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Abstract: We study a large class of reversible Markov chains with discrete state space and
transition matrix Py. We define the notion of a set of metastable points as a subset of the
state space 'y such that (i) this set is reached from any point z € I'y without return to
z with probability at least by, while (ii) for any two point z,y in the metastable set, the
probability Tz_’y1 to reach y from x without return to z is smaller than al_vl < by. Under
some additional non-degeneracy assumption, we show that in such a situation:
(i) To each metastable point corresponds a metastable state, whose mean exit time can be
computed precisely.
(ii) To each metastable point corresponds one simple eigenvalue of 1 — Py which is essentially
equal to the inverse mean exit time from this state. Moreover, these results imply very
sharp uniform control of the deviation of the probability distribution of metastable exit

times from the exponential distribution.
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2 Section 1
1. Introduction

In a recent paper [BEGK] we have presented rather sharp estimates on metastable tran-
sition times, both on the level of their mean values, their Laplace transforms, and their dis-
tribution, for a class of reversible Markov chains that may best be characterized as random
walks in multi-well potentials, and that arise naturally in the context of Glauber dynamics
for certain mean field models. These results allow for a very precise control of the behaviour

of such processes over very long times.

In the present paper we continue our investigation of metastability in Markov chains fo-
cusing however on the connection between metastability and spectral theory while working
in a more general abstract context. Relating metastability to spectral characteristics of the
Markov generator or transition matrix is in fact a rather old topic. First mathematical results
go back at least as far as Wentzell [W] and Freidlin and Wentzell [FW]. Freidlin and Wentzell
relate the eigenvalues of the transition matrix of Markov processes with exponentially
small transition probabilities to exit times from “cycles”; Wentzell has a similar result for the
spectral gap in the case of certain diffusion processes. All these relations are on the level of
logarithmic equivalence, i.e. of the form lim, | € In(A{7) = 0 where € is the small parameter,
and A{,T; are the eigenvalues, resp. exit times. For more recent results of this type, see
[M,Sc]. Rather recently, Gaveau and Schulman [GS] (see also [BK] for an interesting discus-
sion) have developed a more general program to give a spectral definition of metastability in
a rather general setting of Markov chains with discrete state space. In their approach low
lying eigenvalues are related to metastable time scales and the corresponding eigenfunctions
are related to metastable states. This interesting approach still suffers, however, from rather

imprecise relations between eigenvalues and time-scales, and eigenfunctions and states.

In this paper we will put these notions on a mathematically clean and precise basis for
a wide class of Markov chains X; with countable state space I'y®, indexed by some large
parameter N. Our starting point will be the definition of a metastable set of points each
of which is supposed to be a representative of one metastable state, on a chosen time scale.
It is important that our approach allows to consider the case where the cardinality of My
depends on N. The key idea behind our definition will be that it ensures that the time it

4

takes to visit the representative point once the process enters a “metastable state” is very

short compared to the lifetime of the metastable state. Thus, observing the visits of the

5We expect that this approach can be extended with suitable modifications to processes with continuous
state space. Work on this problem is in progress.
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process at the metastable set suffices largely to trace the history of the process. We will then
show that (under certain conditions ensuring the simplicity of the low-lying spectrum) the
expected times of transitions from each such metastable point to “more stable” ones (this
notion will be defined precisely later) are precisely equal to the inverse of one eigenvalue (i.e.
T; = A\;7'(1 + 0(1))) and that the corresponding eigenfunction is essentially the indicator
function of the attractor of the corresponding metastable point. This relation between times
and eigenvalues can be considered as the analogue of a quantum mechanical “uncertainty
principle”. Moreover, we will give precise formulas expressing these metastable transition
times in terms of escape probabilities and the invariant measure. Finally, we will derive
uniform convergence results for the probability distribution of these times to the exponential
distribution. Let us note that one main clue to the precise uncertainty principle is that we
consider transition times between metastable points, rather than exit times from domains.
In the existing literature, the problem of transitions between states involving the passage
through some “saddle point” (or “bottle neck”) is almost persistently avoided (for reasons
that we have pointed out in the introduction of [BEGK]), except in one-dimensional situations
where special methods can be used (as mentioned e.g. in the very recent paper [GM]). But
the passage through the saddle point has a significant impact on the transition time which
in general can be neglected only on the level of logarithmic equivalence®. Our results here,

together with those in [BEGK], appear to be the first that systematically control these effects.

Let us now introduce our setting. We consider a discrete time” and specify our Markov
chains by their transition matrix Py whose elements py(z,y), z,y € I'y denote the one-step
transition probabilities of the chain. In this paper we focus on the case where the chain is
reversible® with respect to some probability measure Qn on I'y. We will always be interested
in the case where the cardinality of I'y is finite but tends to infinity as IV 1 oco. Intuitively,
metastability corresponds to a situation where the state space I'y can be decomposed into
a number of disjoint components each containing a state such that the time to reach one of
these states from anywhere is much smaller than the time it takes to travel between any two
of these states. We will now make this notion precise. Recall from [BEGK] the notation 77

for the first instance the chain starting in x at time O reaches the set I C 'y,

T}’Einf{t>0:XtEI‘X0:x} (1.1)

6E.g. the lack of precision in the relation Tay = O(1/(1 — (1 — A)?)) in [GS] is partly due to this fact.
"There is no difficulty in applying our results to continuous time chains by using suitable embeddings.
8The case of irreversible Markov chains will be studied in a forthcoming publication [EK].
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Definition 1.1: A set My C I'y will be called a set of metastable points if it satisfies
the following assumptions. For finite positive constants an, by such that, for some sequence

en 40, al_vl < enby it holds that

(i) For all z € Ty,
Priq, <717] >bn (1.2)

(i) For any x #y € My,
Plry <7f] < ay' (1.3)

We associate with each x € My its local valley

Az) = {ZGFN:IP[T;:TJZ\AN] = sup P[T;:TJZ\AN]} (1.4)
yeEMN
We will set
(z)
R,=—"_ 1.5
Qv (A@) (19
and
ry = max R, <1
rEMnN
e (1.6)
¢y = min R, >0
rEMN

Note that the sets A(x) are not necessarily disjoint. We will however show later that the
set of points that belong to more than one local valley has very small mass under Qn. The
above conditions do not fix My uniquely. It will be reasonable to choose My always such
that for all z € My,
Qn (z) = sup Qn(2) (1.7)
2€A(z)
The quantities P[7f < 77], I C My furnish crucial characteristics of the chain. We will

therefore introduce some special notation for them: for I C My and z € My\I, set

Ty = (P} <72])7" (1.8)
and
Tr= sup Tur (1.9)
zeMn\I

Note that these quantities depend on NN, even though this is suppressed in the notation.
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For simplicity we will consider in this paper only chains that satisfy an additional assump-

tion of non-degeneracy:

Definition 1.2: We say that the family of Markov chains is generic on the level of the set

M, if there exists a sequence ey | 0, such that

(i) For all pairs z,y € Mn, and any set I C Mn\{z,y} either T, 1 < enTy1 or Ty, 1 <

NIz 1.
(1) There exists m; € My, s.t. for all x € My\m1, Qn (z) < enQn (my).

We can now state our main results. We do this in a slightly simplified form; more precise
statements, containing explicit estimates of the error terms, will be formulated in the later

sections.

Theorem 1.3: Consider a discrete time Markov chain with state space I'y, transition
matriz Py, and metastable set My (as defined in Definition 1.1). Assume that the chain is
generic on the level My in the sense of Definition 2.1. Assume further that ryen|Un||Mn| |
0, and ryeneny 4 0, as N 1 oo. For every x € My set My(z) = {y € My : Qn(y) >
Qn ()}, define the metastable exit time ¢, = 73, (. Then

(i) For any x € My,
Bty = By Ty pyge)(1+o(1) (1.10)

(ii) For any x € My, there ezists an eigenvalue A\, of 1 — Py that satisfies

Ae

- 5 (1+o(1)) (1.11)

Moreover, there exists a constant ¢ > 0 such that for all N
o(1 — Py)\ Uzemn Ao C (ebn|Tn| 75 1] (1.12)
(here o(1 — Py) denotes the spectrum of 1 — Py ).

(153) If ¢, denotes the right-eigenvector of Pn corresponding to the eigenvalue A, normalized

so that ¢(x) = 1, then

Py <%, (1 +0(1)), if Plr¥ <7y, ] = €en
¢ (y) = M () P Ma() (1.13)
O(en), otherwise

(iv) For any x € My, for allt >0,

Plt, > tEt,] = e t1+M) (1 4 o(1)) (1.14)
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Remark: We will see that P[t¥ < 73, (z)] is extremely close to one for all y € A(z), with
the possible exception of some points for which Qn (y) < Qn (z). Therefore, the correspond-

ing (normalized) left eigenvectors ¥, (y) = 5 Qv (gjf?;?)’; W
zEI‘N z

equal to the invariant measure conditioned on the valley A(z). As the invariant measure Qp

are to very good approximation

conditioned on A(z) can be reasonably identified with a metastable state, this establishes
in a precise way the relation between eigenvectors and metastable distributions. Brought
to a point, our theorem then says that the left eigenfunctions of 1 — Py are the metastable
states, the corresponding eigenvalues the mean lifetime of these states which can be com-
puted in terms of exit probabilities via (1.10), and that the lifetime of a metastable state is

exponentially distributed.

Remark: Theorem 1.3 actually holds under slightly weaker hypothesis than those stated
in Definition 1.2. Namely, as will become clear in the proof given in Section 5, the non-
degeneracy of the quantities T}, r is needed only for certain sets I. On the other hand, if these
weaker conditions fail, the theorem will no longer be true in this simple form. Namely. in a
situation where certain subsets S; C My are such that for all z € S;, Ty 1 (for certain relevant
sets I, see Section 5) differ only by constant factors, the eigenvalues and eigenfunctions
corresponding to this set will have to be computed specially through a finite dimensional,
non-trivial diagonalisation problem. While this can in principle be done on the basis of the
methods presented here, we prefer to stay within the context of the more transparent generic
situation for the purposes of this paper. Even more interesting situations crating genuinely
new effect occur when degenerate subsets of states whose cardinality tends to infinity with
N are present. While these fall beyond the scope of the present paper, the tools provided
here and in [BEGK] can still of use, as is shown in [BBG].

Let us comment on the general motivation behind the formulation of Theorem 1.3. The
theorem allows, in a very general setting, to reduce all relevant quantities governing the
metastable behaviour of a Markov chain to the computation of the key parameters, 73, , and
R,, z,y € My. The first point to observe is that these quantities are in many situations
rather easy to control with good precision. In fact, control of R, requires only knowledge
of the invariant measure. Moreover, the “escape probabilities”, Tz_,?}, are related by a factor
Qn (z) to the Newtonian capacity of the point y relative to z and thus satisfy a variational
principle that allows to express them in terms of certain constraint minima of the Dirichlet

form of the Markov chain in question. In [BEGK] we have shown how this well-known fact
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(see e.g. [Li], Section 6) can be used to give very sharp estimates on these quantities for
the discrete diffusion processes studied there. Similar ideas may be used in a wide variety of
situations (for another example, see [BBG]); we remind the reader that the same variational
representation is at the basis of the “electric network” method [BS]. Let us mention that
our general obsession with sharp results is motivated mainly by applications to disordered
models there the transition matrix Py is itself a random variable. Fluctuation effects on the
long-time behaviour provoked by the disorder can then only be analysed if sharp estimates

on the relevant quantities are available. For examples see [BEGK, BBG].

In fact, in the setting of [BEGK], i.e. a random walk on (Z/N)?NA with reversible measure
Qn (z) = exp(—NFn(z)), where Fi is “close” to some smooth function F' with finite number
of local minima satisfying some additional genericity requirements, and the natural choice for

M being the set of local minima of Fly, the key quantities of Theorem 1.3 were estimated

as
by > cN~1/2 (1.15)
ry < cN %2
(1.16)
CN S CNd/2
Ty, = €O N=(@=D/2N[Fx (=" (2.9)=Fn (o) (1.17)

where z*(z,y) is the position of the saddle point between z and y. Moreover, under the
genericity assumption of [BEGK],
ey <e N° (1.18)

for some a > 0. The reader will check that Theorem 1.3, together with the precisions detailed
in the later sections, provides very sharp estimates on the low-lying eigenvalues of 1 — Py and
considerably sharpens the estimates on the distribution function of the metastable transition
times given in [BEGK].

Let us note that Theorem 1.3 allows to get results under much milder regularity assump-
tions on the functions Fy then were assumed in [BEGK]; in particular, it is clear that one
can deal with situations where an unbounded number of “shallow” local minima is present.
Most of such minima can simply be ignored in the definition of the metastable set M which
then will take into account only sufficiently deep minima. This is an important point in many
applications, e.g. to spin glass like models (but also molecular dynamics, as discussed below),
where the number of local minima is expected to be very large (e.g. exp(aN)), while the
metastable behaviour is dominated by much fewer “valleys”. For a discussion from a physics

point of view, see e.g. [BK].



8 Section 1

A second motivation for Theorem 1.3 is given by recent work of Schiitte et al. [S,SFHD)].
There, a numerical method for the analysis of metastable conformational states of macro-
molecules is proposed that relies on the numerical investigation of the Gibbs distribution
for the molecular equilibrium state via a Markovian molecular dynamics (on a discretized
state space). The key idea of the approach is to replace the time-consuming full simulation
of the chain by a numerical computation of the low-lying spectrum and the corresponding
eigenfunctions, and to deduce from here results on the metastable states and their life times.
Our theorem allows to rigorously justify these deductions in a quantitative way in a setting

that is sufficiently general to incorporate their situations.

The remainder of this article is organized as follows. In Section 2 we recall some basic
notions, and more importantly, show that the knowledge of T, , for all z,y € My is enough
to estimate more general transition probabilities. As a byproduct, we will show the existence
of a natural “valley-structure” on the state space, and the existence of a natural (asymptotic)
ultra-metric on the set Mp. In Section 3 we show how to estimate mean transition times.
The key result will be Theorem 3.5 which will imply the first assertion of Theorem 1.3. In
Section 4 we begin our investigation of the relation between spectra and transition times.
The key result there is a characterization of parts of the spectrum of (1 — Py) in terms
of the roots of some non-linear equation involving certain Laplace transforms of transitions
times, as well as a representation of the corresponding eigenvectors in terms of such Laplace
transforms. This together with some analysis of the properties of these Laplace transforms
and an upper bound, using a Donsker-Varadhan [DV] argument, will give sharp two-sided
estimates on the first eigenvalue of general Dirichlet operators in terms of mean exit times.
These estimates will furnish a crucial input for Section 5 where we will prove that the low-lying
eigenvalues of 1 — Py are very close to the principal eigenvalues of certain Dirichlet operators
(1 — Py)%i, with suitably constructed exclusion sets 3;. This will prove the second assertion
of Theorem 1.3. In the course of the proof we will also provide rather precise estimates on
the corresponding eigenfunction. In the last Section we use the spectral information obtained
before to derive, using Laplace inversion formulas, very sharp estimates on the probability
distributions of transition times. These will in particular imply the last assertion of Theorem
1.3.

Acknowledgements: We would like to thank Christof Schiitte and his collaborators for

explaining their approach to conformational dynamics and very motivating discussions.
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2. Some notation and elementary facts.

In this section we collect some useful notations and a number of more or less simple facts

that we will come back to repeatedly.

The most common notion we will use are the stopping times 7} defined in (1.1). To avoid
having to distinguish cases where € I, it will sometimes be convenient to use the alternative

quantities
o =min{t >0 : X, €I| Xy ==z} (2.1)

that take the value 0 if z € I.

Our analysis is largely based on the study of Laplace transforms of transition times. For

ICT x we denote by (Py)! the Dirichlet operator
(Py) = 1Py @ TR — T;.RPY I°=TpN\I (2.2)

Since our Markov chains are reversible with respect to the measure Q, the matrix (Py)! is

a symmetric operator on I7-£?(I"y, Qn) and thus
[|(Pn)T]] = max{|A| | X € o((Pn)")} (2.3)

where ||-|| denotes the operator norm induced by T7-¢?(T" 5, Qn ). For a point z € Iy, subsets
I,JCT'y and u € C, R(u) < —log||(Pn)™7||, we define

fo() SB[ Ipcr] =) e"Plrf =t < 7j] (24)
t=1
and
G% 5(u) for z¢1UJ,
Ki j(u) = E[e“”f Hafgfr;] = 1 for ze€l, (2.5)
0 for ze J\I

The Perron-Frobenius theorem applied to the positive matrix (Py)f implies that G% 7(u) and

Ky 7 (u) converge locally uniformly on their domain of definition, more precisely
—log||(Pn)!|| = sup{u € R| K7 (u) exists for all z ¢ I'} (2.6)

We now collect a number of useful standard results that follow trivially from the strong

Markov property and/or reversibility, for easy reference.

From the strong Markov property one gets:
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Lemma 2.1: Fiz I,J,LCTy. Then for all R(u) < —log||(Pn)!"7||

7,0(w) =G\ yur(v) + Z Gy rusun(WKT 5 (u), reln (2.7)
yeL

In the following we will adopt the (slightly awkward) notation Py F'* = 3 . Pn(z,2)F*

The following are useful specializations of the foregoing result which we state without proof:
Corollary 2.2: Fiz I,JCI'y. Then forz € 'y
e PyK?,(u) = G5 ,(u), =z ely (2.8)

and
(1 - e"Py)3,KF (u) = GF 4 (u), @ ¢IUJ (2.9)

where 0, denotes differentiation w.r.t. u.

The following renewal equation will be used heavily:

Corollary 2.3: Let ICTy. Then for all x ¢ I Uy and R(u) < —log ||(Px)TVY||

Gyrus(u)
G2 (u) = — Ll 2.10
y,I(u) 1— Gz,[Uy(u) ( )

finally, from reversibility of the chain one has

Lemma 2.4: Fizz,y €'y and ICTy. Then

QN("‘C)G;:,IUE =Qn (y)G?aJ:,IUy (211)

The next few Lemmata imply the existence of a nested valley structure and that the
knowledge of the quantities 73, ,, and the invariant measure are enough to control all transition
probabilities with sufficient precision. The main result is an approximate ultra-metric triangle
inequality. Let us define (the capacity of z relative to y) E(z,y) = Qn (¢)T,,. We will show
that

Lemma 2.5: Assume that y,m € 'y and JCT§\y\m such that for 0 <6 < &, E(m, J) <
dE(m,y). Then

1-25 _ E(m,J) 1
< <

=5 = B(y,J) ~1-9 (2.12)
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Proof: We first prove the upper bound. We write

moom NN W@ e o
]P)[TJ < m] ;QN(m)P[m< J]

Now
HD[ <, Um]

Birs, < 73] = Blrs, < 7,75 < 73] +Blrt, < oy pr o
JUy m

Now by assumption,
iy <] _ Pl <]
Plrity <7l = Plrr <]

Inserting (2.15) into (2.14) we arrive at
Plry, <75l < Plry < 715,70 < 75|+ 0P[1,, < T7,,] S Plr] < 77]+0P[r;, <T]]

Inserting this inequality into (2.13) implies

1 Qn (y)
Qn (m)

We now turn to the lower bound. We first show that the assumption implies

Pr* <] < (1-=46)" Pl < ol

Plr¥ < Y] < (1 —0)"!

Namely,
Plr7* < 10 ]>IP’[ < P <Th = [m<7’ﬁ,m]ﬂb[r§’<ﬁg]

But

Pl < mjlm] =Py < ] = Pl7" < 1" < 73]
> Plr,* <] = Plry* <1
2 Plr," <7mpl(1-9)

where the last inequality follows from the assumption. Thus
Plry < 7] > Pl <t P[5 < 75](1 - 6)

Solving this inequality for P[7§ < 7%], the assumption yields (2.18).

We continue as in the proof of the upper bound and write for z € J, using (2.18),

Plry < 77] =Plry < 713,75 < 77] + Py < 770,IP[1 < 74]

< Plrs <75+ Plry <75]6(1—8)""
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(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)
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proving

P, <TJ]§IP’[Tm<TJ]1_26

Inserting (2.23) into (2.13) for m = y and, using once more (2.13) in the resulting estimate,

(2.23)

we obtain
Plry < 7Y < % %’; ((’;))IP[T;" < (2.24)
which yields the lower bound in (2.12). ¢
Corollary 2.6: Assume that z,y,z € My. Then
B(z,y) > 5 min (B(z, 2), B(z,)) (225)

Proof: By contradiction. Assume that E(z,y) < i min(E(z, z), E(z,y)). Then E(z,y) <
%E(x,z), and so by Lemma 2.5,

1 _FE

- < (,9) < 3 (2.26)
27 E(z,y) 2

and in particular E(y, z) < 2E(z,y), in contradiction with the assumption.
If we set 0 B(z,y) it oo
—In E(z,y), if =z
e(z,y) = { vho T ery (2.27)

0, if z=y

then Lemma 2.5 implies that e furnishes an “almost” ultra-metric, i.e. it holds that e(z,y) <
max(e(z, z),e(z,y)) + In3 which will turn out to be a useful tool later. We mention that in
the case of discrete diffusions in potentials, the quantities e(x,y) are essentially N times the

heights of the essential saddles between points z and y.

The appearance of a natural ultra-metric structure on the set of metastable states under

our minimal assumptions is interesting in itself.

A simple corollary of Lemma 2.5 shows that the notion of elementary valleys, A(m), is

reasonable in the sense that “few” points may belong to more than one valley.
Lemma 2.7: Assume that z,m € My andy € I'y. Then
Py, <1¥]>€ and Pr¥ <71l]>¢ (2.28)

implies that
Qn (y) < 2¢7'Qu (M)P[r"* < 7] (2.29)

We leave the easy proof to the reader.
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3. Mean transition times

In this chapter we will prove various estimates of conditioned transition times E[7]|7f <
7%], where I U JCMpy. The control obtained is crucial for the investigation of the low lying
spectrum in Chapters 4 and 5. In the particular setting of the paper [BEGK], essentially the
same types of estimates have been proven. Apart from re-proving these in the more abstract
setting we consider here, we also present entirely different proofs that avoid the inductive
structure of the proofs given in [BEGK]. Instead, it uses heavily a representation formula for
the Green’s function (which first appeared in Section 3, Eq. (3.12) of [BEGK]®). While the
new proofs are maybe less intuitive from a probabilistic point of view, they are considerably

simpler.

Theorem 3.1: Fiz a nonempty, irreducible, proper subset QCT . Let (1— Py)?" denote
the Dirichlet operator with zero boundary conditions at 2°. Then the Green’s function defined
as G (z,y) = (1 — Py)¥) ', (z), z,y € Q, is given by

~ Qn(y) Plo¥ < 7]

~ Qo) Pl <vz]  PYED (3:1)

Gy (z,y)

Proof: This theorem follows essentially from the proof of Eq. (3.12) of [BEGK]. Using e.g.
the maximum principle, it follows that (1 — Py)" is invertible. From (2.8) we obtain, using
(2.5),
(1= Pn)¥ K2 0.(0) = L (y)GEe ,(0) (2,5 €9Q) (3.2)
This function serves as a fundamental solution and we compute for z,y € €2, using the
symmetry of (1 — Py)%,
Qv (2)Ge 2 ()G (z,5) =((1 ~ Pw)™ K, 00(0),GR (- 9)on
=(K{0-(0), (1 = Pw)™ G () (3.3)
=Qn (¥)K; - (0)
This proves (3.1).$
Remark: Observe that (3.1) still makes sense for z € Q and y € 99, where we define the
boundary 01 of a set ICI'y to be
dl={zel°|3yel: Pn(y,z)> 0} (3.4)

9More recently, the same formula was rederived by Gaveau and Moreau [GM] also for the non-reversible

case.
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For such z and y reversibility (2.11) and the renewal relation (2.10) for u = 0 and I = Q°
imply
G%C (z,y) = Plry = 18] (z € Q,y € 00) (3.5)

Based on Theorem 3.1 we can derive an alternative representation of a particular h-
transform of the Green’s function with h(y) = P[rj < 7] that will prove useful in the

sequel.

Proposition 3.2:For every nontrivial partition IUJ = Q° such that I and J are not empty

and I\J communicates with Q@ we have

T r]— ¢ P[Jz < T}:|Tlm S T;]
Plr7 < 77] 1G% (xay)P[T}l < TZJJ] = .

AQC(xay)a T,y €N (36)

Plrd. < 4]
where y
Plrge < iflPlogeuy < 77]
Aqe = Y Y a Q 3.7
@) g <zt <ml 0¥ C -0
Furthermore,
1
3< Aqe(z,y) <3 (3.8)

Proof: (3.6) is a straightforward calculation that uses the renewal equation (2.10), reversibil-

ity, and the strong Markov property. Indeed, by (3.1) the left-hand side of (3.6) equals

Qn (y)Ploy < 7 |Pr} < 7))
Qn (z)Ploge < 7 [Plr < 75]

(3.9)

By the renewal equation, this equals

Qn (y)Plo¥ < 7oy, P[r] < 73]
Qv (2)P[78.,, < To]Pl0&. < T2|P[rF < 72]

(3.10)

which by reversibility turns into

Ploy < 1geus|Plrf < 7]
Plrgeus < lPloge < m2|P[rf < 75]
_ Ploy < 18 |Plogey, < TYIPITY < 78 ]P[r] < 75] (3.11)
P[rgeu, < ]P0 < 7Z|P[rf < 73] '
Ploy < 7|7 < 17]P[0ge, < TYIP[TY < 10c]
- Plrg.y, < T IPlog. < 72]
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where the last identity uses that by the strong Markov property
Ploy < 77,77 < 73] =Ploy, <17 < 73] = Ploy < 17,7]P[r{ < 715] (3.12)

(3.11) immediately implies (3.6).

We now turn to the proof of the bound (3.8). Since Agqe(z,z) = 1 it is enough to consider
the case where ¢ # y. Moreover, since Aqc(z,y) = m, an upper bound Ag(z,y) < 3

will immediately imply the claimed lower bound.

The basic input here is the observation that a path from y to Q¢ either visits a point x or
it does not, yielding, together with the strong Markov property
Plrg. < 7] =P[1g < Tauy] + Pl < 78 < o ( )
3.13
=P8, < Tau,) +PlrY < Tgcuy]P[Téc <]
Using this identity for the first factor in the numerator of (3.7), we obtain that Ag.(z,y) can
be written as Aq<(z,y) = (I) + (II) where

Plrd. < T;/Uy]]P[TSCUy <7Z  Plrd. < Tg]P[TSCUy < 7¥]
Plrge < 12P[Thes, < T Plrg. < 72]

(1) = (3.14)

The renewal equation was used in the second equality. Decompose the event in the second

factor of the numerator and use (3.13) in the denominator. This yields

]P)[TS%C < Tg] (]P)[TSC < T;Uy] + ]P)[Tg:j < TSCUE])

I = <Plrg.<t¥]+1<2 3.15
O = g, < iyl + g < e PI. < 72] e <TIHLS (3.15)
For (IT) we get
Plry < 18, P[7&E: < 72, |P[T&e L, < TE PlrY < 180, |P[TE. < TZ
11y P < PR < T2 Pl < 78] Pl < b Pl <)
P[Tﬂcuy < TE|PITEe < TEIP[Tde , < T4 ) P7&. < 12|P[T8cie < T4 )

The bounds (3.8) are now obvious. {

The representation (3.6) for the Green’s function implies immediately a corresponding
representation for the (conditioned) expectation of entrance times 7f. To see this, recall

from (2.9) for u = 0 that
(1 - Py)YE [aﬁﬂwsag}] =P <Y, y¢lud (3.17)

This yields immediately the
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Corollary 3.3: LetI,JCIy. Then for allz ¢ TUJ

Elrf|rf <75]l= Y. Plrf <757'GR (z,y)P[rf < ]
y€e(IuJ)e
3.18
s Qv Flot < rf ] Flrt < 7] (3.18)
oz Qv (@) Bl < 2] Blrf < 73]
A first consequence of the representation given above is
Corollary 3.4: Fiz ICMpy. Then for all z € Ty
Elr7 |7 < sl < 303 T ] (3.19)
In particular,
E[754y ] < 303 [T (320)
Proof: Using (3.7) in (3.19), we get that
Ploy < 1f|7f < %4 1]
Brflrf <mied = Y, o Aay(@y)  (3:21)
PlT34 < T4]
yel'n\Mn N

Using the lower bound (1.2) from Definition 1.1 together with the upper bound (3.8), we get

E[r2re < T;AN\I] <3yt Y Plot < < i) (3.22)
yern\ My

from which the claimed estimate follows by bounding the conditional probability by one'°.

The special case I = My follows in the same way, with the more explicit bound

B}y, < 3by' Z Ploy < Thy] (3.23)
yel'n\Mn

This concludes the proof of the corollary.{
Theorem 3.1 allows to compute very easily the mean times of metastable transitions.
Theorem 3.5: Assume that J C My, € My, and z,J satisfy the condition

Ty g =Ty (3.24)

107t is obvious that in cases when || = oo this bound can in many cases be improved to yield a reasonable
estimate. Details will however depend upon assumptions on the global geometry.
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Then

i = L) (o (Tl )

J = Qn (.’,C)P[T}: < byan

Proof: Specializing Corollary 3.3 to the case J = (), we get the representation

e 1
Er7 = Qv (@)P[ <72 %QN oy <j]

We will decompose the sum into three pieces corresponding to the two sets

Qo =I'n\A(2)\J

The sum over 2; gives the main contribution; the trivial upper bound

> Qv()Ploy <1< > Qn(y)

ye ISV

is complemented by a lower bound that uses (we ignore the trivial case £ = y where

Plog <75]=1)

P[TY < 1¥]
By Lemma 2.5, if P[r§ < 77] < $P[r¥ < 72], then
< 3Qn(2)
P[7Y < Ty Plr7 <75
so that = ]
Piry <7y IMn|
v ) = < 3O (@) g
On the other hand, if P[r§ < 72] > 3P[r¥ < 2], then
[TJ < Tm] Mn|
< —_— = -
Thus
Y Y |MN|
> Py <rj)> ) Qu(y) - 3l4(@)Qn (=) —~

yE yEQ;

— Qu(A()) (1 ~314(x) R, 'M”')

byvan

17

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)

(3.33)
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We now consider the remaining contributions. This is bounded by

1
= . Inm (3.34)
QN (x)P[T‘] < TE] EM\z
where
Lp= Y ILun@= Y, Qn(yPlbY <y (3.35)
yEA(m)\J yEA(m)\J

Assume first that y is such that
(CJ) Qn(Y)P[ry < 7] ~ Qn (M)P[7]* < 7/7] and
(Cx) Qu (y)P[r¥ < 7] ~ Qn (m)P[r;" < ;7] hold,

where we introduced the notation a ~ b < 3 < ¢ < 3. Then

1
3

Plry" < 7]

L. <9 3.36
(y) < QN(Q)P[T},L <] (3.36)
There are two cases:
l Qn (m)P[r7" <t 7] 3
(i) If E(m,J) < 3E(m,z), then by Lemma 2.5, ) QN @Plre<raT <3or
3 T 3
Qv (m) < SQu (2) 75 < en>Qu (2) (3.37)
2 Te,r 2
Hence On (v)
Y 3
L. < < —R, A 3.38
(1) < @ (5) < g Vprsen s Ry (A(a) (3.38)

(i) If E(m,J) > $E(m,z), then E(z,J) > $E(m,z) or Qn (z)P[r7 < 72] > $Qn (m)P[r* <

x
] so that

Qn (¥)Qn () Trn,s < 97enR

L) <2020 Ty~ Ty < 2N ey ()

Qn (A(z)) (3-39)

Finally we must consider the cases where (CJ) or (Cx) are violated.
(iii) Assume that (Cx) fails. Then by Lemma 2.5, P[7." < /%] > 3P[r;* < 27| which implies
that

Lm(y) < Qn (y) < 3Qn (m )% < 30y (m)P[T;” < TmlIMn |

Plrm < ma]lMnl _ 3IMN| g o (a(2)

by (3.40)

< 3Qn ()

by ~ byan
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(iv) Finally it remains the case where (CJ) fails but (Cx) holds. Then P[r} < 7¢] > $P[r¥, <

Tfj] > % and Qn (y)P[r¥ < T;j] < %QN (m)P[r* < 1] = %QN(.'L')]P[T;';L < 72]. Thus

L,,(y) satisfies equally the bound (3.40).

Using these four bounds, summing over y one gets

Ly, <27Qn (A(z)) max <eNRmR,;1, M&) (3.41)
bNaN

Putting everything together, we arrive at the assertion of the theorem.{
Remark: As a trivial corollary from the proof of Theorem 3.5 one has

Corollary 3.6: Letx € My and J C My(z). Then the conclusions of Theorem 3.5 also
hold.

Finally, we can easily prove a general upper bound on any conditional expectation.
Theorem 3.7: For anyx €'y and I,J C My,
E[rf|rf <3< C  sup (RnPlrin; <7m])~" (3.42)

meMN\I\J

To prove this theorem the representation of the Green’s function given in Proposition 2.2

is particularly convenient. It yields

Z P[a;’ <ttt < 7F]

E[rflr < 73] = T
IuJ Yy

Arus(z,y) (3.43)
yerN\I\J

Note first that the terms with y such that P[7},; < 7¥] > dby yield a contribution of no more

than | n|(dby)~! which is negligible. To treat the remaining terms, we use that whenever

()
On(

(m

y))IP’[T}’LjJ < 1. Thus

y € A(m), Lemma 2.5 implies that P[r},; < 7] >

Bl <rg < SEvl gy 3 Q) Ploy < i < 7]
0bN mEMN\I\J yEA(m) Qn(m)  Plryy <7l

3| L1
SEN L SR -~
dbn me%\l\l Plriur < miml

(3.44)

IN

from which the claim of the theorem follows by our general assumptions. Note that by very

much the same arguments as used before, it is possible to prove that

P[a; <7rlrf <77 < (1 +8)Ploy, < 77|77 < 7F] (3.45)
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which allows to get the sharper estimate

3| P
Bl <3< ShNl S 304 g

0by meMn\I\J

oy < TrlT7 < 75
Pl <tml

(3.46)

¢

We conclude this section by stating some consequences of the two preceding theorems that

will be useful later.

Lemma 3.8: Let I, m satisfy the hypothesis of Theorem 3.5. Then

max Efry] = Elr"] (14 O(T1um/Tr)) (3.47)

Moreover, we have
m m m
E[rpm, i < 177

2 =E[r" (1 — O(Trum/T 3.48
por i = Bl )(1— O /1) (3.49)

In particular,
Elrm mme < 1% = Ryt (L + O(Trom/Tr)) (3.49)

Proof: Decomposing into the events where m is and is not visited before I, and, using the

strong Markov property, one gets
Elrf] =Plrf < moBlrr |7 < ] + Plry, < 77](Elry, |7, < 7]+ Elr7"]) (3.50)

Using Theorems 3.5 and 3.7, this implies (3.47) readily. In the same way, or by differentiating

the renewal equation (2.10), one gets

Elr*] = Bt | <m0 ] + (3.51)

Bounding the first summand on the right by Theorem 3.7 gives (3.48). Using Theorem 3.5
for the right hand side of (3.48) gives (3.49). ¢
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4. Laplace transforms and spectra

In this section we present a characterization of the spectrum of the Dirichlet operator
(1 — Py)!, ICMy, in terms of Laplace transforms of transition times (defined in (2.4) and
(2.5)). This connection forms the basis of the investigation of the low-lying spectrum that is
presented in Section 5. To exploit this characterization we study the region of analyticity and
boundedness of Laplace transforms. As a first consequence we then show that the principal
eigenvalue for Dirichlet operators are with high precision equal to the inverse of expected
transition times. A combination of these results then leads to the characterization of the

low-lying spectrum given in the next section.
For any JCM y we denote the principal eigenvalue of the Dirichlet-operator P, by
A; = mino((1 — Py)”) (4.1)
For I, JC My we define the matrix

G1,5(4) = (Smrm — G (u)) (4:2)

m' ,meJ\I

where J, , is Kronecker’s symbol. We then have

Lemma 4.1: Fiz subsets I, JCMp such that J\I # 0 and a number 0 < A=1—e""* <
)\[UJ. Then
AE 0'((1 — PN)I) < det gI,J(U) =0 (43)

Moreover, the map ker Gr y(u) > 6+ ¢ € ;RN defined by
= Z Sm K, g0 (W), zely (4.4)
meJ\I

is an isomorphism onto the eigenspace corresponding to the eigenvalue \.

Proof: Assume that ¢ is an eigenfunction with corresponding eigenvalue A < Aryy. We
have to prove that Gy j(u) is singular. In view of (2.6) the condition A;y; > A implies that
qz defined below is finite.

b= d(m)KE (), weTy (4.5)
meJ
Furthermore, (2.8) and (2.5) imply for z € 'y

e'(1-Py—(1—e")d(@) = (1—e"PN)3@) = 3 e 3 O0m) (Buutm — Giogiis ()

m'eluJ meJ



22 Section 4

Let A=¢— <;~5 We want to show A = 0. Obviously, we have A vanishes on I U J and <;~5 on

I. Combining (4.6) with the eigenvalue equation for ¢ and the choice of u, we obtain

(1= Pyn)"Y7 A = Tpupye (1 — Py) A = Ly gy ((1 —Py)l¢—(1- PN)&)

— Tun-(Ad— (1 —e)d) = AA

(4.7)

Since A ¢ o((1—Py)™7), we conclude A = 0. Replacing ¢ by ¢ in (4.6) and, using A = 1—e™*
again, gives

0= bme 3 0m) (Spm — Grirs(w)), @€l (4.8)

m'eluJ meJ

Choosing =z € J\I yields that (¢(m))mes\r € kerGr s(u) and the right-hand side of the
equivalence in (4.3) follows. In particular, we have proven that the restriction map ¢ —
(#(m))mes\1 defined on the eigenspace corresponding to A is the inverse of the map defined
in (4.4).

For the converse implication we note that for A < Arys the entries of the matrix Gy, y(u) are
finite. We replace (¢(m))mes\r in (4.5) by the solution @ of the linear system g,,J(u)qS' =0
and deduce from (4.6) and (4.8) that X is an eigenvalue with eigenfunction ¢. <

As a first step we now derive a lower bound on these eigenvalues, using a Donsker-Varadhan

[DV] like argument that we will later prove to be sharp.

Lemma 4.2: For every nonempty subset JCM y we have

As rfg}( E[r7] > 1 (4.9)

Proof: For ¢ € R'~ we have for all z,y € 'y and C > 0

$(y)(z) < 5(¢(2)*C + ¢(y)*/C) (4.10)

N | =

Thus choosing C = 9(y)/v¢(z), where 1 € RI'™N is such that ¢ (z) > 0 for all z € supp ¢, we

compute, using reversibility,

(PN®, $)on S% Y Qu(z)Pr(z,y) (@) ($(y)/¢(2) + () (¥ (z) /%))

zyyer‘N

= Y Ovle)p HEUNY <¢<PL¢>’¢>@N

= ¥(z)

(4.11)
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Let ¢ be an eigenfunction for the principal eigenvalue and set (z) = E[o%], € I'y. Invoking

(2.9) for u =0 and I = J we get

Alol15y = (6/%, d)oy (4.12)

which in turn gives the assertion. <

We now study the behavior of Laplace transforms slightly away from their first pole on

the real axis.

Lemma 4.3: Fiz nonempty subsets I, JCMpy. Let G7,; be the Laplace transform defined
in (2.4). It follows that for some ¢ > 0 and for k = 0,1 uniformly in 0 < R(u), |S(u)| <
¢/(enTrug) and z € 'y

0,G7,5(u) = (1+ O(lulenT105)) 9,G7 4 (0) (4.13)

Proof: By (2.6), we know that G ;(u), = € I'n, are finite for all u such that 1 — e R <
)\Iuj. Put
() = Kpy () (4.14)

(2.8) and (2.9) imply that for £ =0, 1,
(1— Pn) "7 (8,0,)F Ko = (1 — e™)EK L) (u) + 6,1 Ko (4.15)

We first consider the case where k& = 0. Using (3.6), we get from (4.15) forallz ¢ T U J

G (w) Ploy <77lrf < 77] G7.(u)
o =14 (l—e Y Aoy, ’ 4.16
G, 1O 2 gy Avever (19
’ yg¢IuJ ,
where Ajyy is defined in (3.7). Setting
kG2 (u
My k(u) = max M (4.17)

e¢1us  G§ ;(0)
d, using that 225250 _Elre|7e < 2], we obtain from (4.16) that for 1 — e~%() < A
and, using that —g="5;" = (77 |Tf < 7%], we obtain from (4.16) that for 1 —e < Arug

1—[1—e™|Mno(u)Mn,1(0) < Myo(u) < 1+[1—e™"|Mp,o(u)Mn,(0) (4.18)

But by Theorem 3.7 we have a uniform bound on My ;(0), and this implies (4.13) for z ¢ TUJ.
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For k =1 (4.15) gives

8UG§,J(U) _ 8UG§,J(0) Z Ploy < 77|Tf < 77]

_ 611(;?;,](“) GZ;,J(U)_ )
G7,5(0) G7,5(0) Plrrus < 7y]

Arus(z,y) ((1_6_u) GY ;(0) "~ GY ;(0)

ygIuJ
(4.19)
and the same arguments together with (4.13) for ¥ = 0 show, for some ¢ > 0 and all
0 < R(u),|S(u)| < cc™ Ty, that
My 1 (u) < My,1(0) (1+ O(JulenTrus)) + 11 — e |Mn,1(u) Mn,1(0) (4.20)
In particular, we conclude that on the same set,
MN,l(u) = O(MN,l(O)) = O(CNTIU_]) (421)

Inserting this estimate into (4.19) (3.18) and (4.13) for ¥ = 0 again gives for all 0 <
R(w), [S(u)| < cenTrus

8UG:;,J(U)
G7,5(0)

B 0u.GT 4 (0)
= (14 OulenTon) gz o = #1UJ (4.22)

which yields (4.13) for k=1and z ¢ T U J.

The remaining part, namely z € I U J, follows by first using (2.8), respectively (2.9), to
express the quantities 9% G7 ; in terms of ok G?;’ ; with y ¢ TUJ and then applying the result
obtained before.

We now have all tools to establish a sharp relation between mean exit times and the

principal eigenvalue A; of Pf. Set ur = —In(1 — A\;). We want to show that
G y(ur) =1 (4.23)

Indeed, this follows from Lemma 4.1 with J = I U {m}, m € My, if we can show that
Ar < Arum- Now it is obvious by monotonicity that Ay < Aju.,,. But if equality held, then
by (2.6), limyy, G, ;(u) = +o00; by continuity, it follows that there exists u < uy such that
G, r(u) = 1, implying by Lemma 4.1 that 1 —e™ < A7 is an eigenvalue of Pf;, contradicting
the fact that A; is the smallest eigenvalue of PJ{,. We must conclude that A\; < Ajum and
that (4.23) holds.

Theorem 4.4: Fiz a proper nonempty subset ICMy. Let m € My\I be the unique local

minimum satisfying Ty = Ty, 1. Then

At = (1+ O(Trum /Tr)) Elr"] ! (4.24)
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In particular,
Al = }2mTI_1 (1 + 0(€N|FN| + |FN|/(eNaNbN))) (4.25)

Proof: Using that for z > 0, e® > 1 + z, for real and positive wu,

m () = B[ e JIT;g<r,m] > Pl < 77"] + uE [0 T < (4.26)

m,I
Using this in (4.23), we immediately obtain the upper bound

m m
< Pl < 7]

_— 4.27
= Blmlger) 20

Using now Lemma 3.8 to bound the right hand side, gives the upper bound of (4.24). The

lower bound is of course already contained in Lemma 4.2. {

The a priori control of the Laplace transforms given in Lemma 4.3 can be used to control
denominators in the renewal relation (2.10) which will be important for the construction of
the solution of the equation appearing in (4.3). We are interested in the behavior of Go1

near uj.

Lemma 4.5: Under the hypothesis of Theorem /.4 there exists ¢ > 0 such that for all
0 < R(u) < c¢/(enTrum)

mi(u) —1=E [Tﬂ”;]IT;Ln<T;n] (u —uy + (u— uI)Z(’)(cNTIUm)) (1.28)
= (]_ + O(GN))RT_Hl (u —ur + (U - U1)2O(CNT[Um))

Proof: Performing a Taylor expansion at u = uj to second order of the Laplace transform
on the left-hand side of (4.28) and recalling (4.23) we get

m(u)—1= 6qu,,(u,) ((u —uy) — (u— u1)2R1(u)8uG%’I(u1)_l) (4.29)

m,I
where )
Ri(u) = / sé’ﬁ’l((l — S)ur + su)ds (4.30)
0

(4.29) then follows from Cauchy’s inequality combined with (4.13) and (4.25) which shows,
for ¢ > 0 small enough, C' < oo large enough, and all u considered in the Theorem, that

G ()] < G 1 (e/(enTrom)) <CenTromuGim 1 (¢/(enTium)) (431)
<C2enTiumd.G™ 1(0) '

where we used Lemma, 4.3. Using Lemma 3.8, the assertion of the lemma follows. <
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5. Low lying eigenvalues

In the present section we prove the main new result of this paper. Namely, we establish a
precise relation between the low-lying part of the spectrum of the operator 1 — Py and the
metastable exit times associated to the set M. Together with the results of Section 2, this
allows us to give sharp estimates on the entire low-lying spectrum in terms of the transition

probabilities between points in My and the invariant measure.

As a matter of fact we will prove a somewhat more general result. Namely, instead of
computing just the low-lying spectrum of 1 — Py, we will do so for any of the Dirichlet
operators (1 — Py)!, with I C My (including the case I = ). In the sequel we will fix
ICMpy with I # My.

The strategy of our proof will be to show that to each of the points m; € My\I corresponds
exactly one eigenvalue Al of (1— Py) and that this eigenvalue in turn is close to the principle
eigenvalue of some Dirichlet operator (1 — Py)¥, with I C ¥; C My. We will now show

how to construct these sets 3; in such a way as to obtain an ordered sequence of eigenvalues.
We set the first exclusion set ¥y and the first effective depth 77 to be
Yo=1 and Ty =Ty, (5.1)

where Tk, KCMy, is defined in (1.9). If I # 0, let m; be the unique point in M y\I such
that
Ty =Th (5.2)

If I = 0, let m; be the unique element of My such that Qn (m1) = max,em,y Qn(m).
For j =2,...,jo, jo = |[IMn\I|, we define the corresponding quantities inductively by
Yio1=Yj2Umj_; and T; =Ty, , (5.3)
and m; € My\X;_; is determined by the equation
Tn(mj,%j-1) =T; (5.4)

In order to avoid distinction as to whether or not j = jo, it will be convenient to set Tj,+1 =
bl_vl. Note that this construction and hence all the sets ¥; depend on N. An important fact is
that the sequence T is decreasing. To see this, note that by construction and the assumption
of genericity

T = Tml,2171 > €N Tmz+1,2171 > €N Tmz+1,21 = €N Tl+1 (5'5)
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The basic heuristic picture behind this construction can be summarized as follows. To each
j =1,...,j0 associate a rank one operator obtained by projecting the Dirichlet operator
(1 — Py)¥i-! onto the eigenspace corresponding to its principal eigenvalue As,;_, ~ Tj_l.
Note that our construction of ¥; as an increasing sequence automatically guarantees that
these eigenvalues will be in increasing order. The direct sum of these rank one operators
acts approximately like (1 — Py')! on the eigenspace corresponding to the exponentially small
part of its spectrum. Hence the difference between both operators can be treated as a small

perturbation.

Remark: We can now explain what the minimal non-degeneracy conditions are that are
necessary for Theorem 1.3 to hold. Namely, what must be ensured is that the preceding
construction of the sequence of sets is unique, and that the T, are by a diverging factor 61_\,1

larger than all other T 5. .

We are now ready to formulate the main theorem of this section. Let A;, j =1,...,|[I'n\I|,
be the j-th eigenvalue of (1 — Py)! written in increasing order and counted with multiplic-
ity and pick a corresponding eigenfunction ¢; such that (¢;); is an orthonormal basis of
T;£2(Tn,Qn). We then have

Theorem 5.1: Set jo = |[Mpy\I|. There isc > 0 such that the Dirichlet operator (1— Py )!

has precisely jo simple eigenvalues in the interval [0,cbn)|T n|, i.e.
a((1 = Pn)) N[0, ebn|Ta ™) = {As, .o, Ao} (5.6)

Define Ty = o0 and for j =2,... 750

Ti = min Ty, /T5 2 ey’ (5.7)
Then
A= (1+O(T; H + Tj41/T)))) A, (5.8)
where A\, KCMp, is defined in (4.1).
Moreover, the eigenfunction ¢; satisfies fork=1,...,5 —1
¢i(mi) = ¢;(m;)O (Rm; Ty ym; /T) (5.9)

Remark: Combining Theorem 5.1 with Theorem 4.4 and Theorem 3.5, we get immediately



28 Section 5

Corollary 5.2: With the notation of Theorem 5.1, for j =1,... ,jo that

-1
A = (14 O(T; + Tjsa/T)) E [ 57|
. (5.10)
= me]. (]. + (@) (|FN|(€N + 1/(aNbN€N))))
j
Note that Corollary 5.2 is a precise version of (ii) of Theorem 1.3. The estimate (5.9),
together with the representation (4.4) and the estimates of the Laplace transforms in Lemma

4.3, gives a precise control of the eigenfunctions and implies in particular (iv) of Theorem
4.3.

The strategy of the proof will be to seek, for each J = ¥;, for a solution of the equation
appearing in (4.3) with A\ near the principle eigenvalue of the associated Dirichlet operator
(1 — Py)¥i-*. We then show that these eigenvalues are simple and that no other small

eigenvalues occur.

For the investigation of the structure of the equations written in (4.3) we have to take
a closer look at the properties of the effective depths defined in (5.3). We introduce for all
m € My\I the associated “metastable depth” with exclusion at I by

Tn(m) = Ty My (m), Where Mpy(m)=TU{m' € My |Qn(m') > Qn(m)}  (5.11)

Let us define for j = 2,... , jo
& = 1Iélli2j Ty 5 \m (5.12)
The following result relates our inductive definition to these geometrically more transparent

objects and establishes some crucial properties:

Lemma 5.3:  Every effective depth is a metastable depth, more precisely for all j =
1,...,70 it follows

T; = Tn(m;)(1 4+ O(en|Mn|)) (5.13)
For j=2,...,j0 we have
T; > &/T; > ex' (5.14)
Moreover, for j,l =1,...,70, | < j, we have

Ty s\mi = Ts;\m; (1 + O(en|Mn|)) (5.15)
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Proof: Fix | < j. It will be convenient to decompose ¥; = ¥;_; Um; U E;-F, where E;.F =
¥,;\X;. We will use heavily the (almost) ultra-metric e(-,-) introduced in Section 2; for the
purposes of the proof we can ignore the irrelevant errors in the ultra-metric inequalities (i.e.
all equalities and inequalities relating the functions e in the course of the proof are understood
up to error of at most In3). Note that InT, ; = e(z,J) — f(z), where f(z) = —InQu (z). In
particular, d; = InT; = e(my,X;-1) — f(m;). As a first step we prove the following general

fact that will be used several times:
Lemma 5.4: Let m be such that e(m,m;) < e(m,X;_1). Then f(m) > f(mi) + |Inen|.

Proof: Note that by ultra-metricity,
e(m, ¥;_1) = max (e(m,m;),e(m;, ;1)) = e(my, ¥;_1) (5.16)
But since for any m,
e(m,¥—1) — f(m) < di — |Ineny| = e(m, X;—1) — f(mi) — | Inen]| (5.17)
which implies by (5.16) f(m;) < f(m) — |Inen|.¢

Let us now start by proving (5.14). The first inequality is trivial. We distinguish the cases

where e(m;, Zj) is larger or smaller than e(m;, ¥;_1).

(i) Let e(ml,E;r) > e(my, ¥i-1).
Since e(my,¥;\m;) = min (e(ml,El_l),e(ml,E;f)), this implies that e(m;,¥;\m;) =

e(ml, El—l)-
Then, using (5.5) and genericity from Definition 1.2,

e(m, Xj\my) — f(mi) = e(my, X1-1) — f(mi) = di > e(mj—1,%i-1) — f(m;-1)

(5.18)
> e(mj-13j-2) — f(mj_2) = dj_1 > dj + |Iney]|

Obviously, this gives (5.14) in this case.

(ii) Let e(ml,E;r) < e(my, ¥i-1).
In this case there must exist my € Ej such that e(mq, ¥;\m;) = e(m;, my), and hence
e(my,m;) < e(my,¥;_1). Thus we can use Lemma 5.4 for m = my. Together with the

trivial inequality e(mg, m;) > e(my, Xx_1), it follows that

e(mi, X\mu) — f(mq) = e(mg, m;) — f(mi)

(5.19)
> e(mp, Xg—1) — f(mg) + f(mi) — f(mi) > di + [Inen| > dj + [Inen]
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This implies (5.14) in that case and concludes the proof of this inequality.

We now turn to the proof of (5.15). We want to proof that the maximum over Ty, 5\ m,
is realized for m = m;. Note first that it is clear that the maximum cannot be realized for
m € ¥;\my (since in that case Ty, 5,\m, = 1). Thus fix m ¢ ¥;. We distinguish the cases

e(m, my) less or larger than e(m, X;\m;).
(i) Assume e(m,m;) < e(m, X;\my).

The ultra-metric property of e then implies that e(m;, ¥;\m;) = e(m, ¥;\m;), and hence,

using the argument from above, f(m) > f(m;) + |lney|. Thus

e(my, B5\my) — f(my) = e(m, X;\m;)— f(m)+ f(m)— f(mq) > e(m, X;\m;)—f(m)+|Inen|
(5.20)

which excludes that in this case m may realize the maximum. We turn to the next case.

(ii) Assume e(m,m;) > e(m,X;\my).

We have to distinguish the two sub-cases like in the proof of (5.14).

(ii.1) e(ml,Z;r) > e(my, ¥i-1).
Here we note simply that by (5.18)

e(my, X;\my) = e(my, Xi_1) — f(my) = d; > e(m,X_1) — f(m) > e(m, X;\m;) — f(m)
(5.21)

which implies that m cannot be the maximizer.

(ii.2) e(ml,E;r) < e(my, ¥1-1).

This time we use (5.19) for some my, € E; and so
e(mi, 2;\mi) — f(mi) > di, > e(m,Eg_1) — f(m) > e(m,X;\m;) — f(m)  (5.22)

where in the last inequality we used that by assumption e(m, m;) > e(m, ¥;\m;). Again
(5.22) rules out m as maximizer, and since all cases are exhausted, we must conclude

that (5.15) holds.
It remains to show that (5.13) holds. Now the crucial observation is that by Lemma 5.4,
My (m;)N{m € My : e(m;j,m) < e(m;,X;_1)} =0 (5.23)

Thus, for all m € My (m;), Trm;m > Tm; x which implies of course that

j—17

TonjM(mj) 2 Tmjzi4 (5.24)
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To show that the converse inequality also holds, it is obviously enough to show that the set
{m|ij,m < ij,21—1} n MN(mj) a 0 (5-25)

Now let m & I be

such a point. Then also e(m;,m) > e(m;,¥;_1), and so by ultra-metricity e(m,X;_1) =

Assume the contrary, i.e. that for all m € M(m;) Trm;m > Tm, s

max (e(mj;,m),e(mj,¥;_1)) > e(m;,¥;_1). But, since f(m) < f(m;), it follows that

T, 1 > Tz (5.26)

j—1

in contradiction with the defining property of m;. Thus (5.25) must hold, and so T My (m;) <
Tm,,s;_,- This concludes the proof of the Lemma.<

We now turn to the constructive part of the investigation of the low lying spectrum. Having
in mind the heuristic picture described before Theorem 5.1 we are searching for solutions u
of (4.3) for J = ¥; near ux; , = —log(l — Ax; ,). The procedure of finding u is as follows.
The case j = 1 was studied in Theorem 4.4. For j = 2,...,j9 we consider the matrices
Gj = Gr,x, defined in (4.2), i.e.

1-G™, —G™ _gm

m1,5; T ma, % m;,3;
_ ma 5 .
IC. _g' m1,245 ’
G; = ( J Thj ) = : 5.27
J —(g;)t 1— ij,zj : | ( )
| O
—Gol s, e =G s -G s
and define
N; =D; — Kj, where D; = diag(l— Gm,xj)lslﬁ (5.28)

Equipped with the structure of the effective depths written in Lemma 5.3 and the control
of Laplace transforms of transition times obtained in the previous chapter one simply can
write a Neumann series for T — D;(u)~*N;(u) for u near us,_, proving the invertibility of
ICj(u). We then compute

det G; = det (_ ) = G;det K; (5.29)
where

Gi=1-Gnl s, — (G)'K; g (5.30)
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This follows by simply adding the column vector

IC; 1
(—(g'bt) ki i

(which clearly is a linear combination of the first j —1 columns of G;) to the last column in G;,
and the fact that this operation leaves the determinant unchanged. From this representation

we construct solutions %; near ux;_, of (4.3). We begin with

-1

Lemma 5.5: For all j = 2,...,5¢ there are constants ¢ > 0, C < oo such that for all
C' < o0 and all

CRm].SJ-_l < R(u) < chlTJ_H, IS(u)| < ¢/(enTj+1) (5.31)

the inverse of K;(u) exists. The l-th component of K;(u)~'g;(u) restricted to the real azis is

strictly monotone increasing and, uniformly in u,
(K5 ()7 g () = O[B4 [ul " R T, (1=, 55— 1) (5.32)
Moreover, we obtain
A=1-e"co((l—Py)) — G;(u) =0 (5.33)

where Gj(u) is defined in (5.30).

Remark: Let us mention that the bound on (u) in (5.31) is not optimal and chosen just
for the sake of convenience. The optimal bounds with respect to our control can easily be

derived but they are of no particular relevance for the following analysis.

Proof: Fix j =2,...,jo. Formally we obtain

oo

_ _ -1 _ _ s _
Kj(w)™ = (1= D) 'Nj(w))  Dj(uw)™" =) (D;(u) " Wj(u)*Dj(u) ™! (5.34)
s=0
To use these formal calculations and to extract the decay estimate in (5.32) we must estimate
the summands in (5.34). To do this we use a straightforward random walk representation for

the matrix elements

_ G:i‘l (u) . _
(D;(w) 7 N3 ()" Ds(w) = Y Hl_ cx — (1~ G, ) 1<k <y
wml—)mkt 1 ‘-'-’t 17 j

lwl=s
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where w : m; — m;, denotes a sequence w = (wp, ... ,w|,|) such that wy = my, wy,| = ms,
we € L;\(JUJ) and wy—y # wy for all ¢ = 1,...,|w|. Assuming that the series in (5.34)

converges, (5.35) gives the convenient representation

G s (u
CIOROVESD DN e o (5.36)

where the sum is now over all walks of arbitrary length. We will now show that this sum

over random walks does indeed converge under our hypothesis.

By virtue of (5.15) we may apply (4.28) for m = m; and I = X,\m; and conclude that
there are ¢ > 0 and C < oo such that for all C’ < co and all u € C satisfying (5.31)

Gos, () —1=(1+ O(en)) Rt (u— Us \my) (L4 (u—us\m,)O0(cnTE,))

= (1+ O(en + 2¢))uR;, (5:37)

where we used that us;\m, < cy&;. In addition, shrinking possibly ¢ > 0 in (5.31), (4.13)
implies that for all k,l =1,... ,7, k #1

Gz, (@) = (L+ O(JulenTjt)) Gl 5, (0) < O()P[r < 757 (5.38)

mg,%; > Ty >

Using these two bounds, (5.36) yields

(K (u) ™! < HO Ry, Plrgi=t < lul ™ (5.39)

wimp—mj t=1
To bound the product of probabilities, the following Lemma is useful:

Lemma 5.6: Let wy,wq,ws,wy € X; such that w; # w;t1, for all i and wy # wi. Then

k

H]P’[ Wt~ 1<th 1]<]P’[7'°<7'

(Zj\wi\.. \wk)UwO](gj)k_l (540)
t=1

Proof: The proof is by induction over k. For & = 1 the claim is trivial. Assume that it for
k =1. We will show that it holds for £ =1+ 1. Let s = max{0 < ¢ <[ |w; = wp}. Note that
by induction hypothesis and definition of s,

I+1

[T Pl <msi T <Pl < minn, e P, < T8I(E) (5.41)
t=s+1
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Now
]PI:T::lS-{—l S T;;\ws+1\...\wl+1] Z PI: ‘-'-’l+1 S 2 \uJS+1 \wl+1’ ‘-":’,Jls < T““")ls-l—lj|
P[ “-’l — TE \w5+1\ \wl]P[Twll+1 < TE,—\ws+1\...\wl+1]
= P[r¥s < 79 IP[T“-’llJrl < T(Elj\wsﬂ\---\wl—l)le+1]
- w; — "Yi\ws A\w wi w
l Ao Plr T(Zj\wsp1\e\wr)Uwig < Tuy]
Plrit,, < 5]
> Plre < T3] s
1 \wst1\.A\wy ]P’[ (E \wet1\eo\wr)Uwiss < Tw”
(5.42)
Now the denominator on the right is,
I[]’[7'(“’2’j\ws+l\___\m)le+1 <t < IP’[T;;\W <1 <& (5.43)
by (5.15). Thus, using the obvious bound
HP s << (E6)” (5.44)

and once more that wy € ¥j\wsy1\ ... \wi+1, (5.42) inserted into (5.41) yields the claim for
k = [ + 1 which concludes the proof. {

Using Lemma 5.6 in (5.38) and the trivial bound R,, < 1, we get

CRpm, <%> |w|-1

(K5 (u) 7 g5 () < Plrt < 7] >

i Tl (T
< P! < 1] Z Ccr' (C|E ||€ ) (5.45)
Cle|u| L

< Plr™ < 7M™
< Blrm, < 7l =67, [ Tul

If C|3;|€|u|~! is say smaller than 1/2, the estimate (5.32) follows immediately. (5.33) then
is a direct consequence of (4.3) and (5.29), since by (5.32) the determinant of K;(u) cannot

vanish in the domain of u-values considered.
Remark: Defining
Dy =diag(1-G! p )1<i<ior N1 =Dr—Grmy and  (f1)f = (GT%y, )1<k<io (5-46)

where Gr a1, is defined in (4.2), a slight modification of the proof above shows that for ¢ > 0
small enough and all ®(u) < cby' such that

ar = merrx/itrji\l Gy (w) = 1] > (1/c)ey! EII}\?[X\ITm Ma\m (5.47)
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one can write an absolutely convergent Neumann series for (I — Dy ' (u)N7(u)) . Further-

more, as a consequence of a random walk expansion similar to (5.45) we obtain the bound

(Gr.my (@)1 (W) = O(ag ey Tomy.1) (5.48)

This estimate is needed for the proof of Lemma 5.5. We are searching for solutions u near

ux,_, of the equation appearing in (5.33). The case j = 1 is already treated in Theorem 4.4.
Fix j =2,...,jo. We want to apply Lagrange’s Theorem to this equation (see [WW]) which
tells us the following: Fix a point a € C and an analytic function ¥ defined on a domain
containing the point a. Assume that there is a contour in the domain surrounding a such

that on this contour the estimate |¥(¢)| < |¢ — a| holds. Then the equation
¢=a+7(() (5.49)
has a unique solution in the interior of the contour. Furthermore, the solution can be ex-

panded in the form

(=a+) (n)'or ' ¥(a) (5.50)
n=1
We are in a position to prove
Proposition 5.7: For j =1,... ,jo there is a simple eigenvalue S\j =1l-e% < Ax; such

that (5.8), (5.10) hold if we replace A\ by S\j. Let qzj be a corresponding eigenfunction. Then
(5.9) holds if we replace ¢; by qzj.

Proof: By means of Theorem 4.4 and (4.4) we may assume that j = 2,... ,jo. The equation
in (5.33) can be written as
Gl g (u) —14+®;(¢)=0 (5.51)

m;,5;

where we have set ¢ = u]E[ng 7 Jand
j—1
©;(¢) =) Gt 5, (W) (I (w) 71 g (w))y (5.52)
=1
Fix constants ¢ > 0, C' < oo and let us denote by U; the strip of all ( € C such that

Tj/gj < §R(C) < CTj/Tj+1, |%(C)| < CTj/(Tj+17‘NCN) (553)

Putting (s, , = ug]._lE[Tg;j_l] it follows (x,_, = 1 4+ O(en) from (4.26) and (4.25) and we
may apply (4.28) for ¢ > 0 small enough and all { € U; to obtain

G () = 1= B[ 17 1+ O(en) Ryt (¢ = Csyms + (€= G5, Ri(0) (5:54)



36 Section 5

where R;({) = E[Tg’;l]_lerl(u) is defined in (4.30). By (5.54) it follows that (5.51) is
equivalent to
¢ =(s +95(0) (5.55)

for some function ¥; satisfying
U;(C) = Elrg,, (1 + O(en)) B 25(C) + (€ = Cx50)*R5(0) (5.56)
Using (3.25) in combination with (5.4), it follows
R;(€) = O(Tj41/T5) (5.57)

Using (5.32) and the estimate (5.38), as well as (3.25), we see that for some ¢ > 0, C < oo
for all |¢ —(x; ,| <1

j—1

Elrg,,]E [T:;; IIT;;%;;] Q) = > O (ATt Trakns) SOKTT)  (5:58)

’ =1

By means of (5.57) and (5.58) it follows for |¢ —(x; ,| <1
V;(¢) = O(T; ' + T4 /T5) (5.59)

Since T; > &;, by (5.14) and Definition 1.2, we may apply Lagrange’s Theorem to (5.55)
giving the existence of a solution ¢; = ﬁjE[T;;j_l] of (5.51) satisfying |(; — (x,_.| < 1. We

rewrite (5.55) in the form
Gi=Ce, 0 +O(T; 4+ T /Ty) (5.60)

By (5.33) A\; = 1 — e% defines an eigenvalue. Since from the invertibility of C;(i;) it follows
that the kernel of G;(i;) is at most one-dimensional, (4.4) implies that \; is simple. Using
(4.24) and (4.25) for I = ¥;_4, we derive from (5.60) that (5.10) and (5.8) hold, if we replace

Aj by S\j. Moreover, using i; < uyx; from (4.4), we conclude that
(65(m))1<i<s = ¢5(m;)K;(a;) " g;(a,) (5.61)

Hence from (5.32) and %; = e®Mug,_

bj.

we obtain that (5.9) is satisfied if we replace ¢; by

1

Now it is very easy to finish the
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Proof of 5.1: Proposition 5.7 tells us that Ay < X for k = 1,...,70. Assume now that
there is k = 2,...,j9 such that \y < Me. Let k=2,... ,jo be minimal with this property.
Since Ai_1 = Ak_1 is simple, we have A;_; < A\g. Lemma 5.5 in combination with (5.30) now
tells us that for j = 1,... , jo some constants ¢ > 0, C' < oo and all Cc;,lf,’j_l <u< cc]:,lTj:Ll1
the function G(u) is strictly monotone decreasing, i.e. has at most one zero. Hence from
(5.33) for j = k—1 and Gj_1(@x—1) = 0 we deduce that ug > ccl_vlTk_l. But since we already
know that ug < Cey' Ty ' for some C, it then follows from (5.33) for j = k that Gy (uz) =0

implying the contradiction A\ = Xk

Since Aj, is simple, (5.33) for j = jo and Gj,(u;,) = O implies Aj,+1 > cby, where c

denotes the constant appearing in (5.31).
The remaining assertions of Theorem 5.1 then follow from Proposition 5.7. {

6. The distribution function

The objective of this chapter is to show how the structure of the low lying spectrum implies
a precise control of the distribution function of the times 77, in cases where Theorem 3.5
applies, i.e. ICMp, I, My\I # 0, and my € My\I, T; = Ty, ,1- It is already known that
the normalized distribution function converges weakly to the exponential distribution (see

[BEGK] for the sharpest estimates beyond weak convergence in the most general case).

The proof of these results proceeds by inverting the Laplace transforms G7*(u), making
use of the information about the analytic structure of these functions that is contained in
the spectral decomposition of the low lying spectrum of (1 — Py)! obtained in the previous

section.

Let us denote by Ly the Laplace transform of the complementary distribution function,

i.e.

Ly(u) = L) =) e Pr™ >4 (R(u) <ur), (6.1)
t=0

where u; is defined in (4.26). The Perron-Frobenius Theorem gives lim(1/t) log P[r;"* >
t] = —ujy. Hence the Laplace transform defined above is locally uniformly exponentially
convergent. In order to obtain the continuation of Ly to the whole plane we perform a
partial summation in the sum on the right-hand side of (6.1) and get
mi
I,I(U) -1
Ly(u)=—"———.

et —1

(6.2)
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Invoking (2.8) a straightforward computation for A =1 — e™* shows that

T1(w) = (1= Pn)! = NN (M Pylp)(z) (2 ¢ 1), (6.3)
Hence Ly is a meromorphic function with poles in u € {u1,... ,ujry\7}, where we recall the
definition of the eigenvalues A\; =1—e~% for j =1,...,|['y\I| prior to Theorem 5.1. Since

Ly is 2m-periodic in the imaginary direction, a short computation yields

1 i7r
Pl > = / e~ £ 5 () du. (6.4)

—im

Deforming the contour in (6.4) gives for u;, < a < uj,4+1 and Uy = (0, @) x (—7,m)

1 a+timr
Plr" > t] = —/ e "MLy (u)du — Z e tui res,; LN, (6.5)

211
a—1im u; €U,

where res, Ly denotes the residue of Ly at u. Here we have used that periodicity of Ln
shows that the integrals over [« + im,in] and [—im, «a — im| cancel and that the poles u;,

j=1,...,70, are simple.
Our main result can be formulated as follows:
Theorem 6.1: Let jo = |Mpy\I|. There is c > 0 such that for some ¢ > 0,

Jo i

Plr" > t] = — Z e "ires,, Ly + e_tcb;fl|FN|(27ri)_1 / e " Ly (u)du, (6.6)
j=1 —i
where u; = —In(1—X\;) and \; are the eigenvalues of (1—Py)! that are estimated in Theorem

5.1. Moreover, the residues satisfy

resy, Ly = =1+ O (Rpm,enT2/Th), resy; LN = O (R, enT;/Th) (G3=2,...,j0)
(6.7)
while the remainder integral on the right-hand side of (6.6) is bounded by

(2mi) L /m e "™ Ly(u)du = O (cy by TN [?/T1) - (6.8)

—im

Remark: Recalling (3.25) and Theorem 5.1, one sees that Theorem 6.1 implies that the

distribution of ¢7** is to a remarkable precision a pure exponential. In particular, one has the
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Corollary 6.2: Uniformly int € E[r[**]"'N

Plry™ > R ]| = (1+ O(R, onTp/Ty)) e (HHOWmen e/ 1), (6.9)

We start with the computation of the residue of the Laplace transform at u;.

Lemma 6.3:
reSy, EN =—-1+ O(RmICNTg/Tl). (610)

Proof: From (4.23) for m = m; and the renewal relation (2.10) and (6.2) follows

G (u) u—u 1 Gr,(w)
wy Ly = i Sl =— o : 6.11
resy, Ln i Teu —1 GZi,I(ul) _ GZLI(U) ev1 — 1 8uG$1,I(ul) ( )

Since u; = e?WN-IR,, T7', (4.13) for k = 0,1 gives for some C < oo

i) oy enTaTy)) —dm O (6.12)
0uGmt f(u1) N g (o) '

Hence (6.10) follows from (6.11) in combination with (5.10) and (3.48). ¢

In general we cannot prove lower bounds for the higher residues for the reason described

in the remark after Theorem 5.1. However, we can show that they are very small:

Lemma 6.4:
res,; Ly = O (T;/T1)) (7=2,...,70)- (6.13)

Proof: For fixed j =0,... ,jo we compute, using (6.2) and (6.3),

— uj T Py1;, ¢;
res,; Ly = lim — _uu_ Uj — (- Py I’¢J2>QN
wmuy et —1(1—e™) —(1—e™)  ([[dj]lon)
e’ (Ir-Pn1p, ¢j)oy

T 1 (lellen? M)

We can assume that ¢;(m;) = 1. We can express ¢;(z), using the definition (4.4), Lemma

4.3, and Theorem 5.1 in the form

¢j(ma1)
(6.14)

j—1

¢i(z) =(1+ 0Ky, 2,(0) + Y O(Tj/Tmym, ) (1 + O(1) K, 5, (0)
=1

=(1+ O(7))Ploy,, <7%,_,] +O(7).

(6.15)
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where v = Rp,, max(7 ', Tj41/T;). Using Lemma 2.7, one sees easily that this implies that
for any € > 0,

(¢illon)® = 1+ O™ )Qv({z € Iy | |z — m;| <e/2}) > (1 —€)Qn(A(m;))  (6.16)

We conclude from (4.4) that, for J =3,

J

(Ire PN1r, ¢j)0n :Z (mg) Z Qn (z)Pn(z,y)Kn, 5, (1))

k=1 zel N
_ vel (6.17)
= i(me) > Qu(y) Py (y, 2)Ka, =, (u)),
k=1 zel N
yel

where we have used the symmetry of Py. Applying (2.8) and (2.11) to the right-hand side
of (6.17) we get

(I P11, ¢5)0 Z% M ZQN Gy, (45)

vel (6.18)
J
= 6;(mr)Qn (mx)GT'E, (u)-
k=1
Using that ¢;(m;) = 1, we deduce from (5.9) and reversibility that
Qn (m#)¢;(mr) = Qn (m;)O(R, T/ Trn ms) (6.19)
Combining (6.19) with (5.38), (6.16), and, once more, (5.9) with k£ = 1, gives
T2
J
(||¢J||QN) ¢J(m1)<]IICPN]II7¢] ZO ( m; Tml,m]-Tm]-,kamk,I>
(6.20)

T2
—o(R, — .
! Tml,m]'Tm]',I

where we have used Lemma 5.6 for the sequences w = (mj, my, m) in the last equation. It is

easy to verify that ,
T* T.

. . : (6.21)
Tml,m]-Tm]-,I Tm]-,IUmlTl

Inserting (6.20) and (6.21) into (6.14), using u; = Rm],Tj_l(l +0(1)) and Trn;, 1um, > Tj, we
arrive at (6.13). <
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The last ingredient for the proof of Theorem 6.1 consists in estimating of the remainder

integral in (6.6). This essentially boils down to

Lemma 6.5: There is § > 0 such that for all 6 'R,,,Tj, < a < ébny|T'n|™! and all

A=1—e"" on the circle |\ — 1| = e~* we have

GTi(u) = O(a tey T ). (6.22)
Proof: From the strong Markov property (2.7) for J = I and L = Mxy\I we obtain for
§R(u) <Umy

Jo
K7 1(u) = Kf pay (u) + ) KTF (W) K, a (W) (2 €Tn). (6.23)
=1

Applying (1 — Py — A)! to both sides of the previous equation and evaluating the resulting

equation at ¢ = my, k =1,... ,jo, we conclude, as in (4.8), via (2.9) and (2.5) that

Jo
0=—G7%, (u) + Y GT(u) (6 — G* oy, (1) (6.24)
=1
Thus the vector
¥ = (GT4(w)1<i<)o (6.25)

solves the system of equations

Gr.my (Ws = f1(w), (6.26)

where Gr a1, (w) and f1(u) are defined in (4.2) and (5.46), respectively. In order to be able
to apply (5.48) we claim that for some §,¢ > 0, for all u = o + v, v € [—7, 7], and for all
m € Mny\I

|G iy (W) — 1] > ca. (6.27)

We first observe that (2.2) shows that, for all R(u') < uay,
Qu (MG py () = 1) = —e((1L = Pn)MN™ = MK (), KL p (W), (6:28)

where we have extended the inner product to C'~ in the canonical way such that it is C-linear

in the second argument. For |v + 7| < w/3 we simply get from (6.28), for v’ = u and some
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¢ > 0, using that o((1 — Py)M~\™)C(0,1),
|Qn (m) Re(e™ (G ay (w) — 1))

_ ‘<((1 — PN (1 e cos(@)) KL pg, (1), K o, (1))

O (6.29)

2(1 +ece”® — 1)(||K1(n),MN (u)||QN)2

>ce”*Qn (m).

For [v+7| > /3, |[v—n| > 7/3 and |v| > «, we derive from (6.28) for v’ = u and some ¢ > 0

|Qn (m) Tm(e (G2 1y (w) — 1))] = sin(v)|e *(I|IKS 0 (@)l low )2
>Qn (m)cae™ .

(6.30)

In the remaining case, namely where |v| < o, we use (6.28) for u' = upq,\m and obtain via
(4.4), for I = Mpy\m, J = m, that

Qn (m)e™™ (G piy (1) = 1] = X = Aty ES a0 @), K5 i (uptgim))on |- (6.31)

It follows from (4.13) for some ¢ > 0 uniformly in z € 'y and |v]| < «

m My (8) = (L4 60(1) K7 aty (Uaty\m)- (6.32)

e

Since the minimum of the function [A — Apq\m| is attained at A = 1 — e™*, we conclude

from (6.31) and (6.32) in combination with (4.4) for J = m; and (6.16) for some ¢ > 0 and
all |v| < a that

Qn (m)e™ (G piy (1) = 1) ZelX = At (1ES s @rtnrm)low)?
>c?Qu (A(m))(1 — e™).

(6.33), (6.30) and (6.29) prove (6.27). Since by definition (5.3) and (5.14) it follows that

(6.33)

: -1
Tjo = ijO’MN\mjo = mrél}\}’th Tm,MN\m Z bN , (634)

by is defined in Definition 1.1, combining (6.27) with (5.48) shows that the solution of (6.26)

satisfies
Pa(mi) = (Pa)1 = O (e~ ey /T1). (6.35)

Proof of Theorem 6.1: The proof of Theorem 6.1 now is reduced to the application
of the Laplace inversion formula and estimation of the remainder integral. In view of (6.10)

and (6.13) it remains to estimate the remainder integral on the right-hand side of (6.5). But



Metastability and spectra 43

this is by means of (6.2) and (6.3) in combination with (6.22) for a = cby|I'n|™!, 0 < c < 4,

fairly easy. &
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