Weierstraß–Institut

für Angewandte Analysis und Stochastik

im Forschungsverbund Berlin e.V.

Preprint ISSN 0946 – 8633

Forward and Backward Lagrangian stochastic models of turbulent transport

K. Sabelfeld^{∗,∗∗} and I. Shalimova^{∗∗}

∗ Weierstrass Institute for Applied Analysis and Stochastics, Mohrenstrasse 39, 10117 Berlin, Germany, E-mail: sabelfel@wias-berlin.de

∗∗ Institute of Computational Math. and Math. Geophysics, Siberian Branch Russian Acad. Sci., Novosibirsk, Russia E-mail: ias@osmf.sscc.ru

submitted: October, 6, 2000

Preprint No. 609

Berlin 2000

WIAS

1991 Mathematics Subject Classification. 65C05, 76N20.

Key words and phrases. Turbulent flows, Lagrangian trajectories, forward and backward random estimators, well-mixed condition.

This work is supported by the Grant INTAS99-1501, and NATO Linkage Grant N 971664. The support of the INTAS Fellowship Grant for young scientists N53 linked to the INTAS project INTAS 95-726 is also acknowledged..

Edited by Weierstraß–Institut für Angewandte Analysis und Stochastik (WIAS) Mohrenstraße 39 D — 10117 Berlin Germany

Fax: + 49 30 2044975 E-Mail (X.400): c=de;a=d400-gw;p=WIAS-BERLIN;s=preprint E-Mail (Internet): preprint@wias-berlin.de World Wide Web: http://www.wias-berlin.de/

Abstract

The key question analysed in the paper is: under what condition are the Lagrangian stochastic models stochastically reversible? We show that this property is deeply related to Thomson’s well-mixed condition. Direct and backward in time Monte Carlo algorithms are suggested. A consistency principle in the turbulent transport problems and in the financial mathematics is analysed to find out an analogy in constructing Lagrangian stochastic models in these two different fields.

1 Introduction and formulation of the problem

In modern Monte Carlo simulation algorithms, one often uses stochastic Lagrangian models to simulate individual Lagrangian trajectories and estimate different Lagrangian statistical characteristics (e.g., see [18]-[24]). We mention, for instance, the dispersion of particles in turbulent flows and the dynamics of the bond and stock prices in financial mathematics (e.g., see [21], [11]). The Lagrangian stochastic models have a form of Ito type stochastic differential equation, and they are constructed often in a quite heuristical way. There exists a more rigorous approach, which is based on an accurate description of the Eulerian dynamics. This dynamics however includes random fields, and there arises a nontrivial problem of consistency between the Lagrangian stochastic models and the stochastic dynamic models generated by the Eulerian random velocity fields. The Lagrangian description allows us to analyze directly the motion of material fluid elements. Importance of the Lagrangian trajectories is that the quantities of practical interest are expressed through the n-particle statistical characteristics. In particular, the mean concentration of a passive scalar and its covariance are defined through the one-particle and two-particle statistical characteristics, respectively, and similarly, a financial derivative can be expressed as an expectation over solutions to a large system of stochastic differential equations (SDE) (see [21]). Another example where Lagrangian stochastic models are used is the Footprint problem. As formulated in the literature (e.g., see [1]-[3], [22]), this problem essentially deals with the calculation of the contribution to the mean concentration and its flux at a fixed point from a given source of particles.

There are mainly two different approaches: (1) conventional deterministic methods based on the semi-empirical turbulent diffusion equation and closure assumptions (e.g., see [22]) and (2), stochastic approach which utilizes trajectory simulations (e.g., see [16], [17]-[24] and [12]). The deterministic approach directly deals with the equation governing the mean concentration, but it is restricted by the use of the Boussinesq hypothesis whose applicability should be additionally studied. For instance, this hypothesis cannot be true if the concentration is calculated close to the sources [14]. More generally, the high order closure methods are developed, but different closure hypotheses also should be made [14]. Stochastic models do not require any closure hypotheses, and the main difficulty is to construct adequate Lagrangian trajectories with the desired statistical characteristics [15].

There are two main approaches in constructing stochastic methods. The first one is based on Monte Carlo simulation of the Eulerian random velocity fields (e.g., see [8], [16], [5]). Second approach treats the stochastic Lagrangian trajectories as solutions to the stochastic generalized Langevin equation (e.g., see [23], [19], [17]). The first approach is more rigorous, but generally it requires a lot of computer time. In addition, it needs a detailed information about statistical characteristics of the whole velocity field. In contrast, the second approach needs only one-point probability density function (pdf) of the Eulerian velocity field, and is much more efficient in numerical calculations. It should be noted however, that this approach is rigorously justified only in the case of stationary isotropic turbulent flow. Even in the case of homogeneous but unisotropic turbulence the justification problem remains unsolved; in particular there are several different stochastic models which satisfy the well-mixed condition [23], [10],[18].

In this paper we concentrate around the consistency principle for the stochastic Lagrangian models in the turbulent transport problems, and extend it to more general SDE, e.g., to the evaluation of derivatives in the financial mathematics. We emphasis a deep interrelation between the well-mixed condition due to Thomson and the Girsanov transformation. A backward theoretically zero-variance stochastic model for evaluation of the solution at a fixed point is constructed. We remark that Thomson’s backward algorithm leads to a control variate estimator. It is interesting to note that recently, when our paper was in its almost final form, we have found two remarkable papers where special cases were studied. The first paper [7] was written by Kolmogorov in 1937, and a generalization of Kolmogorov’s result [25] was published by Yaglom in 1949. The authors are answering the question: when a diffusion process is reversible provided there exists a stationary distribution of the diffusion process under study.

Let us consider a passive scalar dispersed by the turbulent incompressible velocity field in the surface layer of the atmosphere. The passive scalar is assumed to follow the streamlines of the flow We assume that the source of particles is quite arbitrary, for instance, it might be situated on the surface or in the space, or even at given points. Let us denote by q(x, t) the spatial-temporal density distribution function of the source, i.e., the number of emitted particles per unit volume in a unit time interval at the phase point (x, t). For simplicity, we assume that initially, the spatial density of particles is zero. The particles are transported by a 3D turbulent velocity field u(x, t) in the surface layer D = {x = (x_1, x_2, x_3) : x_3 ≥ 0}. Let us denote by X(t; x_0, t_0) and V(t; x_0, t_0) the Lagrangian spatial coordinates and the velocity, respectively. Here and throughout the paper we use the boldface characters for vectors, e.g., a = (a_1, a_2, a_3).

The mean concentration at (x, t) is defined by [14]: ⟨c(x, t)⟩ = t∫ 0 dt_0 ∫ D dx_0 q(x_0, t_0)p_L(x, t; x_0, t_0), (1.1 )

where p_L(x, t; x_0, t_0) = ⟨δ(x − X(t; x_0, t_0))⟩ is the probability density function (pdf) of the particle’s coordinate at the time t which was started in the point x_0 at the time t_0, δ(·) is the Dyrac delta-function. Here and throughout the paper we use the notation ⟨·⟩ for the averaging over the samples of the turbulent velocity field.

Let p_L(x, u, t; x_0, t_0) = ⟨δ(x − X(t; x_0, t_0))δ(u − V(t; x_0, t_0))⟩ be the pdf of the spatialvelocity phase point. In the analysis, it is convenient to deal with a general quantity, the spatial-velocity distribution of an ensemble of particles:

p(x, u, t) = t∫ 0 dt_0 ∫ D dx_0 q(x_0, t_0)p_L(x, u, t; x_0, t_0) . (1.2 )

From (1.1) and (1.2) we find ⟨c(x, t)⟩ = ∫ IR^3 p(x, u, t)du .

It is of practical interest to calculate the mean concentration and relevant fluxes for arbitrarily situated surface sources. In the literature, this problem is called a footprint problem (e.g., see [22], [1], [3]). Note that in this problem, the mean concentration and fluxes are evaluated at a fixed point. We consider a more general quantity: (p, h) = ∫ IR^3 du T∫ 0 dt ∫ D dx p(x, u, t)h(x, u, t), (1.3 )

where h(x, u, t) is an arbitrary function which can be chosen relevant to the quantity of interest. For instance, in the case h(y, u, s) = δ(y−x)δ(s−t) we have (p, h) = ⟨c(x, t)⟩. If h(y, u, s) = u_iδ(y − x)δ(s − t), then (p, h) = F_i(x, t) is the concentration flux in direction i. Thus we concentrate on the problem of calculation of the quamtity (p, h).

2 Stochastic Lagrangian algorithm

To construct algorithms based on the representations given above, we need samples of the Lagrangian trajectories X(t) = X(t; x_0, t_0), t ≥ t_0. Ideally, if we had samples of the Eulerian velocity u(x, t), the trajectories could be simulated by solving the problem dX(t) dt = u(X(t), t), t > t_0 X(t_0) = x_0 . (2.1 )

In practice one uses approximate models of the Eulerian velocity field. For instance, randomized models of the Gaussian velocity fields are used (e.g., see [16]). This approach is well developed and justified only in the case of homogeneous turbulence while inhomogeneous case requires further development. In general inhomogeneous case one uses another approach based on stochastic differential equation of Langevin type governing directly the Lagrangian trajectory. This equation has the form (see, for instance, [23], [19], [18]): dY(t) = V(t)dt, dV(t) = a(t, Y(t), V(t))dt + √ C_0ε̄(Y(t), t) dW(t), (2.2 )

where the function a = (a_1, a_2, a_3) is to be defined in each specific situation, C_0 is the universal Kolmogorov constant (C_0 ≈ 4 ÷ 6), and ε̄(x, t) is the mean dissipation rate of the kinetic energy of turbulence, and W(t) is the standard 3D Wiener process. In this section, we deal with the general scheme.

Note that to complete the description of the Lagrangian stochastic model, we need to define the behaviour of (Y(t), V(t)) in the neighbourhood of the boundary Γ = {x = (x_1, x_2, x_3) : x_3 = 0}, see for details [12].

Obviously, (Y(t), V(t)), the solution to (2.2) is only an approximation of the solution to (2.1): it is impossible to exactly satisfy V(t) = u(X(t), t), X(t) = Y(t). However certain consistency between the Eulerian and Lagrangian description should be satisfied. Two consistency criteria used in the literature are: (A) Consistency with the Kolmogorov similarity theory, (B) Consistency with Novikov’s integral relation.

Here (A) reads

⟨(dV_i)^2⟩ = C_0ε̄dt, (i = 1, 2, 3), ⟨dV_1 dV_2⟩ = ⟨dV_1 dV_3⟩ = ⟨dV_3 dV_2⟩ = 0,

where dV_i are the components of the increments of the Lagrangian velocity, ε̄ is the mean rate of the dissipation of turbulence energy, C_0 is the universal constant (e.g., see [14], [19], [23]).

Note that (A) implies (e.g., see [23]) that in (2.1), all the velocity components have the same intensity of the fluctuated part. Novikov’s integral relation has the form [15]

p_E (u; x, t) = ∫ R^3

p_L(x, u, t; x_0, t_0)dx_0. (2.3 )

Here p_E is the probability density function of the Eulerian velocity u, in the fixed point x, at the time t, and p_L is the joint pdf of the true Lagrangian phase point (Y, V) defined by the trajectory started at x_0. We recall that the flow is assumed to be incompressible. Thus the consistency with the Novikov relation (2.3 ) means that the pdf of the model trajectory governed by (2.2), say p̂_L, satisfies

p_E (u; x, t) = ∫ R^3

p̂_L(x, u, t; x_0, t_0)dx_0. (2.4 )

Note that (2.4) and the Fokker-Planck-Kolmogorov equation for p̂_L lead to the well-mixed condition due to D. Thomson [23]: ∂p_E ∂t + u_i ∂p_E ∂x_i + ∂ ∂u_i (a_ip_E ) =

C_0ε̄ 2 { ∂^2p_E ∂u^2_1 + ∂^2p_E ∂u^2 + ∂^2p_E ∂u^2_3 } . (2.5 )

Here we use the summation convention. In [18], the authors study a horizontally homogeneous turbulent flow which implies that p_E does not depend on x_1, x_2. Generally, the main problem is that (2.5) does not define the coefficients a_i of the model (2.2) uniquely. Indeed, even for the homogeneous turbulence, in [20] two different choices of a_i are presented, both satisfying the well-mixed condition (2.5) but whose statistical characteristics are different. For the Gaussian form of p_E, one of appropriate techniques of getting the coefficients a_i is given in [23]. In the nongaussian 3D case there is no appropriate choice of these coefficients. In 2D a nongaussian case was treated by Flesch and Wilson in [1]. These authors mentioned that the two different models do not lead to essentially different results in the case of Gaussian p_E . As reported in [1], the same is true for two models considered in [20].

In [18], a proper choice of the coefficients a_i in a general case of pdf p_E is suggested. The derivation is based on some assumptions which ensure a unique choice of the model.

3 Backward trajectory estimators

In this section we treat the problem of evaluation of the integral: I_{h,q} = ∫ D dy T∫ 0 dt ∫ D dy_0 t∫ 0 dt_0h(y, t)q(y_0, t_0)p^f (y, t; y_0, t_0), (3.1 )

where D is a domain in IR^n, T > 0, h and q are functions defined in D × [0, T ], and p^f (y, t; y_0, t_0) = ⟨δ(y − Y^{y0,t0}_t )⟩ is the transition density of the n-dimensional diffusion process Y^{y0,t0}_t , the solution to

dY_i(t) = A_i(Y(t), t)dt + σ_{ij} (Y(t), t)dW_j(t), t > t_0, Y(t)|_{t=t0} = y_0. (3.2 )

Here and throughout the paper we keep to use the notation ⟨ ⟩ for the averaging over solutions of stochastic differential equations.

We assume that the boundary of D is impenetrable, i.e., the trajectories determined by (3.2 ) do not reach the boundary. The Direct Monte Carlo estimator for evaluating the integral (3.1) is straightforward: I_{h,q} = ∫ D dy_0 T∫ 0 dt_0 ∫ D dy T∫ t_0

dt h(y, t)q(y_0, t_0)p^f (y, t; y_0, t_0)

= IE

{ q(ỹ_0, t̃_0) p_0(ỹ_0, t̃_0) T∫ t̃_0

h(Y^{ỹ0,t̃0}_t , t) dt } .

Here p_0(y_0, t_0) is an arbitrary pdf in D × [0, T ] consistent with the function q(y_0, t_0) in the sense that p_0(y_0, t_0) > 0 if q_0(y_0, t_0) ≠ 0, and the expectation is taken over all sample points (ỹ_0, t̃_0) and sample trajectories Y^{ỹ0,t̃0}_t , t̃_0 ≤ t ≤ T ; the random points ỹ_0, t̃_0 are distributed with p_0(y_0, t_0).

In the evaluation of the linear functional (p, h) defined in (1.3), two functions are involved: the source q(x_0, t_0) and the detector function h(x, u, t). In the case when the detector is a delta function, the direct algorithm described above cannot be practically used. Then, a backward in time stochastic differential equation comes in play.

A backward estimator can be obtained by a generalization of Thomson’s approach [23]. Assume that we have a positive function ρ(y, t) defined on D × [0, T ] as a solution to the equation ∂ρ ∂t + ∂ ∂y_i (A_iρ) = 1 2 ∂^2 (B_{ij}ρ) ∂y_i∂y_j , (3.3 )

where σ_{ik}σ_{kj} = B_{ij} . Let p^b(y_0, t_0; y, t) = ⟨δ(y_0 − Z^{y,t}_{t0} )⟩ be the transition density of the diffusion process Z^{y,t}_{t0} , 0 ≤ t_0 ≤ t which is defined by

dZ_i = A^∗_i (Z, t_0) dt_0 + σ_{ij} (Z, t_0)^←d W_j(t_0), t_0 < t, Z(t) = y. (3.4 )

Here A^∗_i (y, t) = A_i(y, t) − 1 ρ(y, t) ∂ ∂y_j (B_{ij} (y, t)ρ(y, t)). (3.5 )

In (3.4), the differential^←d W means that here the backward Ito integral is taken^1. It is convenient to rewrite (3.4) in an integral form:

Z_i(t_0) = y_i − t∫ t_0 A^∗_i (Z, s)ds − t∫ t_0

σ_{ij} (Z, s)^←d W_j (s) .

We assume, that the solutions to (3.4 ) do never reach the boundary of D. Then the following statement is true.

Theorem 1. Let ρ(y, t) be a positive solution to (3.3). The equality

ρ(y_0, t_0)p^f (y, t; y_0, t_0) = ρ(y, t)p^b(y_0, t_0; y, t) (3.6 )

is a necessary and sufficient condition for the unique definition of the diffusion process Z^{y,t}_{t0} through (3.4) with the shift term given by (3.5). Proof. First remark that the function p^b and

F (y_0, t_0; y, t) = ρ(y_0, t_0) ρ(y, t) p^f (y, t; y_0, t_0)

satisfy the equations L_{y0,t0} F = 0, L_{y0,t0} p^b = 0 where the operator L_{y0,t0} acts on a function g(y_0, t_0) as follows:

L_{y0,t0} g = ∂g ∂t_0 + ∂ ∂y_{0i} (A^∗_i g) + 1 2 ∂^2(B_{ij} g) ∂y_{0i}∂y_{0j} . 1The backward Ito integral is defined by t∫ s ξ(τ)^←d W (τ) := T −s∫

T −t ξ(T − τ) dW_T (τ),

s ≤ t ≤ T, W_T (τ) := W (T ) − W (T − τ) is a standard Wiener process. This integral does not depend on the choice of T . For details see, e.g., [9].

Since the values of the functions F and p^b at t_0 = t coincide:

p^b(y_0, t; y, t) = F (y_0, t; y, t) = δ(y − y_0),

we conclude that F ≡ p^b, provided that the equation L_{y0,t0} g = 0 with initial condition g(t, y_0) = δ(y_0 − y) has a unique solution. This implies that the equality (3.6 ) is true. Now we note that L_{y0,t0} p^b = 0 is true. Indeed, p^b satisfies the first Kolmogorov equation in backward coordinates t^′_0 = T − t_0, y^′_0 = −y_0, which results in L_{y0,t0} p^b = 0 when back to the direct coordinates.

The equality L_{y0,t0} F = 0 then follows from (3.3), the inverse Kolmogorov’s equation

∂p^f (y, t; y_0, t_0) ∂t_0 + A_i(y_0, t_0) ∂p^f ∂y_{0i} + 1 2 B_{ij} (y_0, t_0)

∂^2p^f ∂y_{0i}∂y_{0j} = 0 ,

and the expression for A^∗_i (y_0, t_0) through A_i and B_{ij} given above. To find that (3.5) is the unique right choice, just apply the operator L_{y0,t0} to both sides of (3.6) and rearrange the terms. In more details, this kind of transformation is presented in Theorem 2 (formula (4.8)) in a similar situation. Theorem is proved.

Now, we present the backward Monte Carlo algorithm based on the property (3.6). We proceed as follows: substitute the expression for p^f from (3.6) into (3.1), then

I_{h,q} = ∫ D dy T∫ 0 dt ∫ D dy_0 t∫ 0 dt_0h(y, t)q(y_0, t_0) ρ(y, t) ρ(y_0, t_0) p^b(y_0, t_0; y, t). (3.7 )

Let r(y, t) be a probability density in D × [0, T ] consistent with hρ, i.e., r > 0 if hρ ≠ 0. Then from (3.7) we get

I_{h,q} = IE h(ỹ, t̃)ρ(ỹ, t̃) r(ỹ, t̃) t̃∫ 0 q(Z^{ỹ,t̃}_{t0} , t_0) ρ(Z^{ỹ,t̃}_{t0} , t_0) dt_0 .

Here the expectation is taken over the random points (ỹ, t̃) distributed in D × [0, T ] with density r(y, t), and backward trajectories Z^{ỹ,t̃}_{t0} , 0 ≤ t_0 ≤ t̃.

4 Transformed direct trajectories

Let us introduce two differential operators, L^A_{y,t} and L^{∗A}_{y,t}, acting on a function g(y, t), y = (y_1, . . . , y_n) through L^A_{y,t} g = ∂g ∂t + ∂ ∂y_i (A_ig) − 1 2 ∂^2(B_{ij}g) ∂y_i∂y_j , (4.1 ) and L^{∗A}_{y,t} g = ∂g ∂t + A_i(y, t) ∂g ∂y_i + 1 2 B_{ij} (y, t) ∂^2g ∂y_i∂y_j . (4.2 )

Let us introduce, along with the forward in time diffusion process Y governed by (3.2 ), a new forward in time diffusion process Ŷ defined by the following stochastic differential equation dŶ_i(t) = Â_i(Ŷ(t), t)dt + σ̂_{ij} (Ŷ(t), t)dW_j(t), t > t_0, Ŷ(t) | |_{t=t0} = y_0, (4.3 )

and let p^f_∗ (y, t; y_0, t_0) = ⟨δ(y − Ŷ^{y0,t0}_t )⟩ be the transition density of the n-dimensional diffusion process Ŷ^{y0,t0}_t , the solution to (4.3).

Our goal is to derive the form of the coefficients Â_i and σ̂_{ij} from the following assumption. We suppose that at the time t, the “particles” are distributed in the phase space with a probability density function proportional to ρ^∗(y, t). Our assumption then reads:

p^f_∗ (y, t; y_0, t_0)ρ^∗(y_0, t_0) = p^f (y, t; y_0, t_0)ρ^∗(y, t). (4.4 )

Below we show that there exists such a choice of the function ρ^∗(y, t) and coefficients Â_i, σ̂_{ij} . Indeed, let ρ^∗ be a positive solution to

L^{∗A}_{y,t} ρ^∗(y, t) = 0. (4.5 )

Theorem 2. The equality (4.4) with the function ρ^∗(y, t) satisfying (4.5) is a necessary and sufficient condition for the unique definition of the diffusion process Ŷ_i through (4.3) with Â_i(y, t) = A_i(y, t) + B^{ij} (y, t) ρ^∗(y, t) ∂ρ^∗ ∂y_j , σ̂_{ij} (y, t) = σ_{ij} (y, t). (4.6 )

Proof. Assume (4.4) is true. We prove that (4.6) is the unique right choice. Let us apply the operator L^Â_{y,t} to both sides of (4.4). Since, by definition,

L^Â_{y,t} p^f_∗ (y, t; y_0, t_0) = 0, (4.7 )

we conclude L^Â_{y,t} [p^f (y, t; y_0, t_0)ρ^∗(y, t)] = 0.

Equivalent transformations yield

L^Â_{y,t}[ p^f (y, t; y_0, t_0)ρ^∗(y, t)] = ρ^∗(y, t)L^A_{y,t} p^f (y, t; y_0, t_0) + p^f L^{∗A}_{y,t}ρ^∗(y, t) + ∂ ∂y_i [ ρ^∗ p^f (Â_i − A_i) − B̂_{ij} p^f ∂ρ^∗ ∂y_j ] (4.8 ) − ρ^∗ 2 ∂^2(p^f (B̂_{ij} − B_{ij} )) ∂y_i∂y_j + p^f 2 (B̂_{ij} − B_{ij} ) ∂^2ρ^∗ ∂y_i∂y_j = 0.

By the definition, L^A_{y,t} p^f (y, t; y_0, t_0) = 0 and L^{∗A}_{y,t}ρ^∗(y, t) = 0. Therefore the appropriate choice of the coefficients Â_i and B̂_{ij} is given by (4.6 ). Note that this choice is unique because the relation (4.4) implies that the coefficients Â_i and B̂_{ij} are uniquely related to the diffusion process whose transition density is p^f_∗ .

We prove now that (4.4) is true if the differential equation (4.3) governing the diffusion process Ŷ is defined by the coefficients (4.6) provided the function ρ^∗ is a positive solution to (4.5). Let F (y, t; y_0, t_0) = p^f (y, t; y_0, t_0)ρ^∗(y, t) ρ^∗(y_0, t_0) . We now prove that the F ≡ p^f_∗ . Indeed, the function p^f_∗ (y, t; y_0, t_0) satisfies the equation (4.7). The same equation is satisfied by the function F (y, t; y_0, t_0) which can be seen from the transformations (4.8). Therefore, F ≡ p^f_∗ , since these functions coincide at t = t_0. Of course it is assumed that the problem L^Â_{y,t} ψ(y, t) = 0, ψ(y, t_0) = δ(y − y_0) has a unique solution.

Remark 1. Note that it is possible to derive different relations similar to (4.4 ). To this end, we use a backward diffusion process. Let us define a transition density function p^b_1(y_0, t_0; y, t) by ∂p^b_1 ∂t_0 + ∂ ∂y_{0i} (A^′_ip^b_1) + 1 2 ∂^2(B_{ij}p^b_1) ∂y_{0i}∂y_{0j} = 0, p^b_1(y_0, t; y, t) = δ(y_0 − y),

where A^′_i(y, t) = A_i(y, t) − ∂B_{ij} (y, t) ∂y_j , i.e., p^b_1(y_0, t_0; y, t) is a pdf of a diffusion process Ẑ^{y,t}(t_0) defined as the solution to the problem

dẐ_i(t_0) = A^′_i(Ẑ(t_0), t_0)dt_0 + σ_{ij} (Ẑ(t_0), t_0)^←d W_j(t_0), 0 ≤ t_0 ≤ t, Ẑ(t_0) | | t_0=t = y.

The functions p^f (y, t; y_0, t_0) and p^b_1(y_0, t_0; y, t) are related by

p^f (y, t; y_0, t_0) = p^b_1(y_0, t_0; y, t) exp ( − t∫ t_0 β(s)ds ) , (4.9 )

where β = ∂A_i ∂y_i − 1 2 ∂^2B_{ij} ∂y_i∂y_j . The proof is similar to that of Theorem 2. Indeed, let

F = p^b_1(y_0, t_0; y, t) exp ( − t∫ t_0 β(s)ds ) .

The functions p^f and F satisfy the same equation

L^{∗A}_{y0,t0} p^f (y, t; y_0, t_0) = 0, L^{∗A}_{y0,t0} F = 0.

Since the values of the functions F and p^b_1 coincide at t_0 = t (that is, they equal to δ(y_0 − y)), we conclude that F = p^b_1.

Analogous to (4.9), we can get another equality which relates the forward and backward pdf’s:

p^b_1(y_0, t_0; y, t)ρ_1(y, t) = p^f_∗ (y, t; y_0, t_0)ρ_1(y_0, t_0). (4.10 )

Here ρ_1 is a positive solution to the equation ∂ρ_1 ∂t + ∂ ∂y_i (ρ_1A^′_i) + 1 2 ∂^2(B_{ij}ρ_1) ∂y_i∂y_j = 0.

In conclusion let us note that the relation (4.4) follows from (4.10) and (4.9).

5 Applications in stochastic finance theory

5.1 Valuation of financial derivatives

In many cases, for instance, in financial mathematics, the functional of interest are averages of the direct trajectories, but the variance of the estimators is too large. An approach to decrease the variance based on the Girsanov transformation can be used (e.g., see [13]). We will show that the approach presented in the previous sections leads to the same transformed stochastic differential equation obtained by Girsanov transformation to ensure a zero variance. However we suggest a special constructive choice of the function in the Girsanov transformation which leads to a control variate estimators. In the stochastic finance theory (e.g., see [21]), the valuation of wide class of derivatives is based on the calculation of the expectation

u(y_0, t_0) = IE f(Y^{y0,t0}_t )

over the solutions to a forward in time stochastic differential equation of type (3.2); here f(y) is a payoff function given at a time t. Thus, the function u(y_0, t_0) solves the problem

L^{∗A}_{y0,t0} u = 0, u(y, t) = f(y). (5.1 )

As we have shown above, a different probabilistic representation of this problem can be obtained using the relation (4.4):

u(y_0, t_0) = ρ^∗(y_0, t_0)IE { f(Ŷ^{t0,y0}_t ) ρ^∗(Ŷ^{t0,y0}_t , t) } . (5.2 )

Remarkably, the variance of this estimator can be made zero if we assume that the solution u(y_0, t_0) is known to within a constant factor c not depending on (y_0, t_0). Indeed, this follows from the choice ρ^∗(y_0, t_0) = cu(y_0, t_0). This choice is possible since the condition (4.5) is satisfied. Since u(y, t) = f(y) we put c = ρ^∗(y, t)/f(y).

Thus theoretically, the variance can be made zero. This can be used in Monte Carlo calculations in a standard manner, by constructing an approximation of ρ^∗. Note that analogous results can be obtained by applying the Girsanov transformation, however more interesting is to find a constructive choice of the functions ρ and ρ^∗ which lead to a reduction of the variance.

Indeed, we will show below that the function u(Ŷ^{t0,y0}_t , t)/ρ^∗(Ŷ^{t0,y0}_t , t) is a martingale, thus presenting a reasonable choice of the free function h(y, t) in the Girsanov transformation. The same can be done in the backward algorithm. Indeed, let v(y, t) be the solution to

L^A_{y,t}v = 0, v(y_0, t_0) = f(y_0). (5.3 ) In this case we have by (3.6) v(y, t)= ∫ dy_0 f(y_0) p^f (y, t; y_0, t_0)= ∫ dy_0 v(y_0, t_0) ρ(y, t) ρ(y_0, t_0) p^b(y_0, t_0; y, t).

Consequently, v(y, t) = IEξ(y, t), ξ(y, t) = ρ(y, t) v(Z^{y,t}_{t0} , t_0) ρ(Z^{y,t}_{t0} , t_0)

. (5.4 )

Similarly, if we choose ρ(y, t) = cv(y, t) (c = ρ(y_0, t_0)/f(y_0)), we get the zero variance.

5.2 Use of Girsanov Transformation

Note that the crucial point in the backward algorithm is the relation (3.6) which is proven in Theorem 1 for the special choice of the drift coefficient (3.5).

It is convenient to work here with the inverse time, so let us introduce the variables: t^′ = T − t, y^′ = −y. In these variables the problem (5.3) reads ∂v ∂t^′ + ∂ ∂y^′_i (A_iv) + 1 2 ∂^2(B_{ij} v) ∂y^′_i∂y^′_j = 0, v(y^′, t^′)|_t′_{=Tb} = f(y^′), 0 ≤ t^′ ≤ T_b ≡ T − t_0. It will not cause confusion, if we omit, in what follows, the prime sign of the variables y and t. Simple algebra gives:

L^{∗A′}_{y,t} v(y, t) + βv(y, t) = 0, (5.5 ) where A^′_i(y, t) = A_i(y, t) + ∂B_{ij} ∂y_j , β(y, t) = ∂A_i ∂y_i + 1 2 ∂^2B_{ij} ∂y_i∂y_j . Here the operator L^{∗A′}_{y,t} , adjoint to L^{A′}_{y,t} is defined as in (4.2). The probabilistic representation for the solution to (5.5) has the form [4]: v(y, t) = IE_{(y,t)} { f(Ẑ^{y,t}(T_b))η_1(Ẑ^{y,t}, T_b) } (5.6 ) where η_1(Ẑ^{y,t}, τ) = exp (^τ∫ t β(Ẑ^{y,t}(s), s)ds ) , and the stochastic process Ẑ^{y,t}(s) is defined as the solution to the problem dẐ_i(s) = A^′_i(Ẑ(s), s)ds + σ_{ij} (Ẑ(s), s)dW_j(s), 0 ≤ s ≤ T_b, Ẑ(s) | | |_{s=0} = y.

We now use the Girsanov transformation [6] to turn to a different stochastic differential equation with a free chosen vector function h(y, t). Let us introduce a random process Z̃y,t(s) as the solution to the problem

d Z̃_i(s) = ( A^′_i(Z̃(s), s) − σ_{ij} (Z̃(s), s)h_j(Z̃(s), s) ) ds + σ_{ij} (Z̃(s), s)dW_j(s), 0 ≤ s ≤ T_b, Z̃(s) | | |_{s=0} = y, (5.7 )

where h_j (y, t) is an arbitrary function entering the Girsanov transformation of one standard Wiener process to another one. Let us define a random process η_2(Z̃^{y,t}(s), s) as the solution to the problem

dη_2(Z̃^{y,t}(s), s) = η_2(Z̃^{y,t}(s), s)h_j(Z̃^{y,t}(s), s) dW_j(s), η_2(Z̃^{y,t}(s), s) | |_{s=0} = 1,

and the random process

η(Z̃^{y,t}(s), s) = η_1(Z̃^{y,t}, s)η_2(Z̃^{y,t}(s), s).

Note that this process solves the problem

dη(Z̃^{y,t}(s), s) = η(Z̃^{y,t}(s), s) ( β(Z̃^{y,t}(s), s)ds + h_j (Z̃^{y,t}(s), s) dW_j(s) ) η(Z̃^{y,t}(s), s) | | |_{s=0} = 1.

We show now that v(Z̃(s), s)η(Z̃(s), s) is a martingale. Indeed, it is sufficient to show that the shift term in d [v(Z̃(s), s)η(Z̃(s), s)] vanishes. The Ito formula yields:

d [v(Z̃, s)η(Z̃, s)] = η(Z̃, s) × { ∂v ∂s + A^′_i(Z̃, s) ∂v ∂z_i + 1 2 B_{ij} (Z̃, s) ∂^2v ∂z_i∂z_j + v(Z̃, s)β(Z̃, s) } ds + η(Z̃, s) { ∂v ∂z_i σ_{ij} (Z̃, s) + v(Z̃, s)h_j(Z̃, s) } dW_j(s). (5.8 )

In view of (5.5) the shift term in this expression vanishes. It is proven that v(Z̃(s), s)η(Z̃(s), s) is a martingale, hence

v(y, t) = IE_{(y,t)} { v(Z̃^{y,t}(s), s)η(Z̃^{y,t}(s), s) } (5.9 )

for any s ∈ [0, T_b]. Here we used the property η(Z̃, s) | | |_{s=0} = 1.

Thus (5.9 ) gives us a series of probabilistic representations depending on the arbitrary function h(y, t). It is now of interest to find an appropriate choice of this function. One of possible approach would be to find h(y, t) for which the unbiased random estimator

ζ(y, t) = f(Z̃^{y,t}(T_b))η(Z̃^{y,t}(T_b), T_b); v(y, t) = IE_{(y,t)}ζ(y, t) has a zero variance. We will show now that such a choice exists. Indeed, note that the variance of ζ(y, t) is zero if we force the coefficient at the Wiener increment in (5.8 ) to be zero: η(Z̃, s) ∂v ∂z_i σ_{ij} (Z̃, s) + v(Z̃, s)η(Z̃, s)h_j (Z̃, s) = 0.

From this we get

h_i(Z̃, s) = − 1 v(Z̃, s) ∂v(Z̃, s) ∂z_j σ_{ij} (Z̃, s). (5.10 )

Remark 2. Note that for this special choice of h(y, t) and for ρ(y, t) = const · v(y, t) the process Z̃^{y,t}(s) coincides with the process Z^{y,t}(s) defined by (3.4 ). Indeed, in the coordinates (y^′, t^′), these processes are governed by stochastic differential equations whose drift terms coincide and are equal to

A^∗_i (y^′, t^′) = A^′_i(y^′, t^′) − σ_{ij} h_j (y^′, t^′)

= A_i(y^′, t^′) + 1 ρ(y^′, t^′) ∂ ∂y^′_j ( B_{ij} (y^′, t^′)ρ(y^′, t^′) ) .

Statement 1. The random processes v(Z^{y,t}(s), s)/ρ(Z^{y,t}(s), s) and u(Ŷ, t)/ρ^∗(Ŷ, t) are martingales. Indeed, d [ v/ρ ] (Z, s) = 1 ρ [ L^A_{z,s}v(Z, s) ] dt − v ρ^2 [ L^A_{z,s}ρ(Z, s) ] dt + 1 ρ [ ∂v ∂z_i − v ρ ∂ρ ∂z_i ] σ_{ij} dW_j . Since ρ is a positive solution to (3.3 ), and v solves the problem (5.3 ), we find that the shift term vanishes, hence, the martingale property is proven.

Analogously, u/ρ^∗ is a martingale. Indeed, by definitions of the functions u and ρ^∗ we conclude that the shift term in d [ u/ρ^∗ ] (Ŷ, t) = 1 ρ^∗ [ L^{∗A}_{y,t}u(Ŷ, t) ] dt − u ρ^{∗2} [ L^{∗A}_{y,t}ρ^∗(Ŷ, t) ] dt + 1 ρ^∗ [ ∂u ∂y_i − u ρ^∗ ∂ρ∗ ∂y_i ] σ_{ij} dW_j . (5.11 )

vanishes, hence, u/ρ^∗ is a martingale.

It is interesting to note that if we use in the Girsanov transformation the function h as in (5.10) but replacing the unknown function v with the known function ρ, then we come to a control variate estimator in (5.9). Indeed, by (5.11) and by the definition of the random process Z^{y,t} given in (3.4) we get:

v(y, t) = IE_{(y,t)} { [ ρ(Z^{y,t}, s) + v(Z^{y,t}(s), s) − ρ(Z^{y,t}, s) ] ρ(y, t) ρ(Z^{y,t}, s) }

= ρ(y, t) + IE_{(y,t)} {[ v(Z^{y,t}(s), s) − ρ(Z^{y,t}, s) ] ρ(y, t) ρ(Z^{y,t}, s) }

for any s ∈ [t, T ]. This is the standard control variate estimator which leads to a variance reduction if the function ρ is a reasonable approximation to the function v. This shows that Thomson’s algorithm results in the control variate estimator with the function ρ equal to the pdf p_E.

6 Conclusion

Lagrangian stochastic models for the particle’s transport and financial derivatives are constructed on the basis of statistically reversible stochastic differential equations. Direct and backward in time Monte Carlo algorithms are suggested.

The backward algorithm originally presented by Thomson is extended to more general case when the transport in the phase space is described by a general stochastic differential equation. It is shown that a special choice of the shift term leads to a zero variance Monte Carlo estimators both for the concentration and financial derivatives. We suggest a special choice of the Girsanov transformation which leads to the control variate estimator which present a constructive variance reduction technique.

References

[1] T.K. Flesch. The footprint for flux measurements, from backward Lagrangian stochastic models. Boundary-Layer Meteorology, 78 (1996), 399-404.

[2] T.K. Flesch and J.D. Wilson. A two-dimensional trajectory-simulation model for nongaussian, inhomogeneous turbulence within plant canopies. Boundary-Layer Meteorology, 61 (1992), 349-374.

[3] T.K. Flesch and J.D. Wilson. Backward-time Lagrangian stochastic dispersion models and their application to estimate gaseous emissions. Journal of Applied Meteorology, 34 (1995), 1320-1332.

[4] M.I. Freidlin and A.D. Wentzell. Random Perturbations of Dynamical Systems.

Springer-Verlag, New York - Berlin, 1983.

[5] J.C.H. Fung, J.C.R. Hunt, N.A. Malik and R.J. Perkins. Kinematic simulation of homogeneous turbulence by unsteady random Fourier modes. J. Fluid Mech., 236 (1992), 281-318.

[6] I.V. Girsanov. On transformation of one class of random processes via an absolutecontinuous change of measure. Teorija verojatnostej i ee primenenija. V (1960), 3, 215-329 (in Russian).

[7] A.N. Kolmogorov. Zur Umkehrbarkeit der statistischen Naturgesetze. Math. Ann., 113 (1937), 766–772.

[8] R.H. Kraichnan. Diffusion by a random velocity field. Phys. Fluids, 9 (1970), 1728- 1752.

[9] N.V. Krylov and B.L. Rozovskii. Stochastic partial differential equations and diffusion processes. Uspekhi Mat. Nauk, 37 (1982), 6(228), 75-95 (in Russian).

[10] O. Kurbanmuradov and K. Sabelfeld. Lagrangian stochastic models for turbulent dispersion in atmospheric boundary layer. Boundary-Layer Meteorology, 97, 2, 191- 218.

[11] O. Kurbanmuradov, K. Sabelfeld and J. Schoenmakers. Lognormal random fields approximation to LIBOR market models. WIAS Preprint N481, Berlin, 1999.

[12] O.A. Kurbanmuradov, U. Rannik, K.K. Sabelfeld and T. Vesala. Direct and adjoint Monte Carlo algorithms for the footprint problem. Monte Carlo Methods and Applications, 5 (1999), 2, 85–111.

[13] G.N. Milstein and J.G.M. Schoenmakers. Numerical construction of hedging strategy against the European claim. WIAS Preprint N507, Berlin, 1999.

[14] A.S. Monin and A.M. Yaglom. Statistical Fluid Mechanics. Vol. 2 M.I.T. Press, Cambridge, Massachusets, 1975.

[15] E.A. Novikov. A relation between the Lagrangian and Eulerian description of turbulence. Appl. Math. Mech., 33 (1969), 5, 887–888 (in Russian).

[16] K.K. Sabelfeld. Monte Carlo Methods in Boundary Value Problems. Springer-Verlag, Heidelberg – New York – Berlin, 1991.

[17] K.K. Sabelfeld and O.A. Kurbanmuradov. Numerical statistical model of classical incompressible isotropic turbulence. Sov. Journal on Numer. Analysis and Math. Modelling, 5 (1990), 3, 251-263.

[18] K.K. Sabelfeld and O.A. Kurbanmuradov. One-particle stochastic Lagrangian model for turbulent dispersion in horizontally homogeneous turbulence. Monte Carlo Methods and Applications, 4 (1998), 2, 127–140.

[19] B.L. Sawford. Lagrangian statistical simulation of concentration mean and fluctuation fields J. Clim. Appl. Met., 24 (1985), 1152-1166.

[20] B.L. Sawford and F.M. Guest. Uniqueness and universality of Lagrangian stochastic models of turbulent dispersion. Proceed. AMS 8th Symp. on Turbulence and Diffusion. San Diego, 96-99 (1988).

[21] A.N. Shiryaev. Essentials of stochastic finance. Advanced Series on Statistical Science & Applied Probability. Singapore: World Scientific, 1998.

[22] H.P. Schmid. Source areas for scalar and scalar fluxes. Boundary-Layer Meteorology, 67 (1994), 293-318.

[23] D.J. Thomson. Criteria for the selection of stochastic models of particle trajectories in turbulent flows. J. Fluid. Mech., 180 (1987), 529–556.

[24] J.D. Wilson and B.L. Sawford. Revew of Lagrangian stochastic models for trajectories in the turbulent atmosphere. Boundary-Layer Meteorology, 78 (1996), 191-210.

[25] A.M. Yaglom. On statistical reversibility of the Brownian motion. Matem. Sbornik, 24 (1949), 3, 458–492 (in Rusian).