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Abstract

This paper is concerned with a phase field system of Penrose-Fife type for a
non—conserved order parameter x with a kinetic relaxation coefficient depending on
the gradient of x. This system can be used to model the dendritic solidification of
liquids. A time discrete scheme for an initial-boundary value problem to this system
is presented. By proving the convergence of this scheme, the existence of a solution
to the problem is shown.

1 Introduction

A class of phase—field systems modeling the dynamics of diffusive phase transitions has
been derived by Penrose and Fife in [34]. Dealing with a non—conserved order parameter,
one of these systems is generalized to the following form:

coby + N(X)x: +£Vg=yg, q=kV <%> : (1.1)
(V0 — eax+ 800 = 2. (1)

In this system an energy balance (1.1) is coupled with an evolution equation (1.2) for the
order parameter y. These equations determine the evolution of the absolute temperature
0 and the order parameter. Here, ¢, is the specific heat and « is the thermal conductivity,
both supposed to be positive constants. The heat flux ¢ = RV% = —4z V0 considered
in (1.1) does not to correspond to the classical Fourier law, but to a Fourier law with a
temperature dependent thermal conductivity gz. A heat flux of this form is considered
in a number of papers dealing with Penrose-Fife systems. The function X'(x) represents
the latent heat of the phase transition, and the datum g represents heat sources or sinks.

Moreover, ¢ stands for a kinetic relaxation coefficient, depending on the gradient of the
order parameter, the positive constant € is a relaxation coefficient, representing the energy
of the phase interfaces, and s’ is the derivative of some potential on R.

In the context of a solid-liquid phase transition with a critical temperature 6¢, one typi-
cally has a quadratic or linear function A and the potential s(r) is the sum of %;) and the
double well potential p (r* — 1)2 with some positive constant p. To ensure that the order
parameter attains only values in the interval [—1,1], also the double obstacle potential
Ii_1,4(r) + p(1—7?), with I;_y 3 being the indicator function of the interval [—1,1], is used
instead of of the double well potential .



In this work, the existence of a solution to an initial-boundary value problem for the
Penrose-Fife system (1.1)—(1.2) is proved by considering a time discrete scheme and prov-
ing the convergence of the scheme.

The Penrose—Fife system with a constant kinetic relaxation parameter ( has been inves-
tigated in a number of papers, for example in [14, 20, 21, 22, 23, 24, 26, 29, 30, 36, 39],
and, for more general heat flux laws, in [9, 10, 12, 31]. In |25, 27, 28|, the numerical ap-
proximation of Penrose—F'ife systems with a space depending kinetic relaxation parameter
¢ has been considered.

To the knowledge of the author, a dependence of this kinetic relaxation parameter on the
gradient of the order parameter has not been taken into account before in the context of
a Penrose—Fife system. This form of the kinetic relaxation parameter ¢ allows to model
the evolution of a phase interface with a direction dependent kinetic mobility, i.e., a phase
interface whose normal velocity depends on orientation of the phase interface. This can be
used to model the dendritic solidification of liquids. For the standard phase field system
(c.f., [6]), i.e., the system (1.1), (1.2) with X'(x) = L for some constant L > 0 and
replaced by —#@, this has already been done, see, e.g., in |7, 16].

If only the equation (1.2) with a given right—hand side and s equal to the double well or
the double obstacle potential is considered, one is dealing with the Allen—-Cahn equation
or the double—obstacle Allen—Cahn equation, respectively. In these models, one does not
take into account the latent heat of the phase transitions. The double—obstacle Allen—
Cahn equation with a kinetic relaxation parameter ( depending on the direction of Vy is
considered in [17, 18, 19].

To deal with non-smooth potentials, the potential is split in the form s(r) = ¢(r) — o(r),
where ¢ represents the convex, maybe not smooth, part of the potential, and o is a differ-
entiable function, such that —o can represent the non—convex part of the potential. Now,
in (1.2), s'(x) is replaced by £ — o'(x), where £ is a representation of the subdifferential

0¢ of ¢.

The layout of this paper is as follows: In Section 2, two formulations of the consid-
ered initial-boundary value problem for phase—field system with corresponding existence
results are presented. In Section 3, the time—discrete scheme is introduced and the ap-
proximation results are shown. The remaining sections are dealing with the proof of the
results.

2 The Phase—Field system

In this section, an initial-boundary value problem for the phase field system of Penrose—
Fife type is investigated. It will be considered on a bounded, open domain Q C RY with
N € {2,3} and a smooth boundary I' = 0. Let Qr :=Q x (0,7T) and I'r :=T x (0,7),
where 7" > 0 stands for a final time.

First, the boundary condition for the temperature is derived. Afterwards, a precise for-
mulation of the initial-boundary value problem and a corresponding existence result are
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presented. Since this existence result can not be applied for some important versions of
the Penrose—Fife system, a second existence result for a weaker formulation of the initial—
boundary value problem is presented in Section 2.4, which requires to introduce before
a way to deal with % if 0 is not a function on € but only a functional on some function
space on {2.

2.1 Boundary condition for the temperature

On the boundary I', a heat exchange with an external environment at temperature 0.y
is considered. For an energy balance with a heat flux g satisfying the Fourier law with
a constant thermal conductivity Kpou: > 0, i.e., ¢ = —Kpou VO, this is modeled by the
boundary condition

00
i — 2.1
RFour an YFour (0 eext) ) ( )

where Ypour 1S SOme positive constant and n is the outward unit normal to I'.

Now, the derivation of this boundary condition as in [37] is adapted to deal with more
general heat fluxes. To avoid technicalities, this derivation is presented in a one dimen-
sional, time independent setup. Hence, we consider a temperature field 8 on an interval

(iL‘Q, 1‘1).

The external temperature fey(z1) considered on the right-hand side z; of the interval
does not correspond to a physical temperature of the environment in the point x;, but
to the temperature on the right—hand side of some interface region on the right—hand
side of z1, wherein the physical temperature changes continuously its value from 6(z;) to

eext (xl)

We assume that the interfaces region has the thickness § > 0. Hence, we can extend the
temperature field 6 continuously to [zg, z; + 0] such that

O(z1 + 8) = Oues(22). (2.2)

Since the heat flux is continuous across 9(zy, z1), we get for the heat flux giger in the
interface region, i.e., in Qjuer := (21,21 + 0), and the heat flux ¢ in (zg, z1):

Q(ml) - Qinter(ml)-

Assuming that the heat flux stays constant inside the interfaces region, we get

q(xl) = qinter(xl + 7—), VO S T S 6 (23)

In the derivation of the boundary condition for a heat flux satisfying the Fourier law as

in [37], we have ¢ = —mpour% and it is assumed that the heat flux in Q.. is of the same
form, i.e., Ginter = —H;inter% with some constant Kiyer > 0. Hence, for 0 < 7 < 4, (2.3)
yields that
00 00
—K¥Four =— (T1) = q(T1) = —Kinter =— (L1 + T).
F a:L_( 1) q( 1) int a:L_( 1 )
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Therefore, (2.2) implies that

T1+d

00 oo
_6K'F0ur%(xl) = —HKinter / %(7—) dr = — Kinter (eext(xl) - 0(371)) .

1

Performing an analogous calculation also for the left-hand side of the interval, we find
that (2.1) holds on 9(z, 1) With Yoy := 5t

To derive the boundary condition for (1.1), we consider in (zg, z1) the corresponding heat
flux ¢ = H}(,% (%) and in ;.. a heat flux of the same form, i.e., we have gnier = ﬂintera% (1)

9
with some positive constant K. Therefore, (2.3) yields that

(1/9) (1/9)

r—a—(71) = 4(21) = Rinter—5 (21 +7), VO<T <6

Hence, considering the integral over [z, z1 + ¢] and using (2.2), we observe that

o(1/0) . . 1 1
0K 9z (CL'l) = Kinter <gext(x1) - 9($1)> :

Defining v := “zt== and performing an analogous calculation also for the left-hand side of
the interval, we get on 9(z, z1):

m% . <9it - %) | (2.4)

Hence, we have shown that the boundary condition (2.4) has a proper physical meaning
for the heat flux considered in (1.1). To the knowledge of the author, this has not been
pointed out until now, even if this boundary condition has already been used in a number
of papers dealing with Penrose-Fife systems, see, e.g., [12, 25, 26, 27, 28|. For heat fluxes
of the more general form g = kVa(0), with a function « : (0,00) — R, the corresponding
generalized version of this boundary condition, i.e.,

da(h)

K o v ((Oexs) — (0)), (2.5)

has been used in [9, 10, 14, 23, 24] without discussing their physical meaning. Perform the
same computations as above with 1/(-) replaced by «(-), we see that also this boundary
condition models the heat exchange through a thin interface surrounding the considered
domain, with a heat flux inside this interface that is of the same form as the considered
heat flux in the domain. The same holds for the boundary condition used in [12] for a
heat flux with thermal memory, i.e., a heat flux depending also on former values of the
temperature 6.

Considering (2.4) on 'y and defining p : '+ — R by p := 'ygit, we get the boundary
condition that is used in this work.



2.2 The phase—field system

We consider now the following initial-boundary value problem for the phase field system
of Penrose-Fife type:

(PF): Find (0,u,x,§) fulfilling

0c H(0,T; H'(Q)") n L=(0,T; L*()), u e L*(0,T; H(Q)), :
x € H'(0,T; L*(2)) N L*(0,T; H*(Y)), &€ L*(0,T; L* (), (2.6b)
>0, u= %, x € D(B), &£€pP(x), ae in Qrf, (2.6¢)

(cobs(t) + N (X)X (1), V) gy () — H;/Vu(t) o Vudz — v/u(t)v do

Q r

(2.6d)
= /g(t)vdx —/u(t)vda, Yve HY(Q), forae. te(0,T),
Q T
C(Vx)x: —eAx+€&—0d'(x) = —N(x)u, ae. in Qr, (2.6e)
g—ii =0, ae.in I'p, (2.6f)
0(-,0) =6, in V* x(-,0) =%’ ae in Q. (2.6g)

For dealing with this system, the following assumptions will be used:

(A1): Let 8 be a maximal monotone graph on R and ¢ : R — [0, 00| a convex, lower
semicontinuous function satisfying

B=08¢, 0e€D(B), 0€p(0), intD(B)+#0.

(A2): There are positive constants Agae, of, ., A” such that

sup’ sup

A e W2P(R), oe W2 (R),

loc loc

“A(8) € Ae(d(s) + 1), (0'(5))" < Ufac( (s)+1), VseD(p),
IN'(8)] < Moyps [0"(8)] < 0lyyy  forae. seR.

(A3): We have
g € L*(0,T; L*(92)),
p € L*0,T; H%(F)), uw>0, ae. in Irp.
(A4) We consider initial data 0° € L?(Q2), x° € H?(Q2), such that

o(x") € L'(9), 0° >0, x"€D(B), ae in Q.

(A5): We have positive constants Cinr, Gaup such that the function ¢ : RY — [Gut, Cup) 18
continuous on RY.



(A6): We have a positive constant A, such that

sup

N (s)| < AL Vs e D(B).

sup’

We have the following existence result

Theorem 2.1. Assume that (A1)—-(A6) hold. Then there is a solution (0, u, x,§) to the

Penrose-Fife system (PF).

Remark 2.1. For a quadratic A, the assumption (A6) is only satisfied if D(3) is bounded.
This is the case for the double obstacle potential, but not for the double well potential.
For dealing with this situation, one has to consider the existence result presented in

Theorem 2.2.
Remark 2.2. Similar to the existence result for a standard phase field system with a

kinetic relaxation parameter depending on the gradient of the order parameter in [§],

no uniqueness result is known for the solution to (PF).
Remark 2.3. If one starts to model the evolution of a phase interface with a kinetic

mobility term depending on orientation of the interface, one would like to use a kinetic
relaxation parameter ¢ which depends only on the direction of Vy, and has therefore
a discontinuity in 0, but neither one of the theorem in this section or Theorem 3.2,
apply to this situation.

By extending the concept of LP(Q2)-viscosity solution as in [5] with considerations
similar to Chapter 9 in [13], we get a LP(§2)—viscosity solution formulation for (2.6e),
which is also valid if u and ¢ are not continuous. But, also in this formulation, x has to
be continuous on {27, and this does not even hold for the solution to the Penrose—Fife
system (PF) with continuous ¢ derived in Theorem 2.1.

2.3 New formulation to deal with %

To prepare the weak formulation of the Penrose—Fife system, the compatibility condition
between 6 and u has to be replaced by a weaker one, which can also be applied if §(¢) is not
function on € but only a functional in H'(Q)*. For @ and @ in L?(Q2), the conditions § > 0
and @ = 3 a.e. on 2 are equivalent to —@ € 8jo() in L2(R), where j, : L*(Q) — RU {o0}
is the L?(Q2)-representation of the convex function —In(-) : (0,00) — R, i.e., we have for
¥ € L*(Q)

—In(y(z))dz, if 0 a.e. in Q and In(¢(- LY(Q),
() = S{ (¥(2)) ¥ > (¥(-)) € L* () 27

400, otherwise.

In [14, 15, 23|, Damlamian, Kenmochi, and Kubo extend this function to a function on
H'(Q)" and replace the L%*(Q2)-compatibility condition between 6 and u by a condition
in this space. Following their formulation, we denote by V' the Hilbert space, arising by
considering H'(f2) with the inner product (-, ), defined by

(w,v)V:m/Vonvd:c —i—’y/wvda, Vw,v € H'(Q), (2.8)

Q r



and the corresponding norm ||-||;,. Thanks to the trace theorem and Poincaré’s inequality,
we see that the norms |[|-[|;, and [|-|| 1 (o, are equivalent. Hence, V* can be identified with
H'(Q)" and the H'(2)"-norm is equivalent to the induced norm |-
space of V.

Let F: V — V* be the duality mapping:

v+ on V* as dual

<Fw7v>V*><V = (waU)Va V’U),U eV (29)

We see that V* is a Hilbert space with the inner product (-,-),

(w,v), == <w, F71U>V*><V = (F’lw, F’IU)V, v,w € V¥, (2.10)
satisfying
1l = V(e = |F7H,, YFeV™ (2.11)

Now, jp is extended to work on the whole V* by considering the corresponding I'-
regularization j of jo on V*, i.e., we have

j(w) = inf{liminf jo(2n) : (2n),en C L*(Q), 2z, —zinV*}, VYweV*.  (2.12)
n—oo
We have, see [15, Theorem 1.5, Corollary 1.6] with 9,; denoting the subdifferential of j
in the Hilbert space V*:

Lemma 2.1. With the above definitions hold:

1. j = jo on L*(Q).
2. For 0 € [2(Q):

fecDOB.j) © 0>0ae inQ and G H'(Q):d==, ae in Q. (2.13)

| =

3. For§ € L*() N D(8,5):

8,j(0) = {—Fa}, with @ asin (2.13).

2.4 Weak formulation of the Penrose—Fife system

Now, we can define the weak formulation (PF)* of phase field system of Penrose-Fife
type.
(PF)": Find (0, u,x,¢&) fulfilling (2.6b), (2.6d)—(2.6g), and

0c H(0,T;V*), we L*(0,T;V), (2.14a)
—Fu(t) € 0,j(0(t)) in V* forae. te(0,7T), (2.14D)
x € D(B), &€pB(x), aein Q. (2.14c)



Remark 2.4. We see that every solution to the Penrose—Fife system (PF) is also a solution
to the Penrose-Fife system in the weak formulation (PF)*. On the other hand, Lemma
2.1 yields that a solution to the Penrose-Fife system in the weak formulation (PF)*
with @ € L>(0,T; L*()) is also a solution to the Penrose-Fife system (PF).

We have the following existence result:

Theorem 2.2. Assume that (A1)-(A5) hold. Then there is a solution (0,u, x,§) to the
Penrose—Fife system in the weak formulation (PF)".

3 The time discrete scheme

In this section, a time discrete scheme is introduced to prepare numerical computations.
Moreover, this scheme is used to prove the existence results in the last section. We consider
time—steps sizes that do not need to be uniform, but satisfy the following assumption,
where ¢y, > 1 is a fixed constant.

(A7): The vector H = (hy,...,hg) € RX of time—steps sizes, with K € N, fulfills

K
Zh’m:Ta hmgcuph’mfla V1<mSKa
m=1

Cinf

/A
30‘sup

0< hy < Vi<m<K.

We define hyuy(H) := max Ay, to:=0, and, for 1 <m < K:

1<m<K
tm = tm—l + ]'Lm = Z hi, (31)
=1
tm tm
1 1
gu(z) = 2 / 9w, 1) dt,  un(o0) = - / wot)dt, Yze, ocl.  (32)

tim—1 tm—1

Now, an Euler scheme in time for the Penrose—Fife systems is presented, which is implicit,
except for the treatment of the nonlinearities X', o', and (:

(D): Let

0o :=60°, xo0:=x", (3.3a)
and, for 1 <m < K, find

0 € L*(Q), Uy Xm € H?(), Em € L2(Q) (3.3b)

such that

1
0<0p, Unp= g Xm € D(B), &m € B(Xm), ae. in Q, (3.3¢)
O — O m — Xm— .

Co—p >+ )\,(mel)% + kAU = gm, a.e.in  Q, (3.3d)



¢ (Vxm-1) Xm Xl Ay + Em — 0" (Xm—1)Xm

hm (3.3e)
= = XN (Xm-1) Um — 0" (Xm-1)Xm-1 + ' (Xm-1), a.e. in
a m a m .
—&;—n = YU, — M, 8X—n =0, a.e.in T. (3.3f)

Remark 3.1. The time—discrete scheme (D), especially the approximation used for the
coupling terms, is chosen in such a way that one can use discrete versions of the a
priori estimates derived by Sprekels and Zheng (cf. [36]).

The approximation for ¢'(x,,) used in (3.3e) is linear with respect to x,,, i.e., with
respect to the implicit part, and involves an approximation error which is less or equal
Oy (Xm — xm,l)z. This approximation is equal to ¢’(xm), if 0'(+) is a linear function.

Theorem 3.1. Assume that (A1)-(AS5), and (A7) hold. Then there ezists a unique
solution to (D).

We use the solution to (D) to construct an approximate solution
(@\Z,EZ,SZZ,EZ) in (L0, T; L*()))* to the Penrose-Fife system. The function 0% is
defined to be linear in time on [t,,_1,t,,] for m = 1,..., K such that §Z(tk) = 0 holds for
k =0,...,K. The function X is defined analogously. We define @Z piecewise constant
in time by uZ(t) = u,, for t € (tm_1,tm) and m=1,..., K, and ZZ is defined analogously.

We have the following convergence result:

Theorem 3.2. Assume that (A1)-(A5) hold. Let a sequence {H™} of vectors of

time—step sizes with (A7) and huyax (H(”)) —— 0 be given.

n— o0

neN

Denote by ((5("),ﬂ("), X, E(n)>> the corresponding sequence of approrimations. Hence,
neN

there is a subsequence {n}, . and a solution (0,u,x,§) to the weak formulation (PF)*
of the Penrose—Fife system such that

weakly—star in  L*°(0,T; H'()),
E(nk) —— &, weakly in  L*(0,T; L*(Q)).

k—o0

glne) m 0, strongly in C([0,T]; HI(Q)*), (3.4)
weakly in  H'(0,T; H'(Q)"), (3.5)

() ’H—oo> u, weakly in L*(0,T; H'(Q)), (3.6)
) X weakly in  H'(0,T; L*(Q)) N L*(0,T; H*(Q)), (3.7)
(3.8)

(3.9)

If also (A6) is satisfied, then (0,u,x,§) is a solution to the Penrose—Fife system (PF),
and we have
0e) — 0,  weakly—star in L>®(0,T; L*(Q2)). (3.10)

k—o0



Remark 3.2. The upper bound for \” and ¢” used in (A2) can be weakened to some
growth condition by using ideas similar to [27].

If one replaces L*(0,T; H*(2)) in (3.7) by L?(¢, T; H*(Q2)) for all 0 < t < T, and uses a
more technical argumentation (c.f. [8]) to prove the strong convergence (6.16) for the
approximation of x, one can weaken the assumptions for x° in (A4) to x° € H*(Q)
and ¢(x") € L'(Q).

Remark 3.3. If (A2) holds, there is some ng € N satisfying 370y, , < ngGinr. For n € N,

we can consider the vector H™ = (h("), R h(")) € R™™"0 of time-step sizes with
A = no%, such that (AT) is satisfied. Hence, it follows from Theorem 3.2 that

Theorem 2.2 and Theorem 2.1 hold.

In the sequel, Theorem 3.2 will be proved. The existence of a unique solution to the
scheme is proved in Section 4, and uniform estimates for the solutions to the scheme are
derived in Section 5. In Section 6, the convergence of the solutions to the time discrete
scheme and the existence of a solution to the considered Penrose—Fife system is proved.
Therein, the notation ||-||, will be used for the LP(£2)-norm and the notation [|-[|, 5 will
be used for the (L%(2))Y—norm for all p € [1, c0].
Remark 3.4. As mentioned above in Remark 2.3, one is interested in weaken the assump-
tion (A5) on the kinetic relaxation parameter ¢ by allowing ¢ to be discontinuous in
0. If this weaker version of (A5) is used, Theorem 3.1 still holds and the estimates
in Section 5 can be performed for the corresponding solutions to the scheme. Hence,
one can get all convergences results in Section 6 except of (6.22) and (6.25), and is
therefore not able to prove in this way that (2.6e) is satisfied.

4 The proof of Theorem 3.1

Proof. Assume that (A1)-(Ab5), and (A7) hold. Now, the existence of a unique solution
to the scheme will be shown by induction.

Thanks to (3.3a), (A4), and Sobolev’s embedding theorem, we have 6, € L*(Q),xo €
L>(Q).

Let 0,, 1 € L*(Q) and xp_1 € L®(Q) be given for some m € {1,...,K}. Because of
(A2) and (A5), we obtain X (xm_ 1) € L*(Q) and (o Vxp,, 1 € L=(Q).

To rewrite the conditions in the scheme, let the nonlinear operators A,, and D,, on L?(2)
and the linear operator By, : L?(Q) — L?(Q) be defined by

10



Anu= — % — bk AU + coOm_1 + hmGm + N (Xm-1)Xm-1, a.e.in Q,
Vue€ D(An), (4.1)
D(An,) = {u € H*(Q)| — % = YU — fbm, a.e.in T,
u>0, ae in Q, % € L2(Q)}, (4.2)
BuX = <C(Vg‘:—1) - ;h; —o" (Xm_1)> x, ae in Q, VyelL*Q), (4.3)
Dpx = —eAx+{€€ L?(Q) ] €€ B(x), ae in Q}, (4.4)
D(Dy) = {x e H(Q) | Z—Z =0, aein I, yeD(B), aein Q
J€€ L*(Q) : £€B(x), ae. in Q} (4.5)

Thanks to (A5), (A2), (A7), and xm-1 € L*(Q), we conclude that B,, is a maximal
monotone linear operator, and [4, Corollary 13| yields that D,, is a maximal monotone
operator on L?({2). By translating the proof of [4, Corollary 13|, we see that the operator
A,, is maximal monotone. By showing that this operator is also coercive, we obtain
that the operator is also surjective. By finally estimating the difference between two
given solutions, we have shown that A,, is one-to—one as operator from D(A4,,) — L?(Q).
Details can be found in [25, Lemma 5.1].

Defining f,, € L*(Q) by

Jm = i (Vxm-1)Xm-1 = 0" (Xm-1)Xm-1 + 0'(Xm-1), ae. in (4.6)

we can see that the conditions (3.3b)—(3.3f) are satisfied if and only if
At = X (1) (@7)
52’; Xm + BmXm + DmXm + N (Xm—1)Um D fm, (4.8)

and the functions &, and 6, are defined by (3.3¢) and 6,, = ﬁ respectively.
Using A (xm_1) € L™>(f2) and that A4,, is maximal monotone and one-to—one as operator
from D(A,,) — L?(?) , we deduce that F,, : L*(Q) — L*(Q2) with
Enx = N(Xm 1)An (X (Xm-1)x), ae.in 9, Vxe L*9Q),
is maximal monotone and (4.7) yields X' (Xm—1)Um = EmXm-
Hence, we can replace in the system (4.7)—(4.8) the second condition by

Cinf
2h,

Xm + (Bm + D+ En)Xm D fm (4.9)

11



Applying a theorem on summing maximal monotone operators (see, e.g., [3, Chap. II,
The. 1.7]), we observe that B,, + D,, + E,, is a maximal monotone operator on L?((2).
Therefore, we conclude that (4.9) has a unique solution x,, € H?(Q) C L*(Q). Now,
Uy, € H?(Q) and &, € L*(Q) are uniquely defined by (4.7) and (3.3e), and 0,,, € L?(Q) is
uniquely defined by 6,, :=

5 Uniform estimates

In this section, uniform estimates for the solution to the time—discrete scheme are derived.

Assume that (A1)-(Ab5), and (A7) hold. Thanks to Theorem 3.1, there exists a unique
solution to the scheme (D).
Remark 5.1. Applying (3.3d), Green’s formula, (3.3f), and (2.8), we deduce that

gm - gm— m ~ Am—
/ <c0h71 + X(xm_l)%> vdz ~ (tm,0)y

m

/gmvd:c —/umvda, Vvoe H'(Q), 1<m<K. (5.1)
Q

In the sequel, C;, for ¢ € N, will always denote positive generic constants, independent of
the vector H of time—step sizes. To prepare the a priori estimates, we estimate the data
and their approximations:

Lemma 5.1. There ezist positive constants Cy,Cy, Cs, Cy such that,
IN(s)|+ |o'(s)] < Ci(|s|+1), VseR, (5.2)
[omvda |+ | [mvdo| < Calolay (lomlla + limlle)

J J (5.3)
< Csllolly (lgmlly + oy ) s Vo € HY(R), 1 <m < K,

K
2 2
> o (llgml; + lltml 32 ) < C (5.4)
m=1

Proof. These estimates follow from (A2), (A3), (3.2), the trace-mapping from H'(Q2) to
Hz(I'), and the equivalence of the H'(Q)-norm and |-, O

The following Lemmas use ideas from [22, 36, 11, 27].

12



Lemma 5.2. There are two positive constants Cy, Cg such that

max (||9 Iy + ()l + el + 18061,

0<m

Xm
+th|IUmIIV+Zh : +Z||Xm ooy <o (55)
ognagKGIA <><m>||6 +110"(xm)llg) < G (5.6)

Proof. Testing (3.3¢) by (Xm — Xm_1), and using (A5), Green’s formula, (3.3f), (3.3c),
(A1), (AP.6), and Holder’s inequality, we deduce

2
Xm — Xm-1 € 2 € 2
Ginthim A + 9 ||VXm||2,N + 9 1V xm — vafl||2,N + lo ()l
m 2
£
< 5 1Vxm- . + N60em-1)ll, — /A’(Xm_l)(xm—xm_l)umd:c

Q
2
+ 1" (Xm-1)l oo [1Xm — Xm—-1l12 + [|6" (Xm—1) |5 1 Xm — Xm—1ll> -

Taking the sum from m = 1 to m = k, and applying (3.3a), (A4), (A2), (A7), Schwarz’s
inequality, and Young’s inequality, we deduce

2
Xm — Xm—1
hom,

+ lle0xe) [l

k
e e
+E IVl + 5 D 1V
m=1

2
k

< C? - Z / )‘,(Xm—l) (Xm - Xm—l) Um dz +

m=1 Q

k
1 !

90 e Z Pon (|9 (Xm—1) ] - (5.7)
m m=2

For 1 < m < K and a > 0 to be specified later, we insert v = h,,a — hy,u,, in (5.1),
use (3.3c), take into account that =! is the derivative of the convex function — In(s), and
apply (5.3), and Young’s inequality, to conclude that

1
ac [~ aco |01l + o [ (~10(8)) dz = co [ (=100 2) do + 3 [}

Q Q

< [ X0tm1) G = Xt (i~ @) o+ i (Il + ) - (58)

Because of (A2) and Taylors formula, we have

"
sup

2

X (Xm—1) (Xm — Xm-1) < =A(Xm) + A(Xm-1) + (Xm — Xm—1)®, a.e.in €.

Hence, summing (5.8) from m = 1 to m = k, and applying (5.4), (3.3c), (3.3a), (A2),

13



and (A4), we conclude that

k
1
ac 16l + <o / (- 10(6) de + 5 3 b}
m=1

Q

<C9 + Z/)\’ X 1 — mel)’u,m dx +a)\fac ||¢(Xk)||l

mlQ

SUP Z h2

X 2
m1 (5.9)

Now, for o := min (i, @Cinf), we use Lemma AP.7, and add (5.9) to (5.7) to derive

2
Xml

2

Cuo (|0 l; + co [[In(8) I, + thHumHV—i- Cmfzh

g
2 IVl

k
g
+§Z IV (Xm — Xm-— 1)||2N+ [o(xe)ll; < Cu + Uéaczhmﬂ 16 0xm)l -
m= m=1

1
2Cinf
Thanks to the discrete version of Gronwall’s lemma, (A7), (3.3a), and (A4), we have

proved that (5.5) is satisfied.
In the light of (5.2), (AP.1), and (5.5), we observe that (5.6) holds. O

Lemma 5.3. There is a positive constant Cio such that

+Zh

Proof. In view of the terms in (5.1) and the estimates (5.3)—(5.5), we deduce that

Zh

K

2

m=

2

)~ Xt

Xm 1 S 012. (510)

V*

. — O X — X1 ||
+X(Xm 1)m7m*1

m hm

< Cys. (5.11)

V*

Thanks to Holder’s inequality as in Lemma AP.2, we have

Hence, combining this with (5.6), (5.5), the continuity of the embedding of L3(Q) in
H'(Q)", the equivalence of the spaces H*(Q) and V, and (5.11), we conclude that (5.10
is satisfied. O

Xm — Xm—1

) Xm — Xm—1
hum,

)"(Xm—l hm

<IN G

2

14



Lemma 5.4. There ezists a positive constant Cy4 such that

K K

2 2
D l&mlls + Y b I Xmll () < Cra- (5.13)
m=1 m=1

Proof. We use (AP.3), (5.5), and (3.3f), and compare the terms in (3.3e), to derive that

1 *
||Xm||H2(Q) S C’15 + C'16 ||Axm||2 S C'15 + Clﬁg ||fm - gm”g ) (514)

with f* € L?(Q) defined by

* Xm - me
i 1= =X O] = (Vo) T 40" () Ot = ot )0 () (5.15)
Testing formally (3.3e) by &, and using Green’s formula, (3.3f), (3.3c), Young’s inequality,
and (5.15), we observe that

1€mlly < [[fmlls - (5.16)

For a precise derivation of this inequality, one has to consider for n € N the nonlinear
elliptic problem

OXm,n

=0 e in I
o , a.e.in I,

with the Yosida approximation ﬁl of 3. This equation is tested by Xm . and ﬁ (Xmon),
using that X, is an element of HY 6(2) such that the generalized chain rules hold, see

[33, Theorem 1] and [32, Lemma 2.1 and Remark 2.1]. Now, a passage to the limit and
using [3, Cha. II Prob. 1.1(iv)| lead to (5.16).

Because of (5.15), the discrete Schwarz’s inequality, Holder’s inequality, (A5), and (A2),
we have

2
Xm = Xm—1

Fmlly <3 (II/\'(Xm—l)IIi (0 (S M .

+ ||a'(xm_1>||§> -

2

Hence, in the light of (5.6), (5.5), and (AP.1), we observe that

K
> b |I£3]5 < Crr. (5.17)
m=1
Combining (5.14), (5.16), and (5.17), we see that (5.13) is satisfied. O
Lemma 5.5. We have
thllxm Xm-1llr10) < Cishmax(H) (5.18)
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Proof. We have

K
2 : 6
hm ||Xm - Xm71||H1(Q)
m=1

s K )
< huax(H)  ax (“Xm”Hl(Q) + ||Xm*1||H1(Q)> Z [Xm — Xm*IHHl(Q) :
== m=1

Recalling (5.5), we conclude that (5.18) is satisfied. O

Lemma 5.6. If (A6) holds, there exists a positive constant C1g such that
K
2
< . .
> o [0V s [0 < Ci (5.19)

Proof. We multiply (3.3d) by A, sum up the resulting equation for m = 1 to m = 7 and
apply (3.3a), to derive that

coli + K Z R Aty = co0° + Z R <gm — Al(X””%) , ae.in Q. (5.20)
m=1 m=1 m

Recalling (A6) and (5.5), we observe that

K
S,
m=1

2
< Cy. (5.21)
2

Xm — Xm—1

m

)‘,(mel)

Because of (3.3c), the continuity of u; on Q, (3.2), and (A3), we see that u; > 0 and
p; > 0 a.e. in I'. Hence, by applying Green’s formula, (3.3c), and (3.3f), we get, at least
formally,

Q

For a precise derivation of this inequality, one has to perform this computation with 6;
replaced by the approximation ;; € H'(Q2) defined by

1 -1
91',1 = (Uz + 7) , ae.in Q, VIeN,

and consider afterwards the limit for [ — oo, using that the Lebesgue dominated con-

vergence theorem yields that we have strong convergences for 6;; in L*(Q), such that

0;1Vu; - 0;Vu; strongly in (L'(€2))® and weakly in (L2(2))°.
—00
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Because of (5.22), we can test (5.20) by h; - Au;. Taking the sum from ¢ = 1 to ¢ = k over
the resulting equation, and utilizing (AP.5) and (AP.4), we get

COZh 16 Vuz||2N+ +g thllAuz||§

=1

§022+/ (Co@O—I-Zh ( — N(xi- 1) Xz 1>>ZhAuzd:E
k
—Zhi+1/<gi+1 N (x )M> Zh Au,, dz .
=1

hz—i—l
Q

Applying Schwarz’s inequality, Young’s inequality, (A4), (5.4), (5.21), and (AT), we
observe that

k 2 k

2 Kk 2
co Y kil|0:;Vuslly  + +§th||Aui||z
2 i=1

i=1
k—1 i 2
SC23 + 024 Z hz Z hmAum (523)
i=1 m=1 2

Thanks to the discrete version of Gronwall’s lemma, there is a uniform upper bound for
the left—hand side of (5.23). Comparing now the terms in (5.20) and using (A4), (5.21),
Schwarz’s inequality, (5.4), and (3.3a), we see that (5.19) holds. O

6 Convergence of the time—discrete scheme

In this section, Theorem 3.2 is proved. We assume that (A1)-(A5) hold, and that we
have a sequence {H(")}nEN of vectors

H® = (B, Y, B

of time—step sizes with (A7) and hpay (H(")) — 0.

n—o0

Hence, Theorem 3.1 yields that for every H(™ there exists a unique solution to the time-

~

discrete scheme (D). Let (9 U ,X("),Z( )) be the corresponding approximations de-
rived from the solution to (D) as in Section 3. Moreover, we define the piecewise constant

functions E(n), x™, 5™, g™ analogously to @™, and X(”) € L*(0,T; H?(Q)) is defined
by
X =) =, Vee (@), 180), 1< m < K©, (6.1)

m—1»

Witht(()).—Oandtm =Y hy, for 1 <m < K™,
i=1

17



Then, by the definition of the approximations, (3.3b)—(3.3a), (A4), and (5.1), we have

0™ e H'(0,T; L*(Q)), ™ e L*(0,T; H*()), (6.2a)
™ e HY(0,T; H*(Q)), x™,x™ € L*(0,T; H*()), (6.2b)
€™ e L(0,T; L2(Q)), (6.2¢)
—(n 1 e —(n . .
0 <z, g™ = m— ™, x™, x™ € D(B), f( ) e I} (x(")) , ae. in Qp, (6.2d)
- X
@ (@0), .+ [MEPOR Oede - @1(0,0),
“ (6.2¢)
= /g(”)(t)v dz — /u(”)(t)vdo, Vve HY(Q), forae. te(0,T),
Q T
n)\ <> n Z(n) n n n n
(VXM —eAxX™ + 8 — 0" (™) (&™) - x™) = o' (™) (6.29)
= - XNx")@™, ae. in Qr,
oy
>6<n =0, a..in I'p, (6.2g)
5(")( 0) =6 X™(,00=%" ae in Q (6.2h)
From (A3) and (3.2), we obtain by a density argument:
Hg o g(n)HL2(0,T;L2(Q)) + H“ o ﬁ(n)HLz(o,T;H%(F)) n—s00 0. (6.3)

In the sequel, C;, for ¢ € N, will always denote positive generic constants, independent of
n.

We find, from (5.5), (5.10), (5.13), (3.3a), and (A4):

Ha ") <C, (6.4

I Hy(")
()

7(n)
H1(0,T;V*) N L>(0,T;LY (Q)) + Hu HL2((LT;V)

L= (0,T;V* N Lt
o(n) 3An)
HX HHl(O,T;L2(Q))ﬂC([O,T};Hl(Q))ﬂLz(O,T;H2(Q)) + HX HLoo(o,T;Hl(Q))mLZ(o,T;HZ(Q))

< Cs. (6.5)
L2(0,T;L2())

n =(n)
+ HK( )HLoo(o,T;Hl(Q))nL2(0,T;H2(9)) + Hf

The difference between the different approximations can be estimated, by using (5.5),
(5.10), and (5.18):

| 5" < Cyhumax (H™) —— 0, (6.6)

L2(0,T;V*) n—00

~(n —(n n o\ X" |
HX( )X )HL2(0,T;L2(Q)) + HK( )X )HL2(0,T;L2(Q)) + HX( - K( )HLG(O,T;HI(Q))
< Cihuns (H(n)) .. (6.7)

n—o0

Thanks to the estimates (6.4)—(6.5), compactness arguments (see, e.g. [38, Prop. 23.7,
23.19, Prob. 23.12]), (6.6), and (6.7), we get a subsequence {74}, and functions u, x,§ :
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Qr - Rand 0 :(0,7) — V*, such that we have the convergences

gne) —— 6, weaklyin H'0,T;V"), (6.8)
g — 9, weakly—star in  L*°(0,T; V™), (6.9)
(™) ——u,  weakly in L2(0,T;V), (6.10)
X —— X,  weakly in HY0,T; L3(Q)) N L*(0,T; H*(R)), (6.11)

weakly-star in  L>(0,7; H*(Q)), (6.12)
) X weakly in  L*(0,T; H*(Q)), (6.13)
g ——&  weakly in L*(0,T; L%(2)). (6.14)

Now, we will show that (6, u, x,€) is a solution to the Penrose-Fife system in the weak
formulation (PF)". Thanks to the convergences above, we see that (2.14a) and (2.6b) are
satisfied.

Because of (6.5), the Aubin Lemma as in [35, Corollary 8| implies that the sequence
{x()}, ., is relatively compact in L8(0,T; H'(2)). Therefore, by (6.11),

) —— x, strongly in  L%(0,T; H'(Q)). (6.15)

k—o0

Recalling (6.7) and the continuous embedding of H*(€2) in L%(Q2), we deduce that

X™ ——x,  strongly in L°(0, T; H'(Q)), (6.16)

— k—o0

strongly in  L%(Qr). (6.17)

Thus, we can extract a subsequence {ny, },.,, from {ng}, ., such that we have a.e. cconver-
gence for X(”’“) and VX(”’@). Now, we can assume without losing generality that already
{n&}ren has been chosen in such a way, that these convergences are satisfied, i.e., we have

x™) —— x, a.e. in (6.18)
- k—o0
V() — Vx, a.e.in . (6.19)
- — 00

Hence, by applying the generalized Lebesgue dominant convergence theorem (see, e.g., [1,
A-1.26]), (5.2), (6.17), and (A5), we conclude that

N (x () — N (x), strongly in  L%(Qy), (6.20)
- —» 00
o' (x™)) — o' (x), strongly in  L%(Qy), (6.21)
- —» 00
C(Vx™) — ¢(Vx), strongly in  LP(Qr), V1<p < oo. (6.22)
- —00
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Combining this with (6.11), Holder’s inequality, (6.10), and (AP.1), we observe

X (x ™) ——s —— N()x;,  weakly in L2(0,T; L? (), (6.23)
—00
X(™)a" —— X(x)u,  weakly in L2(0,T; L3(Q)), (6.24)
C(Vx)R™ )—>C(Vx)xt, weakly in  L*7°(0,T; L*7°(Q)), V0<d< 1.

(6.25)

Thanks to (A2), (6.7), and (6.21), we have

—U"(K(”’“))(X(”")—K(”"))—0'( (”k)) — —d’(x), strongly in L?(0,T; L*(Q)). (6.26)

k—o0

[

Applying (6.2¢), (6.8), (6.23), (6.10), and (6.3), we deduce that

o 0t), Oy + [ XD xltvde — (u(t), o)y
Q (6.27)
= /g( Jvde — /u(t)vda Vve HY(Q), forae. te(0,7),

Hence, by (2.8) and the equivalence of V' and H'(2), we conclude that (2.6d) is satisfied.

Recalling (6.2f), (6.25), (6.13), (6.14), (6.26), and (6.24), we conclude that (2.6e) is satis-
fied.

Moreover, (6.2g) and (6.13) produces (2.6f), and (2.6g) is satisfied because of (6.2h), (6.8),
and (6.11).

Using (6.15), (6.7), and (6.14), we observe that

// () g dxdt—>//xfdxdt

Now, we combine this with (6.2d), (6.13), (6.14), and [3, Chap. II, Lemma 1.3], to show
that (2.14c) is satisfied.

Hence, it remains only to show that (2.14b) is satisfied to prove that (6,u,x,&) is a
solution to the Penrose-Fife system in the weak form (PF)*. This is done by following
the calculations in [23, (4.10)—(4.16)].

Inserting v = F~10(¢) in (6.2¢), we get, by (2.10) and (2.11):

sooqi [P0+ [ra ORI OF 0 d - (Fa0,570),
. (6.28)
= [0P 00 d ~ [EOF 90 do, aein (0,2)
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Since V is compactly embedded in L3(Q2), the Aubin Lemma yields that H*(0,T;V) is
compactly embedded in C([0,T]; L3(£2)). Hence, the continuity of the map F~!: V* -V
and (6.8) yield that

F19") — 5 F=19,  strongly in C([0,T]; L*(2)). (6.29)

k—o0

Hence, integrating (6.28) from 0 to s € [0, 7] and using (6.23), (6.29), Holder’s inequality,
and (6.3) produce

S

ng) A(nk 1 2
V*+/( Fa™(2),00(6)) dt — ey |0(0)3-

0

A(nk()

_CO
2
s

/ / Nix “19(¢) dz dt + / / () F10(t) do — / W) F10(t) do | dt.

0 Q r
(6.30)

Inserting v = F(6(t)) in (6.27), integrating the resulting equation from 0 to s, and
applying (2.10), (2.11), (6.30), (6.6), and (6.4), we have proved that

8 S

o /(_Fﬂ(nk)(t)’g(”k)(t)>* dt — %Co ||9(s)|%, _|_/ (—Fu(t),0(t)), dt.

0 0

o7,

(6.31)
Hence, (6.8) yields that

s

lim sup / (~Fat), 8" 1) at < / (—Fu(t),0(t), dt, YVO<s<T. (6.32)
k—o0 *
0 0

Moreover, from (6.2d), (6.2a), and Lemma 2.1, it follows that
_Fa™(t) € 8,j@™M () in V*, forae te(0,T). (6.33)

Combining this with (6.9), (6.10), (6.32) for s = T, and [3, Chap. II, Lemma 1.3], we
deduce that (2.14b) is satisfied. Hence, we have shown that (0, u,x, &) is a solution to
weak formulation (PF)" of the Penrose-Fife system.

Thanks to (2.14b), (6.33), (6.9), and (6.10), we observe that

8

0 < lim inf / (—Fﬂ(”k)(t) + Fu(t), 8™ () - 9(t)) dt

k—o0

k—o0

— lim inf / (—Fa("k)(t),é("’“)(t))* dt — / (—Fu(t),0(t), dt, VO<s<T.



Hence, (6.31) and (6.32) lead to

[ — @I, vse o,

V* k—oo

Therefore, we get form (6.8)

1/9\(”")(3) — 0(s), stronglyin V* Vse[0,T]. (6.34)
— 00

Since the sequence {1/9\(”’“)} of continuous functions from [0,7] to V* is uniformly
keN

equicontinuous by (6.4), we now recall Ascoli’s Theorem and the equivalence of the space
V* and H'(Q)", to show that (3.4) is satisfied. Moreover, (3.5)-(3.9) hold because of
(6.8), (6.10), (6.11), (6.12), (6.14), the equivalence of H!(Q2) and V and the equivalence
of V* and H'(Q)*. Hence, we have show the first assertion in Theorem 3.2.

In the sequel, we assume that (AG6) is satisfied. Hence, (5.19) yields that

< Cs. 6.35
L>(0,T;L2(Q)) b ( )

7

Combining this with (6.8), we observe by compactness, that (3.10) and § € L>°(0,T’; L?(2))
are satisfied. By Remark 2.4, we deduce that (6, u, x, £) is also a solution of the Penrose—
Fife system (PF).

This completes the proof of Theorem 3.2. O

A Appendix

For convenience, we list some inequalities and equalities used throughout this paper.

Lemma AP.1 (Young’s inequality). Fora >0, b > 0,0 >0, p > 1, q := z%’ it
holds

1 1 1 1
ab< —a® + =b?, ab< —o P VP 4 Zobl.
p q P q

Lemma AP.2 (Hélder’s inequality). For a bounded, open domain Q C RN with N €
N; D, DP1,D2 S [1)00]7 fl S LPI(Q), f2 S LPZ(Q)} wzth

1 1 1

pr Py P
we have fi - fo € LP(Q) and

11+ foll oy < illpos () 1721l oz ey -

Thanks to Sobolev’s embedding theorem, we have
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Lemma AP.3. For a bounded, open domain Q@ C RN with N € {2,3} and Lipschitz
boundary, and the norm ||-||,; on H'(Q) defined in Section 2, there are positive constants
C,, Cy such that

Wolll 2 o) = 10lzs) < Callvlizg) < CEllvlly, Vv e H'(Q), pe (0,6]. (AP.1)

The following classical elliptic estimate can be found in [2, Remark 9.3 d|.

Lemma AP.4. For a bounded, open domain Q C RN with N € N and 8Q smooth there
s a positive constant C such that
2

ov

on

H3(T)

[[l72(0) < € (IIAUIIiz(m +‘ + ||v||iz(m> ., Vve HX(Q). (AP.2)

In particular, for all v € H?(Q) with % =0a.e. onT,
2 2 2
[0l < € (18012200 + 101220y ) - (AP.3)

Elementary calculations lead to

Lemma AP.5. Forn € N, ag,aq,...,an, by,b1,...,b, € R, we have

n

Zai Zb] = <Z ai> <Z bl> — ij+1 Zai, (AP4)

=1 j=1
n 2 n 2 n
=1 j=1 i=1 i=1

Lemma AP.6. Let H be a Hilbert space with scalar-product (-, )y and norm ||-|| ;. Then

we have . 1 1
(0,0 = by = llally — 5 Bl + 5 llo— bl Va,be . (AP.6)

The next lemma follows from elementary analysis.

Lemma AP.7. Let a,b > 0 be given. Then there exists a constant C > 0, such that

gs+b|lns| <as—blns+C, Vs>0.
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