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ABSTRACT

This paper is concerned with testing the hypothesis that a conditional median function is
linear against a nonparametric alternative with unknown smoothness. We develop a test that is
uniformly consistent against alternatives whose distance from the linear model converges to zero
at the fastest possible rate. The test accommodates conditional heteroskedasticity of unknown
form. The numerical performance and usefulness of the test are illustrated by the results of
Monte Carlo experiments and an empirical example.
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AN ADAPTIVE, RATE-OPTIMAL TEST OF LINEARITY FOR MEDIAN REGRESSION
MODELS

1. INTRODUCTION
This paper is concerned with testing a linear median-regression model against a
nonparametric alternative. We develop a test that does not require knowledge of the smoothness
of the alternative model, achieves the optimal rate of testing uniformly over smooth alternatives,
and has other desirable power propeﬁies that are not shared by existing tests.
We consider the model

(I.1)  Y=m(X)+&; i=123,..,
where Y;e R is a random variable; {X;}e R? isa sequence of distinct, non-stochastic, design

points; m is an unknown function; and {g;} is a sequence of unobserved, independently but not

necessarily identically distributed random variables whose medians are zero. The distributions of

the & s satisfy mild regularity conditions but are otherwise unknown. We test the null

hypothesis, H,, that there is a constant S e R? such that m(X,)=X/B forall i. X] denotes the
transpose of the column vector X;. The alternative hypothesis, H,, is that there is no S such
that m(X;)= X/ for all i. The test can be extended to models in which quantile(¢;)=0 for a

quantile other than the median, but only the median is treated in this paper. We set the first

component of each X; equal to 1. Thus, X; consists of d -1 “real” variables, and the first

component of f is an intercept.

Linear quantile regression models are often used in applications. See Buchinsky (1994,
1998), Chamberlain (1994), Koenker and Geling (1999), Manning et al. (1995), and Poterba and
Rueben (1994), among others. In contrast to mean regression models, quantile regression models

do not require &; to have moments, are robust to outlying values of ¥;, and permit exploration of

the entire conditional distribution of the dependent variable. However, there has been little
research on testing the hypothesis of linearity. To our knowledge, only Zheng (1998) and Bierens
and Ginther (2000) have developed tests of parametric quantile regression models against
nonparametric alternatives. In contrast, there is a large literature on testing mean regression
models against nonparametric alternatives. See, for example, Ait-Sahalia, et al. (1994), Andrews
(1997), Bierens (1982, 1990), Bierens and Ploberger (1997), De Jong (1996), Eubank and
Spiegelman (1990), Fan and Li (1996), Gozalo (1993), Hardle and Mammen (1993), Hart (1997),
Hong and White (1995), Horowitz and Spokoiny (2000), Li and Wang (1998), Stute (1997),
Whang and Andrews (1993), Wooldridge (1992), Yatchew (1992), and Zheng (1996).



The objective of this paper is to develop a test that has good theoretical and practical
power properties. The power of a test is often investigated by deriving the asymptotic probability
that the test rejects a false H, against a sequence of local alternative models. When H, is a
linear median regression model, the form of the local alternative models is
(12)  m,(x)=x"B+p,g(x)
for some fe R? and function g, where n is the sample size, p, is a real number, and p, — 0 as

n — oo. The test of Bierens and Ginther (2000) has non-trivial power (that is, power exceeding

the probability that a correct Hy is rejected) against local alternatives for which p, o< n™'/2.

Zheng’s (1998) test has non-trivial power against local alternatives for which p, e n™/**" for

any v>0. However, as is explained in HoroWitz and Spokoiny (2000) (hereinafter HS), the

class of alternative models (1.2) is too small. If p, o< V2 or Py o< VY for any sufficiently

small v >0, then no test of H, can have non-trivial power uniformly over reasonable classes of

functions g (e.g., functions that have two bounded derivatives); In particular, the power of any

—1/2+v

test against the sequence of alternatives m, (x)=x"B+n g,(x) equals the probability that

the test rejects a correct Hy for some sequence {g,} of (say) twice differentiable functions and all

sufficiently small v >0. The practical consequence of this result is that any test of H; for which

Dy o< n~"2* for sufficiently small v >0 has low finite-sample power against certain classes of

smooth alternatives. Section 4 presents examples. Because the class (1.2) excludes models of the

form m,(x)=x"f+ p,g,(x), it cannot be used to develop tests that have good power against all

smooth alternatives.

This paper, like HS, uses the minimax approach to testing H,. We assume that m

belongs to a Holder class, B, of differentiable functions on R, Bis separated from the null-
hypothesis set by some distance r, that converges to zero as # — eo. The aim of the minimax
approach is to find the fastest rate at which r, can approach zerb while permitting consistent
testing uniformly over B. This rate is called the optimal rate of testing. A test is consistent
uniformly over B if

(1.3) lim inf P(H, is rejected against m)=1.

n—se0 me B
Thus, the optimal rate of testing is the fastest rate at which 7, can approach zero while
maintaining (1.3). The optimal rate of testing for Hélder, Sobolev, or Besov classes of functions

that have bounded derivatives of known order s > (d - 1)/4 is #”* * -V (Ingster 1982, 1993a,



1993b, 1993c; Guerre and Lavergne 1999). The optimal rate of testing
25 l(4s+d-1)
is(n‘l./loglogn> T if s=(d~1)/4 is unknown (Spokoiny 1996). If s<(d -1)/4, then

14 (Guerre and Lavergne 1999).

the optimal rate of testing is »

A test that achieves the optimal rate of testing has the advantage of being sensitive to
alternatives uniformly over a smoothness class whose distance from the null hypothesis
converges to zero at the fastest possible rate. Such a class contains sequences of alternative
models against which the tests of Bierens and Ginther (2000) and Zheng (1998) are inconsistent.
In practice, this means that there are smooth alternatives against which these tests have much
lower finite-sample power than does a test that achieves the optimal rate of testing.

This paper describes a test of H, that has the optimal rate of testing uniformly over

Holder classes and does not require knowledge of s or the (possibly non-identical) distributions of

the ¢ ’sin (1.1). The test is called adaptive and rate-optimal because it adapts to the unknown s

and has the optimal rate of testing for the case of an unknown s. HS developed an adaptive, rate-
optimal test of a parametric mean regression model against a nonparametric alternative. Fan and
Huang (2000) developed an adaptive, rate-optimal test of a normal, linear mean-regression
model. See, also, Ledwina (1994) and Fan (1996). This paper extends the test of HS to median
regression models. Although there are similarities between the test presented here and that of HS,
the properties of median and mean regression models are sufficiently different to make the
extension non-trivial and to require separate treatments of median and mean regressions.

A test that achieves the optimal rate of testing uniformly over a smoothness class is
necessarily oriented toward the alternatives that are hardest to detect. Such a test may have low
power against functions that are less extreme. To provide some protection against this possibility,

we show that our test is consistent against alternatives of the form (1.2) whenever
Py Cn_1/21/loglogn for some finite C > 0. Consistency of the tests of Bierens and Ginther
(2000) and Zheng (1998) against alternatives of the form (1.2) requires p, — 0 more slowly than

n”V2. Thus, in terms of consistency against such alternatives, there is essentially no penalty paid
for the adaptiveness and rate optimality of our test.

The test is described in Section 2. Theorems giving properties of the test under H, and
various alternative hypotheses are presented in Section 3. Section 4 presents the results of a
Monte Carlo investigation of the test’s finite-sample behavior. Section 5 presents an empirical
example of the test’s use. Section 6 presents concluding comnﬁents. The proofs of theorems are

in the Appendix, which is Section 7.



2. THE TEST
Section 2.1 presents an informal description of the test statistic. Section 2.2 describes a

method for obtaining critical values for the test..

2.1 The Test Statistic

We assume that d 22 and that the first component of X; is X;; =1. If H, is frue, then

i i
Y, =X{B+¢; and P(g; <0)=0.5 for each i =1,2,... and some fe R?. Let b, denote the least
absolute deviations (LAD) estimator of S . Thus,
' n
b, =argbrg§{rg[§|1§ - Xb|.

If H, is true, then b, =7 f as n— oo (Koenker and Bassett 1978). If H, is false, then £ is
undefined. However, it follows from Proposition 1 in the Appendix that b, = 3* +O, (n™"?,
where [* solves

2.1) ixi{P[e,.sX,.'b-m(X,-)]—l/z}=o.

i=l
Define f§, = f if H, is true, f, = f* if H; is false, and & = 1(¥; - X; 5, <0)-1/2, where 1 is
the indicator function.

Under H,, the &;’s are Bernoulli random variables with E(£;)=0. If H, is false, then
E(&)=Plg; < X{fy —m(X;)]-1/2#0 for at least one i. Thus, a test of Hy is equivalent to a
test of Hy: E(&;) =0 foralli. If £, were known such a test could be based on the distance from
0 of a nonparametric estimator of the vector [E(&),...,E(£,)]. We obtain a feasible test by
replacing f3, with b,. Define & = I(Y; - X;b, <0)—1/2. Our test is based on {& :i =1,...,n}.

To obtain the test statistic, suppose for the moment that 5, and, therefore, the & ’s were
known. Let K denote a kernel function (in the sense of nonparametric density estimation) of a
d -1 dimensional argument. For ve R and bandwidth #>0, let K,(vy=K(v/h). For

i,j=1...,n,define

K (Xi- X))
Wih =5
PR ACESH)
k=1
and g , = Z___lwk,.,hw,g,h . Define
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=Y Yagg,.

i=l  j=l

22)  Sy*=

i=1

n
D Wil

=

Observe that 2;1»:1Wij,h§ ; is a kernel nonparametric estimator of E(¢;). Therefore, S,* is the

(, distance from zero of the kernel estimator of [E(&)),..., E(£,)] . If the &’s were observable,

then a test of Hy could be based on the standardized version of S,*. Because E(&;)=0 under
H,, £&# =1/4,and & is independent of &; if i# j, the standardized S,* is

Sy * =Ny

23) T*=
23 I 7

where

24) N, =(l/4)§n:a,~i,h )

i=l

and

(25) »= (1/8)i iag,h

=l j=l
J#i

HS showed that an adaptive, rate-optimal test of H, can be obtained by rejecting H, if the
maximum of 7,* overa suitable set of bandwidths # is too large. The test proposed here uses the

same idea and is obtained by replacing the unknown variable & with f, in (2.2)-(2.5).

To this end, define
I;, = Sh - Nh ,
Vi
where
' n n o A
26)  S,=Y D aéé.
=l j=l

We evaluate 7, at each 4 in a set of bandwidths and reject H, if 7, is too large for any

bandwidth in this set. The set of bandwidths is H = {i =h;, 25 1@ N p<pn  k=0,1,2,.},
where h,,, and h.;, are non-stochastic constants satisfying conditions that are stated in Section

3.1. Our test is based on the statistic

T=max7},.
heH



The test rejects Hy, at the (asymptotic) « level if T exceeds the critical value that is described in

Section 2.2.

2.2 Obtaining the Critical Value

The exact orlevel critical value for T'is the 1 - o quantile of the finite-sample distribution
of 7. This critical value cannot be evaluated in applications because the finite-sample distribution
of the & s is unknown. However, the asymptotic distribution of T under H, does not depend
on [ or the distribution of the & ’sin (1.1). See Lemma 12 and the proof of Theorem 1 in the

Appendix. Therefore, an asymptotic ¢ -level critical value can be obtained as the 1- o quantile

of the distribution of T that is induced by the model ¥;*= X5

b, +&*, where &* is sampled from
a convenient distribution. In the Monte Carlo experiments and empirical example reported in
Sections 4 and 5, we use the empirical distribution of the residuals of the estimated null-
hypothesis model. The i ’th residual is ¥; — X}, . The asymptotic critical value can be computed
with any desired accuracy by using the following simulation procedure:

1. Foreachi=1, ..., n, generate ¥;*= X/b, + &*, where &* is sampled randomly from
the residuals of the estimated null-hypothesis model.

2. Use the data set {Y;*, X;: i=1, ..., n} to estimate §. Denote the resulting estimate

~

by b,. Compute the statistic T that is obtained by replacing fi (i=L...,n) with
1(r* —Xil;n <0)—1/2 in the formula for T .

3. Estimate #, by the 1 - ¢z quantile of the empirical distribution of 7 that is obtained by

repeating steps 1-2 many times.

3. THE MAIN RESULTS
This section presents theorems that give the asymptotic behavior of the proposed test.
Section 3.1 states our assumptions. The behavior of the test under Hj is given in Section 3.2.
Sections 3.3 and 3.4, respectively, give the test’s behavior under the sequence of local alternative
hypotheses (1.2) and under smooth alternatives that are contained in a Hélder class whose
distance from the null hypothesis converges to zero at the optimal rate of testing. The adaptive,

rate-optimal property of the test is established in Section 3.4.



3.1 Assumptions

Our results are obtained under the assumptions stated in this section. Let “V" denote the
- Euclidean norm of the vector V. If D isa gXg matrix, define

oL - s 2
veR?

M
For every xe R? and every & > 0, define M;(x) as the number of elements in the set
{X;:| X; - x| < h}. Define F;(u)= P(¢; <u).
Assumption | (Observations): The observations {Y;:i=12,...} in (1.1) are independent.
Each cumulative distribution function F; is absolutely continuous with respect to Lebesgue

measure with a continuously differentiable density function f;. There are constants Cr and a
such that f;(u)<aCr and | f{(u)|<a*Cr forall i=1,..,n and u.

Assumption 2 (Kemel): K is continuously differentiable, non-negative, symmetrical
about the origin, and supported on [-L11°"'. Moreover, K(0)=1 and K(v) is a strictly
decreasing function of ”v“

Assumption 3 (Bandwidths): The quantities h.;, and h,, satisfy Iy </FAmays
Binin 2 Chn'l/z""', and By, = Cyy (loglog ny™ for finite constants y>0, C, >0, and Cy >0.

Assumption 4 (Design): (i) The design points {X;:i=1,...,n} are non-stochastic. The

first component of each X, ; is X =1. (ii) There are positive constants Cy, and Cy, such that

for all he H and all i = 1, .., n, CX,nhd"lSMh(Xi)SCXénhd"l. (iii) There are finite

-1
constants Cy and Cyy such that |X;|| < Cy for all i and [n"lz; ﬁ(O)XI.X,.’] <Cyy.

@iv) infb:||b—ﬁu||>5 n'lz:}=]| F[X[b—-m(X)]-F[Xfy -m(X,)]|>CS for some constant C and
each §>0.

Section 4.2 describes a method for choosing A, and %, in applications. Assumption
4(it) is satisfied with probability approaching 1 as n — e if Assumption 3 holds and components
2,..,d of {X;} are sampled from a distribution that has bounded support and a density with

respect to Lebesgue measure that is bounded away from zero on its support. Therefore, our
results hold conditionally on {X;} that are generated this way. However, we do not require {X;}

to be sampled from a distribution. Assumption 4(iv) is an identification condition.



3.2 Behavior of the Test Statistic under the Null Hypothesis

The null hypothesis, Hy, is that P(¥;, - X;#<0)=1/2 for all i and some fe RY. Let
t, be the « -level critical value that is that is induced by the model Y;*= X7b, +&* described in
Section 2.2. The main result on the behavior of T under Hj is that ¢, is an asymptotically

correct « -level critical value. This result is established by the following theorem.

Theorem 1: Let Assumptions 1-4 hold. Let H, true. Then
lim P(T>t,)=c.

n—yo0

3.3 Power against a Sequence of Local Alternatives

This section establishes the consistency of our test under local alternatives of the form
(1.2) with p, 2 Cn™"? Jloglogn for some constant C > 0. Normalize g so that

G el = YlsCrof 21,

i=l
Let X bethe dxn matrix whose i’th column is X;, F be the nxn diagonal matrix whose (i,7)

element is f;(0), and G be the nx1 vector whose i’th component is g(X;). Let I, be the

nxn identity matrix. Define the nxn matrix I1=1, - X' (XFX')' XF . If the ,’s are iid, then
IT is the projection operator into the orthogonal complement of the space spanned by the X;’s.
Assume that for all sufficiently large n and some 6 >0,
32) V=n'|rgf 24.
If the ¢;’s are iid, then (3.2) states G has a non-zero projection into the orthogonal complement
of the space spanned by the X;’s. Conditions (3.1) and (3.2) insure that the quantity
n , 1/2

inf | w7 Y |Xb-XiB-pug X |

bR pr v
converges to 0 at the rate of p, rather than a faster rate. The following theorem establishes
' consistency of our test under a sequence of local alternatives.

Theorem 2: Let Assumptions 1-4 hold. Let (1.2) hold with p, 2 cnY 2,/log logn and

g satisfying (3.1)-(3.2). There exists C*< oo depending on & and the constants in Assumptiohs
1-4 such that
lim P(T >t,)=1

n—yo0



whenever C = C*.

3.4 Power against a Smooth Alternative

This section gives conditions under which our test is consistent uniformly over
alternatives in a Holder smoothness class whose distance from the class of linear conditional
median functions converges to zero at the fastest possible rate. Measure the distance between the

‘true conditional median function, m(x), and the null hypothesis model by

172
n
mWﬁﬁ%P”ZWMQﬂWW}-
i=1
To specify the smoothness classes that we consider, define H;(x) = F[x'f, - m(x)],
where f3, is as defined in (2.1). Also define
n | 12
mm{ﬂﬁmm%mﬂ
i=
Letj= (j3, ..., j4), Where js, ..., js = 0 are integers, be a multi-index. Define | j|= ZZ=2 Jy and

alle,- (x)

D/H (x)=— :
' ox'...oxJ"

whenever the derivative exists. Define the Holder norm

|E, = sw Y ID/H(x)].

xxIsCy | ji<s
The smoothness classes that we consider consist of functions (H,,....H,)e S(H,s)=
{Hy,..H, :[|H,~||H , SCp foralli=l,...,n} for some (unknown) s 2 max[2, (d - 1)/4] and Cr < e,

Theorem 3 states that our test is consistent uniformly over the sets
25 (4s+d-1)
(33) By, E{Hl,...,Hn € S(H,5): py(H)2C,(n”'floglogn) }

for some s = max[2, (d — 1)/4] and all sufﬁcienily large C, < . If (H,,....,H,)€ By ,, then m

25 M(4s+d~1)
belongs to a Holder smoothness class of order s and p;(m)2C, (n"l./loglogn) e .

Theorem 3: Let Assumptions 1-4 hold. Then for 0 < a< | and By, as defined in (3.3),
lim inf P(T>t,)=1

n—eo fe B,

Sfor all sufficiently large C, < oo,



4. MONTE CARLO EXPERIMENTS
This section presents the results of Monte Carlo experiments that illustrate the numerical
performance of the adaptive, rate-optimal test. The section has two parts. Section 4.1 presents a
sequence of alternatives against which our test is consistent but the tests of Bierens and Ginther
(2000) and Zheng (1998) are not. This sequence motivates the design of the Monte Carlo

experiments. The experiments and their results are described in Section 4.2.

4.1 An Example

This section presents a parametric model and a sequence of alternatives égainst which our
test is consistent but the tests of Bierens and Ginther (2000) and Zheng (1998) are not. The null
hypothesis model in the example is
@D Y=p5+piX +e,
where [, and [, are constants, the X;’s are scalars that are sampled from a distribution that is

symmetrical about 0, and & ~ N (0,67) for every i. The sequence of alternative models is
(42) Y=X,+1,°0(X;/1,)+¢;,

-1/9
where & ~ N(0,1), ¢ is the standard normal density function, and 7, = C(n“l,/loglogn) for

some finite C > 0. The function m,(x) = x + 7,*@(x/7,) has a peak that is centered at x = 0 and that
becomes narrower as n increases. The sequence of alternative models {m,} is contained in By,

with s = 2. The distance between m, and the parametric model (4.1) satisfies
—4/9
pi(m,) o< (n“',/log logn) . It is not difficult to show that under that the sequence (4.2), the

noncentral parameters of the tests of Bierens and Ginther (2000) and Zheng (1998) converge to
Zero as n — oo, so those tests are inconsistent against (4.2). It follows from Theorem 3, however,

that the adaptive, rate optimal test is consistent against this sequence if C is sufficiently large.

4.2 Monte Carlo Experiments

This section presents the results of Monte Carlo experiments that illustrate the numerical
performance of the adaptive, rate-optimal test. In each experiment, a parametric null-hypothesis
model and two alternatives are specified. Monte Carlo simulation is used to estimate the
probability that the adaptive, rate-optimal test rejects the parametric model when it is correct and
the test’s power against the alternatives. To provide a basis for judging whether the test’s power

is high or low, the power of Zheng’s (1998) test is also estimated by Monte Carlo simulation. In

10



all experiments, the nominal probability of rejecting a correct null hypothesis is 0.05. The
designs of the experiments are motivated by the example of Section 4.1.

The null-hypothesis model in the experiments is
43) Y=p+BX +e; i=12,.250
where each X; is a scalar that is sampled from the N(0,25) distribution truncated at its Sth and 95th
percentiles. In experiments where (4.3) is correct (H, is true), fo = 1 = 1. The &’s were sampled
independently from three distributiéns, depending on the experiment. These are N(04), a
variance mixture of normals in which & is sampled from N(0,1.56) with probability 0.9 and from
MN(0,25) with probability 0.1, and the Type I extreme value distribution shifted and scaled to have
median zero and variance of 4. The mixture distribution is leptokurtic with a variance of 3.9, and
the Type I extreme value distribution is asymmetrical.

The alternative models have the form
44) Y =1+X,+@/ 0o X;/1)+¢;,
where the &’s are sampled from one of the three distributions just described and 7= 1 or 0.25,

depending on the experiment. Figure | plots the function m(x)=1+x+(4/7)¢(x/7) for each

value of 7. The X;’s were sampled once from the specified distribution and held fixed in repeated
realizations of the ¥s. The values of f and [, were estimated by least absolute deviations
(LAD). The kernel used for the adaptive, rate-optimal test and Zheng’s (1998) test is
K(@u)=(15/16)1-u*1(|u|< 1).

Implementing Zheng’s (1998) test requires selecting a bandwidth parameter. Zheng
(1998) proposed a generalized cross validation procedure for doing this. In our experiments,
however, this procedure gave bandwidths that were much too large and often exceeded the range
of the values of X. Therefore, to avoid biasing the experiments against Zheng’s test, we chose its
bandwidth through Monte Carlo experimentation to maximize its power subject to the restriction
that the empirical probability of rejecting (4.3) when it is correct be contained in a 95%
confidence interval around the nominal rejection probability.

The adaptive, rate-optimal test requires choosing the set of bandwidths H. We used 5
equally spaced bandwidths. The smallest is /y;, =2max(X;y, —X;) (i=L..,n—1), and the
largest is 2, =0.5(X, — X|)/loglogn, where the X,’s are sorted in increasing order

The experiments were carried out in GAUSS using GAUSS pseudo-random number
generators. There were 1000 Monte Carlo replications in the experiments in which Hy is true and

500 in the experiments in which Hy is false. The larger number of replications for the

11



experiments with a true Hy insures that the probabilities of Type I errors are estimated reasonably
precisely. The lower number of replications with a false H, conserves computing time while
providing sufficient precision to be informative about the relative powers of the tests. There were
99 replications in the Monte Carlo procedure that was used to estimate the critical value of the
adaptive, rate-optimal test.

The results of the experiments are presented in Table 1. When H; is true, all tests have
empirical rejection probabilities that are close to the nominal probability of 0.05. None of the
differences between the nominal and empirical rejection probabilities is significantly different
from zero at the 0.05 level. The power of the adaptive, rate-optimal test is much higher than the
powér of Zheng’s test when H, is false. All of the differences between the powers of the

adaptive, rate-optimal test and Zheng’s test are significant at the 0.01 level.

5. AN EMPIRICAL EXAMPLE

Buchinsky (1998) used data from the 1993 Current Population Survey (CPS) to estimate
a median regression model of the relation between the weekly wages of male workers in the U.S.
and a variety of covariates. The model is

logW =y +BX+PoX>+YZ+U,
where W is the weekly wage, X is years of labor-force experience, and Z is a vector of covariates
that includes years of education and dummy variables indicating the worker’s race, the region of
the country in which the worker is employed, whether the worker is employed in a metropolitan
area, and whether employment is full time and for the full year. U is an unobserved random
variable whose median conditional on X and Z is 0, the [ s are scalar coefficients, and ¥ is a
vector of coefficients. In this example, we investigate the relation between log” and X for
white, full-time, full-year, workers with 12 years of education who were employed in a
metropolitan area in the north central region of the U.S. Thus, Z is fixed in the example, and the
model is
(5.1)  logW=pfy+BX+BX +U,
where median(U | X =x) = 0 almost surely. The 1993 CPS contains 1833 observations of
workers with the specified characteristics. The [ ’s were estimated by LAD.

The dashed and solid lines in Figure 2 show the parametrically and nonparametrically

estimated conditional median functions. = The parametric estimate (dashed line) is

by +b X +b X 2 , where b : is the LAD estimate of § J (=0, 1, 2). The nonparametric estimate

12



(solid line) was obtained by local linear median regression (Chaudhuri 1991). There are obvious
differences between the parametric and nonparametric estimates, which suggests that the
parametric model is misspecified. However, the graph does not indicate whether this apparent
misspecification is an artifact of random sampling error. The adaptive, rate-optimal test gives T =
2.85 with a 0.05-level critical value of 1.75. Thus, the test rejects the parametric model (5.1) at
the 0.05 level.

We also tested a version of (5.1) that is augmented by adding X to the specification,
thereby producing the cubic model
(52) logW=Py+BX+BX>+BX +U.
The dotted line in Figure 2 shows the conditional median function estimated by applying LAD to
(5.2). The fit of (5.2) is much better than that of (5.1). The adaptive, rate-optimal test of (5.2)
gives T = -0.65 with a 0.05-level critical value of 1.16. Thus, the test does not reject the cubic
model (5.2).

6. CONCLUSIONS
This paper has developed a test of the hypothesis that a conditional median function is
linear against a nonparametric alternative. The test adapts to the unknown smoothness of the
alternative model, does not require knowledge of the distributions of the possibly heterogeneous
noise components of the model (the &;;s in (1.1)), and is uniformly consistent against alternative
models whose distance from the class of linear functions converges to zero at the fastest possible
rate. This rate is slower than n~"/%. In addition, the new test is consistent (though not uniformly)

against local alternative models whose distance from the class of linear models decreases at a rate

that is only slightly slower than n~'/?. The results of Monte Carlo simulations and an empirical

application have illustrated the usefulness of the new test.

7. MATHEMATICAL APPENDIX

This appendix presents the proofs of the theorems in the text. Except as otherwise noted,

it is assumed that Assumptions 1-4 hold.

13



7.1 Properties of the Parametric Model

172 asymptotic normality of the LAD

The main result of this section is a proof of »
estimator b,. Let 17", and f’, respectively, denote the probability distribution and density

functions of ¥;. Define
1 C ’ 7 ’
O, =’_22XiXiﬁ(Xiﬁ0) ’
i=1

Ty =—Qn"n“"2ﬁxi[1(n - Xify S0) - E(X!B],

i=l

and

i=1

z,=0; {%ZM{E(X%)U—E(X{% )1} L

Proposition 1: Let Assumptions 1-4 hold. Let the sequence {0,} satisfy nY 2/5,, =o(l)

as n—>oo and d, <(n ogn)''?. Thenas n— o, P(“b,,—-ﬁo||25,,)=o(1), and

P28, = Bo) =] > o6, 10gm* | =0,

where C, is a constant whose value depends only on d and the constants from Assumptions 1-4.
Moreover, Z;” 277,, —* N(@©,1 1), where 1, is the d Xd identity matrix.

Remark: An immediate corollary of this result is that n'/2(b, — B,) is asymptotically |

normal.

The proof relies on the following lemmas.

Lemma 1: Define C, =dCy /2. The vector b, satisfies

(7.1) <q.

> X1, - Xb, <0)-1/2]
-
Proof: See Koenker and Bassett (1978).

Lemma 2: Let {k;:i=l,..,n} be independent Bernoulli random variables with

parameters {p;}, and let {c; i=1,...,n} be constants. Given any real z, define

G* = maxexplzc; /(2V)].

1<ign

If 2?:1 CtZPi(l -p;) < y2 for some constant V and G*<2, then

14



n

(7.2) P{Eci(x,. -p)> ZV] <exp(-z°/4).

i=l

Moreover, if Z?zlc,-z 14<V?, then for all z>0

zci(Ki - P

i=1

(73) P

> ZV} Sexp(-z2/2).

Proof: It follows from Chebyshev’s exponential inequality that for every 4>0,

P icilq>ic[pi+zV]Sexp —le—Aic;pi}E[liciKiJ

i=l i=l =1 i=|

- ., i
=exp —le—ﬁch.pi +21°g(1-Pf +p,-e/1c')}-

i=l i=l

The function f,(x) =log(l~ p— pe”) satisfies f,(0)=0, f,(0)=p,and

vy Pl=p)e’
fp(x) (1_p+pe‘()2_

Therefore, f,(x)< px+ p(1- p)x*e* /2. Set A=z/(2V). Then

p(l-p)e".

n n n
—AzV =AY eipy+ Y log(l- p; + pie*) S =AzV + Y p(1- p)A e’ /2

i=l i=1 i=1

=—AzV + AV3G* /2.
Application of this inequality with A=z/(2V) and G* <2 yields
“AzV +AV2G? 125 -2 (1-G*/4)/12< -2 /4.
Similarly, one can bound P[z;cf (x;—pi) < —zV:] , and (7.2) follows.
Next, the inequality ab < (a+b)*/4 with a=1-p émd b= pe* implies
fi)= "’(l‘—p)ex, <1/4

(1-p+pe’)”
forall x>0 and pe[0,1]. Therefore,
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n n 2 n
A A o2
-ﬂzV—ﬂZcipi + E log(1- p; + p;e™) < —/?,ZV+—§—Z:CI~7

i=l i=l i=1

=—AzV +A*V?/2.
This inequality applied with A =z/V yields (7.3). Q.E.D.

We also present a vector version of Lemma 2. For any vector xe R?, define
[l = maxigjcq |, 1.

Lemma 3: Let {k;:i=l,..,n} be independent Bernoulli random variables with
parameters {p;}, and let {c;: i =1,...,n} be constant vectors in R?. Given any real z, define

Gt = mai exp[z“ci”w 1(2V)].

1<i<n

If 2:;1 "c,”i pi(l-p)< dV? for some constant V and G><2, then

1

Moreover, if Z:;l "ci "i 14<V?, then for all z>0

1

Proof: Apply Lemma 4.2 to every component of Z;I ¢;(x;—p;). QED.

zn‘,ci(Ki =)

i=l

> sz./z} 2d exp(-z2/4).

zci(’fi - pi)

i=l

> szl <2d exp(-z*12).

For any fixed Be R? define &(B)=1(Y;, - X]f <0)— F.(X/f) and

$By=n""2Y X E(B).
i=1
Lemma 4: The random field £ (B)e R? satisfies EC(B)=0,
ECBLBY = Y XX FXPI-E XIS o= D XX
i=1

i=]

g

EC(B)~L(B)| S CxCox | B = Bo]| +0.5C5Cra®| B - B

and, for every 220,

P({ (B> xCx 12) < 2exp(-2"/2).

16



Proof: The first two statements obviously follow from independence of the Bernoulli

random variables &;. It is also straightforward to check that

E\&(B)-E(By) PSIF (X B) - F(X[B) |[I-| F(X;B) - Fi (X))

S| E(XIB) - B(XBy) |-
A Taylor series expansion and Assumption | yield

| EA(XTB) - F(XiBy) || Fi(XiB)(B, - Bo)| +0.5Cra” | Xi(B - B)

< FXIBO|B, - B+ 0.5Ck Cra? B - B

Therefore,

E(B)~LB =rEIL (B~ (BN (B) L (B)Y

=n"'tr ) X, X(E |&(B) &) P
i=1

n
<oy X X[ | F(XIB) - F(X{By)]

i=]
< "—IC)Z( ||ﬁ1 -5, ”21}1 (Xi’ﬁx) + O.SCf\,CFaZ ".31 ) ”2
i=1

< CxCry 18— Ba |+ 0.5CyCra’ 15 - ,32"2 .

The last statement of the lemma now follows from Lemma 3. Q.E.D.

The following lemma establishes stochastic equicontinuity of {'(5).

Lemma 5: Let ye(l/2,1). There are positive constants C,; and C,, such that for

every fixed e RY,

Pl sup
{p-slsw

Proof: Let f satisfy ” b~ ,B” <n™%. lItis easy to see that

(B -{B)|zCm 2}5 2exp(~C,on' ™ /4).

l¢Bry-¢B|=n"

i&-[«;(ﬁ)-é(ﬁ)l“
i=l

17



Sn-]/zzmyi_leﬁ|s1X’(,B—ﬂ)l)

i=]

-~1/2
+n712

N X[F (X - F(XiB)
i=l

Since lX,-’(,B—,B)IS Cyn™?®, for some |6|<1 we have

> XF(XB)-F(X{B)
i=l

ixiﬁ[x;me(ﬁ—ﬁ)]X,-’(B—ﬁ)H
i=l

<cicunp-4]

2 —_
< C)-(CXan' a.

Therefore,
(7.4) l{;(ﬁ) - ;(,B)“ < n'I/ZCX ZTi + Ci,CXanlz-a ’
i=1

where the 7; =1(| Y, - X' < Cy n~%) are Bernoulli random variables with
pi=Et;=P(Y, - X[B|SCyn™®) = F(X[B+Cyn™) = F(X[f - Cyn™®)..

As in the proof of Lemma 4, one bounds

n n
N <20y fi(X;B)+ CxCran "

i=l i=l
< 2CX CXXn_a—] + C)Z(CFazn_za-H < szn—a+1
for some constant C,, =~2CyCyy. Application of Lemma 2 with ¢;=1, z=V, and
y?= 2:;1 pi $Con'™% (sothat G* =¢!'? <2) yields

P> (3 —pi)ZVZ:lSZexp(——VZ /4).

L i=l

Therefore,

n
P| Y7, 22C, 0" ]s 2exp(~C,on' ™% 14) .
i=1

This inequality and (7.4) yield the result. Q.E.D.
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The next lemma gives a uniform bound for ¢'(f3) - ¢( ,60') when 8-y <6 .

Lemma 6: Let n”"/> <5 <1. Then for some constant C, dependingon d, Cr and C

only,

lim P| sup [|S(8)-¢(By)|2Ca(Slogm'’? |=o(l).
e | plp-plcs

Proof: Let D, be a £-net in the ball {#:]| - S| <&} with the step n® for a=3/4.
This net can be constructed with cardinality (26n%)¢ < (2n*/ 4ye .‘ Fix fe D,. By Lemma 4,
EfC(®)-¢(Bo)| <dC,
to {(S)-¢(B,y) with ¢; =n"”2X,~ , V2 =(,30 and z=(4dlogn)"'*. Then

- for some constant C,; =~ C3X yy /d . Now apply Lemma 3
0 3 by dxx

logG? < Cyn 2212V = Cyn™?(dlogn) ' I(C36)"* = o(1)
as n— oo for § 2n~?, which yields G* <2 for n sufficiently large. By (7.3)
P[[£(B)-¢ (5|2 2d(C.s81ogm)"' | < 2de™ 05",

Now

P{ sup ‘lg(ﬁ)—f(ﬂo)||22d(Cz3510gn)”2+czln—a+1/z:I
BB-5)|<6

_, SUP

< P{ :<ﬁ>—;<ﬁ>||zczm"“*‘”}
peD, | BlB-Blsr

+ 3 P[JCCB)~£ ()] 224(C.i6Togn) "]

feD,

< 2n**)? [exp(=C,,n""% 1 4) + 2d exp(~d log n)] = o(1).

The lemma follows because /% <n'* and n%*/2 =44, QED.

Define

B(B)=n"""?Y X|[F,(X;B) - Fi(X{By)].

=
Note that B(f#)=E[{(S)-{(fy)]. The next lemma states that B(f) is nearly linear in a small

neighborhood of . Let F(X’f) be the vector whose components are £ (X/f3).
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Lemma 7: Forall ,
|Fx By By) - FX /(B - By)| <057 Cra® | B~ o]}

and

“B(ﬁ)—”uan(ﬁ—ﬂo)“S <Cyan'?|B- Byl

0.5a°Crn™2Y X, | X[(B - fp)
i=l

where Cy =0.5C%Cr.
Proof: This result follows from a Taylor series expansion and Assumption 1. Q.E.D.
Lemma 8: Let the sequence {0,} satisfy n/? 18, =0(l) as n—>oo. Then
lim P(f6, - fo]|>8,)=0.

Proof: Lemma 7 and Assumption 4 imply that

inf  B(f)—
ﬂ:"ﬂ"ﬂullzan (IB

as n—oo. By Lemmas 4 and 6, {(f) is bounded in probability in every neighborhod of 5.
Moreover, (7.1) implies that [lg’ (b,,)—B(bn)HS C]n"” 2. The lemma follows from this inequality
and monotonicity érguments. See Portnoy (1981) for details. Q.E.D.

Lemma 9: ,'%n, —»% N(0,1,).

Proof:
=07 ¢ (B) =07 n Y X&)
. i=]

Therefore, En,=0 and En,n, =X, by Lemma 4. Asymptotic normality follows from the

central limit theorem for sums of uniformly bounded random variables. See Koenker and Bassett
(1978) for details. Q.E.D.

Proof of Proposition 1: By definition

n‘”zin[I(f? - X{B<0)-1/2]={(B)+B(B).
i=l

Let &, satisfy n 25,, =o(l) as n—oo. Then nbn - B ||S 0, with probability approaching 1. By
Lemmas 6 and 7 |£(b,) ¢ (By)]| < C (6, logn)/* and HB(b,,)—n” 20,5, —,BO)“S Cya?52n'2

when and for |b, - By| <8, . Therefore,

¢ B0+ 1720, B, — B)| s Cin™* + Co(8, logm)* + Cra?n' 257
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and
”nl/z(bn -B) +Q;‘f(ﬁo)" < Cxx [q”-l/z +C,(8, logn)'? + C302””253]
with probability approaching 1  But 7,=-0; e Bo). Set §,< (n"'ogn)!'?. Then

|72, - By -n,

IS Cy (0, log n)" 2 with probability approaching 1, where C is slightly larger

than C,. Asymptotic normality follows from Lemma 9. Q.E.D.

7.2 Properties of Nonparametric Smoothers
Lemma 10: For all he'H, Z?:lwfj’h <C, (j=1,..,n) and ||Wh“NSCW| for some

constant C

Wi, Where W, is the matrix whose (i,j) element is w;, and

7], =sup ;g W,,i”/”xl” In addition, there are constants C, and C,, such that

n -1 n 2 -1
i=1 a,-,-’h < Calh and zi=l Zjﬁia’j#h = Cazh .

Proof: See HS. Q.E.D.

7.3 Asymptotic Expansion of the Statistics S,

For every 8 ina n~/? neighborhood of S, , define

n

2
EGEDY ng,h[I(Yj—X},BSO)—I/Z]]
J=!

i=1

2
=Z Zwij,h[gj(ﬁ)"'ﬁ}(X;ﬁ)—l/z]] ,
=

Also define zj(ﬂ)=F'j(X;-ﬁ)—F}(X}ﬂo). We use a matrix representation of S,(f). Let
C(B), F(X'B), and z(B), respectively, be the vectors in R” with components &8,

F,(X;p),and z,(B). Let W, be the nxn matrix whose (i, /) elementis w; ;. Then

S B =|PigB)+ FXpy-12] =| By + Ffy) =112+ (B -
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Under the null hypothesis, 7;(X5))=1/2, 50 S,(B)=|W[E(B)+z(B)]. The test statistic is
based on S,(b,). Lemma 10 enables us to obtain an asymptotic expansion for S, =S,(5,).
Define the nxn matrices 4, = W,W, and I = FX(XFXY ' x.

Lemma 11: The following relation holds with probability approaching 1 as n —os :

Sy =PI, ~TIR)EB) + FCX o) =112 | < Gyl 2 logm

for all € H, some constant Cy, and J, satisfying &, < (1™ logn)'’? and n™'/2/8, = o(1).
Proof: We prove this lemma under the null hypothesis only. The general case can be

considered similarly. For all 4 such that || B-5 " <4, , Assumption 1 yields
(75 |F(XiB) - F(XiBy)|< Csad,,
whre Cs =CrCy . We now bound the differences ||%,[£(/8) + z( ,B)]“2 =W [E(By) + =( ,B)]"z

uniformly over fe H and S with ||ﬂ -5 " <6,. Define 1,(f)=W,&(B). AsinLemma 4,

each element of 77, (f) satisfies En; ,(8)=0, En; ), (B)* < (1/4)51';=1 w,f,,, =a;,/4,and

El,(B) =i p B = Y | F5 (X5 B) = Fy (X3 o)
=

n
2 _
< C5(16n z wij,h = C5a5,,a[,«,;, .
J=1

As in Lemma 6,

P{ |74 (B =114 (Bo) |
sup  supmax 73

> Cy(af, logn)""? |=o(l)
B|B-B)|<5, he R 1sisn Gii

as n— oo for some constant Cy. In the same way, one can bound 7; ,(f;). For some constant
c,

| P{sup max 70201 C7<logn>”2}=o(l).

heH 1Sisn Qi

These two results can be understood as meaning that there is a random set 4, such that

P(4,)=1-0(1) such that on 4, , |7 ,(B)~1; 4 (Be) < Ce(ay; 4ad, logm)''* , and

1/2

(7.6)  n,(B)| £ Cilayy,logn)
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forall he H,all £ such that ”,B— B || <9,,andall i=1,.,n. Thisand (7.5) imply that on 4,
2
HIEB - B < Coas,tr(4)logn,

[ B < Cier(4y)logn,

and
WIEB) +2(B)| < Crltr(4)logn]? + Csan''?s,.
Now by the inequality |“x“2 | y“2 |<[lx= ¥ (Jx~ | +2|x]) and Lemma 10, the following holds

on 4, forall B satisfying ” B-5 " <0,:

17168+ 2B - + 2B | < Co(a8,)!"*[Cy(a8,)!" + 26,4y log

(7.7) < Gy(ad,)!? " logn.
Since "b,, -5, " < 8, with probability approaching 1 as n — oo, the same inequality holds with
probability approaching 1 when f is replaced by b, . Proposition 1 implies that with probability
approaching 1 as n — o, "

77218, = By + (XFXY XEB)| < Co (6, Togm)' "2
and

|Fext) - BBy ~TLpE(By)| < C5 (8, logm) 2,
where C, = CyCyCp. Therefore, by Lemma 10,

428 = T EBo)I| = [WALF (X B,) - F (X By) ~T1rE( o))

Coa(S, logn)''?
with probability approaching 1 as n— o, where C, =C|C,,. The proof is now completed
similarly to (7.7). Q.E.D.
Lemma 11 implies that under the null hypothesis, S, can be approximated by
7. (Bo) - W, T1E(By )”2. The second term in this expression comes from the parametric LAD

fit. The next lemma shows that the effect of this term is asymptotically negligible when

h..—0asn-—>oc,

max

Lemma 12: Let Ay, — 0 as n—oo. Then under the null hypothesis
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1/2

Sk~ B | =0, D).

sup/
heH
Proof: By Lemma 11, it suffices to show that

2 2
sup 2 |17, (1, =TS (B ~[ié Bl = 0, 1)

This would follow from

> R 2Ew, (2, -G - B 1= 0,01)

heH

and

3 B Warl|, L, - TTR)EB)| __HW;,f(ﬁo)"z} =0,(1).

heH
The definition of £(f,) yields EE(f))E(By) =1,/4. Since I is a projection operator in R”

onto a d -dimensional subspace, #(I1z)=d . This and Lemma 2 from HS imply that
BB - (L, ~ T B 1= 2B W, L £ Bo)E( 5o W
= Etr[W,I1p&(B)E(Bo) TL W]
=(1/4yr(W,I1 FW,,’)

<l or@ip) < CRd /4.

Similarly

varl[m& B =7, ~TL)EB)| ]
=Var[E(By) (g 4y + 4T —=T1 A4 T1)E(By)]

< (U2)tr(Tp 4y + 4117 ~T1 41172 < C

where C is a constant that depends only on C,, and d . Since H is a geometric grid,

2 hl/z < Chlhrln/ag( —0.
heH :

A similar result holds for 2 seny/t- The result of the lemma follows. Q.E.D.

The results of Lemmas 10 and 12 imply that under the null hypothesis,
(7.8)  sup|T}* =Thol= 0,(1),
heM
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where

B - (1/4)i i,

i=l

1 n 1/2
)
[gz‘.“ﬁ;h]

Tho=

i=l

7.4 Proof of Theorem 1
Relation (7.8) reduces the proof to considering sup,cy 7;o- 7,0 is the centered,

2

standardized quadratic form “th( Bol™, and £(f,) is a vector of independently and identically

distributed Bernoulli random variables with means of zero. The distribution of 7}, does not
'depend on the unknown distributions of the &;’s in (1.1). The distribution of supjey 7}, 18

investigated in HS and Spokoiny (2000). Here, we briefly review the main issues.

Let £ be an nx1 Gaussian random vector with zero mean and covariance matrix 1, /4.
- Z(2
Define T, by centering and standardizing “thl' . Then supy.y T}, is close in distribution to
T =supjep T Let &, be the 1-ar quantile of the distribution of 7. Then 7, = O(,/loglogn)

and 7 has a bounded, continuous density at t,. This and (7.8) imply Theorem 1. See HS and
Spokoiny (2000) for details.

7.5 Proofs of Theorems 2 and 3

The next proposition gives sufficient conditions for consistency of the adaptive test, rate-

optimal test. Define A; = F(X;f,)~1/2. Let A be the vector in R” with elements A;. Define

G =Wy, Z;la;,,, =1r(42)/8.

Proposition 2: Suppose there is a sequence {r,} such that r, = as n—> and

n n

(7.9) 2 za,.j,,,A,.Aj > (1, +7,)V,*
=l j=1
J#i

Jor some he H. Then
lim P(T >t,)=1.

n—e
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Proof: It suffices to show that for a given he H, P(T, <t,)=0(l) as n—>e . The
asymptotic expansion from Lemma 11 reduces this condition to

o I, =TIREB) + WAL ~r(4) 14
Vh* .

ty |=0() .

Now

[, (L, ~TLR)EBo) + W AP~ or(4,) 14

=Tl + WL, ~TLR)EB)| = tr(4,) 4+ 28 W, (I, ~T12)E(By).
By Lemma 2,

NI, ~TR)EBy) _
A/VV;:VV], (In - HF )"

0,(1).

Fa

Moreover, because the elements of m satisfy |m; | < 1/2 and I, =TI is a projection operator in

R", it follows from Lemma 10 that

NWW (L, - T < (U 8)er (Wm,)* = 47, %)?.

Therefore, A'W,W, (I, —T1z)E(By)=0,(r,V;*). As in the proof of Lemma 12, one can show
2 . 2 2 .
that |17, (1, ~TL)EB) =W Bo)|| =0, i*) . Since Var|[W&(By)| = #,*)?, it follows

that [WEBo)|| ~ E|[Wié(By ) =0, (7). Since, also, E&(fy)? =1/4—m?, it follows that

EmEBIN =EY, Y ay 4 (B)E (Bo) =D ay (114 = A7)

=l j=1 i=l

so that
2 c 2
EWEB)| -1/ r(dy) == a; 447 .
i=l
This implies that

7L, ~TREB ~ U Dir(A) ==Y 4 42 +0, (5, 73).

i=l

Since |, AHZ = Z;’;] Zj’:l a; yAA ; , we conclude that

n n
2
7, (L, —TLR)EBo) + WA = tr(4) 1 4=t ViF =Y Y ay 4Ad; 1,73 % +0, (nV3¥),
=l j=l
J#i
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and the proposition follows. Q.E.D.

Proof of Theorem 2: Define A as in Proposition 2. Set p, =Cn"!? loglogn for some

finite C>0. It follows from Assumption 1 and (2.1) that £, — 8= p,(XFXVXFG+o(p,).
Therefore, A=-p,(I,-I1%)G+o0(p,)=-p,J1G+0(p,). Moreover, because k., —0 and
W,IIG is the result of smoothing the continuous function ITG by the kernel method,

W,I1G —-T1G as n —> . This result and (3.2) imply that for sufficiently large n,

JAJ* 20.502 1G] 20.5p26 = 0.5CS loglogn,
where 6 >0 is as in (3.2). By Lemma 2 of HS, Cp,/h< (V,,*)2 <Cy,/h for finite constants
Gy and Cy,.  Therefore, setting h=h,,, and r, =(loglog n)” 4 and noting that
t, =O(\floglogn ) yields (t, +7,)V;* =O(oglogn). It follows that (7.9) holds for all

sufficiently large C . The theorem now follows from Proposition 2. Q.E.D.

Proof of Theorem 3: It is straightforward to see that for a continuous Ae S(H,s)

N 2
Eaii,hAi
=l

—E————=0()).

n

D D ayahid;

=l j=1

Moreover,
(7.10) |42 Cyy A - Con'2R°
for constants C;; and C;, that depend only on the design {X,:i=1,...,n}. See HS (proof of

Theorem 4). Now set ¢, =t, ++/2loglogn = O(,/loglogn). Define % to be the element of H

z)—2/(4s+d-l) y2ds+d=1)

that is closest from below to (n/t, . Since H is a geometric grid, A< (n/t,
and 4= (n/ tn)'Z/(4S+d'l) . By Lemma 10, (Vh*)'] < C;zh” 2 for some fixed constant Cy. Now
the inequality n™'"?||A| = C}'(C;, + C) )(n/2,)™"4*"D and (7.10) yield

G Al 2GR, D (C A - Copn Y 218,

Therefore, (V%)™ ]]W},A"z —t, =0 as n—> oo, as is required to prove the theorem. Q.E.D.
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TABLE 1: RESULTS OF MONTE CARLO EXPERIMENTS'

Probability of Rejecting
Null Hypothesis

Distribution Zheng's Rate-Optimal
of ¢ T Test Test

Null Hypothesis Is True

Normal 0.048 0.054
Mixture 0.050 0.049
Extreme

vValue 0.056 0.053

Null Hypothesis Is False

Normal 1.0 0.776 0.984
Mixture 1.0 . 0.600 0.942
Extreme

value 1.0 0.490 0.796
Normal 0.25 0.516 0.816
Mixture 0.25 0.300 0.770
Extreme

Value 0.25 0.446 0.797

' The differences between empirical and nominal rejection probabilities under H, are not

significant at the 0.05 level. Under H,, the differences between the rejection probabilities of the
rate-optimal and Zheng’s test are significant at the 0.01 level.
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