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Abstract

In this paper linear elliptic boundary value problems of second order with non-smooth
data (bounded measurable coefficients, sets with Lipschitz boundary, regular sets, non-
homogeneous mixed boundary conditions) are considered. It will be shown that such
boundary value problems generate isomorphisms between certain Sobolev—Campanato
spaces of functions and functionals, respectively.
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2 1 Introduction

1 Introduction

In this paper we consider linear elliptic operators L : Wy*(QUT) — W-12(QUT)
defined as

(1.1) (L, w) = /(Aw Vw+ duw)d\", w e WIRQUT),
Q

and regularity properties of solutions u € VVO1 ’2(9 UT) to the corresponding linear elliptic
boundary value problem

(1.2) (Lu,w) = (F,w), weWy*(Qul),

for functionals F € W=12(QUT). In (1.1) and (1.2) © is a bounded open subset of R",
and I is a relatively open subset of the boundary 02 such that QUT" is regular in the sense
of GROGER [11]. Furthermore, W,*(QUI) and W~12(QUT) denote the Sobolev spaces of
functions u € W12(Q) having trace zero on 9\ T and its dual space, respectively. Hence,
our variational formulation (1.2) includes natural and Dirichlet boundary conditions on
the boundary parts I' and 9Q \ T, respectively. The coefficients A and d are bounded
measurable maps defined on 2, where A is real symmetric (n X n)-matrix valued, and d

is scalar valued. Finally, we assume that there exists a real constant € > 0 such that for
all £ € IR" and almost all x € €2 there hold

agdﬁl
£

1
and e [§]* < A(2)¢ - € < - ¢

€
Under the above assumptions there exists a constant p = p(e, G) > 2 such that L maps
Wy P(Q UT) isomorphically onto W=(QUT) for all 2 < p < P (see GROGER [11]).
Unfortunately, for n > 3 this result in general does not yield the Holder continuity of the
solution u to the mixed boundary value problem Lu = F € W~1?(QUT).

In this paper we will consider function spaces appropriate to the case n > 3. In
RECKE [15] and GRIEPENTROG, RECKE [9] it was shown the existence of a parameter
n—2 < w < n depending only on € and G such that for all 0 < w < @ and all functionals
F e W=122(QUT) the solution u € W, *(QUT) of the mixed boundary value problem
Lu = F belongs to the Sobolev—Campanato space

We(QuT) = {ue Wy (QUT) : Vu e £2(%R™)},

if F' belongs to the space W=12¢(QUT) of all functionals FF € W=12(QUT) with

(1.3) (F,w) = /(f Vw4 gw)d\", we W,*(Qul),
Q

where

(1.4) fe LR, ge L 2Q).

Note, that in the case n —2 < w < @ for F € W~12¢(QUT) the Holder continuity of the
solution u € Wy **(QUT) to the boundary value problem (1.2) follows via embedding



theorems. The main goal of the present paper is to overcome the following shortcoming
of the above approach:

To prove, that an arbitrarily given functional F € W~12(Q UT) is an element of
W-12«(QUT), up to now it was necessary to repeat the whole regularity theory to get a
representation of F' in the form (1.3) and (1.4) via the variational formulation (1.1) and
(1.2) of the elliptic problem Lu = F.

Generalizing the results of RAKOTOSON [13, 14] (for the case ' = @) in the present
paper we are able to give a more direct characterization of the space W~1%¢(Q UT)
which has the major advantage to be independent of a concrete representation (1.3) and
(1.4). Nevertheless, the argumentation is closely related to the methods developed in
RECKE [15] and GRIEPENTROG, RECKE [9]. Our paper is organized as follows:

In Section 2 we collect preliminary results related to regular sets Q UT' C IR" and
Sobolev-Campanato spaces W, > (QUT).

Section 3 is devoted to the introduction of new Campanato spaces Y ~1%“(QUT') of func-
tionals (see also RAKOTOSON [13, 14]), and among other things we prove the continuous
embedding W=12«(QUT) — Y12«(QUT) for all 0 < w < n.

In Section 4 we prove a regularity theorem for solutions to the variational problem (1.1)
and (1.2). In fact, we will show the isomorphism property of the linear elliptic operator L
from W, **(QUI") onto Y ~12%(QUT), hence, the coincidence of the spaces W12« (QUI)
and Y124 (QUT) for all 0 < w < w.

A more comprehensive treatment of the topic can be found in the doctoral thesis of the
author (see GRIEPENTROG [10]).

2  Preliminaries concerning Campanato Spaces

In the whole paper we will assume n > 3. The symbol | - | is used for the absolute
value, and for the Euclidean norm in IR". By ¢; we denote the j-th unit vector in IR™
and furthermore, for x = (z1,...,2,) € R" we write & = (x1,...,7,_1) € R"".

For z € IR" and r > 0 we denote by B(z,r) :={¢{ € R": |¢ —z| < r} and Ey(x,7) :=
{EeR": |€—z| <r, & — x, <0} the open ball and the open halfball, respectively. In
the case © = 0, r = 1 we shortly write B and Ej.

As usual, for subsets G of IR" we write G°, G and OG for the interior, the closure and
the (topological) boundary of G, respectively.

By A" we will denote the n-dimensional Lebesgue measure on the o-algebra of Lebesgue-
measurable subsets of IR™. Let Q2 be a bounded open subset of R". We write L>(£2) and
L>(Q;IR"), for the sets of bounded measurable maps from € into IR and IR", respectively.
Analogously, for 1 < p < oo we write LP(£2) and LP(Q;IR") for the Lebesgue spaces of
p-integrable functions from €2 into IR and IR", respectively.
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2.1 Campanato Spaces and Sobolev—Campanato Spaces

For 1 <p < o0, 0 <w < n+p we denote by £7¢(QQ) the Campanato space, i.e. the
space of all u € LP()) such that

zEQ
r>0

(2.1) [u]pgp,w(m = sup r‘“’/ [t — uqzy [P AN < o0,
Qlz,r]

In (2.1) we used the notation

1
(2.2) Qz,r] =QNB(z,7), uQu, = 7/ udA".
o] An(Q[JI?rD Qlz,r]

The space £P*((2) is a Banach space with the norm

1/p
(23) el oty i= {1y + [ |

Analogously, by £7¢(€; IR") we denote the space of all f € LP(Q2,IR") with components
in £/(Q), and the norm in £7¥(2;IR") is defined similarly to (2.3). Finally, for the sake
of simplicity, for w < 0 we will use the notation £/ () := LP(Q).

The usual Sobolev space W1?(Q) will be equipped with the norm

1/p
lellwisy = {lluloey + 190l b

For 0 < w < n + p we denote by W'?¢(Q) the Sobolev—-Campanato space, i.e. the space
of all w € WP(Q) such that Vu € £°“(Q;IR"). The space WP~ (Q) is a Banach space
with the norm

1/p
lllwrsc@y = { Il + IVl oiomeny | -

The following well-known (cf., e.g., TROIANIELLO [17]) property of Campanato spaces
will be used repeatedly in our paper: If rq > 0 is fixed and if the supremum in (2.1) is taken
over 0 < r < rg, only, then the corresponding ry-depending norm, defined analogously to
(2.3), is equivalent to the original norm in £7¢(Q2). Moreover, we will use the following
theorem (cf. KUFNER, JOHN, FUCIK [12], GIAQUINTA [7] or TROIANIELLO [17]) that
describes embedding properties of Campanato spaces.

Theorem 2.1. Let 1 < p; < py <00 and 0 < w; <n—+p, 0 <wy <n+ py such that
(w1 —n)/p1 < (w2 —n)/p2. Then we have £P>¥2(§) — LPL¥1(Q)).

A bijective map ® between two subsets of IR" such that ® and ®~! are Lipschitz
continuous is called Lipschitz transformation.

In order to formulate further properties of Campanato spaces (equivalence to Morrey
and Holder spaces, multiplier, embedding and transformation properties) we have to
suppose certain minimal regularity of the boundary 0f). Hence, let us introduce the
following usual terminology (using notation (2.2)):
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Definition 2.2. Let a > 0. An open set 2 C IR" is said to have property (a) if for all
sufficiently small » > 0 we have \"(Q[z,r]) > ar™ for all z € Q.

The results, summarized in the following theorem, are classical (cf. CAMPANATO [1, 2,
3, 4], GrusTI [8]).

Theorem 2.3. Let 1 < p < oo and Q C IR" have property (a). Then there holds:
(i) Let 0 <w <n and u € LP(Q). Then it holds uw € £7*(Q) if and only if

(2.4) [ull? g = sup 77 /Q[ | ulP dA™ < o0,

zeQ
>0

and the so called Morrey norm defined by (2.4) is an equivalent norm on £P¥ ().

(ii) Let 0 < w < n. Then for allu € £P¥(Q) and v € L>(2) the product uv belongs to
£P(Q), again, and there exists a constant ¢ > 0 such that

|luv|| grw) < cllullerw@) |V|lLe@) for all uw € £9°(Q), v e L>(Q).

(iii) Let n < w < n+p. Then £(Q) is isomorphic to the Hélder space C%* () with
a=(w—n)/p.
(iv) Let W be a Lipschitz transformation from an open neighborhood of Q into R"™ and

0 < w < n+p. Then there exists a constant ¢ > 0 such that for the transformation
Vu:=uoW:Q — R of a function u: V(L) — R there holds

[Vul o) < clluflerw@e)  for allu e £P2(¥(Q)),
10 cullwrme@) < cllullwivw@e) for all u € WP (B(Q)).

2.2 Campanato Spaces on Lipschitz Hypersurfaces

For the the introduction of Campanato spaces on hypersurfaces in IR" we give the
following definition of Lipschitz hypersurfaces in IR" and sets with Lipschitz boundary:

Definition 2.4. (i) A subset M of IR" is called Lipschitz hypersurface in R™ if for
each o € M there exist an open neighborhood U of xy and a Lipschitz transformation
® from U onto B such that ®(zg) =0and UNM ={z € U : ¢,(z) = 0}.

(ii) A bounded subset  of IR" is called set with Lipschitz boundary (see GIUSTI [8]) if
for each zy € 02 there exist an open neighborhood U of xy and a Lipschitz transformation
¢ from U onto B such that ®(zg) =0 and ®(U NQ) = E;.

Remark 2.5. Every set with Lipschitz boundary is an open subset of IR" having
property (a). Moreover, there holds the following statement: If Q@ C IR" is a bounded
open set and Y = IR™ \  its exterior, then, Q) is a set with Lipschitz boundary if and
only if 0€) is a Lipschitz hypersurface in R" with 92 = 07.
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Let Q C IR" be a set with Lipschitz boundary and M a relatively open subset of 0€). By
Moo we denote the (n — 1)-dimensional Lebesgue measure on the o-algebra of Lebesgue-
measurable subsets of 02. Note, that on the o-algebra of Lebesgue measurable subsets
of 00 it is equal to the (suitably normalized) (n — 1)-dimensional Hausdorff measure (cf.
SIMON [16] and EVANS, GARIEPY [6]).

For 1 < p < oo we write LP(M) and L*>°(M) for the Lebesgue spaces of p-integrable
functions and bounded measurable maps from M into IR, respectively.

For 1 <p<o0,0<w<n—1+p we denote by £7¢(M) the Campanato space, i.e.
the space of all u € LP(M) such that

zeM
>0

(2.5) [u]f}pyw(M) = sup r‘“’/ [ — Upgpp [P dAoq < 00,
Miz,r

In (2.5) we used the notation

1
2.6 Mx,r| == MnN B(x,r), u “::—/ u dAgq.
(2.6) [z, 7] (z,7), Uz Ao I T) ey 200

The space £P“(M) is a Banach space with the norm

1/p
(2.7) lellosecrn = {lullngany + [y |
For the sake of simplicity, for w < 0 we will use the notation £7“(M) := LP(M).

If 7o > 0 is fixed and if the supremum in (2.5) is taken over 0 < r < rg, only, then
the corresponding ro-depending norm, defined analogously to (2.7), is equivalent to the
original norm in £7¢(M). Moreover, we have (see GRIEPENTROG [10])

Theorem 2.6. Let 1 <p; <py<ooand 0 <wi <n—14+p;, 0<wy <n—14ps
such that (wy —n+1)/p1 < (wy —n+1)/pe. Then there holds £°**2(M) — LPr“1(M).

For the formulation of further properties of Campanato spaces on Lipschitz hypersur-
faces (equivalence to Morrey and Hélder spaces, multiplier and embedding properties) we
want to suppose property (a) of the boundary part M of 0. Having in mind notation
(2.6), we introduce the following terminology:

Definition 2.7. Let a > 0 and Q C IR" a set with Lipschitz boundary. A relatively
open subset M of 9 is said to have property (a) if for all sufficiently small r > 0 we
have Ago(M|z,r]) > ar™! for all x € M.

Remark 2.8. For every set 2 C IR" with Lipschitz boundary 02 has property (a).

As mentioned above, we want to summarize results comparable to Theorem 2.3 but
now for Campanato spaces on Lipschitz hypersurfaces (see GRIEPENTROG [10]):

Theorem 2.9. Let 1 < p < 0o and 2 be a set with Lipschitz boundary. If the relatively
open subset M of OS2 has property (a), then the following is true:
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(i) Let 0 <w <n—1andu € LP(M). Then it holds u € £ (M) if and only if

(2.8) [l T o ary = sup r‘“’/ [ul? dAga < 00,
reM M[I,T‘]

>0

and the so called Morrey norm defined by (2.8) is an equivalent norm in £ (M).

(ii)) Let 0 < w < n—1. Then for all w € £"*(M) and v € L>®(M) the product uv
belongs to £ (M), again, and there exists a constant ¢ > 0 such that

[wv]|evoary < ellulloroan [[0lle@ny  for allu € £P4(M), v € L*(M).

(iii) Let n =1 < w < n—1+p. Then £P¥(M) is isomorphic to the Holder space
CY*(M) with « = (w —n+1)/p.

2.3 Regular Sets

Let us denote for o € IR" and r > 0 the standard sets

Bolr,r) = € € R" < |6 2] <7, £ — 2, = 0},
Ei(z,r):={{eR": [ —zx| <r & —x, <0},
Eyz,r):={e€R": [{—z| <r, & —x, <0},
Es(z,r):={{ € Ex(x,r) : & —x1 >0 o0r &, —x, <0},

Here and later on in the case x = 0 and r = 1 we shortly write By, F;, Ey and Ej, re-
spectively. For the treatment of mixed boundary value problems we will use the following
terminology of regular sets G C IR" which is equivalent to the original concept introduced
by GROGER [11]. Additionally, we collect some frequently used properties of regular sets
(cf. GRIEPENTROG, RECKE [9)).

Definition 2.10. A bounded subset G of IR" is called regular, if for each xq € 0G
there exist an open neighborhood U of zy in IR™ and a Lipschitz transformation ¢ from
U onto B such that ®(xy) =0 and (U NG) € {E4, Es, Es3}.

Remark 2.11. Every set with Lipschitz boundary is a regular set. Vice versa, the
interior of a regular set is a set with Lipschitz boundary. Moreover, the closure of a
regular set is regular, too.

Lemma 2.12. If G C R" is a regular set and W a Lipschitz transformation from an
open neighborhood of G onto another open subset of R", then V(G) is regular.

Lemma 2.13. For every regular subset G of R" there exists an atlas of charts
(®1,01), ..., (P, Un) of the following type: There exist points x1,..., T, € G, open
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netghborhoods Uy, ..., Uy, of x1,...,x,, in IR", and Lipschitz transformations @4, ..., ®,,
from Uy, ..., U, into R", respectively, such that there hold

(2.9) occlJu, |JTcar, @COU]-,

Jel Jj€lo j=1
with Iy ={j € {1,....m}:2; € G°}, [ ={j € {l,...,m} : z; € G} and

for all j € {1,....,m}. The subfamily {(®;,U;) : j € I} is an atlas of OG.

2.4 Sobolev—Campanato Spaces on Regular Sets

Throughout this section we will assume, that G C IR" is a regular set, U C IR"
is a relatively open subset of G' and, finally, that V' C IR" is a relatively open subset
of U. Before considering Sobolev—Campanato spaces on regular sets we want to present
embedding and trace properties of Sobolev—Campanato spaces W12“ () on sets with
Lipschitz boundary (see GIUSTI [8], GRIEPENTROG, RECKE [9]):

Theorem 2.14. Let 2 C IR" be a bounded open set with Lipschitz boundary and M be
a relatively open subset of ). Then, for 0 < w < n the following is true:

(1) WH2(Q) is continuously embedded into L**/"=2)(Q).

(i) W122(Q) is continuously embedded into £**2(Q).
(iii) The trace operator vy maps WY2(Q) continuously into L2m=1/(=2(\f).
(iv) The trace operator v maps Wh2<(Q) continuously into £>T1(M).

In the sequel we will work with the following notation, which is usual in the theory of
mixed boundary value problems (cf., e.g., TROIANIELLO [17], GROGER [11]). By Wol’Q(U)
we denote the closure in Wh2(U°) of the set

(2.11) Ce(U) == {u|ye : u € CP(IR™), supp(u) N (U\U) = &}.

Furthermore, for 0 < w < n 4+ 2 we consider closed subspaces of the Sobolev—Campanato
spaces defined as
Wy 2°(U) = Wy (U) n WH(U°)

and equipped with the norm of W2« (U°). For the sake of completeness we write down
the following principles concerning extension, transformation, and restriction of Sobolev
space functions (see GRIEPENTROG, RECKE [9] and GRIEPENTROG [10]):

Lemma 2.15. The zero extension map Ry on Wy (V) defined as

uwe Wy (V),

R u  A"-almost everywhere on V°,
U=
v 0  A'-almost everywhere on U°\ V°,
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is a bounded linear operator from W, *(V) into Wy (U). Moreover, we have
[Ruullyizqy = lullypeg,  forallue Wy (V).
Lemma 2.16. If U is a Lipschitz transformation of an open neighborhood of G onto

another open subset of R™, then u belongs to Wy *(U(U)) if and only if W,u is an element
of Wy*(U), and there holds

U, Rywyu = RyW,u  for all u € Wy (U(U)).

Let z € B, r > 0, and k € {1,2}. Furthermore, let P : B — FE5 be the projection
defined as Pz := (%,—|z,|) € E, for x = (%,z,) € B. Finally, using the notation
D(z,r) := B(z,r)J B(Pz,r), for u: BN D(xz,r) — R we define the odd part Ty (z,r)u :
E,[Px,r] — IR and the even part Ty(z,r)u : E1[Px,r] — IR of 2u by

(Ty(x, )u) () == u(x) + (=) u(@, —x,), =€ Ey[Pz,r].

respectively. Then, there holds 2u = Ty (z,7)u + To(x, r)u and

Lemma 2.17. Forx € B, r >0, and k € {1,2} the operator Ty(z,r) maps the space
Wy (BN D(x,r)) continuously into Wy (Ey[Px,7]), and we have

TwRpu = Rp, Ti(x,7)u  for allu € Wy*(B N D(z,7)).

Let k € {1,2}. For u : Ey — IR we define the antireflection Ryu : B — IR and the
reflection Ryu : B — IR onto the unit ball B by

u(x) for x € Ey,

(Ryu)(z) = {(_1)]%(:%, —x,) forx e B\ Ej,

respectively. Then, we have the following statement

Lemma 2.18. For 0 < w < n and k € {1,2} the operator Ry maps W,>*(E})
continuously into Wy'>*(B). Moreover, Ry maps W< (E}) continuously into W>*(B),
and there holds

[Ryullfyr2e ) < 2 [ullfreee) < 2R ullfyiowg  for allu € Wy (Ey),
HR2UH124/1,2,W(B) <2 ”“”%Vl-lw(El) <2 "R2u|’%jvl,2,w(3) for all u € WH2“(E)).

In the sequel we also need the generalization of the above reflection operations to vector
and matrix valued functions. For f : £; — IR" we define the antireflection R, f : B — R"
and the reflection Ry f : B — IR" by

(le)j = lej fOI‘j - {1, oo, n— 1}, and (le)n = Rgfn,
(RQf)j = Rgfj fOI‘j S {1, oo, n— 1}, and (Rgf)n = len
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Let 0 < € < 1 be a real constant. By &(n) and &(e,n) we denote the spaces of all
real symmetric (n X n)-matrices and all real positive definite (n x n)-matrices having the
spectrum in the interval [¢, 1/¢ ], respectively. For A : E; — &(n) we define the reflection
RyA: B — &(n) by

(RQA)QZ' = RQ(AQZ) for i € {1, o, — 1}, and (RQA)en = Rl(Aen)

Notice, that for A: Ey — &(e,n) there holds Ry A : B — &(e, n).

3 Campanato Spaces of Functionals

Throughout this section we assume, that G C R" is a regular set, U C IR" is a relatively
open subset of G and, finally, that V' C IR" is a relatively open subset of U.

3.1 Definition

Let W—12(U) be the dual space to W, *(U) and ( , )y the dual pairing between these
spaces. We define the norm of an element F' € W~42(U) by

| [lw-r2(0) = sup {[{F, who| - w € Wo(U), [lw]lyeq < 1}

To localize a functional F € W~12(U) we do the following: We define the mapping
F — Fly from W=12(U) into W~1%(V) as the adjoint operator to the extension map
Ry : Wy (V) — Wy (U), that means,

(Fly,w)y = (F, Ryw)y, w e Wy*(V).
Obviously, the property of the extension operator Ry (see Lemma 2.15) yields
IE v lw-reqvy < | Fllw-r2@y  for all F e W™H2(U).
Moreover, there holds the norm identity

HF”W—LQ(U) = sup ”F|U[m’ﬂ|yw—1,2(U[I7TD fOl" all € W_l’Q(U).
zeU°

>0

Now, we construct Campanato spaces of functionals as subspaces of W~42(U) by the
following modification of the W~'?(U)-norm (cf. RAKOTOSON [13, 14]).

Definition 3.1. Let 0 < w < n be a real constant. A functional F from W~12(U)
should belong to the Campanato space Y ~1%¢(U), if and only if the supremum

(3.1) IFIS -1 20 @) = sUD 77 || F|ugel[fy-12em)
zeU°

r>0

has a finite value. In that case we define the norm of F' € Y~12¢(U) by (3.1).
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Remark 3.2. If rp > 0 is a given radius and if we take the supremum in the def-
inition (3.1) for 0 < r < rg, only, then the corresponding ro-dependent norm, defined
analogously to (3.1), is an equivalent norm on Y =42« (U).

Remark 3.3. For 0 <w <o <n, 9 > 0,0 < r <y, there holds r=* < rj “r=7.
This yields the continuous embedding Y ~127(U) — Y ~129(T)).

Remark 3.4. The spaces Y ~1*¢(U) are Banach spaces for 0 < w < n: To prove the
completeness of the normed linear space Y =12« (U) let {F,}sen be a Cauchy sequence in
Y129 (U). Because of the embedding of Y12« (U) in W=12(U) the sequence {F,}sen
is a Cauchy sequence in W~1?(U). Hence, it converges in W~ 12(U) to a functional
F e W=t2(U). If we fix 6 > 0, we can choose a(d) € IN such that

|Fots — Folly-1200y) <6 forall a, 3 € IN with o > a(9).
For all x € U° and r > 0 we get
r N = Fo)lvienllfy-1e@ie,gy < 277 1F = Far) [vienlfy-12pe,g) + 20%

Letting § — oo and taking the supremum for all x € U° and r > 0 we arrive at the
sought-for result:

IF = Fully 120y < 20° for all a € N with a > ag(6).

3.2 Invariance Principles

We are going to consider several bounded linear operations on the above defined Cam-
panato spaces of functionals.

Let x € Cg°(IR") and 0 < w < n. Now, for F' € W~12(U) we define by
(XF,w)y := (F,wx)y, weW,*U),
a functional yF' € W~12(U). There exists a real constant ¢ = ¢(x) > 0 such that
IXFllw-2@) < c|[Fllw-rzw)  for all e W™HA(U).

Lemma 3.5. Let x € CP(R") and 0 < w < n. Then, F +— xF is a bounded linear
map from Y ~12«(U) into Y12« (U).

Proof. If F € Y~12%(U), then by definition we get for all z € U°, r > 0
| OXE) | vten w12z = IXE v w12 < | Flv@allw-12@w@w),

where ¢ = ¢(x) > 0 is a real constant. This proves the desired result. 0J

Lemma 3.6. If0 < w < n, then F' — F|y defines a bounded linear map from
Y=12¢(U) into Y 124(V).
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Proof. Let FF € Y~429(U). Then, for all x € V°, r > 0 by definition we have

N Flvienllw-120vizm < 1 Fv@nllw-12@mm)

which proves the sought-for result. 0

Another useful tool for our regularity considerations is the extension principle for func-
tionals by reflection and antireflection, respectively. Let x € B and r > 0. Having in
mind the continuity of the operators

Ty(x,r) : W01’2(B ND(z,r)) — W(}’Q(Ek[Px, r]),

and especially the continuity of T}, : Wy *(B) — Wy *(Ey) for k € {1,2} (Lemma 2.17) we
construct the mapping Fy, — Ry Fy from W~12(E},) into W12(B) as the adjoint operator
of Tj, : Wy *(B) — Wy*(E}), that means,

(Rka,w>B = <Fk,Tkw>Ek, w € W()l’2(B)
Because of the properties of the operators Ty (see Lemma 2.18) it follows

||Rka||W*1=2(B) < \/5 HFkHW—l,Q(Ek) for all Fj, € W_1’2(Ek).

Lemma 3.7. Let k € {1,2} and 0 < w < n. Then, Fy — RyF} is a bounded linear
map from Y V2% (E) into Y 7129 (B).

Proof. Let k € {1,2} be an index and Fj, an element of Y ~12%(FE}). Then, we get for
all z € B, r >0 and w € Wy*(B[z,r]) the relation

[((RiF%)|Bles), W) Blaa| = [(RiFy, Rpw)p| = [(Fy, Ty Rpw) g, |
= \<Fk, REka(x>T)RBﬁD(z,r)w>Ek| = ‘<Fk‘E‘k[Px,r}>Tk(xaT)RBOD(x,r)w>E‘k[Px,r}‘

by the properties of Ti(z,7), Ty (see Lemma 2.17) and the extension operators. Hence,

(R F) | B lw-r2sem| < V2| Frllw-12(mpos),
which proves the desired result. O
Next we will see, how the invariance of Sobolev spaces with respect to Lipschitz trans-
formations carries over to our new scale of Campanato spaces of functionals.

Let ¥ be a Lipschitz transformation from an open neighborhood of G onto another
open subset of IR". Then, ¥(G) C IR" is a regular set, too (see Lemma 2.12). Now, we
are able to define the mapping F — ¥*F from W~=12(U) into W~12(¥(U)) as the adjoint
operator of U, : Wy (U (U)) — Wy(U), that means,

(U F,w)g@) = (F, V), we Wy*(U(U)).

By the transformation invariance for Sobolev spaces (Theorem 2.3 and Lemma 2.16) there
exists a positive constant ¢ = ¢(¥) > 0 such that

|9 Fllw-r2@@y) < c|[Fllw-r2w)  for all F € WH2(U).
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Lemma 3.8. Let ¥ be a Lipschitz transformation from a neighborhood of G onto
another open subset of R" and 0 < w < n. Then, F — V*F defines a bounded linear
map from Y ~12¢(U) into Y12 (U(U)).

Proof. Let L > 1 be a Lipschitz constant for the transformation ¥ and V' = W(U).
We choose rg > 0 such that for all y € V°, 0 < r < rg there holds the inclusion

VY B(y,r)) C B(z,Lr) for x = U (y).
For all y € V°, 0 <7 <79 and w € Wy*(V[y,r]) we get the relation
(8 F) vy )iyl = | (W F, Ryw)y| = [(F, 0. Ryw)ol
= |<F7 RU\IJ*U)>U‘ = |<F|U[m,Lr}7 RU[m,Lr}\IJ*UJ)U[m,Lr”'

Here we have used the properties of the extension operators with respect to the transfor-
mation ¥ (Theorem 2.3 and Lemma 2.16) and the above inclusion, respectively. Hence,
there exists a constant ¢ = ¢(W¥) > 0 such that

1T ) iy llw=r2vig)) < 1P 0t nllw-12@ie, L),

which proves the result. O

3.3 Examples

Next, we consider examples of functionals from Y ~12% (@), which are interesting for a
broad class of applications.

Theorem 3.9. Let M be a relatively open subset of OG having property (a). Then, for
all 0 < w < n the map

(f.9,h) = F(f,g,h),
defined by

(F(f,g,h),w)g = /G(f - Vw + gw) d\" + /Mh'yM(w) dhog, we W3 (Q),

1 a bounded linear operator from

22,w(Go;]Rn) % £2n/(n+2),wn/(n+2)(Go) % 22(n—1)/n,w(n—1)/n(M) into Y_1’2’W(G).

Proof. Let {(®1,U1),...,(Pm,Uy)} be an atlas of G fulfilling (2.9) and (2.10). Fur-
thermore, let L > 1 be a common Lipschitz constant for all transformations. Then, there
exists a radius 9 > 0 such that for all € G° the open ball B(z, ) is included in one of
the neighborhoods Uy, . .., U,,. We consider the decomposition of the set J = {1,...,m}
into the index sets

]OZ{jGJZUjCCGO} and ]:{jEJUJﬁaG#@}
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(i) Obviously, we get F/(f,0,0) € W~12(G) by the estimate
|<F(f, 0, 0), U)>G‘ S Hf||L2(G°;IR") ||Vw||L2(Go;1Rn) fOI' all w € W()l’2(G)
Moreover, for all z € G°, r > 0 and w € W,*(G[z, r]) there holds the relation

[(F(f,0,0) |6z W) aan] < 1f | 2cefemn |V L2(Go e mny.-

Hence, we get
(3.2) IE(f,0,0)|glmllw—12cam < [1fllc2cefe)mm.-

(i) Because of W,2(G) < L*/=2(G°) it follows F(0,g,0) € W—1%(G) by

|wl| 2n/(n-2)(Gey for all w € W01,2(G)‘

|<F(07 g, 0)7 w>G‘ < |’9HL2n/(n+2)(Go)
Moreover, for all z € G°, 0 < r < rg and w € W&’2(G[x, r]) we have the relation
‘<F(O7 g) O) |G[$,T}7 w)G[zm” S |’gHL2n/(n+2) (Go [I,T‘]) Hw”LQn/(n_Q) (GO[I,T‘])‘

Case B(x,19) C U; for a certain index j € Iy:
Then, for all 0 < r < ry we have B(z,7) C G° and for all w € W,*(G[z, r]) it follows

Hw”L%/("*Q)(G"[:c,r]) <a ”vw”LQ(GO[x,r};IR")a

where ¢; > 0 is a positive constant depending only on n.

Case B(z,r9) C U; for a certain index j € I:
Introducing the notation

z=®j(x) e By and V(r)=®;'(B(z Lr)),

j
we get for all 0 < r < ry/ L? the inclusions
Q;(Glx,r]) C Es|z,Lr] and Glz,r] C GNV(r).
Hence, for all 0 < r < ry/L? and w € W, *(G[z,]) there holds
w; = (Ronvyw) o D" € Wy (Ey|z, Lr])
with the estimate

”wHL%/W?)(GO[m,r}) <G ijHL%/W?)(E1 [z,Lr])
< ¢ ||\ Vw2 2, 0imy < ca || Vwl| 2262w,

where ¢y, c3,¢4 > 0 depend only on n and L. Summing up we get the existence of a
constant ¢; = ¢5(n, L) > 0, such that for all z € G°, 0 < r < ro/L? and w € W, *(Glz,7])
we have

[(F(0, 9,0)|clz.1, W) GLex| < 5|9l p2n/m2 Gopp)) IV L2(Go o1
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hence,
(3.3) 1500, g,0)|Gremllw-12(GLes)) < €5 l|gll L2n/mi2 o far)-

(iii) Due to the regularity of the set G C IR" and Remark 2.8 both M and 0G have
property (a). Because of the equivalence between Morrey and Campanato norm for
parameters 0 < w—1 < n—1 (see Theorem 2.9) we can extend h € £Xr=D/mwn=1/n( 1)
by zero to a function which belongs to £2"=D/m«(m=D/n(HG). Hence, it suffices to consider

only the case M = OG. The continuity of the trace operator vy, from Wy*(G) into
LAn=D/0=2) (M) yields F(0,0,h) € W12(G):

[(F(0,0,h),w)q| < ”h”L2(n71)/n(M) HPYM(/LU)”L2(n71)/(n72)(M) for all w € WOI’Q(G).
Moreover, for all z € G°, 0 < r < ro and w € W,*(G[x,7]) we have the relation

[(F(0,0, h)|Gle), W)zl < A 21 /m (e 1720 (W) | L200-0/00-2) (000 -

To prove further estimates it is sufficient to consider z € G° and 0 < r < ry such that
Mz, r] is nonempty. For such points € G° there exists an index j € I with the property
B(x,r9) C U;. Using again the notation

z=®;(z) € By and V(r)=®;'(B(z,Lr)),
we get for all 0 < r < ro/L* with M[z,r| # @ the inclusions
®;(Glz,r]) C Esz,Lr] and Glz,r] C GNV(r).
For all 0 < r < ro/L? with M[z,r] # @ and all w € W,*(G[z,7]) there holds
w; = (Rorv(yw) 0 @ € Wy (By[z, Lr))
and the relation

[y ()| 21/ -2 (M) < €6 1 VBafz, 2 (W) | L2001/ 0-2) By 2, 1))

< o7 ||Vwj|l 2y 2, nrimey < s ||Vl 2gez),
where cg, c7,cg > 0 depend only on n and L. Hence, we have proved the estimate
[(F(0,0, h)|Glar, Walan] < s ([l 2o/ sy V0l 2260l

for all € G°, 0 < r < 1o/L? and w € Wy*(G[z,r]), in other words,

(3.4) 10,0, W)l eterllw 1261zt < s 1Al z2o-v/m e
Using Theorem 2.3 and Theorem 2.9 from the estimates (3.2), (3.3) and (3.4) it follows
the desired result. 0J

Remark 3.10. To underline the relevance of the preceding theorem we want to en-
lighten the connections to usual Lebesgue and Campanato spaces, respectively.
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(i) Note, that for p = 2n/(n —w) and 0 < w < n we have the continuous embedding
LP(G°) — £2(G°).

(ii) Furthermore, for p = 2n/(n —w + 2) and 0 < w < n + 2 we can state

LP(GO) SN £2,w—2(Go> SN £2n/(n+2),wn/(n+2)(Go)'

(iii) Additionally, for p =2(n —1)/(n —w) and 0 < w < n there holds
Lp(M) SN 22,w—1(M) SN £2(n—1)/n,w(n—1)/n(M)'

(iv) Let 0 < w < n. We define the subspace W~12¢(G) of Y ~12%(Q) as
W2(G) 1= (F(£.0.0) € W2(G) 1 f € £4(GPRY), g € £72(G°)),
and the norm of an element F' € W~1%¢(@) as the infimum over all sums
[ flle2womny + gl g2w2iaey,  f € L2(GRT), g € L272(G°), F =F(f,9,0).
Then, W~1%¢(G) is continuously embedded into Y ~1%%(G).

4 Regularity Theory

Let G C R" be a regular set and 0 < ¢ < 1. Remembering the notation &(e,n) for
the space of real positive definite (n x n)-matrices having the spectrum in the interval
[e,1/e], the Lax-Milgram Lemma yields that for all coefficients (A, d) which belong to
L>(G°;6(e,n) x S(g,1)) the operator Lg(A, d) defined as

(La(A, d)yu,w)g == / (AVu - Vw + duw) A\, u,w € Wy (G),
G

is an isomorphism from W,?(G) onto W~"2(G). Hence, the mixed boundary value
problem L (A, d)u = F has a uniquely defined solution u € VVO1 ’2(G) for every functional
F e W=12(G). In RECKE [15] and GRIEPENTROG, RECKE [9] was proved the following
regularity theorem:

Theorem 4.1. Under the above assumptions there exists a constant fi(e,G) > n — 2
such that for all 0 < p < Ti(e, G) the operator La(A,d) is an isomorphism from W, **(Q)
onto W—121(@G).

Applying Theorem 3.9 the image of W,**(G) under the operator Lg(A, d) is contin-
wously embedded into W~12¢(G) — Y~129(@G) for all 0 < w < n. In this section we
will prove the existence of a constant w(e, G) > n — 2 such that for all 0 < w < wW(e, G)
the operator Lg(A,d) has the isomorphism property from W, *“(G) onto Y ~12¢(Q).
Hence, we will get the desired coincidence of the spaces W~12¢(G) and Y ~12%(Q) for
all 0 < w < W(e, G) as conjectured by RAKOTOSON [13, 14|, where the result was shown
for the case G = G°, n — 2 <w < W(e, G).
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4.1 Admissible Sets

We will formulate and prove our regularity results using the concept of admissibility of
regular sets which is essentially due to RECKE [15].

Definition 4.2. Let G C R" be a regular set. A regular subset Gy of G is called
admissible with respect to G, if and only if for every 0 < ¢ < 1 there exists W > n — 2
such that for all 0 < w < @ one can find a positive constant ¢; = ¢;(n,e,w, G,Gy) > 0
such that for all coefficients (A,d) € L®(G°; S(g,n) x &(g,1)) and F € Y~129(G) the
solution u € Wy?(G) of Lg(A,d)u = F fulfills Vu|gs € £2%(G5;R") and, additionally,
there holds

[Vul[gzegmm) < 1 {HFH%LM(G) + ||U||Wg»2(g)} :

If the set GG is admissible with respect to itself, then we will call it admissible. In that
case we denote by wW(e, G) the supremum of all real numbers n — 2 < @ < n, such that
for all 0 < w < @ there exists a positive constant c; = ca(n,e,w,G) > 0, such that for
all functionals F' € Y~12¥(@G) and coefficients (A4,d) € L>®(G°;S(e,n) x S(e,1)) the
solution u € W,?(G) of Lg(A,d)u = F fulfills Vu € £2%(G°R") and, furthermore,
there holds

V| g2ocomny < ¢ {HFHY—I’Q*W(G) + HUHW&’Q(G)} :

The aim of this section is to prove that every regular set G C IR" is admissible, which
is in fact the sought-for regularity result announced in our introduction. To do so, first
of all we show certain properties of admissible sets.

Lemma 4.3. Let G C R" be a reqular set and {Ui,...,Un}, {V1,...,Vin} open
coverings of G such that for all j € {1,...,m} there holds V; C U; and V; N G is
admissible with respect to U; N G. Then, G is admissible.

Proof. Let 0 < ¢ < 1 and consider (A4,d) € L*(G°;S(e,n) x S(e,1)). Having in
mind, that the sets U; NG and V; NG are regular for every j € {1,...,m} we construct
bounded linear operators L;(A,d) : Wy*(U; N G) — W-12(U; N G) by

(Lj(A,d) v, w)y,ng = / (AVv - Vw + dow) d\", v, w € W, *(U; N G).
U]'OG

Because of the admissibility of V; NG with respect to U; N G there exists a parameter
n — 2 < w < n such that for all 0 < w < @ one can find a constant ¢; > 0 depending
on n,e,w,G and {Uy,..., Uy}, {Vi,...,V;} such that for every index j € {1,...,m},
every F; € Y™12¢(U; N G) and all coefficients (A,d) € L*(G° &(e,n) x &(e,1)) the
gradient Vu,|y,nge of the solution u; € W, *(U; N G) to Lj(A,d)u; = F; belongs to
£2¢(V; N G°;R") and, furthermore, there holds

(4'1) HVUJ'HEM(\/ijO;Rn) < {HF’]'”Y_I’Q’“’(UJ‘QG) + ”uj”Wol’Q(U]ﬂG)} .



18 4  Regularity Theory

If {x1,.-., Xm} C C°(IR") is a partition of unity subordinate to {V4,...,V,,} then

d = min dist(supp(x;),dV;) > 0.

1<j<m

Let F € Y~12¢(@) be a functional and u € W,*(G) the solution of Lg(A,d)u = F.
Now, we define for all j € {1,...,m} the functions

u; = (ux;)|v,nee € Wy (U;NG)

and the functionals Fy; € W=12(U; N G) by

(Foj, w)ung = / (uAVx; - Vw — AVu - Vy;jw)d\", w e Wol’Q(Uj NG),
UjﬂG

respectively. Hence, for all w € VVO1 ’2(Uj N G) we get the identity

(Li(A, d) uj, wyv,ne = (La(A, d) u, Ra(wx;))e + (Foj, w)u;ne
= (F, Ra(wx;))a + (Foj, w)u,na-

Therefore, u; € Wy*(U; N G) is the solution of the variational problem

(4.2) (Li(A, d) ug, wysne = (G F)lune + Fops wune,  w € Wy (U; N G).

Because of the embedding W, *(G) < £22(G°) for 4 = min{w, 2} there holds
uAVy, € £%(G°;R™) and — AVu-Vy; € £272(G°).

Hence, by Theorem 3.9 we get Fy; € Y'%#(U; N G) and there exists a constant ¢ > 0
depending on ¢, u, G and the above partition of unity such that

| Fojlly—120w,na) < co ”'LL”WOLQ(G) forall j € {1,...,m}.
On the other hand, (x;F)|y,ne belongs to Y ~1*#(U; N G), too, and we have

H(XjF)‘Uij”Y_LQ“u‘(Uij) S C3 ”FHY—LQ#‘(G) fOF all j c {1, e ,m},

where c3 > 0 is a positive constant depending on p and the above partition of unity.
Applying relation (4.1) to the functionals

Fj = (G F)lune + Foy € YW2(U;NG),
we get the estimate
IVl < e {I0GP) v + Fylly12mw,ne + illyizq,oe § -

Hence, there exists a constant ¢4 = ¢4(cq, ¢2,¢3) > 0 such that for all j € {1,...,m}

IVl eavine) < ea {IFllv-12m@ + lully 2 } -
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Summing up the results we get

U= Zuxj = ZRGuj e Wy*M@),
j=1

j=1
and, moreover,
ltllyz ey < € {IFlly-r2m) + ol }

where ¢5 = c¢5(cq, m,0) > 0 is a positive constant. Because of the continuity of the
embedding W, >*(G) < £2#2(G°) there exists a constant cg = c¢(cs, i, G) > 0 with

lulleznragey < e {IFlly-r2m@ + Il 2y } -
Now, we can complete the proof by a recursive argumentation. Because of the contin-
uous embedding W, **(G) < £2#+2(G°) for = min{w, 4} we have
uAVy, € £2*(G°;R™) and — AVu-Vy; € £2#72(G°).
Repeating the above arguments, we get u € VVO1 2 (G) and the corresponding norm
estimate. After a finite number of analogous steps, we arrive at the sought-for result for

f = w, in other words, there holds u € W,**(G) and there exists a positive constant
c7 = ¢z(n,w, G) > 0 such that

el ey < er {IFlv-12e@) + Nl |

which proves the admissibility of G. 0

Lemma 4.4. Let Go C G C R" be two regular sets and ¥ be a Lipschitz transformation
from an open neighborhood of G onto another open subset of R™. If Hy = W(Gy) is
admissible with respect to H = W(G), then Gq is admissible with respect to G.

Proof. Let 0 < ¢ < 1 and L > 1 be a Lipschitz constant of the transformation W.
Furthermore, we consider coefficients (A, d) € L>(G°; &(e,n) x &(e,1)).

Because of the properties of the Jacobian matrix and determinant, respectively, for the
transformed coefficients

(Ap,dy) = (DU)(V'A)(DY)* JU 1 U ld- Ju )
there holds the relation (Ag,dy) € L*(H* S(L " 2%¢,n) x &(L™"2%¢,1)).

Having in mind the regularity of Hy and H we construct a bounded linear operator
Lir(Am, dpr) - Wy (H) — W~2(H) by

(Ly(Ag,dg)v,w)y = / (AgVv - Vw 4 dgow) d\", v, w € W (H).
H

Because of the transformation invariance of Y ~1%¢(G) (Lemma 3.8) the admissibility of
Hy with respect to H yields the existence of a parameter n — 2 < w < n such that for
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all 0 < w < w one can find a constant ¢; > 0 depending on n,e,w, ¥V, G and H only such
that for all (A,d) € L®(G°;&(e,n) x &(g,1)) and every F € Y~ 12¥(G) the gradient
Vu|gg of the solution v € Wy (H) to Ly(Ag,dy)v = U*F belongs to £2¢(Hg;R™) and,
furthermore, there holds

(4.3) V|| g2 mgmny < 1 {H‘I’*FHY—LQ’W(H) + ”UHWOI’Q(H)} -

Let u € W01’2(G) be the uniquely determined solution to L(A,d)u = F. Then, by the
chain rule and the transformation formula for all w € Wy*(H) we get the identity

(L (A, dy) U u,w)y = (L(A, d) u, V) g = (F, U,w)g = (VF,w)g.
Hence, v = W 'u € Wy*(H) is the solution to Ly(Ay,dy)v = W*F. By (4.3) and
Lemma 3.8 we get the existence of a positive constant ¢y = co(c1, ¥, G) > 0 such that

IV (0 )| 2oqugmny < c2 {HFHY*L?»W(G) + ||‘1’I1U||w5»2(H)} :

Finally, the transformation invariance of W,>*(G) yields the existence of a constant
c3 = c3(co, ¥, G) > 0 such that

IVulleriagmny < es {IFlly-raei@ + lullyizg |

which proves the admissibility of Gy with respect to G. ([l

4.2 Local Estimates on Concentric Balls

For the proof of admissibility of the standard sets B, Fi, Ey and E3 we want to utilize
local estimates for the gradient of the solution to elliptic problems on concentric balls
and halfballs, respectively. We start with the so called Campanato inequality (see DE
GIORGI [5], CAMPANATO [4] or TROIANIELLO [17]).

Lemma 4.5. Let 0 < ¢ < 1. Then there exist positive constants n — 2 < W < n
and ¢ = ¢(n,e,w) > 0, such that for all x € R", 0 < o < r < 1, coefficients A €
L>(B(x,r);&(e,n)), functionals F € WY%(B(x,r)) and functions u € WH2(B(z,r))
fulfilling

/ AVu - Vwd\" = (F,w) gy for allw € Wy (B(,r)),
B(z,r)

there holds the estimate

Q w
||VUH%2(B(I,Q);W) <c { <;) HVUH%Q(B(Lr);]R") + ’|F||%/v—1»2(3(z,r))} :

Remark 4.6. For every number 0 < ¢ < 1 we define the supremum @(e) of all
parameters n — 2 < @ < n, for which Lemma 4.5 holds true. Obviously, that supremum
depends on n and ¢ only, and the map e — @(e) is non-decreasing.
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Lemma 4.7. For every 0 < R < 1 the ball B(0, R) is admissible with respect to B.

Proof. Let 0 <e < 1,0 < R<1landn—2 <w < w(e) be given. Now, we define the
decreasing sequence {r rew by

R<r,=R+2"1-R) <1, ke,

We fix a radius 0 < rp < 47"min{R,1 — R} and consider z € B(0,r1), 0 < r < rp,
coefficients (A, d) € L®(B;&(g,n) x &(g, 1)) and functionals F' € W~12(B).

Let u € W,*(B) be the uniquely determined solution to Lg(A,d)u = F. If we define
the functional Fy € W~12(B(xz,r)) by

(Fius ) oy = — / duwd\", w € Wr(B(x,r)),
B(z,r)
then u| g,y € WH(B(z,r)) fulfills the identity
/ AVu - Vwd\" = (Fy+ F|pgr), W)@ for all w € Wy (B(z,r)).
B(z,r)

Hence, Lemma 4.5 yields the existence of constant ¢; = ¢i(n,e,w, R) > 0, such that
for all 0 < o < r < rp, coefficients (A,d) € L*(B;6(e,n) x 6( 1)) and functionals
F € Y~1%%(B) for the gradient Vu there holds

Q w
HVUH%Q(B(LQ);IR") <a {(‘) ”VUH%%B(J;,T);IR”) + [[Fa + F|B(I7T)H12/V112(B(z,r))}

1
< 2¢ {( ) HVUHL2(B ;R g HUH%Q(B(LT)) + ”F|B(Iv7")”%/V—LQ(B(I,T))} :

Let us define for all 0 < p < @ the quantity
i (, F) = [[ullz ) + 115120 08),

and let 0 < w < W be a fixed. Because of the embedding W1?(B) — £2#(B) for
= min{w, 2}, there exists a constant ¢y = ca(n, &, u) > 0 such that

||u||2£27u(3) < ¢ ky(u, F).

Now, the last two estimates yield the existence of a constant c3 = c3(n, e, u,w, R) > 0,
such that for all 0 < p < r < rg we have

Q w
IVl Zase. ey < €5 { (2) 19l ey + T8 F)} .

Having in mind 0 < g = min{w,2} < @, we can apply an elementary lemma (see, for
instance, GIAQUINTA [7]) to get

0 12
IVl < e (£) IVuaca e + &mulo F)
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for all 0 < o < r < rp, where ¢, = ¢4(n,e, u,w, R) > 0 is a positive constant. Now, by
specifying r = rg, we arrive at Vu|g,) € £#(B(0,71);IR"). Moreover, there exists a
constant ¢; = ¢5(n, e, u,w, R) > 0 such that

2
HVUH):M(B(O,m);IR") < ¢ ky(u, F).
We want to complete the proof by a recursive argumentation. Because of the continuous

embedding WH*#~2(B(0,r;)) — £>*(B(0,r1)) for 4 = min{w, 4} one can find a positive
constant ¢g = cg(n, e, u,w, R) > 0 such that

[l B,y < C6wulu, F).

Then, we repeat the above arguments to get u|p(,,) € W"*#(B(0,73)) and the corre-
sponding norm estimate. Because of

R<r,<1 and rp<rg—rgpy foral k={0,1,...,n},

after at most n analogous steps we arrive at the sought-for result for 4 = w, in other
words, there exists a constant ¢; = ¢z(n, e, w,w, R) > 0 such that

IVullzwso.r) < ¢ kolu, F),
which proves the admissibility of B(0, R) with respect to B. 0

Lemma 4.8. For every 0 < R <1 and k € {1,2} the set Ex(0, R) is admissible with
respect to Ey,.

Proof.Let 0 < e <1,0 < R< landn—2 < w < w(¢e) be fixed. Because of Lemma 4.7
and the reflection invariance of the coefficients and functionals (see Lemma 3.7) for all
0 < w < @ one can find a constant ¢; = ¢1(n,e,w, R) > 0, such that for all coefficients
(A,d) € L*(E1;6(e,n) x 6(¢,1)) and F € Y~ 1*%(Ey) the gradient Vo|pr) of the
solution v € W, *(B) to the problem Lg(RyA, Rod) v = R, F belongs to £2(B(0, R); IR")
and, furthermore, there holds

(4.4) IVl e2eso.mrmm < 1 {||RkF||Y,1,2,W(B) + y|u||W3,2(B)} .

On the other hand, the solution u € Wy*(E}) to Lg, (A, d)u = F for all w € Wy*(B)
fulfills the identity

<LB(R2A, Rgd) Rku, ’LU>B = <LE‘k (A, d) u, Tkw)Ek = <F, Tkw)Ek = <RkF, w)B.

Hence, v = Ryu € W, *(B) is the solution of Lg(RyA, Ryd)v = R F, and by (4.4) we
get the estimate

IV (Bi)l| v mo ey < €1 { IR lly-12m) + [ Ritllyaas |-

Finally, the continuity of the extension operator Rj on Y ~b2“(E}) yields a constant
ca = ca(n,e,w, R) > 0, such that

IVallezmomme) < c2 {I1Flly-12e0m) + lullypegs, |
in other words, Fj(0, R) is admissible with respect to E. O
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4.3 Global Estimates and Isomorphism Theorem

We proof the global regularity result for the standard sets B, F;, Ey and Es.

Lemma 4.9. The open unit ball B is an admissible set.

Proof. First of all, we choose an atlas {(®1,U1),. .., (P, Uyn)} of the ball B with the
properties (2.9) and (2.10). Then, there exist radii 0 < §; < d; < 1 such that the families
Vi, ., Viu}, {W1, ..., W,,} are open coverings of B if we define

V;:=®;1(B(0,61)) and W;:=®;'(B(0,0)), je{l,...,m}

By Lemma 4.8 the set F;(0,d;) is admissible with respect to E;(0,d2). Furthermore, by
Lemma 4.7 the ball B(0,6,) is admissible with respect to B(0, d3). Therefore, Lemma 4.4
yields the admissibility of V; N B with respect to W; N B for every index j € {1,...,m}.
Applying Lemma 4.3, finally, it follows the admissibility of B. 0

Lemma 4.10. The sets E1, E5 and E5 are admissible.

Proof. Case k € {1,2}:
Let 0 <e <landn—2<w<w(e,B) be fixed. Because of Lemma 4.9 and the reflec-
tion invariance of the coefficients and functionals (see Lemma 3.7) for all 0 <w <@
one can find a positive constant ¢; = c¢1(n,e,w) > 0, such that for all coefficients
(A,d) € L®(Ey;6(g,n) x &(e,1)) and functionals F € Y~129(E}) the gradient Vv of
the solution v € W,*(B) to the problem Lp(RyA, Ryd) v = Ry F belongs to £2(B;R")
and, furthermore, there holds

(4.5) IV ellere ey < e1 { IR ly-r200) + [ollyazgm b -
Since the solution u € W, ?(E}) to Lg, (A,d)u = F for all w € W,*(B) fulfills
(Lp(RyA, Rod) Ryu, w)p = (Lp, (A, d)u, Tyw) g, = (F,Tyw)g, = (RiF,w)p,
by (4.5) we get an estimate for v = Ryu € W,?(B):
IV Byl < ¢ {I1RKFlly-120) + 1 Ritll s, | -

Finally, the continuity of the extension operator Rj on Y 1'**(E}) yields a positive
constant ¢a = ca(n,e,w) > 0, such that

[Vl gy < €2 {IFlly-raeqm + lullg g, b

which proves the admissibility of Fj.

Case k = 3:
There exists a Lipschitz transformation from IR"™ onto IR" mapping the set Ey onto Ej3.
Hence, Lemma 4.4 and the admissibility of Fs yields the admissibility of Fjs. 0

Theorem 4.11. Every reqular set G C IR" is admissible.
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Proof. If we take an atlas {(®q,Uy), ..., (P, Uy) } of G fulfilling (2.9) and (2.10), then,
there exists a radius 0 < ¢ < 1 such that the family {V4,...,V,,} is an open covering of
G if we define

V= &1 (B(0,48), je{l,...,m}.
By Lemma 4.10 the set Ej(0,6) is admissible for every index k € {1,2,3}. Furthermore,
by Lemma 4.9 the ball B(0,) is an admissible set. Therefore, Lemma 4.4 yields the

admissibility of V; NG for all j € {1,...,m}. Applying Lemma 4.3, finally, we get the
admissibility of G. 0J

Hence, we are able to prove the main result:

Theorem 4.12. Let G C IR" be a reqular set and 0 < ¢ < 1. Then, there exists a
real constant n — 2 < W(e, G) < n such that for all 0 < w < W(e, G) and all coefficients
(A,d) € L*(G°;6(e,n) x &(e, 1)) the elliptic operator Lg(A,d) is a linear isomorphism
from Wy (G onto Y ~12(G).

Proof. Applying Theorem 4.11, for every 0 < w < @(e,G) one can find a constant
c1 = c1(n,e,w,G) > 0, such that for all (A, d) € L>®(G°;S(g,n) x S(g,1)) and function-
als F € Y7129(@G) the uniquely determined solution v = Lg(A,d)™'F to the problem
La(A, d)u = F belongs to Wy'>*(G), and there holds the estimate

HUHWg»M(@ <a {HFHY*LM(G) + HUHWOLQ(G)} :

By the isomorphism property of Lg(A,d) between Wy*(G) and W~5%(@) and the con-
tinuous embedding Y ~1%¢(G) — W~12(QG) it follows

| La(A, d)—lFHW&,Q,W(G) < || Flly-12w@ forall F € Y™2¥(G),

where ¢y = ¢y(c1,n,,w,G) > 0 is a positive constant.

Because of embedding theorems for Sobolev—Campanato spaces and Theorem 3.9 the
elliptic operator Lg(A, d) is a bounded linear operator from W, *“(G) into Y ~12¢(QG)
for every 0 < w < W(e, G), which proves the desired regularity result. 0

Remark 4.13. We want to emphasize that for n —2 <w <n, a = (w —n +2)/2 the
space W, > (@) is continuously embedded into the Hélder space C%%(G).

By Theorem 3.9 the image of W,"**(G) under Lg(A, d) is continuously embedded into
W=h29(G) — Y~129(@G) for all 0 < w < n. Hence, Theorem 4.12 yields

Corollary 4.14. Let G C IR" be a regular set and 0 < ¢ < 1. Then, for every
parameter 0 < w < w(e, G) the spaces W12¢(G) and Y ~1*%(G) coincide.

Remark 4.15. The result of Theorem 4.12 can be generalized to the case of linear
elliptic systems with diagonal structure and general lower order terms. Then, the linear
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elliptic operator is still a Fredholm operator of index zero from the corresponding vector
valued version of the Sobolev—Campanato space into a Campanato space of functionals
(see GRIEPENTROG, RECKE [9] and GRIEPENTROG [10]).
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