Letting n | 0, the expression in (185) will disappear by
bounded convergence, finishing the proof. ]

4.6. Convergence of one-dimensional distributions. As a first step to the
approximation Theorem 6 we show convergence of one-dimensional (in time) margi-
nals. For this we need a technical lemma.

Lemma 50 (Continuous convergence). For 0 < e < 1, let ‘v € M2, (¢Z?).

Suppose ‘v — v in M2, (R%). Moreover, let ¢ € B2 _(R?), and “p the restriction

(R
exp
of ¢ to €Z%, 0 < e < 1. Consider the related processes X = X (as €1 0) asin
Proposition 46. Then, for fized j,k =1,2 and s,t > 0,

(186) (7, %8, °XE) = (v, 5.XE).
Proof. We may assume that even X - X as. as ¢ 4 0. For R > 1, choose a

continuous function fg :R? — R4 such that 1p(r) < fr < 1B(R+1), Where B(R)
is the centered open ball in R? with radius R. Then

(187) <€Vj, Ss g)?tk> - <Vja Ss)?tk>‘ < <€Vj: “Ss 6)thk> - <€Vj, frRESs 6)thk>‘

+

(7, fr®Ss XE)Y = (v, frS.XE)| + (v, frS.XE) = (1, S.XF)|.

Since ¢ belongs to C3 for some A > 0, by (50) the expectation of the first term
on the right hand side of (187) equals

(U7, (1= fr) “Ssye @) < (7, (1= fr) exSsyedn) < {7, (1 - fr) ér),
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where for the second estimate we used Corollary A3. Now take any § > 0. Then
the latter expression can be made smaller than §, uniformly in € by choosing R
sufficiently large. Similarly, enlarging R if necessary, the expectation of the last
term on the right hand side of (187) is smaller than §.

Concerning the remaining middle term on the right hand side of (187), first of
all we have, as ¢ | 0, the (a.s.) convergence of finite measures X} — XF and
the continuous convergence °ps(%y) — ps(y) whenever %y — y [by Lemma 2 (a)].
This certainly implies ©S E)Z't’”(ga:) — Ss)zt’”(a:) whenever “r — z. But we have
also the following convergence of finite measures: “v7(dz) fr(z) — v/ (dz) fr(z).
Therefore, the remaining term tends to 0 a.s. as £ | 0. Altogether, we have proved
convergence in probability instead of (186), and the claim follows. ]

Restricting our attention to a fixed time ¢ > 0, we know so far only that the
random measures °X; are tight in law as € | 0. Now we will basically show their
convergence in law.

Lemma 51 (Convergence of one-dimensional distributions). Let X denote
any limit point of {°X: Xy =°u, 0 <e <1} occurring in Proposition 38 above
(where “p — p). Then, for each non-negative ¢ € C2, (R?) and the related process

exp

X from Proposition 46,
(188) ‘Peut’f(gxt,gp) — Pj‘@(u,f{t)‘ 0. 120
Proof. We may assume that ¢ > 0. Let % denote the restriction of ¢ to £Z2,

0 < ¢ < 1. By the self-duality relation (172), the absolute value expression in (188)
equals

(189) ‘Pawe(m, “X,) — Pj‘e(u,it)‘.

Take 0 < § < t, then (189) can be bounded from above by

| P @ (1, " Ke) = Pp € (10, %S5 Ko s) | + [P €, %85 “Kis) = PR € (1, S5%o5)|
+ ‘Pf@(u, Saf(t_(;) — Pl/):(@('u” )th)‘

By the Lemmas 47 and 48 with + = 0 and f = 1, and Remark 49, the first and
last terms are bounded from above by c47 d and c4g d, uniformly in €. Since d can
be made arbitrarily small, it remains to show that

(190)

Pep@ (%, 85 °Xy—s) — PX€(n, S‘Sit“s)‘ BT

for fixed 0. But this follows from the continuous convergence Lemma 50 applied to
v ="°u. ]

4.7. Convergence of finite-dimensional distributions. The purpose of this
subsection is to complete the proof of the approximation Theorem 6. This will be
achieved by the following lemma.

Lemma 52 (Convergence of finite-dimensional distributions). Let X deno-
te any limit point of {*X : Xo = “u, 0 < ¢ < 1} occurring in Proposition 38 above
(where S — p). Moreover, let {° € *BZ, (%) : 0 <e < 1} be any family (pos-
sibly different from {°p: 0 < e < 1}) also satisfying the domination condition (36)
and converging in M2, (R?) to the same p as €] 0. Finally, for each ¢ € (0,1],
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let X be the solution to the martingale problem (MP) 77" (introduced in Sub-
section 3.1). Then, for each finite sequence 0 < t; < -+ < ty,, the following

convergence in law holds:

(191) CXeyoon,°Xy) = (X senn s X ).

Note that (191) yields the desired uniqueness of limit points as well as the in-
dependence of the choice of the approaching u, thus completing the proof of the
lattice approximation Theorem 6.

Proof of Lemma 52. We will proceed by induction. First assume that m = 1. We
will apply Lemma 51 with {u: 0 < e < 1} replaced by {%i: 0 < ¢ < 1}. Since
there the pair 0 < ¢ € C2_(R?) of test functions is arbitrary, this lemma implies

exp
that Sth has a limit in law as € | 0, which is independent of the choice of the
family {{i: 0 < e <1} and so must coincide in law with Xy, . This implies (191)
in the present m = 1 case.

Suppose now that (191) holds for some m > 1, and we want to check it for
m + 1. For this we may assume that ¢, < t,,4+1, and that for this m we have
almost sure convergence in (191). Take 0 < ¢; € C3,,(R*), 1 < j <m+1. We
only need to show that

m—+1
(192) P-; H ¢(°Xy, ,95)

j=1

has a limit as ¢ | 0, which is independent of the choice of {4 : 0 < e < 1}.
Trivially, the expectation expression (192) equals

(193) PEﬁ H e(extj :‘P]) PE[L {e(gxthd 7(pm+1) ‘ -7::):(}
j=1

By time-homogeneity, with probability one the latter conditional expectation can
be written as

(194) Py, E("Xipyi—to s Pmt1) = pX E(Xe, “Ktpyr—tn)

fPm41

where %p,,1 is the restriction of 11 to €Z%, 0 < e < 1, and in the last step
we exploited the self-duality relation (172). Now we want to proceed in a similar
way to the proof of the convergence statement (188). It suffices to show that

m—+1 m _ _
(195) P ] €(°Xy;,05) — lim PXT[e(Xs,,05) PX  €(SnXe, , Xbnyr—t.)
J

j=1 j=1



MUTUALLY CATALYTIC BRANCHING IN R? 47

converges to 0 as € | 0. In fact, using (192) - (194), and taking 0 < 6 < tpt1 —tm,
the absolute value of the expressions in (195) can be bounded from above by

m
‘P;.f‘ H@(Extj ,05) Pigm+1[@(sxtm Xt ) — €(° Xy, , %S5 sxtm+1_tm_5)] ‘

j=1
~ m ~ = ~ ~
+ ‘P;?f He(fxtj voi) PX (X, oS5 Kyt —d)
j=1 m
— PXT[e(Xs, . 05) PX . €(Xtn s S5Xtrir—tn—s)
j=1
+ % px HG(X%‘ ,5)
J:

PX [@(Xtm L S5Xp 1 —tns) — €(Sp Xy, ,Xtm+1_tm)] ‘
By the induction hypothesis and Skorohod’s representation we may assume that
the convergence statement (191) holds in Mj7,, almost surely. Lemma 47 with X
replaced by EX, r =ty and t = t;,41 — t,,, shows that the first absolute value in
the above display is bounded by ¢47 d, uniformly in e. Similarly, by Lemma 48, the
lim-term is bounded by ¢4 d. Finally, by the continuous convergence of Lemma
50 applied to “v = thm , our induction hypothesis and bounded convergence, the
middle term converges to 0 as € | 0. Thus, (195) converges to 0, finishing the proof.
]

5. PROPERTIES OF X

Here we will verify the claimed properties of our mutually catalytic branching
process X in RZ.

5.1. Self-duality, scaling and self-similarity.

Completion of the proof of the self-duality Proposition 15. By (188), the left hand
side in the duality relation (172) converges to the right hand side of the self-duality
claim in Proposition 15 (b) (recall (176)). But trivially, by (191), it converges also
to Pf@(Xt,ap), that is, part (b) is proved. But from Proposition 46 (c) we also
get claim (a), completing the proof. ]

Proof of the scaling Proposition 16. We only have to prove (a), since (b) is a special
case of (a) in which # =1 and z = 0. Fix 6,¢,t,2,X,X(® as in the proposition.
Set X9 := 02X 2y (2 +71(1)) € ML,

applied to X(¢) instead of X, for the process X with initial density Xo = pE CeZXp
we have

(196) PX€(X,p) = PXE(u, X)) = PRe(u, 20K0(— ez +2(-))).

By the self-duality of Proposition 15,

But by scaling of the finite-measure-valued mutually catalytic branching process
X (see [DEF*00, Theorem 11 (d)]), the chain (196) of equations can be continued
with

(197 = Pg:%(_ezﬁ(.))@i(u,xs_zt) = PX @(Xg_zt, 0c2p( —ez +e(- )))

= PXe(X{7,y),
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where we have once again used the self-duality of Proposition 15. Since ¢ is
arbitrary, the claim follows. [

5.2. Absolute continuity, law of densities, and segregation. Now we are
ready to show that our X has absolutely continuous states and to determine the
law of densities at a point.

Proof of Theorem 11 (a). This is a direct application of a more general absolute
continuity result in [DEF*T00]. We now check the hypotheses required to apply
this result. Let p,X,t as in Theorem 11 (a) and ¢ € €%, (R?). Use the fact that

com
the function ¢ := {S7_tp: 0 <t < T} belongs to each C%f), A > 0, (introduced
at the beginning of Subsection 4.3). Thus, we can apply the extended martingale
problem of Lemma 42 to 3 to see that the hypotheses of the general absolute
continuity Theorem 57 of [DEFT00] are satisfied with d = 2, @ = S, and A =
Lx . The result then follows from the fact that Brownian motion has absolutely
continuous laws for positive times. [ |

Proof of Theorem 11 (b) and (c). Actually this requires only some minor modifica-
tions to the proofs in the finite measure case of [DEF*00]. In fact, in some respects
the proof is even easier since the key ingredient is the self-duality of Proposition
15, whereas in the general finite measure case only a limiting duality was available.

Take X with Xo = p € B2, (R?) as in the theorem, and X with Xo = ¢ in

tem
C2.,(R?) as in the self-duality Proposition 15. Set
(198) U:=X"+X% V.= X'-X2
Moreover, for a',a? > 0, put a := a' + a®> and b := a' — a®. Recall that for

t > 0 fixed, X; is a pair of absolutely continuous measures, by Theorem 11 (a).
Writing ps.. := ps(- — z), by standard differentiation theory, for fixed ¢ > 0 and
Lebesgue-almost all & € R2,

P:( exp[ —aly(z) + ib%(m)] = %1}})1 P:( exp[ —a{(Us,ps,e) +ib (Vi ,pg’m>].
By the self-duality of Proposition 15, we conclude that for Lebesgue-almost all
z € R?,
(199) P exp[~ ali(a) + ibVi(@)] = lim PX"exp| — (U0, 0}") + (V0 1))

with ¢! := aip(;,m, 1=1,2, X0 — ()?175’””,}&72’57’”) and

(200) ij&,m — Xl,d,x_‘_fld,x ‘76790 — le,&,m_gﬂ,é,m_

Fix z such that (199) holds, and take § € (0,1]. By the formula

(200) (XL ) = (K00 F(( —@)/VB)), 520, i=1,2, f€Ch.(RY),

we introduce a process X = (X', X2). According to the scaling Proposition 16, X

is our mutually catalytic branching process in R? starting from )Nig’m = av, where
1

a = (a',a?) and v is the normal law on R? with density function p;. Now the
definition (201) of X turns (199) into
(202) PXexp| — aUy(z) + ibVi(z)]
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where U and V are defined in an analogous way to (200). Applying the Green

function representation in Corollary 43 with X, ¢ replaced by X, t/4, respectively,
and with

(203) p = p(-Vo+a)— S (),

but the indices interchanged, we get

Q0 (s = 4 Syse) + [ M) Syst () as
[0,¢/8]xR2

For r < t/d, by scaling of the heat kernel, we have

o s = e () e ()]

Clearly, the integrand converges to 0 as ¢ J 0. Also,

py (2

Z—T — \/_ Z2—=T Z—T \/_
N pr (Y <y () e[ 2tV

Vit Vit 0%t
z—a |z — | |y
o (52) oo E2] e

since 0 < § < 1. But for fixed z,y,t, the dominating function g, , . is integrable
with respect to pi(2)dz. Thus it follows from dominated convergence that

(206) Siys—r" (y) = 0 as 6 1 0.

But, again by scaling,

(207) Se/s—r®' (W) = Si-srp' (- /VO) (yV0),  yeR,
and, for fixed \ > 0,

(208) po< exgoa.

This gives

(209) '] < Crnat by s -

Thus, by Lemma A2, there is a constant c(10) = ¢(210)(t,A,0,2) such that for
r<t/d,

(210) |St/67r(pi(y)| < C210) x5

which is v—integrable. Then from (206), the first term on the right hand side of
equation (204) approaches 0 as ¢ | 0, by dominated convergence.
Writing

(211) N= [ M) Sys et @) s <t
[0,s]xR?
then from (164)

(212) <<N6>>t/5 = 7/ Li (d[T, y]) l[O,t/J] (T) [St/é—r(pi (y)]2 .

R+><R2

For K > 0, write I for this integral, if the integrand is additionally restricted
to |y| < K/V/6, and JX in the opposite case. The integrand of I approaches 0
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as 8 | 0 by (206), and is bounded by ce**! by (210). But Lg is finite Pz,(;a.s.
This shows that

(213) lim 1 = 0, PX_as. for each K > 0.

Now use (210) and then the expectation formula for the collision local time [Theo-
rem 4 (b)] to see that

_ t/6
@)  PXJK < caa / ar / 4y s /5 (1) D2un ().
0 ly| > K/V3

By scaling, the right hand side equals

t t
1
@) e far [ ayemiew <[ d [ ay e
o Jy>K o Jyl>kx OFT

where we have used the trivial estimate

. < <t.
(216) O Psr(y) < ey TSt
Therefore, (214) and (215) give
- t+1 1
(217) PXJE < c/ dr/ dy —p-(y) — 0.
0 ly| > K r K1oo

The statements (213) and (217) easily show that <<N6>>t/6 — 0 in PX—probability

as 0 | 0. By a standard martingale inequality, the second term on the right hand

side of (204) (that is Ntd/d) also converges to 0 in PX—probability as § | 0.
Summarizing, we have proved

(218) (X75.0%) so 0 PX_probability,

and so (202) now gives
Pi( exp[ —aly(z) + ib‘/}(aj)]
(219) = lim P exp| — (Uyys . 1)Silo(@) +i(Viy5,1)SiVo ()]

According to the convergence Theorem 20 in [DEF*00], the total masses ()Z'JT , 1>,

j =1,2, of the pair X of finite measures has a limit in law as T 1 0o which can
be described by the exit state &, of planar Brownian motion started at a (recall
Definition 10). Therefore, the limit in (219) can be computed and equals

(220) Haexp| — SiUo(2)(&} +€2) +iSiVo(@) (¢ — €2)]

= H(Stul(z),stuz(z)) €xp [—(l(é'}_ + 572') + Zb(f‘fl' - 572-)] .

In fact, the last equality is an easy exercise in harmonic analysis which may be found
in the proof of [DP98, Theorem 1.5]. An easy application of the Stone-Weierstrass
Theorem, as in the proof of [DP98, Lemma 2.3(b)], shows that the latter joint
Laplace-Fourier transform for a € R% uniquely determines the law of X;(z) to be
that claimed in Theorem 11 (b).

Both, the variance formula and the segregation follow from simple properties of
planar Brownian motion, completing the proof of Theorem 11 (b) and (c).



MUTUALLY CATALYTIC BRANCHING IN R? 51

Proof of Theorem 11(d) The detailed proof of the blow-up property, is omitted,
since it is similar to the one of Corollary 19 in [DEF*00], which gives the result
in the context of finite measures. In fact, one must simply replace X!(R?) with
(XI,¢x) for A >0 in some places (notably in the inequality prior to the estimate
(206) in [DEFT00]) to accommodate our M em—setting. [

5.3. Long-term behavior (proof of Theorem 13). First we additionally as-
sume that p = ¢l = (c'¢,c*(), with ¢ = (¢!,c®) € R%L. Take a non-negative
¢ € C%.,, and consider the mutually catalytic branching process X but starting
from ¢. By the self-duality Proposition 15 [recall the notation € from (171)],

(221) PX€(X.,p) = PXe(et,X,), t>0.

But again according to Theorem 20 of [DEF*00], the right hand side of (221)
converges to

(222) (g pey) 5P| = (¢ +A)E +E) +i(e =) - &)

= Teexp| = (6 +&) (Lot +97) +i (€ - €) Ly = )]

as t 1 oo, where the last identity is again a simple exercise in harmonic analysis
(see [DP98, proof of Theorem 1.5]). This gives the required convergence for a
determining class of functionals in M2, (see [DP98, Lemma 6.7]). Moreover, the
required tightness follows from

(223)  PR(X[+X[,65) = (¢! + ) (,Seprn) = (¢! + ) (Lpn) < 0

[by the expectation formula in Theorem 4 (b)]. More precisely, [DP98, Lemma 6.7]
(trivially extended to R%) gives the required result in the case pu = c/.

Using the method of [CKP00], we remove now the additional assumption p = ct.
In fact, let the initial densities Xo = p be bounded and satisfy (40). Consider X
with X, = p € ngp from the self-duality Proposition 15. Then this proposition
gives, for ¢t > 0,

(224) PX €(Xi,0) - PX€(Xe,0)| < PX|e(et,Xy) - €(u, X)),

To show this approaches 0 as t 1 0o, it suffices to show that
(225) (W — &, XF) = 0 in probability, j,k=1,2.

It suffices to show this for j = k = 1. Put ¢ := p' — ¢! € Ciem. Then by the
martingale problem in the Green function representation of Corollary 43,

(226) () = (Gsw)+ [ W(d(s,2) Siailo)
[0,t] xR?

Now

(227) /[O’t]XR2L)~((d(s,a:)) (Si—sv(2)) tT—OO> 0 as.

by dominated convergence, the assumption (40), and since Lg (R4 x R2) is finite a.s.
Moreover, limso (X§,Sitp) = 0 by the same reasoning. Consequently, (X}, ) —
0 in probability and we have reduced the general case to the special case already
proved. [
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APPENDIX: AUXILIARY FACTS AND REMAINING PROOFS

A.1. Some random walk estimates. Recall that 1S denotes the semigroup of

the simple symmetric random walk in Z¢ with jump rate and that ¢_y(z) =
Alz|
el

L
T s
Lemma A1l (Preservation of tempered functions). For \ >0,

(A1) |'Ag_y| < card-a,

where ca1 = ca1(A) == % (e>‘ — 1) .

Proof. Take the definition (23) of 'A (case € = 1) and use et < eMzleMy—2l m
Lemma A2 (Preservation of tempered functions). For t >0 and )\ € R,
(A2) 'Sepa < caz da

with cas = caz(t, N, 0) := 2% exp |:d0'2t (e>‘2 - 1)}

Proof. First we assume that d = 1. Let {(,: n > 0} denote the discrete time
simple symmetric random walk in Z starting from 0. Then, for A € R,

(A3) Z Loe (k) Mkl = g0t i (02—1:)”736)«"‘.
kez =0

But

(A4) Mol < era 4 g a €R,

and by symmetry we get

(A5) Pl < 2Pern = 2 (Perr)"

where we additionally used that (,, has i.i.d. increments. But

(A6) Pt = %(ex+e_>‘) < M.

(To see the latter inequality, multiply by e*, differentiate, multiply by e~2*, and
differentiate again.) Inserting (A6) into (A5) and (A3) gives
0 21 A%\
(A7) Z Ipe(k) MFl < 207"t Z W = 2exp [Uzt(e>‘2 —1)].
kez n=0
Turning back to d > 1 dimensions, we note first that the d—dimensional con-
tinuous time simple symmetric random walk can be considered as d independent

2 I\, Hence, using the ele-

one-dimensional random walks each with generator 2

mentary inequality

(A8) kY < |k < (K44 kY, k= (k... k%) € Z9,

from (A7) we get

(A9) Z Lpi(k) Ml < Qde)(p[da%(e)‘2 —1)] =: cA2.
kezd

Thus, for z € Z¢,

(A10) Y pele -yt =y Ip(y) M < ey e,

yezd yezd
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since |z| + |y| > |z +y| > |z| — |y|, giving the required estimate. ]

Combining Lemma A2 with the scaling formula (25) and the trivial estimate
(118) we get (a) of the following result. Part (b) is standard (see, for example,
Lemma 6.2(ii) of [Shi94]). Recall the definition (8) of ¢y .

Corollary A3 (Uniform preservation of tempered functions).
(a) For 0<e<1 and t>0, as well as XA € R,

“Stpn < cazda
with caz = cas(t, A, 0) := 2% exp[do?t\? e>‘2] independent of ¢.
(b) For each T > 0 and X\ € R there is a ¢as = éas(T, A, 0) such that

sup Sgp-n < €Az P -
t<T

Next we need the following estimate.

Lemma A4 (Binomial estimate). For N >0 and )\ > 0,

N
All N P (1 —p)NmeAm=Npl < 2N g<p<.
m
m=0

Proof. Let £n be distributed according to the binomial distribution B(N,p), and
set Ny := N — &y, which has the law B(N,1 — p). Then the left hand side of the
claim (A11) equals P exp [A|5N — Np|]. Using the elementary inequality (A4), we
see that the left hand side of (A11) is

(A12) < e ANPPAN | o AN(L=P) PN,

But

(A13) Py = (pert)

and

(A14) Pt = pet + (1-p),

hence

(A15) e PPt = pr1TP) L (1-ple < 0<p<L

(To see the latter inequality, multiply by e*?, differentiate with respect to A, multi-
ply by e™*, and differentiate again.) Putting together (A15) and (A13) gives

(A16) e MVPPpXN < NN

Replacing p by (1 — p), the second term in (A12) has the same bound. This
completes the proof. [

Lemma A5 (Hypergeometric estimate). For 0 < m,f < N, let & be dis-
tributed according to the hypergeometric distribution HG(m,N —m,{), that is

(A17) Pl =k = <J\];p> <N§1__kp)> 0<k<{,

N ) — i

14
where p:= % (taken to be 1 in the case N =m =0). Then, for all X >0,
(A18) Pexp[A& — tp|]] < 2Nt
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Proof. Set ny = £ — & . Note that 1, has the law HG(N — m,m,{). As in the
previous proof,

(A19) Pexp[Né — lp|] < e MPPelse = M1=p) peine,
By “symmetry”, it suffices to show that
(A20) e MP P < A A >,

This trivially holds for £ = 0. Assume that (A20) is true for some 0 </ < N — 1.
Then

(A21) Petéer = Perée [qe* +(1- q)] = Per [qek(lf") +(1- q)e”‘q] er,

where ¢ := 2=% . By (A15), this is

(A22) < Pt X M,
Hence
(A23) e~ AP Pt < AN PeAbte=ANHDPIAG _ A (=D pEe

with 0 < =\ N]\’,Sl < A. By the induction hypothesis, for this we get the
bound

(A24) A N < A
and we are done. [ ]

Lemma A6 (A collision estimate). For A€ R, 0< 5,t <T and z,y in Z¢,

P tr + sy
Z 1ps(:r —2) lpt(y —z) el < cas lpe5>‘2(s+t) (z —y)exp {|>‘|%} )
z€Z2
where
(A25) cas = cas(T, N\ 0) = 47 exp [2d02T(e5)‘2 — 1)]

Remark A7 (Case A =0). In the A =0 case, the constants in Lemmas A2 and
A6 can be improved to cps =1 = cag, that is the inequalities are not sharp. This
is trivial for Lemma A6 and for cp» is immediate from the proof of Lemma A2. &

Proof of Lemma A6. The left hand side of the claimed inequality can be bounded
from above by

(420 exp ML S 0y — e s -

t:n—l—sy”
s+i z€Z%

s+t

Switching from = — z to z, for the series this gives

(A27) Z 'ps(2) 'pe(z —y — 2) exp [|>\|‘z— S(:i_:ty)”

z€Z4

Assume for the moment that d = 1. Setting p := s/(s+t) and a := z —y, the
latter formula line can be written as

5 0 2.\m 24\n
(A28) oo o+ §° (‘TWT’) (Unf)

m,n=0

> P(Cm =z, (= a—z) exp[lAI |Z—Pa|]:

z€Z
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where ¢ and (' are independent discrete time simple symmetric random walks
in Z, starting from 0. The latter series coincides with the following restricted
expectation:

(A29) P {exp[|)\| |§m —pa|] i Cmgn = a}.
Substituting m +n =: N, we rewrite (A28) as

< (0%(s + 1))

(30) Ty TPl =a
f&(ﬁgpmﬂ—wﬁN’nP{amhAHon—pﬂ]\@vza}

m=0

Setting (, = ((u + n)/2, which has the binomial law B(n, 1), n >0, the latter
conditional expectation can be written as

(A31) P{exp[|)\|‘gm—m—pau ‘ZN:CL+N}.

2

Now, Zm conditioned on ZN = # =: { is hypergeometric HG(m,N — m,{),
denoted by & . Thus, (A31) coincides with

Pexp[IN| |26 —m —pal] < exp| N[ X5 o= N9 || Peso21n]e - 5

N
By Lemma A5, this is

20 —
N

N
(A32) < exp |:|>\|‘ (m _ Np) ‘:| 264)\2N < 2e\>\| |m—Np| e4)\2N_

Thus, for (A31) we obtain the upper bound
(A33) 2 e\l Im=Np| 4X*N

Hence, for (A30) we get the upper estimate

2 > 0'2 s+t N 2
207 (s+t) E : ( (N' )) edA N,P(CN:a)
N=0
/N
m o \N—m 2|\ [m—Np|
(A34) §: <m>p (1-p™ e :

m=0

Apply Lemma A4 to bound this by

oo 2 N
—02(s+t) (*(s+1)" 5w _
< de 1@)7]\” e PN =a)

(A35)

IN

4 exp [202T(e5>‘2 - 1)] lpesﬂ(s_;_t) (a).

Turning back to d dimensions, we need only note that the series (A27) can be
bounded from above by a d—fold product of corresponding one-dimensional expres-
sions. This finishes the proof. ]
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A.2. Proof of Lemma 24. Our strategy is as follows. We will first bound L, (a)
in terms of some MEF_; [see (A37) below]. After this we will exploit some of the
used techniques to derive an iteration inequality for the MF [see (A41) below].
Then the claim will follow.

In the definition (78) of L,(a), consider the summands for £ = 2n — 1 and
{ = 2n, as well as the factor for j = n within the product abbreviated by
II,,(s2n; X0, - - -, X2pn) [introduced in the end of Subsection 3.3]:

Z exp [/\ ||aX2n||]

Xon_1,X2n € (Z2)3

2 3 3 1
[pszn—2—82n—1 (w2n—2 _:I’.2n—1)p32n—2_32n—1 (an—Q _an—l)

3 3 2 1
t Pson_o—s52n-1 (m2n72 _1‘2n71)p52n72752n71 (1‘2n72 _manl)

1 2 1 3 3 3
Pson_o—son_1 (1‘2n72 _manl)p82n72*82nf1 (m2n72 _1‘2n71)p52n71 —S2n (manl _x2n)

<p82n—1—82n (Zlﬁén,1 _w%n)ps2n—l —82n (Zlﬁgn,1 _J;%n)p32n—1_s2n («Tgn,1 _xgn)
+ Pson_1—s2n (.T%n,1 _x%n)pSZn—l_SZn (Zlﬁgn,1 _mgn)p32n—1_s2n («Tgn,1 _w%n)
+ Pson_1—s2n (x%n—l _:L.%n)ps2n—l_s2n (mgn—l _m%n)p32n—1_s2n (xgn—l _m%n)>

[which is the “abundance” of L,(a) over L,_;(a)]. By Chapman-Kolmogorov,
summing over z3, ; and x}, ;| gives

Z exp[)\||aX2n||]

03, _1€2%, x2n €(2%)?

2 3 1 3 3 3
Pson_2—son_1 (m2n72 _manl)p82n72*82nf1 (1‘2n72 _1‘2n71)p52n71 —Sa2n (1‘2n71 _x2n)

<p82n—2—82n (xgnfz _:I’.%n)pSZn—Z_sZn (m%n72 _m%n)p32n—1_s2n («Tgn,1 _wgn)

+ Pson_2—s2n (Zlﬁgn,2 _:I’.%n)pSZn—Z_sZn (m%n72 _mgn)p82n—1—32n («Tgn,1 _x%n)

+ Pson_2—s2n (mgn—Q _:I’.%n)pSZn—Z_sZn (m%n—Q _m%’n)p32n—1—32n (xgn—l _w%n)>

+ > exp[\ [laxay ]
23,1 €22, x2n €(2°)?
3 1

Pson _a—san1 (m2n—2 _mgn—l)p52n72752n71 (xQn—Q _xgn—l)p52n71 —82n (xgn—l _xgn)
<p52n252n (m%n72 _m%n)psznfzfszn (x%n72 _x%n)pSanlfszn (Z'gn,1 _xgn)
T Pszn_n—s2a (xgn72 _m%n)psznfzfszn (lén72 _xgn)pSanlf-SZn (Z'gn,1 _m%n)
+ Pson_o—san (Zlﬁgn,2 _x%n)pszn—z—szn (m%n72 _m%n)p32n—1_32n («Tgn,1 _Jfén))
Using Lemma 2 (b) six times we get the bound

@ 3 exp |\ [|axan||]

So2p-—2 — S
2n—2 2n zgn,lezz,mne(zzﬁ

2 3 1 3 3 3
Pson_2—san_1 (w2n—2 _:I’.2n—1)p32n—2_32n—1 (an—Q _an—l)pszn—l —S82n (an—l _an)
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<p82n—2—82n (xénfz _w%n)ps2n—l —82n (fﬂgn,1 _mgn)

+ Pssnoo—son (m%n72 _:L.%n)ps2n—l_s2n («Tgn,1 _m%n)

+ Pson_2—s2n (mgn—Q _x%n)ps2n—l —82n (xgn—l _m%n)>
C
+ ﬁ Z exp[ A [laxzn ]
2n—2 2n wgn,16227 Xon €(Z2)3

3 3 1 3 3
Pson_2—son_1 (m2n—2 _m2n—1)p52n727‘92n71 (xQn—Q _1‘2n—1)p52n71752n (xQn—l _xQn)

<p52n252n (m%n72 _m%n)p52n71 —Sa2n (l'gn,1 _xgn)

T Pson_o—52, (lén72 _m%n)p52n71 —S2n (Z’gn,1 _x%n)

+ Pssnoo—son (mgn72 _x%n)pSZn—l_s2n (xgn—l _m%n)> .

Exploit now Lemma A2 in the summation over xs, to obtain
3 5Co
2 Z 2 3 1 3
Pson_o—s2,_1 (m2n72 _manl)p82n72*82nf1 (1‘2n72 _1‘2n71)

S2p—2—S2n ,

x5, _1€Z2

(exp[patteb ol + A+ a)lt ] + exp [, ]+ Aa +a¥)ad

+ exp[Aelad, |+ Aa +a?) ]

3
CA2C2 3 3 1 3
+ E Pson 2—52n 1 (Tan—2 = Top—1)Psan 25201 (Tap—2—Top_1)
S2n—2—52n 4 5
T, _1€Z

(exp [ty ol + A+ ] + exp [l ]+ A(a! 4
+ exp [)\a2|a:§n_2| + )\(a1+a3)|wgn_1|}>,
where cas = ca2(T,2),0). Next we apply Lemma A6 to x3,_; to arrive at

€3, CAg C A A
A2 A0 2 (exp [Aallw%n_Ql + 5 (a®+a) |23, | + —(a2+a3)lw§n_2|]
S2p—2—S2n 2 2
p2e5x2(a2+a3)2(32n_2_32n_1)(l”%n—Q_mgn—2)

A A
+ oxp | Malab ol + @' ) ad o]+ a4

1 2
Poesr2(al +a3)2 ($2n—2—52n-1) (x2n72 _wznfz)

A A
+ o [ Mfad, ol + St b lad, |+ (a4

1 2
Poesa2(al +a%)2 (55, _5—s55,_1) (T2n—2 _m2n2)>
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3 A
4+ CA20A6C2 —(a2+a3)|m§n_2|]

A
(exp [Aa1|m%n_2| + §(a2+a3)|$%n—2| + )

S2n—-2—S2n

1 3
Poesa2(a2+a®)2(g, 555 1) (T2p—2 =5, _2)

A A
+ exp | Me?fab ol + (0t 4 ah o] + (a4 ek

1 3
P2esa2(al+a%)2 (s, _5—s0,_1) (Tan—2 = Thp_2)

A A
+ oxp | Na?lad ol + 0t balah o]+ Gl +a e
Poe5a2(al+a3)2 (sznzsznﬂ(m%"_Q_mgn_Q))

with cag = ca6(T,4A,0). This is our estimate for that part of L,(a) [abundance
over L,_i(a)]. It can be written as

3 3 3
Caro CA6 C2 k
(A36) 2 Z exp [A ||aix2n*2 ||] Z P2b; (82n—2—82n—1) (lén72 _x2n72)7

Sop—2—S
2n—2 2n i=1 k=2

with some a; € A and b; > 1, where the a; depend on a, however the b; on a
and . But by our definition of MF(a,b) [introduced after (77)], this means

(A37) L) < B0 S by a2

S2n—2 —S2n i1 b2

In the definition of MP¥(a,b), we restrict our attention to the summands for
£=2n—1 and ¢ = 2n, and again to the factor concerning j = n (also some type
of abundance):

Z exp |:>‘ ||ax2n||] P2b (s2n—s2n+41) (m%n - 'TIZCn)

Xan —1,X2n €(Z2)3
2 3 3 1
[ps2n—2_s2n—l (w2n—2 _:I’.2n—1)p32n—2_32n—1 (an—Q _an—l)

3 3 2 1
+ Pson_2—san_1 (m2n72 _x2n71)p82n—2—82n—1 (x2n72 _w2n71):|

1 2 1 3 3 3
Pson—s—s3n-1(Tan_2~Ton 1)Psan_2—s30_1 (Tan_2~Thn 1)Pson_1—s2n (Ton 1~ Tp)

<p82n—1—82n (x%n—l _x%n)ps2n—l —S82n (mgn—l _m%n)p32n—1_s2n (xgn—l _mgn)
+ Pson_1—s2n (m%n—l _:L.%n)ps2n—l_s2n (mgn—l _mgn)p32n—1—32n (xgn—l _x%n)

+ Pszn_1—52n (x%n—l _m%n)p52n71*52n (xgn—l _x%n)pSanlf‘SZn (mgn—l _m%n)> '

Asin the first two estimation steps at the beginning of this subsection, by Chapman-
Kolmogorov, we sum over x3,_; and x3, ;, and use Lemma 2 (b) six times to
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obtain the upper bound

C2 .
o o Z exp |:>‘ ||ax2n||] P2b (s2n—52n41) (m%n - xén)
S2p—2 — S2n 22 €22, xon €(22)

Pson_2—s2n_1 (w%nfz _mgnfl)pSZn—Z_SZn—l (m%n72 _‘/I’.gnfl)p32n—1—32n («Tgn,1 _xgn)
<p82n—2—82n (w%n—2 _m%n)p32n—1—32n (xgn—l _x%n)
+ Pson_2—s2n (w%n—2 _x%n)ps2n—l —82n (mgn—l —HZ%”)

+ DPson_o—s2n (mgn—2 _m%n)p52n71*52n (xgn—l _m%n)>

Co :
+—2 Y exp[Maxeal] o (ennsann) (@ — 7)
2n—2 2n x3, €72, x2,€(Z2)8

Pson_2—san_1 (wgn,z _$3n71)p32n_2—32n_1 ($%n72 _mgnfl)pSZn—l —Son (mgn—l _mgn)
(p (23— T5)Pans 1 —ame (Tt —230)
+ Pson_o—son (x%n—Q _m%n)ps2n—1 —Son (mgn—l _l’%n)
TRETC NS 1 S —x5n>) .

Lemma A6, applied to the sum over 3, leads to factors cas = cas(T,2),0), to
several new

(A38) a; € A depending on a,b, k,\, and sop—2,...,Son+1,

and replacements of Xs, as (23, ,,23,,73.) in the exponential expressions, and
certain p—terms. For the p-terms we use Lemma 2 (b), estimating additionally
their time expression as follows:

2 2
(A39) PN U [2b (895 — Sant1) + San—2 — San] > Sap—1 — S2nii -

This way we get the bound
C2 C2

CA6
S2n—2 — S2n S2n—1 — S2n+1 23 @l ad €72
n—1'T2n Tn

2 3 1 3 3 3
Pson—2—s3n—1(Ton 2~ Loy 1)Pson_o—s9m_1 (Ton 2~ Top 1)Pson_1—s2m (Ton 1 —Tp)

(Pesecsmess (a1 =2B) s [A b3
+ Pszn_o—s2n (w%n—2 _x%n) €xp |:>‘ ||a2 (xgn—lv x%n: legn) ||]

3 2 3 2 .3
+ Pssn_o—s2n (To_2 —T3,) €XP [/\ ||a3 (Top—15 T2y, Top) ||] >

Cy C2
+ Cas E

S2n—2 — S2n S2n—1 — S2n+1
‘tgnfl”tgnftgne z2

3 3 1 3 3 3
Pson_2—s2n_1 (m2n72 _1‘2n71)p52n72752n71 (1‘2n72 _manl)pSanlf‘SZn (1‘2n71 _mZn)
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3 2 1 2 .3
<p52n152n (25,1 —T3,) exXp [A ||a1 (T2n—2> Top, Toy) ||]

+ Pson_o—san (x%n72 _x%n) exp |:>‘ ||32(.’L'gn71, x%n’ mgn) ||]

# Denesmen (s =) exp A sl 1, )] ).

By Lemma A2, the sum over x3, and 3, gives the estimate

CA2 C2 CA2 C2

CA6
S2n—2 = S2p S2n—-1 — S2n+1 2 €72
2n—1

2 3 1 3
Pson_2—s2n_1 (x2n72 _1‘2n71)p52n72752n71 (1‘2n72 —1’2”71)

((exp[abioho ol + 0@ + e, 1]+ exp[Aadleb o]+ Aah + adled |

+ exp[Nadled ol + (0 + el )

CA2 C2 CA2 C2

+ casg
S2n—2 — S2n S2n—1 — S2n+1 4

x5, €72

3 3 1 3
Pson 2—s3n 1 (Topn—2 = Ton_1)Psan 2520 1 (Tan—2—Top_1)

((xp[atioho ol + M + aDlad 1] +exp[Aedlab ol + Aab + adlad

+ exp[Nadled ol + (0} + et ] ):

Finally, by Lemma A6, the sum over z3, ; amounts to

CA2 CA6 C2 CA2 CA6 C2
S2p—2 — S2n S2n—1 — S2n+1
3 3
Zp% (82n—2—82n— 1)(x%n 2 xén 2) exp[)\||aka2n 2”]
1=1k=2

with cag = cag(T, 4N ) and some a;; € A and b; > 1, where the a;; and b;
depend on a,b, k, A, and Sap—2,...,Sap+1 |Via a,as,az — recall (A38) — which
enter into the e**’factor in Lemma A6]. This is our estimate for that abundance
part of MF(a,b). Since

(A40) caz(T,2M, 0) cas(T, 4N, 0) ca(0) < caa(T, A, 0)

as defined in the lemma, this means that

(Adl) ME(ab) < — 22 ZZ Lt n>2

S2n—2 — S2n S2n—1 — S2n+1 <

1=1f=2
and
C4  C24 k
(A42) Mf(a,b) < el Z Z Pab (s0—s1) (0 —3)-
Sp — S2 S1 — S3 = 1o

Iteration gives (81), and inserting (81) into (A37) amounts to (80), finishing the
proof of Lemma 24. ™
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A.3. A Feynman integral estimate. We need also the following simple estimate.

Lemma A8 (Feynman integral estimate). For n > 2 and sop > s; >0, set

S1 Sn—1 1
(A43) K, (s0,51) := / dsy - / dsp, =5
0 0 I1

i (Sj—2 = 85)

Then, for each p € (0,1),

1 n—2 50 p
< =
(Add) Kalso,m) < - chs (80_81) ,

where

cas = cas(p) = w/sinf[r (1 —p)].

Proof. We proceed by induction. If n = 2, then the left hand side of (A44) equals
1 d 1 P
(A45) e P P
0o So—S2 S0 — S1 p \So — S1
where we used the elementary inequality
(A46) logr < p~'rP, r>1.
Hence, (A44) holds in the case n = 2. Suppose now that it is true for n > 2. Then,

o1 d82
K,i1(80,81) = K, (s1,s
+1(50,51) /0 (s0 —s1) + (51 — 52) (51,52)

e [ e
p A Mo (so—s1)+ sy sh

(A47)

IN

Substituting r := s2/(so — s1) the right hand side is

1 ,._ sp P [/ gy
A4 — Zan 2 -
( 8) pCAS (80—81) /0 (1+T)rp

lcn_Q( 50 )”/“’ dr _lcn_l( 50 )P
pA8 Sp — 81 o (L+r)rp pA8 Sp — 81

by a standard residue calculation. The result follows for n + 1. [

IN
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