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I. Introduction

In recent years there has been a revival of interest in the Curie-Weiss (CW) model (also called
‘mean field model’) of ferromagnets and some of its derivatives (e.g. the Curie-Weiss-Potts model,
etc.) [EN,EW]. The use of large deviation techniques (see e.g. the book by Ellis [E] for a review in
this context) has allowed to give a very neat probabilistic description of the thermodynamic limit
for such models which has made them some of the best understood models in statistical mechanics.
Interestingly, these techniques have even allowed to treat several types of disordered CW-models:
Amaro de Matos and Perez [MP] have analyzed the CW-model with a random magnetic field term
and not only constructed the thermodynamic limit but also obtained results on the fluctuations
of various thermodynamic quantities. The infinite volume Gibbs states for this model has been
studied recently by Amaro de Matos et al. [MPZ]. Another model that has been solved exactly is
the Hopfield-model of neural networks (uﬁder some restriction on the number of stored patterns)
that can be seen as a CW-model with a particular type of random exchange coupling [KP,G]. Of
course, the maybe most celebrated mean field model, the Sherrington-Kirkpatrick model [SK] for
spin-glasses still awaits a rigorous mathematical analysis, in spite of many efforts and the existence
even of an “exact” solution based on what is called the ‘replica symmetry breaking scheme’ (for a

review and references see e.g. the book by Mézard et al. [MPV]).

A simpler model than spin glasses, but nonetheless one with genuine “bond-disorder” is the
so-called ‘dilute ferromagnet’ (see e.g. Frohlich’s lecture in [F] for a review). Here the exchange
couplings between spins are random, but strictly (or at least predominantly) ferromagnetic. Using
techniques from percolation theory it has been proven [Ge,CCF] that at low temperatures this
model exhibits a ferromagnetic phase, provided only the non-zero bonds percolate. On the other
hand, critical properties of this model, in particular in dimension d = 2, are heavily disputed in the
physics literature [DD,S,L,Z]. Surprisingly enough, it appears that the CW version of this model
has so far not been investigated, and this is what we propose to do in this article. More precisely, we
will show that under some (fairly weak and natural) assumptions on the disorder, an exact solution
in terms of the quantities of the standard CW-model can be given. It should be noted that our
present results are, in probabilistic language, on the level of “laws of large numbers”; fluctuation

theorems will be left to further investigation.

To be able to state our results in a precise way let us give a definition of the models we will
treat. For a given positive integer N, let A denote the set A = {1,..., N}. To each site 1 € A is
associated an Ising spin variable o; € {—1,1} and a spin configuration on A is given by the sequence
o = {0i}iea. The configuration space is denoted by I'V = {—1,1}". We recall that in the standard

CW-model the interaction energy of a spin configuration & € T'V is obtained by coupling each pair



of spins at sites (z,7) in A X A with equal strength - 777 that is to say:

H?[(O’)Z - Z J,',]'O',;O'J'—hzo’i

i,7)EAXA i€EA
Cen (1.1)
= -——27 Z 0:i05 — hz g
(4,7)EAXA tEA

where the external magnetic field h is a real number. The energy function of the randomly dilute
CW-model (RDCW) is obtained from (1.1) by choosing the couplings J;; as random variables

normalized such that IE (J; ;) = 7. An elementary embodiment for the notion of dilution consists

then in defining J;; = 21‘\,’ where exy = {e€; ;}i=1,..,nN;j=1,.,~ are independent and identically

distributed random variables (i.i.d.r.v’s) with IP(¢; ; = 1) = 1 — IP(¢;,; = 0) = p. The Hamiltonian
then reads

Hl(en,0) = —ﬁ | Z €,j0i0; — hz g (1.2)

(i,5)EAXA i€A

While this setup suffices to define the RDCW-model for a fixed N, since we are interested in

taking limits as N goes to infinity later on, we need to be more specific on the random variables

€;,; as functions of N. This is somewhat more subtle than usual due to the fact that we will allow

p to be a function of N. There are several ways to set up the probabilistic environment for this,

we prefer, however, the following: Let us fix a function p : IN — (0,1] and let us first consider a

fixed (¢,7) € IN X IN. We introduce a probability space (Q; ;; X ;, IP), with Q; ; = {0,1}¥, such

that {€;j(N)} e is @ (inhomogeneous) Markov chain on this probability space, with transition

)=
§ 0
)=

probabilities given by

1P(&,3(N) = 0] &N — 1
1P (&,3(N) = 1] €3 (N - 1
1P (&:,3(N) = 0| €3 i(N — 1

IP (e (V) = 1€ i(N -1

0

1

)
)
) —q(N)
)

1

where g(N) is chosen such that lP(e,-,j(N) = 1) = p(N), that is g(N) = p(N)/p(N — 1). Note
that this setup constrains p to be a non increasing function of N. Now we introduce the product
probability space (2, X, IP):

(Q,E,lpe) = H Q,;,j, H E,',j, H P (1.4)

1,JEINXIN i,JEINXIN 1,jEINXIN

and we consider ey = {€;,;(N)}_;  n.j=1,. n 2 @ family of random variables on the product

cylinder set {w € Q :w; ; € Q,,,V(z,]) € A X A}. From now on we write € instead of ey provided

there is no danger of confusion. The above construction has the virtue that it yields the maximal
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probability for €; j(N) to equal ¢ ;(N — 1) for the given marginals. In particular, this probability

is one if p(N) is constant.

The RDCW-model is then defined by the probability measure Q’f,’h(e) on which assigns to each
configuration o € I'V the probability

—[BH?Q(E,LT)
e
gﬁyh €.0)= — 1.5
N ] ) 2NZ§’h(€) ( )
where 8 > 0 is the inverse temperature and where the partition function Zf,’h(e) is given by
B,h e—ﬂH?J(G,U)
B0 = 3 . @)

oc€el'N

Note that these last three quantities are random variables on the probability space (Q, X, IP,).
Before giving the statement of our main theorem we need the following notations: let my be the
block spin variable my = my(o) = % fil 0;, Sy the set of all its possible values,

Sv={-1,-1+%,...,1—%,1} and m‘?v'h(e) the expectation of my with respect to Qlﬂv’h €). We
will also exploit throughout the paper some well known results of the standard CW-model. For
the sake of convenience we have summarized them in an appendix. The quantities referring to the

standard CW-model will be overlined by a tilde. Finally, defining the finite volume free energy as

f,’h(e) = _ﬁiN In Zf,’h €) (1.7)

we are ready to announce the

THEOREM 1: Letp € (0,1] be a non increasing function of N such that pN 7 oo as N T oco. Then,

almost surely with respect to IP., the following results hold:

(i) for all 3 > 0 and all h € IR
; B:h( N — FB,h

where ff‘;h 1s the infinite volume free energy of the standard CW-model.

Let L{mp} be the law of my under Qllz,’h(e) and let 65 denote the Dirac measure concentrated on
the point . Denoting respectively by mP(+) and mP=) the largest and smallest solutions of the

equation m = tanh(fAm) we have

(i) for h>0

- _ [ b f 0<p<1
l’l‘rl% J%I&C{mN} - { brpny o B21 (1.9)

The same result holds for h < 0 with mP(+) replaced by mP(-),
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(i4i) for h =0 and for all § > 0

. 1 1
}\lrl%roloﬁ {mn} = ‘2'5,;ﬁ.(+) + 55;;/3.(—) (1.10)

(but note that for f < 1 mP(=) = @mp+) =),

Remark: The condition pN T co appears to be the weakest possible for the theorem to hold. It
implies that the mean coordination number of each site goes to infinity as the system size diverges,
that is, from a physical point of view the dimensionality of the system goes to infinity. On regular
lattices, it has been proven before (see e.g. [KS]) that the mean Curie-Weiss free energy is obtained
in the limit of infinite dimension. Let us also remark that Costin [Co] has given deterministic

criteria for the coupling matrices under which the CW-results are recovered.

Remark: In section 4 we will show that the analogue of theorem 1 can be proven for a much larger
class of distributions of the ¢;;. For transparence and clarity we prefer, however, to first present

the prove in this specific context.

The remainder of this paper is organized as follow: we show in section 2 that the Hamiltonian
(1.2) of the RDCW-model can be seen, on a subset of 2 of IP,-measure one, as a small perturbation
of the Hamiltonian (1.1) of the standard CW-model. Therefore the proof of theorem 1, given in
section 3, essentially follows from a standard mean field treatment. An interesting issue of the
method developed for the study of the RDCW-model as defined in (1.2), (1.5) is that it applies
for more general definitions of the random couplings J; ; and in particular doesn’t require them
to be ferromagnetic. In chapter 4 we show how the method provides general conditions on the
distribution of the couplings under which the results of theorem 1 hold, and detail some specific

examples, including gaussian couplings.



I1. Bounds on the Hamiltonian

The main idea behind the proof of the theorem is that on a certain subset Q* C Q which
will be shown to be of IP.-measure one, the Hamiltonian H}(¢,0) of the RDCW-model can be
approximated by the Hamiltonian H 2 (o) of the standard CW-model up to a small perturbation
HA(e,0) = Hi(e,0) — I}k,(a) which uniformly in o will be of order o( N). Therefore, we will be

allowed to give to the dilute model a standard mean field treatment.

To determine the suitable set *, we proceed in the following way: let us consider the square
array {0i0;}(i,j)eAxa Whose elements are the products o;o; of two spins for all possible pair
(%,7) € A x A. This array is equivalently given by the partition of A x A into two subsets A X A =
AS (o) U A5 (o) containing respectively the “aligned” and “non-aligned” pairs of spins:
AF(0) ={(i,5) € Ax A]ojo; =1} (2.1)
A5 (0)={(67) € Ax A o5 = ~1} '

Notice that the cardinality of the subsets AJ(c) and A; (o) only depends on the variables
1 N
mN(0) = § Doizy O ,
6F (o)) = LETN0)
. Tiz (@) (2.2)
A5 (o)) = 12T py2
Using this partition the Hamiltonian (1.1) can be rewritten as

1
H?[(f, 0') = —m{2 Z Gi,j X{(i,j)EA;(U')} - Z ei'j} + h Zai (2.3)
(1,5)eAxA (3,5)EAXA i€A

where x(; e AF (o)} is the characteristic function of the set AJ (o). Now, let us define the subsets

ﬁN C  as the subsets for which the first two sums in (2.3) remains close to their mean value i.e :

fu= () fwen: <T@} (24)
oel'N

. &g Xi(ij)ert(oyy — P1AZ ()]
(i,) EA XA

where v = y(N) is a decreasing function of N such that y(N) | 0 as N T oo. Then if v is
appropriately chosen we have that for N large enough, and how large will depend on the sample,

almost all w will belong to Q. More precisely, defining the subset Q* C § as
O ={we:3INyst.YN > Ny, w € Qn} (2.5)

we have the

PROPOSITION 1: Letp € (0,1) be a non increasing function of N such that pN T oo as N T oo.

Let v be a positive, strictly decreasing function of N such that y(N) > \/:;—N and y(N) | 0 as
N 7 co. Then

PO =1 (2.6)
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where Q* defined in (2.5).

Remark: To avoid useless discussions the case p = 1 in proposition 1 has been eliminated since it

corresponds to the standard CW-model for which theorem 1 is already known.

In order to prove the proposition we need the following lemma: let ﬁf\, denote the complement
of Oy in Q, then

LEMMA 2.1: Let p and v be defined as in proposition 1. Then, for N large enough
IP, (ﬁf\,) < cox/ﬁ{exp(——Nc*') + exp(—Nc')} (2.7)
where cg, ¢t and ¢~ are strictly positive constants.

Proof: By definition

lPe(ﬁfv):lPe( U {wEQ:

ocel'N

D i X{(i.i)ens(ey — PIAT ()]
(i,5)€AxA

> wIA?(U)I}) (2.8)

which is bounded by

IP (ﬁf\r) < Z {IPE( Z €5 X{(i,j)ert (o)} = P(L+ ’Y)|A;{(U)|)

cerN i,7)EAXA
€ (£,7)EAX (2.9)

+IP€( Z €,5 X{(i,j)ent (o)} S P(1— 7)|A;r(‘7)|> } :

(i,7)EAXA

Using now the exponential Markov inequality [CT,V] and remembering that ¢; ; are i.i.d. we

get
IFe ( Z €, X{(i,)ert (o)} = P(1+ ‘Y)|A;r(0)|)
(i,4)EAXA (2.10)
< inf exp(~[AF (o) {p(1 + 1)t - In IE, (%) })
which by a direct calculation leads to
IP. ( Z €5 X{(i,j)ert (o)} = P(L+ 7)|A;(U)|>
(i,7)EA XA (2.11)

<exp (—IAF ()1 +7))

where I,(,l) is defined on [0, 1] by

() =z 1n (%) +(1-2)hn G - :) . (2.12)
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Similarly we have the bound

1P‘< Z €,5 X{(i,7)ent (o)} S P(1— ’7)|A;(U)|>

(£,5)EAXA

<exp (~IAF ()IP(p(L - 7)) -

Therefore, putting (2.12) and (2.13) together with (2.9) gives

(2.13)

P (85) < 3 {ex (~IAF(@)IA(1 + 7)) +exp (<A (D@1 -7)) } - (214)

ocel’N

Now, making use of the fact that |AF (o) = -l—i—’%ﬁ”—)Nz only depends on the variables

mn(o) = Zf;l o, the sum

A= {exp (—IAF()ID(B(1+ 7)) +exp (~AF ((p(L - 7)) } (2.15)

ocerN

can be rewritten as

A= Y (JﬁN>{p (- (57) w260 +)

mESN 2
rew (- (L) W6 - ) } -

(Recall that Sy denotes the set of values the variable my(c) may take). By the Stirling formula

(2.16)

the binomial factor is equal to

N s ,
(HﬂN> — e—NI(2>(rn)+N1nz—l N trn (2'17)
2

where ry = O (%) and I® is defined on [-1,1] by

l_mln(l—m)-l-l-;m

Id(g) = In(1+z). (2.18)

Therefore N .
A = exp (‘N {5151)@(1 +7)) - 1n2} - nv)

+ exp (_N{%Iz(al)(l’(l—’ﬁ)—lnz} B % +7‘N> (2.19)
X D exp (‘iv—z‘;if,gl)(p(l -7)) - NI(2)(m)> _
meSy



To bound the sums in (2.19) let us notice that both I,(,l) and I(?) are positive convex functions.

Moreover, I(3)(m) attains its infimum at m = 0 so that

N2m2 (1) (2)
E exp <— 5 LY (p(1£7)- NI (m) | < |Sn|=N +1 (2.20)
mESN

and

P, (fi5,) < N\/%le”v { exp (—N {%(—Ig)(p(l +9))-ln 2})

+exp (—N {%’.1,(,1)(;,(1 +7) —ln2}> } .

In order to complete the proof we are left to show that for p and v defined as in proposition 1 and

(2.21)

for N large enough so that p(1++) € [p,1] and p(1 —+) € [0, p], there exists two positive constants
ct and ¢~ such that
Ly +
SNEV(p(147))-n2>c

2 , | (2.22)
51\r11§,1>(p(1 —)-ln2>c .
To do so let us rewrite I,(,l)(p(l + 7)) and I,(,l)(p(l — 7)) in the form
IM(p(1+7)) =p(1+7)In(1 +7)+ (1 - p)(1 - 1‘%7)111(1 - 1%7) (2.23)
and
(1= 1) =p(1 = (- 7)+ A=+ o+ 2o (22)
Now, using the series expansion of the logarithm we have
(1+z)In(l +2) =z + $p° e
for |z| <1 (2.25)
00 mn+l
(I-z)ln(l—-z)=-z+ 3] D)
which implies the two following pairs of bounds
(1+2)ln(l+2)> 2+ Z(1- %)
(2.26)
(1-2z)ln(l—-2) > -2z
and
(1+z)ln(l+4z)>z
. (2.27)
(1-z)ln(l-2)> -z + %

valid for any z € [0,1]. Since p(1 ++) € [p,1] and p(1 — v) € [0, p], both v and 1257 belongs to
(0,1]. Thus, on one hand, (2.23) together with (2.26) gives

6+ 1) 2 ply+ 0= D) - (- pi2o)

3
2
v v
X2 2.28
P ( 3) (2.28)
2
y
> pl
> p3



while on the other hand, (2.24) and (2.27) give

2 2

N
IO((147)) > (1= p)(Eom) + -7+ 5) = p - (2:29)
Therefore we get the bounds
2
SNIO(E(1+7) > pN
(2.30)

ENIP(p(1- 7)) 2 N L

2" P - 4

and since vy decreases to zero more slowly then —\—/—3—7, there exists positive constants ¢t and ¢~ such
P

that (2.22) holds. Thus the lemma is proven. ¢

Proof of Proposition 1: We want to show that

IP.(Q*) = 1 — IP. ((Q%)°) (2.31)
By definition
Q) ={weQ:¥YNy<oo,IN > Npst.we (Qqn)} (2.32)
and thus
0 < IP. ((Q*)°) = IP, (A;?n' (ﬁN)c) (2.33)

The Borel-Cantelli lemma [CT] states that IP, (EN_.OO(EINf) =0if 5 IP ((QN)C) < o0 and

by lemma 2.1 this last condition holds and the proposition is proven. ¢

From now on we will consider that the function 7 is chosen such that it satisfies the properties
(i) and (ii) of proposition 1. Returning now to the problem of bounding the Hamiltonian (1.1) and

remembering that
Hir(o,€) = Hpy(o,€) — Hp(o) . (2:34)

where H ! is the Hamiltonian of the standard CW-model, we have

LEMMA 2.2: ForallweQ* and allo € TN

7(0,)] < 39 (235)

Proof: 1t directly follows from the definition of {x together with the decomposition (2.3) of the
Hamiltonian Hl’\‘,(a,_e). o



II1. Proof of the Theorem

With the probabilistic preparation provided in the previous chapter, we are now ready to
prove our main theorem. The essential idea is that on the set * the difference between the
Hamiltonian and the averaged Hamiltonian is so small, uniformly in o, that it does not contribute

to the thermodynamic limit.

Proof of part (i): By definition

Fohe) = —’%ln Z 2iNe—ﬁ{H§1(°’)+H’r:r(“)} (3.1)
geryN

Now, for all w € * lemma 2.2 brings the bounds

e~2BNHN) < o~BH}(0) < 2BNYN) o (3.2)
thus
~ 3
(e = | < 5r(w) | (3.3)
and the proof is completed by using proposition 1. ¢
To prove parts (ii) and (iii) of theorem 1 we need the following lemma:

LEMMA 3.1: Let Qﬁ,’h(e) and é?\,’h be the measures on Sy induced respectively by gf,'h(e) and
'Qvf,’h under the map:

vV — Sy
. (3.4)
o+— m=mp(0o)
then for allw € Q* and all m € Sy
e 2NN GBR () < Q8P (e, m) < é%h(m)eHﬂNv(N) (3.5)
where
- —ﬂNﬁﬁ‘h(m)-i-rN
Pt (m) = —° (3.6)

_BNFB::
EmESN e—B (m)+rn

where Fﬂ’h(m) denotes the free-energy functional of the standard CW-model (see appendiz) and

rn = 0(%)-
Proof of lemma 3.1: By definition

oA EN (@) }

-B{H (o) + My (e0) }

R em)= Y GFMeo)= Y

erN: erN. N €
ch(v)=m m;l(a)=m ZUEP

(3.7)

10



and

-BHY (o)

~ e

RMm)y= Y . (3.8)
O'GI‘N ZU'EFN e_ﬁHIhV(U)
my(o)=m

Therefore, for all w € Q*, the bounds (3.5) is obtained by inserting (3.2) in (3.7) and using (3.8).

Now, since H}(0) only depends on the variables my (o), (3.8) can be written as

( 1+¥N) ¢~ BN{im?+hm}

Of(m) = 2 > (3.9)
Somesw (14 y) e M {Emhm)
which together with (2.18) gives (3.6).¢
Proof of part (ii): 1t is enough to show that, for any continuous bounded function
g € C(Sy,IR) and all w € Q*
N 8,h _ | ¢(0) if 0<B8<1
im i 3 ameiiem={ {0 i 531 (3.10)
meESN
To do so, we denote by m?"* the unique minimum of F#» and first introduce the set
B={meSy : |m—mPh < o(N)} (3.11)

Here the function p(N), which will be chosen appropriately later, is a decreasing function of N

satisfying o(N) | 0 as N T oo. Next, we write

Y [g(m) - g(P M) Q" (e,m)| <

meSy (3.12)
> lg(m) — g(@PM)| Q4 (e,m) + Y |g(m) — g(PH)| Q% (e,m)
meEB meEB¢©

where B€ denotes the complement of B on Sy. By continuity of g, for m in B and for any arbitrarily
small ( we have that |g(m) — g(m?™")| < ¢ provided that N is large enough. On the other hand,
since g is bounded, |g(m) — g(mP*)| < 2||g||eo Where ||g]|oo = SUP sy |9(™)|. Therefore

> lg(m) — g(mPM)Q%Me )| < ¢+ 2llgllee D QR(e,m) (3.13)
mESN megB¢

and we are left to show that, for w € Q*, the measure of B¢ with respect to Qﬁ,’h(e, m) decreases

to zero as N tends to infinity. By lemma 3.1 we have, for N large enough

Y. A (em) < PPN Lmesy X{meB* (3.14)

—BNFB.h
meBe Ymesy € ANFIMm)

11



where ¢/ > 0 is a constant. Now, remembering that m#" realizes the minimum of FBh

N T () FO (P
> %M (e,m) < PPN N N neBeye BN {FN (m)-F (M) } (3.15)
meB¢ mESN

and since there exists a strictly positive constant ¢ such that
FPR(m) — FAR(mPR) > ¢ (m — mfh)® (3.16)

the sum in the right hand side of (3.15) is bounded by

z x{meBc}e“ﬁN{Fﬂ'h(-m)"Fﬂ'h(T;B'h)} S 2Ne——CﬁN92(N) . (317)
meESN
Finally, putting (3.16) together with (3.14) gives
> A(em) < 2c!e~PN{e® (W)~ (2v(M)+ g4 )} (3.18)
meEB¢© .

and this last bound converges to zero as N tends to infinity provided that o(/N)is chosen such that
InN
co®(N) > 29(N) + ——;—ljv—(l +1) (3.19)

for some real n > 0, which can be done for any c¢. Thus (ii) is proven by combining this result with
(3.12), proposition 1 and the fact that limpjo mPh = mb(t) | o

Proof of part (iii): The proof of part (iii) essentially follows that of part (ii). We will only give
the outline of the case 8 > 1; the case 8 < 1 is obtained following a similar scheme. We want to
show that, for any continuous bounded function g € C®(Sy, IR) and all w € Q*

1 1
lim 7 g(m)QR"(e,m) = Sg(APAP) + Zg(P) . (3.20)

NToo
meESN

To do so let us define the sets Bt and B~ as

Bt = {mESN:lm—ﬁzﬁ'(+)l<g(N)} (3.21)
B~ ={me Sy :|m-mPO)| < o(N)} o

where o(N) is a decreasing function of N which tends to zero as N tends to infinity. Then decom-

posing the sum in (3.20) as

> 9(m)Q5(e,m) =

mESN

> (@R (e,m)+ Y o) QR (e, m)
meB(+) meB(-) (3 22)
+ Y (9(m) = g(@))QR (e,m)+ Y- (9(m) - g(P()) QR (e,m) '
meB(+) meB(-)

+ > 9(m)Qy"(e,m)

me(B(+H)UB(-))e
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we get

> [o0m) — { 9@ D)ximencny + 9@ )ximenn || e m)‘

mESN
< Y |otm) - o@D QB (em)+ I Jo(m) - g(APA)| Q%0 (e,m)
meBH+) meB(-) (3.23)

+ > 1f(m)Q%°(e,m)

mE(B(+)UB(‘))°
< (+1l9lleo Z Q%O(f’m)
me(BHUB(-))e
where by continuity of g, ( can be made arbitrarily small provided that N is large enough. Splitting

again the sum of the last term in (3.23) we get

> migem <l Y Bem)+ Y 0Bem) (329

me(B(+H)uB(-))e me(B(+))e me(B(=))e
m>0 m<o0

and we have already seen that choosing o(N) appropriately, each of these sum converges exponen-
tially fast to zero since for each half space {m € Sy : m > 0} and {m € Sy : m < 0}, mP(+) and
mP{-) realises respectively the global minimum of FPO_ Therefore we have shown that for w € Q*
the right hand side of (3.23) converges to zero as N tends to infinity. To deal with the left hand
side just notice that by symmetry

im Y g )X (e Q4 (e,m) = lim Y g(P O )x ey QR (6,m) = :.

N—o00 2
meESN mESN
(3.25)

Thus, for 8 > 1, (iii) is proven. ¢

13



IV. Generalizations

It is clear that the proof of theorem 1 does not really require all assumptions we made on the
random variables ¢;;. In fact, one only needs to check whether their distributions satisfy conditions

allowing to prove proposition 1, i.e. in particular whether the large deviation estimates (2.13) and

(2.14) hold.

Here we want to exhibit sufficient conditions in two simple and illustrative contexts:
(i) Gaussian random variables,
(ii) Random variables for which the Bernstein conditions are satisfied.

From a physical point of view it will be interesting to notice that these conditions will, in
general, not imply that the couplings are ferromagnetic, and in particular in the Gaussian case we

will see that one may study situations which look, at first glance, very close to spin glasses.

We will consider the following setting: Let (Q2, X, IP) be a probability space such that, for all
N € IN there exists a family ey = {€; j(N)}i=1,..,n j=1,..,n of 1.i.d.r.v’s on Q taking values in IR
with distribution pny which is allowed to depénd on N. We denote by IP,, the product measure
with identical marginals py: IPey = H(i,j)eAxA PN-

Let us introduce the following two quantities that characterize pp:

(i) Let p,(N) be the expectation with respect to py, i.e.

pp(N) = /R epw(de) (4.1)

We will always assume p,(N) to be a strictly positive, non-increasing function of N.

(ii) Let ¢, (t) denote the the functions

Con(t) = {loglE'mv (exp(tei,j)) if IE,, (exp(tei,j)) exists, (4.2)
PN +00 otherwise

We now define the hamiltonian H2 (e, ) as in (2.1) through the couplings J; ; je‘—LW

ij = 2p, N

1
h - — . . - Rp— .
Hy(e,0) = ~op (VN E €,j0i0; — h E o; (4.3)

(i,))EAXA i€A

One then wants to find conditions on the distributions py under which, for N large enough, the

hamiltonian (4.3) can be written as a small perturbation of the standard CW hamiltonian H% (o)

14



with probability with respect to IP., exponentially close to one in N. To do so we proceed as in
chapter II, defining for N € IN the set Oy as in (2.4):

N {weQ:

ocel'N

Qn

+
> X qseattiey — PoNIAS(0)I| < 7po(I) (A )(o)l} (4.4)
(i,5)EAXA

where v = y(N) is a strictly decreasing function of N satisfying y(N) | 0 as N T co. We have

PROPOSITION 2: If there ezists a function v satisfying the above conditions such that for N

large enough pn satisfies

NI,y (pp(N)(1+7)) >1n2
and (4.5)

NI, (PP(N)(l - ’Y)) >In2

where I, () is the Legendre-Fenchel transform of c,(t),
Iy (z) = sup{tz — cpy(t)} ,z € IR 4 (4.6)
teR
then there ezists a strictly positive constant, k, such that

P (Qn)>1—e "N (4.7)

Before giving the proof of the proposition, we detail explicitly the conditions (4.5) on some
examples. Notice that they clearly will require the existence of the Laplace transform of py for a

sufficiently large range of ¢.
Example 1: Gaussian couplings

LEMMA 4.1: Let py be the normal distribution N (p,(N),o(N)). If Np(N)/o*(N) 1 oo as
N T oo, then there ezist functions v such that (4.5) holds. Setting w(N) = \/Npg(N)/cﬂ(N) any
function vy decreasing to zero more slowly than /21n(2)/w(N) can be chosen.

Proof: A standard calculation shows that c,,(t) = 302(N)t? + p,(N)t. For any real z the
sup in (4.6) is attained at ¢ = (z — p,(N))/0?}(N) and I, (z) = (z - pp(N))2/202(N). Moreover
Toy (Po(N)(147)) = Iy (Pp(N)(1—7)). Thus the conditions (4.5) reduce to Np3(N )y*}(N)/o*(N) >
21n(2). ¢

Remark: In the particular case o(N) = 1 the hamiltonian (4.3) reads
1

H?](G,U) = - Z €:,j0:i05 — hz g; (48)
: 2“’(N)\/7V_(;,j)eAxA i€A :
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where w tends to infinity as slowly as desired and p,(IV) is allowed to go to zero as fast as w(N)/v/N.
This is just slightly off the situation in the Sherrington-Kirkpatrick model of spin glasses, where

we would have p,(N) = 0 and w(N) = w = constant.

Remark: The conditions on the distributions py can in this case easily be translated in terms of
the eigenvalues of the random matrix ey as the existence of a large enough gap between the largest

and the second largest eigenvalue.
Example 2: Bernstein’s condition

LEMMA 4.2: Letpy be such that the centered variables €; j—p,(N ) satisfy the Bernstein condition
[P], i.e.
k! _
B, (Jeis — po(N)I¥) < Ho?()ek, (49)

2
for some constant 0 < ¢ < oo and all k > 2, Then, if %’;{%NT) T oo as N T oo, and if there ezxists

0 < a <1 such that

14c?2-a
—_— < o? 4.
Na21~aln2_a(N) (4.10)
then (4.5) holds with vy chosen such that
2-a a’z(N)]l/2 a o%(N)
In2 <YN) < ———= 4.11
[ —avpm)| WS 5w (+.11)
Proof: Note that
ot — c,(t) = (z — po(N))t — In IEele=Po(M) : (4.12)
Now, using the Bernstein condition [CT], one gets that
1
In IE ( ele=Po(MNt) < 52( N)¢2 .
nIE (e ) < oA ST (4.13)

for all ¢ s.t. [tc| < 1. (Note that we could, of course, also impose the bound (4.13) in the lemma
rather than the Bernstein condition). Hence

1

ot = ep(8) < (& = pp(N))t = AW} 5

(4.14)

Now denoting by t* = t*(z) = ?%fﬁ%g the value of ¢ that realizes the supremum of the function

(2 — po(N))t - M)t—z, we get that

(2= (W)Y i
1) S (1 ) (#.15)

Now, as long as |t*c| < § with a < 1, we have

T — 21-a
( af(pjfrl;,)) ;_ 20 (4.16)

Ip(z) >

16



. Thus 2 (N2 1
Lps (W) (1) > 2 s

and

(a1 £ 1) = 2T

The condition [t*c| < § now simply becomes

o?(N
¢ pp(N)

~—

7 <

and the conditions (4.5) reduce to

NpA(N)y?1-a
o}(N) 2-a

>In2

Conditions (4.19) and (4.20) now yield the bounds (4.11). $

After these examples we now come to the proof of proposition 2.

(4.17)

(4.18)

(4.19)

(4.20)

Proof of Proposition 2: This proof is essentially identical to the part of the proof of lemma
2.1 that leads to the bound (2.21). We will restrict ourselves to show that the bound (2.11) becomes

Fen ( D, SiX(Ggeatien 2 PN+ 7)|A(z+)(0)l>

(1,7)€A XA
<exp (~|A§ )L, (Ro(N)(1 + 7))

where I,, is defined in (4.6). A similar proof yields

(3,7)EAXA

Pex ( > €iX (i, j)easP (o)} < Pe(N )(1—7)IA§+)(0)I)

<exp (=IA(0) Ty (o (N)(1 - 7))

which replaces (2.13). First, using the exponential Markov inequality we have

Poy | D @iXqpeai(oy 2 Po(N)(1+ v>|A‘+’<a)l>
(i,5)€AxXA
- <infexp (=S (@) {Ra( W)L+ M)t = e (1)})
where ¢, (t) is defined in (ii). Next we want to show that

Stl;g{pp(N L+ 9)t = cpp(t) } Ipy (pp (1+7)) .

17
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To do so we need a well known property of the function I, (for a proof, see e.g. [E]). namely that
Foranyz € IR, I,y >0 and I,, =0 tf and only if z = p,(N).

Now by the Jensen’s inequality c,,(t) > p,(N) for all t € IR. Thus for ¢ strictly negative and «

Po(N)(L+ 1)t — con(t) S {Po(N)(1+7) = pp(N)}t = pp(N)yt <0 (4.25)

Therefore we see from the positivity of I, that the supremum in the formula for I,, cannot occur
- for t < 0. Finally, putting (4.24) together with (4.23) gives (4.21). ¢

From here on it is clear that all the results from sections 3 and 4 carry over under the assump-

tions of proposition 2.
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Appendix

We give here the definitions and results for the standard Curie-Weiss model that we use
throughout the paper. We refer to the book [E], § 5, where a complete study of the model is

presented. With the notation of chapter 1 and given the Hamiltonian

~ 1
Hﬁ'h(d) = —E-J—Vt Z U,:O'j+hza'i (A].)

(i,5)EA XA i€A

the Curie-Weiss model is defined by the probability measure g~§," wich assigns to each configuration
o € TN the probability

~ e_ﬁHg'h(a')
GEMo) = =g (A.2)
oN 7%
where Zlﬁv’h is the normalisation }; .~ e‘ﬁHﬁ'h(")ﬂN.
The following results where found:
(i): If ff,h denotes the finite volume free energy,
- 1 ~
f’-’h = _ﬂ—N In Zlﬂv’h (A3)
then the infinite volume free energy fg,’h is equal to
FBho_ i FBh A4
fooo = inf FP(m) (A.4)
where the free energy functionnal FBh is defined by
7B, 1, 1 k
FPRY(m) = 5m + hm — EI(m) (A.5)
and
L= in(l-m)+ 42 In(14+m) if |m| <1
I(m) = (A.6)
) if |m| > 1
(ii): The points m giving the infimum in (A.4) are solution of the equation
m = tanh[B(m + h)] (A.7)

For 0 < B < 1, this equation has a unique solution m#"* wich is zero for h = 0. For § > 1 and
h # 0 it has a unique solution m#*" with the same sign as h. For f > 1 and h = 0 it as three
solutions mA(+) > mfh = 0 > MmA(=). Of this three solutions only mP(+) and mP(~) realize
the infimum in (A.4).

19



References:

[CCF] J.T. Chayes, L. Chayes and J. Frohlich, The low temperatures behaviour of disordered magnets,
Comm. Math. Phys. 100:399 (1985).

[Co] O. Costin, The infinite-coordination limit for classical spin systems on irregular lattices,J.
Phys. A 19:2953 (1986).

[CT] Y.S. Chow and H. Teicher, Probability theory, Springer- Verlag, Berlin (1978).
[DD] V.I. Dotsenko and V1. I. Dotsenko, Adv. Phys. 32:129 (1983).
[E] R.S. Ellis, Entropy, large deviations, and statistical mechanics, Springer- Verlag, Berlin (1985).

[EN] R.S. Ellis and C.M. Newman, The statistics of the Curie-Weiss models, J. Stat. Phys. 19:149
(1978).

[EW] R.S. Ellis and K. Wang, Limit theorems for the empirical vector of the Curie-Weiss-Potts
model, Stochastic Process. Appl. 35:59 (1990).

[F] J. Frohlich, Mathematical aspects of the physics of disordered systems, in Proceedings of the
1984 Les Houches Summer School ‘Critical Phenomena, Random Systems, Gauge Theorie’ K.
Osterwalder and R. Stora eds. North-Holland, Amsterdam (1986).

[G] V. Gayrard, The thermodynamic limit of the g-state Potts-Hopfield model with infinitely many
patterns, J. Stat. Phys.68:.... (1992).

[Ge] H.O. Georgii, Spontaneous magnetization of randomly dilute ferromagnets, J. Stat. Phys.
25:369 (1981).

[KP] H. Koch and J. Piasko, Some rigorous results on the Hopfield neural network model, J. Stat.
Phys. 55:903 (1989).

[KS] H. Kesten and R. Schonmann, Behaviour in large dimensions of the Potts and Heisenberg
model, Rev. Math. Phys. 2:147 (1990).

[L] A. W. W. Ludwig, Phys. Rev. Letts. 58:2388 (1988).

[MP] J.M.G. Amaro de Matos and J. F. Perez, Fluctuations in the Curie-Weiss version of the random
field ising model, J. Stat. Phys. 62:587 (1991).

[MPZ] J.M.G. Amaro de Matos, A.E. Patrick and V.A. Zagrebnov, Random infinite volume Gibbs
states for the Curie-Weiss random field model, J. Stat. Phys. 66:139 (1992).

[MPV] M. Mézard, G. Parisi and M.A. Virasoro, Spin-glass theory and beyond, World scientific,

20



Singapore (1988).
[P] V.V. Petrov, Sums of independant random variables, Springer-Verlag, Berlin (1975).
[S] R. Shankar, Phys. Rev. Letts. 58:2466 (1987).
[SK] D. Sherrington and S. Kirkpatrick Phys. Rev. Lett. 35:1792 (1972).
[V] S.R.S. Varadhan, Large deviations and applications, SIAM, Philadelphia Pensylvania (1984).

[Z] K. Ziegler, Nucl. Phys. B280: 661 (1987), Nucl. Phys. B285: 606 (1987).

21



Veroffentlichungen des Instituts fiir Angewandte Analysis
und Stochastik

Preprints 1992

1. D.A. Dawson and J. Gértner: Multilevel large deviations.

2. H. Gajewski: On uniqueness of solutions to the drift-diffusion-model of semiconductor.
devices.

3. J. Fuhrmann: On the convergence of algebraically defined multigrid methods.

4. A. Bovier and J.-M. Ghez: Spectral properties of one-dimensional Schrédinger opera-
tors with potentials generated by substitutions.

5. D.A. Dawson and K. Fleischmann: A super-Brownian motion with a single point cat-
alyst.






