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ABSTRACT. The paper is devoted to questions of constructing the maximum likelihood
estimate for a nonparametric signal in white noise by considering corresponding prob-
lems of optimal control. For signals with bounded derivatives, sensitivity theorems are
proved. The theorems state a stability of the maximum likelihood estimate with respect
to changing output data. They make possible to reduce the original problem to a stan-
dard problem of optimal control which is solved by iterative procedure. For signals of
Sobolev type the maximum likelihood estimate is obtained to within a parameter which
can be found from a transcendental equation.

1. INTRODUCTION

Let us consider the model [4]
(1.1) da(t) = z(t)dt + edw(t), 0 <t <1, a(0)=0,

where a(t) is an observation, z(¢) is an unknown signal, w(t) is a standard Wiener
process, € > 0 is a small parameter.

The vast literature is devoted to different aspects connected with this model. We are
dealing here with maximum likelihood estimate of the unknown signal. Let v be a measure
in the space C|0, 1] which is generated by the process w(t). Then the likelihood function

[4] is equal to
% — exp {5_12 /01 z(t)da(t) — 2%2 /01 xz(t)dt} .

When it is known that z(-) belongs to a class K, then the maximum likelihood method
of finding an estimate for z(-) leads to the problem

(1.2) [= 1/1 :cz(t)dt—/lzc(t)da(t) — min .

2 z(-)eK

A profound theoretical investigation of the problem is done in [7]. Necessary and sufficient
conditions for existence, uniqueness and consistency of the maximum likelihood estimator
are given there. The conditions are formulated in terms of some characteristics of the
class K. In [7] a number of properties of the maximum likelihood estimator Z(a(-)) are
considered as well. For example, a measure of that a(-) for which ||z(a(-)) — z| > r
is studied. At the same time methods of constructing #(a(-)) are not considered in full
measure up to now. Apparently, to this aim one can apply, for instance, the approach of
[5], [6] after a suitable discretization of model (1.1). However we prefer to give a direct
solution of problem (1.2) for some important classes K.

Suppose it is known that each function z(-) of a class K has a derivative z (-) which is
in Ly[0,1]. In this case the functional (1.2) transforms

(1.3) [= %/0 xz(t)dt+/0 a(t)z' (t)dt — a(1)z(1),



and problem (1.2) amounts to a problem of optimal control

(1.4) I— /0 (%a:2 + a(t)u)dt — a(1)z(1) —> min,

(1.5) ' =u,
in which restrictions to control u and phase variable z are connected with the class K.

Here we consider such problems for two types of a prior information concerning the un-
known signal z(-). If the signal z(-) is of Sobolev’s type, we treat the class K of the
form

(1.6) K = {z(-): 32(") = u(-) € L,[0,1]

1 1
5/ (a2?(t) + w2())dt < M, a>0, M > 0} ,
0

where a and M are known constants. In this class and in other Sobolev’s classes it
is possible to obtain the maximum likelihood estimate Z(t) for signal z(¢) to within a
parameter which can be found from a transcendental equation (see Section 7).

If the signal z(-) has a bounded derivative of the order n, we treat the class K,, of the
form

(1.7) K, = {z():3 2D (t) which is an absolutely continuous function,

1z (t)| < My, M, >0},

where M, is a known constant. For class (1.7), we consider the more convenient problem
than (1.4)-(1.5). To this end we replace the output data a(t) which have bad analytical
properties with a little modified data a(t) such that there exists a piecewise continuous
derivative a'(t). In Section 2 we show that the processing with a little change output data
gives results closing to optimal ones. The results of Section 2 have not only the subsidiary
but also an independent sense. They state the stability of the maximum likelihood method
with respect to changing output data. After replacement a(t) by a(t) the problem (1.4)-
(1.5) can be reduced to the following problem

(1.8) I= 5/0 (z(t) — a'(t))*’dt — min

2() K.

The problem (1.8) is a fairly known problem and has already been investigated by methods
of optimal control in [2| and [3]. We give a detailed presentation for the case n = 1 in
Sections 3-5 and some generalizations of the discussed problems in Section 6.

2. SENSITIVITY THEOREMS FOR SIGNALS WITH BOUNDED DERIVATIVE

At the beginning let us consider the class of functions (see (1.7))
(2.1) K, = {z(-) : z(t) is absolutely continuous, |z'(t)| < M, M > 0}



and the minimization problem in this class

(2.2) I= %/0 :cz(t)dt—l—/o a(t)z'(t)dt — a(1)z(l) — min .

z(-)€K1

It is possible to prove that there exists a solution of the problem.

Theorem 2.1. Let a(t) be a continuous function such that
(23) 4(0) =0, a(1) = a(1),

(2.4) /0 a(s) — a(s)|ds < 6.

Let zy(-) be a solution of the minimization problem (2.2) and Zy(-) be a solution of the
following minimization problem in the same class

(2.5) g %/0 2 (t)dt +/0 at)e/(t)dt —a(1) - 2(1) — min .
Then
(2.6) 0 < I(Zo(")) — I(zo(-)) < 20M,
(2.7) / (Eolt) — zo(t)?dt < 46M,
and if § < M/3,
(2.8) max [0(t) — 20(t)| < (246 M?)s.
Proof. Obviously

1(@0()) ~ I(zo() 2 0

I(zo(-)) = 1(Zo(-)) 2 0
Furthermore )

11(zo(")) — 1(Zo(-))] = | i (a(t) —a(t))z;(t)dt| < M.
Analogously B
[(zo(-)) = I(2o("))| < Md

Therefore

0 < I(Zo(+)) — I(mo() < I(Zo(-)) — I(zo(-)) + I (z0(")) — I(Zo(-))
< 1(@o(-) = I(@o ()] + [T(2o()) = I(zo())] < 26M.
Thus the inequality (2.6) is proved.
For derivation of (2.7), let us note that

(1 — Oé)l'o(') + Oéf[)(') € Kl, 0 S (0% S 1,
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and introduce the function f(a), 0 < a <1, (see (1.2))

fla) =I((1 — a)zo(-) + aZo())
= %/0 (1 = a)zo(s) + azo(s))’ds — /0 (1 — a)zo(s) + azo(s))da(s),

which is a quadratic trinomial on «.

Obviously
f(0) = I(zo()) < f(a),
and therefore
f(0) >0

We have

f'(a) = / (1 = a)o(s) + aZo(s))@o(s) — zo(s))ds — / (2o(s) — zo(s))da(s),

(a) = /0 (Zo(s) — zo(5))%ds = const = C > 0.

Further,
/ " (« )+ Ca,
f(0) = 1(0) + / (F(0) + Ca)dar = I(a() + F(0)ar +C2
and
F(1) = 1(zo(-)) = L(zo() + F(0) + -
From here and (2.6)
f'(0) + % <20M

and, as f’(0) > 0, we obtain the inequality (2.7).
Now prove the inequality (2.8). Let

m = max |Zo(t) — zo(t)| = [Zo(t") — 2o (%)].

0<t<1

For certainty we take
zo(t*) = x5 < ZTo(t*) = x5 +m.
Since |z}(t)| < M and |z, (t)] < M for 0 <t < 1, it is clear that for 0 < ¢ < ¢*
zo(t) <zy— M(t—t), To(t) > x5 +m+ M(t —t*)
and for t* <t <1
zo(t) < a4+ M(t—t), To(t) > x5 +m — M(t—t").
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(2.9) 45M > /0 (Zols) — zo(s))%ds

£ IA(E* +52)
> / (m +2M(s —t*))%ds + / (m —2M (s — t*))%ds.
0

V(t*—3537) t*

We have to find the largest m for which this inequality can take place. Clearly one can
seek required m from (2.9) at t* = 0.

We have
N2 m®/6M, m/2M <1,
(2.10) 40M > / (m — 2Ms)*ds =
0 m(m — 2M) + 4M?/3, m/2M > 1.
But for § < M/3 the second case in (2.10) is impossible and therefore
m® < 246 M*.

Theorem 2.1 is proved.

Remark 2.1. It is possible to avoid the condition @(1) = a(1) in (2.3). To this end let
us obtain a prior bound for |zy(1)].

We have (in (2.11) zo(1) is denoted by z} and for definiteness z} > 0)

1 1
(2.11) 5/ 2(0)dt >
0
1 1
: / oo (T M D)= ()6, <
»

v

1 1
5 ] (@b M= DY = K =M+ 323), b = M

Introduce the function ¢(z¢(1)) (see the right-hand part of (2.11))

|zo(1)P/6M, |ao(1)] < M,

p(zo(1)) =
3 ([(zo(V)I? = |zo(1)|M + M?/3), |zo(1)| > M,

by which we can rewrite the relation (2.11) for all zy(1) as

1

5 | 0= @)

Therefore )
0> I((20(-)) > p(@o(1)) — la(1)l|zo(1)] — M / a(t)|dt.
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Clearly one can take the only positive root X* of the following equation

o(X) — a(1)|X — M / la(t)|dt = 0

as an upper bound for |zy(1)|. A simple but rough bound for X* gives the prior bound
for |zo(1)] -

(2.12) lzo(1)] < X* < M +2[a(1)] + \/5/01 la(t)|dt.

Give another derivation of a prior bound for |zq(1)| which will be useful below. We have

s [ Ba= [ [ aeara

>3 | Gl = ([ ah(s)as)ae
> LoDl - %/0 M2t~ 1Pdt = Lley(1)f — M

1
Here we use a simple inequality E(a +b)% < a? + b?, where

o = (1) +/1t 2 (s)ds, b— —/lt 2! (s)ds.

Consequently
02 I{(eo() 2 gleo()F = 53 = la()lleo(1)] = 7 a0l
Therefore
2 ' Lo oviye
(2.13) |zo(1)] < 2|a(1)] + 2(la(1)]" + M/O la(t)|dt + M*)"

and we obtain a new kind of the prior bound for |zy(1)|.
Replace now conditions (2.3) and (2.4) by
(2.14) a(0) =0, |a(1) —a(1)| < 0y,

(2.15) i la(s) — a(s)|ds < da.

Similar to (2.12) (or (2.13)) we have for |Z,(1)] :
1Zo(1)] < X*.
Clearly X* is close to X*.
Let 6 be such that )
2Mb, + (X + X™)d, < 2Mo.
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Now we need in small changes of the proof of Theorem 2.1 for affirming (2.6). The proof
of (2.7), (2.8) remains without any changes.

Thus all the conclusions of Theorem 2.1 under conditions (2.14)-(2.15) are valid.

Consider the class of functions

(2.16) K, = {z(-) : '(¢) is absolutely continuous and |z"(t)| < My, M, > 0}.
The functional (1.2) in the class Ky can be rewritten as

(217) Iz() =, /0 22(0)dt — /0 ( /0 o(s)ds)z"(£)dt + 2/(1) /0 a(s)ds — a(1)z(1).

It is possible to prove that there exists a solution of the minimization problem for the
functional (2.17) in the class Ko.

Theorem 2.2. Let a(t) be a continuous function such that

(2.18) a(0) = 0, a(1) = a(1),

(2.19) /0 a(s)ds — /0 ' a(s)ds,

(2.20) /0 1| /0 tc‘z(s)ds— /0 ta(s)ds|dt§ 5.

Let zy(-) be a solution of the minimization problem for the functional (2.17) in the class
K, and let Zy(-) be a solution of the following minimization problem in the same class

(2.21) I= %/01 z*(t)dt

_ ll(/ot&(s)ds)w"(t)dt +2'(1) /01 a(s)ds — a(1)z(1) — min .

z(-)eK2
Then
(2.22) 0 < I(7o()) — I(zo(")) < 26M>,
(2.23) / (@o(t) — zo(t))2dt < 460y,
(2.24) |zo(t)| < Mo, |Zo(t)| < My, |zo(t)] < My, |Z5()] < My, 0<t <1,

1 1 gt
where My and M; depend only on |a(1)], |/ a(s)ds|, / |/ a(s)ds|dt, My, and §.
0 o Jo

Then there ezists a constant K > 0 such that if § < K, then

ey < K513
(2.25) max |Zo(t) — zo(t)| < Kod /",



(2.26) / 1(@3@) — 2l (¢))2dt < K, 6“2,

(2.27) max |Z)(t) — z)(t)] < K»6"¢,

0<t<1

where K, Ky, K1, Ky depend on M, and M, only.

Proof. The inequalities (2.22) and (2.23) can be obtained without any essential modifi-
cations in compare with the proof of (2.6) and (2.7).

Similar to proving (2.13) we can write

3 [ = [ @ ame-n+ [t

> 1 [+ vra— g [ [ s

1 1, M2

> 7 ((20(1))* = zo(1)25(1) + 3 (2p(1)*) — 75~

Further, from representation (2.17) we get

—_

1

0> I(zo()) > 7 (I(@o (V) = |20 (1) 2 (V)] + 3leo () — -

4
a)aa)| - | [ ats)aslieb()] - 3 [ [ atsyasia

1
Since the expression (|(zo(1)]? — |zo(1)||z}(1)] + §|x{)( )|?) is a positive definite quadratic

form with respect to |zo(1)| and |z{(1)|, we obtain from here that |zo(1)| and |z{(1)]

are bounded and their bounds depend only on |a(1)], | / s)ds|, / / s)ds|dt, and

M,. The same is also true for |Zy(1)| and |Zj(1 )| Let us note in passing that if @(1), and
1 1

a(s)ds are close respectively to a(1), and / a(s)ds and if 0 is small, then the bounds

0 0
for |Zy(1)| and |Z,(1)| are close to ones for |zo(1)| and |z(1)|. Clearly the inequalities
(2.24) are a simple consequence of conditions |z{ (t)| < Ms, |Zj(t)| < M.

For (2.25) it is sufficient to mark that instead of (2.10) it can be easily obtained the
following inequality

m?®/6M,, m/2M, <1,
(2.28) A5 My >

and for § < M?2/3M, the second case in (2.28) is impossible (as Kj in (2.25) one can take
(24 M, My)'/3).



Now let us proceed to the derivation of (2.26) and (2.27). We have
(2.29) /0 (@5(t) =5 (8))*dt = (25(1) 5 (1)) (Zo(1) —w0(1)) — (Z5(0)—25(0)) (Zo (0) — 0 (0))

— /1(fo(t) — zo())(Z(t) — zi(8))dt < 2Ko0"3my + 2M5(46 M) Y2,

where we introduce m; as

my = max [36(t) — 70

In just the same way as we have derived (2.10) we obtain

1
(2.30) 2K0my + 4M3?61? > / (Z)(t) — =) (t))%dt
0

m:{’/6M2, m1/2M2 S 1,
>
ml(ml — 2M2) +4M22/3, m1/2M2 Z 1.

By means of decrease of K we can exclude the second case in (2.30) as before and get the
inequality
2K6' P my + AM3?6% > m3 /6 M.

From here and (2.29) it is not difficult to obtain (2.26) and (2.27). Theorem 2.2 is proved.

Remark 2.2. We do not try to obtain any exact bounds. Our principal aim is to show
that the processing with a little changed output data gives results closing to optimal ones.
Due to that we can replace output data which have bad analytical properties. The better
analytical properties of modified data make possible, as we shall see below, to consider
more constructive optimal problems than original ones.

Remark 2.3. The principal results of Theorem 2.2 remain valid if the conditions (2.18)
and (2.19) are replaced by the conditions

(2.31) a(0) =0, la(l) —a(1)| < 4y, |/0 a(s)ds — /0 a(s)ds|dt < 6.

A proof is similar to the proof in Remark 2.1.

Remark 2.4. For the classes K,, n > 2, (see (1.7)) it is not difficult to obtain the
analogous results. The following inequality

;[ﬁ@mzélig4@+[?[%{{[Hﬁmm@qﬁwmm

I 1 M?
> [ P s,
1), 2(2n+1)(n))?

where

Po 1(t) = 2o(1) + &5 (1)(E = 1) + oo + — e -



has an essential meaning for these classes (see the proof of the inequality (2.13) and the
corresponding place in the proof of Theorem 2.2). Note that the integral

/0 P2\ (t)dt = /0 (@n(1) + (1)t = 1)+ o+ - ! et @)= 1

is a positive definite quadratic form with respect to zy(1),..., x[()"fl)(l).

In conclusion let us remark that the requirements (2.20), (2.31) on a(¢) for proximity a(¢)
to a(t) in the case n = 2 are weaker than the requirements (2.14)-(2.15) in the case n =1
and with growing n similar requirements are relaxed.

3. REDUCTION OF MAXIMUM LIKELIHOOD ESTIMATING TO THE PROBLEM OF
OPTIMAL ROAD PROFILE

Let us return to the problem of construction of maximum likelihood estimate Z(t¢) in the
class K;. This estimate can be found as a solution of the minimization problem (see (1.2))

(3.1) 1= /0 22(t)dt — /0 2(t)da(t) — min .

z()eKy

Consider also the following minimization problem

%/Olﬁ(t)dt—/ol:c(t)da(t)% min .

3.2 I
( ) w(-)EK1

According to Theorem 2.1 or Remark 2.1 if a(+) is close to a(-), then the solution Z(¢) of
the problem (3.2) is close to the maximum likelihood estimate &(t). There are extensive
possibilities for choice of the function @(t) such that the conditions (2.3)-(2.4) or (2.14)-
(2.15) are satisfied. For instance, the function a@(t) can easily be found as a piecewise
linear function, which has a piecewise constant derivative.

Let a(t) in (3.2) satisfy (2.3)-(2.4) or (2.14)-(2.15) and be piecewise differentiable. Denote
a'(t) by b(t). Then the functional (3.2) transforms to the functional

I= %/0 (z — b(t))2dt — %/0 B (t)dt,

and the following minimization problem appears (for the functional modified again we use
without ambiguity the initial notation I)

(3.3) [= 1/1(:0 _ b(t))2dt —> min .

2 |2 |<M
The problem (3.3) is a problem of mean-square approximation by functions with bounded
derivative. It can be interpreted as a problem of building road with profile z(¢) which

cannot have steep ascents and descents and therefore |2'(t)| < M, 0 <t < 1. The function
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b(t) is interpreted as a profile of a locality and the integral I as a cost of building. First
this problem as the following problem of optimal control

(3.4) =1 / (@ — b))%t —> min |

(3.5) ' =u

was studied by V.G. Boltyansky [2]. It has been studied in more detail and in more
general form in the paper [3]. In particular in this paper the sufficiency of Pontryagin’s
maximum principle is proved when in place of one equation (3.5) one considers a general
m-dimensional non autonomous linear system with r-dimensional control and instead of
a functional with quadratic integrand one considers a functional with convex function.
Besides in [3] the iterative procedure is recommended for finding optimal solution. Both
V.G. Boltyansky and the authors of [3] made an assumption that b(t) is piecewise dif-
ferentiable. However this assumption is not essential; we are interested in the case where
b(t) is only piecewise continuous, since the simplest method of approximating a(t) is
realized by means of piecewise linear functions. As a result, as already mentioned, b(t)
will be piecewise constant. Therefore, but also for completeness of exposition we develop
the required results from [3] with proofs, which are simplified substantially in the case
considered.

Beforehand let us remark that the solution to problem (3.4)-(3.5) exists and is unique,
which can be proved by traditional way in optimal control.

Let us write down necessary conditions for the optimal solution of problem (3.4)-(3.5).
Pontryagin’s function H has the form

H(t,z,u,p) = pu — %(m —b(t))%

It is not difficult to prove that Ay # 0 and hence we can put A\g = 1. The optimal solution
u(t), z(t) satisfies the system of differential equations

(3.6) dr  OH
' it op

dp OH
(37) e )
the conditions of transversality
(3.8) p(0) =0, p(1) =0,
and the maximum condition
3.9 t)u(t) = t)v.
(3.9) p(t)u(t) max p(t)v

Theorem 3.1. The solution u(t), z(t) of problem (3.6)-(3.9) is optimal for (3.4)-(3.5).
Therefore, in view of the uniqueness of the optimal solution, the extreme solution is unique,

11



in other words, the sufficiency of the mazimum principle for problem (3.4)-(3.5) takes
place.

Proof. Let u(-), Z(-), p(-) be a solution of (3.6) - (3.9), i.e.
=t T a4, 50 =) =0,

dt
(Da(t) = max p(t)e.

:ﬂ’

i1l g_,|&.
Sl |

Let u(t) be an admissible control and z(t) be some solution of equation (3.5). We have

B1) 1) = [ @0 -b0pd = [ Gle® -0 - souw)

" /0 (5 (@) — b)) — (&(t) — b(1)) - (1)) d.

2

This equality follows from the obvious relation

(3.11) /0 B(t)u(t)dt = /0 ﬁ(t)dzgtt)dt:— /0 2(8) (2(2) — b(L))dt.

As the second integral on the right-hand side of (3.10) is a constant, the functional I(z(-))
attains its minimum simultaneously with the functional

1

Le() = [ [3@—2) = plo)ule

Since p(t)u(t) > p(t)u for arbitrary |u| < M, the functional L obviously attains a
minimum at z(-) = Z(-), u(-) = @(-). Theorem 3.1 is proved.

Let us adduce three lemmas which will be used in the next section.

Lemma 3.1. Let the functions &(t), p(t) satisfy (3.7)-(3.8), i.e.

PO _ 50— b00), 5(0) = (1) =0,
and the functions u(t), z(t) satisfy equation (3.6), i.e.
dfg) — u(t).
Then we have (analogously o (3.11))
(3.12) /0 u(t)dt = — /0 ()@ — b0t

Proof. This assertion implies immediately by simple calculations.
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Lemma 3.2. To any admissible control u(t) there corresponds a unique solution of the
boundary value problem (3.6)-(3.8).

Proof. Indeed

From the condition p(1) = 0we uniquely determine z(0) :
1 T
(3.13) z(0) = —/ [/ u(s)ds — b(T)] dr.
o LJo

Lemma 3.3. Let u(t) and v(t) be some admissible controls, u # v, and
w(o,t) =au(t) + (1 —a)v(t), 0<a<l.

0

Then there exist values T°, @, which realize the minimal value of the function

G0, 0) = %/Ol(xo +/0tw(a,7)d7— b(1))2dt

in the domain —oco < xy < +00, 0 < a < 1. The values T°, @ can be found by the
following rule.

First calculate the functions £(t) and n(t) :

(3.14) «0- [ (u(s) — v(s))ds - / 1 | ws) = oo)dsar,

(3.15) n(t) = /0 b+ /0 o(s)ds — /0 1 /0 " o(s)dsdr.

Then find the constant (B :
) E@0)(0() — n(t))dt _

8=

Jy €@yt
Finally for & we have
g, if 0<pB<1,
(3.16) a={ 0, if pB<o,
17 if /8 > 17
and for z0 we have
1 gt
(3.17) Ty = —/ V w(@, s)ds — b(t)| dt.
o LJo



Proof. The lemma concerns the minimization of the function G(zy, ) which is quadratic
in z° and o where z° varies from —oo to +oo and 0 < a < 1. Since the function
G is unbounded for z° — 400, the existence of values Z,, @ easily follows. The function
G(zo, @) of one variable z, obviously takes a minimal value at zy = T, which is calculated
from the formula (3.17). Furthermore consider the function G(z°(«),a) depending on
0 < a <1 where z°(a) is determined by the right hand side of (3.17) with « substituted
for @. Obviously G(z°(a),a) takes its minimal value at o = @. This function is a
quadratic polynomial in a which can immediately be calculated :

mﬁmwnzélg%mnf
- [ e —noar-a [ o0 -n)ya

From this we obtain the rule (3.16). Let us remark that in case u # v the integral

/0 E(t)dt #0.

4. ITERATIVE APPROXIMATIONS

As a first approximation of the optimal control we take an arbitrary admissible control
uq(t) . The first approximation of the trajectory z;(¢) and the function p;(¢) are found
according to Lemma 3.2. Let the k-th approximation be constructed: wu(t), z(t), px(t) -
Knowing pi(t), we find wvg(t) from the condition

pr(t)uk(t) = gﬂgﬁpk(t)v,

that is, in particular, one may put

Ma pk(t) > 0)
Uk(t) = MSlgnpk(t) = 0) pk(t) = 0)
—M, pk(t) <0

Then we apply Lemma 3.3 with
w(a,t) = wr(a,t) = aug(t) + (1 — a)vg(t),

assuming that v, # ug (in the opposite case, as will be shown below, u; is an optimal
control). Let the point z},;, oy realize the minimal value of the function

0 1

@@,®:§£%ﬂ+£zwmﬂM—MMMt

Then the (k + 1) -st approximation of the control is chosen in the form
(41) uk+1(t) = akuk(t) + (1 — ak)vk(t),
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and zj41(t) and pgi1(t) are found according to Lemma 3.2. In this manner we construct
a sequence {u,(t),zn(t), pu(t)}. It is easy to see that z441(0) =z}, (by comparing the
formulae (3.13) and (3.17)). Let us write down zz (%) :

(4.2) on(t) = — /0 (o /0 wa(5)ds — cub(t))dt
—/01((1 _ ak)/ot v(s)ds — (1 — a)b(t))dt + o /Ot we(s)ds

+(1 — ak)/o v (s)ds = agpzr(s) + (1 — og)m(s).

Let I, be the value of the functional (3.3) at = = z,(¢). By construction the sequence
I,, is non increasing and is bounded from below by the least value of the functional I :
L>L2>--->21,>--->1.

Theorem 4.1. The sequence z,(t) converges uniformly on [0,1] to the optimal trajec-
tory.

Proof. Let us first of all show that if I,,;; = I,, then z,(t¢) is an optimal trajectory
and consequently 1(t) = z,(t). In view of the fact that zx;1(0) =z}, and zg41(¢)
corresponds to the control ug,1(t) we have

In+1 = Gn(m(r)H»l) an) = min Gn(ﬂfo, (I)

0

n*

Since I,.1 = I,, the least value of the function G, is attained at o, =1 and 2° =z
Since G,, is a quadratic parabola in «/, it follows that

oG, (xgn 1)
Oa

/01 {(mg + /Ot Uy (T)dT — b(t)) /Ot (un(7) — va(7))) dT] dt <0.

Putting in lemma 3.1

<0,

ie.,

we obtain

/0 o (0w (6) — un(£))dE < 0.

But since p,,(t)v,(t) > pn(t)u,(t) for almost all ¢, the integral in the last relation is zero
and we have almost everywhere

Pn(t)un(t) = pu(t)vn(t) = ﬁg@pn(t)w

15



Thus u,(t), z,(t), p.(t) satisfy the Pontryagin maximum principle (3.6)-(3.9) and ac-
cording to Theorem 3.1 z,(t) is the optimal trajectory.

Consider now the general case, where for all n the strict inequality I, .1 < I, is fulfilled.
In view of weak compactness of the unit ball in the space L?[0,1]| there are sequences
Un, (t) and vy, (t) which weakly converge to admissible controls @(t) and o(¢). Since the
sequence z° is bounded (this can easily be shown), we can assume without restricting
generality that the sequences z,, () and p,, (t) converge uniformly on the interval [0, 1]
to Z(t) and p(t) respectively. Also without restricting generality we can assume that the
sequence T, .1(t) is convergent ; its limit we denote by Z(¢).

Let us demonstrate that z(¢t) = T(t). From the assumption I,,,; < I, it follows that
Tpi+1 7 Tn,, hence ap # 1,ie. 0 < a, < 1. Since at o = a,, the parabola
G, (25, 1, ) attains its minimal value, we have

oG,
(28, 1, ) = 0

in the case 0 < a,, < 1 (the branches of the parabola point upwards), and
0Gp,
Oa

in the case a,, = 0 (the branches point downwards). As a result we get
oG,

30{ (wgk+l’ ank)

(4.3)

_ /0 16 + /0 (0, )T — (1)) - /0 (i (7) — v, ()t > 0.

Furthermore from (4.1)
1

Uny — Uny = 1— o (unk - U’”k"‘l)’
ng

and from (3.17) we obtain

(4.4) /0 FE. /0 (o, 7)dr — b(D)]dE = 0.

Finally,
[ ) = o r = = [ a0) = ta()ar
— (O~ B ®) — (&8, b, )

Inserting this integral into (4.3) and utilizing (4.4), we arrive at the inequality
1 ¢
45) [ @t [ waln = H0) - (o (O) ~ ()t 20,
0 0
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Passing to the limit in (4.5), we get
(4.6) /0 (Z(t) — b(t))(z(t) — Z(t))dt > 0.

Furthermore

e =T = 5 [ @) =)t = 5 [ (@) = bi0)Pat

- / (Tmy 1 (£) = b(E)) - (@ (6) — T2 (1))t + / (s () — o 12 (1)l

2

Passing to the limit in this inequality, we obtain
b _ 1 [ _
(4.7) / (z(t) — b(t))(T(t) — z(¢))dt + 3 / (z(t) — z(t))%dt = 0.
0 0
In case Z(t) # z(t) the relation (4.7) would imply the opposite inequality to (4.6). Hence

we have in fact Z(¢) = Z(t). This implies that p,, (¢) = p(t), pn,+1(t) = D(2).

We note two further equalities. The first one is obtained from the relation (4.3) by means
of Lemma 3.1:

oG, !
(4.8) 3ak ($gk+1, ank) = / Pnj+1 (t)(vnk (t) — Un,, (t))dt.
0
We remind that 0
dp,, +1(t
oy (£) — b(t) = Lo
The second one is obtained by the some reasoning as with (4.5). At first we write
oG, !
(@ 100m) = [ P ()0, (1) = i (0)c
1 1
o [ (@nna® = O k() - Trea(O)e
Qny Jo

which implies the equality, required in the sequel:
1 1
(49) [ (a0 =60 @ (0= 8y (0 = (1=002) [ D)o, () =, ()

The set of all indices nj is such that either o,, =0 or a,, # 0. If the set of indices ny
with ay,, =0 is infinite, then passing to the limit in (4.9), we obtain

(4.10) /0 B(6)(B(t) — T(t))dt = 0.

If this set of indices is finite, then for the remaining indices the left part of (4.8) vanishes,
and we again get (4.10).
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The condition

Py (8)vm, () = max pn, (£)v

implies that for any admissible control u(¢) one has the inequality
Pr, (8 U (£) > Pry (B)u(t)-

Let E be an arbitrary measurable subset of the interval [0,1]. The following inequality
holds:

[ P 0t > [ pu(Outat
E E
Passing to the limit here we get

/E p(t)o(t)dt > / p(t)u(t)dt.

E
Since E is arbitrary, this implies for almost all ¢
(4.11) p()u(t) > p(t)u(t).

In particular (4.11) holds also for wu(t) = w(t). Therefore (4.10) implies that almost

everywhere
p(t)u(t) = p(t)u().
Returning to (4.11), we obtain that

p(t)u(t) > p(t)u(t)

for an arbitrary admissible control w(¢). This implies that u(t), Z(¢), p(t) satisfy the
necessary conditions of the maximum principle. As a consequence of Theorem 3.1 Z(t)
is the optimal trajectory. In view of the uniqueness the sequence z,(t) itself converges
to the optimal trajectory uniformly. Theorem 4.1 is proved.

Remark 4.1. The sequence u,(t) can be seen to converge to the optimal control weakly.

Remark 4.2. Since obviously ug(t) is a piecewise constant function, zj(t) is always a
piecewise linear continuous function. Therefore if b(¢) is a piecewise constant or contin-
uous piecewise linear function, pg(t) is a quadratic spline (of defect 2 or 1). The knots
of this spline are the switching points of ug(t) and the non regular points of the function

b(t).
5. INSERTING A PARAMETER

In this section we give another approach for constructive solving the problem (3.4)-(3.5).
Let us consider the following problem of optimal control

(5.1) == /1((33 —b(t))* + Au®)dt — min ,

2 lu| <M
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dr

dat "

which depends on the parameter A > 0. For A = 0 the problem coincides with (3.4)-(3.5).
Clearly, the solution of problem (5.1)-(5.2) for small positive A is close to the required

solution of (3.4)-(3.5).

(5.2)

Pontryagin’s function H of the problem (3.4)-(3.5) has the form
1 1
H(t,z,u,p) = pu — 5(:{7 —b(t))* - iAuz.

Necessary conditions (it can be proved that they are sufficient as well) for the optimal
solution under A > O:

(5.3) (fi_f = 88_11;1 = u,
(5.4) D I e b0, 9(0) = p(1) =0,
(5.5) p(Ou(t) - 32(0) = max(p(t)o — ;A7)

The condition (5.5) gives for u the following expression:

—M, p< —AM,
(5.6) u=u(p;A) =4 p/A, |p| < AM,
M, p> AM.
Therefore to find the optimal solution we have to solve the boundary value problem
dr dp
5.7 A), — =z —b(t 0) =p(1) =0.
(5.7) o = umA), - =2z =b(t), p(0) =p(1)

A little below we justify that for all sufficiently large A the restriction |p| < AM is fulfilled
and consequently problem (5.7) acquires the form

dr. _p dp B B
(5.8) % va " b(t), p(0) =p(1) = 0.
Problem (5.8) has the following explicit solution
1 1 7
T = —(smh —) " - cosh —/ cosh dr — —/ s1nh b(T)dr,
¥

1 t—T1
smh — - sinh —/ cosh dr — / cosh b(r)dr.
p=(sinh ) b(r)dr — [ cosh = To(r)

Now it can be verified that the above-mentioned restriction is fulfilled in fact if, for
example,

\/Xexp(—\%) > % :

where B := maxp<s<1 |b(s)]-
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Let us denote z(t; A, zo), p(t; A, zy) the solution to the Cauchy problem

dzx dp

(5.9) a u(p; M), ar b(t), z(0) = zo, p(0) = 0.
To solve the boundary value problem (5.7) for a A > 0 it is necessary to find zy(A) such
that

(5.10) p(1; A, 2o(N)) = 0.

The transcendental equation (5.10) can be solved easily (for example, by the chord
method) if an initial approximation for z,(\) is known accurately enough.

Let zo(A\) be known. Then zq(A — AX) can be found from the equation
p(L,A— AN zo(A—AX) =0

if we take z4(\) as an initial approximation for zq(A — AX). Thus, knowing the optimal
solution for some A > 0 (fortunately, we do know it for a large A > 0), we can find it for
A — A in a constructive manner. Resting on these ideas, it is not difficult to construct
a numerical procedure for solving the problem (5.1)-(5.2) for any A > 0 and consequently
for approximate solving the required problem (3.4)-(3.5).

6. SOME GENERALIZATIONS

The problem of finding a maximum likelihood estimate Z(¢) in each class K,, (see (1.7)),
n > 2, is solved analogously. After substituting a(¢) by a nearby a(t)such that there
exists the piecewise continuous derivative a@'(t) = b(¢), this problem is also reduced to the
“problem of finding the optimal road profile”. For example, in the case n = 2 we obtain
the problem of minimization of the functional

I :
(6.1) I= 5/0 (z1 — b(t))%dt — ‘71;I|1SIII\1/[
dz
(6.2) d—tl = ,,
s _,
dt

The problem (6.1)-(6.2) can be solved with using [3] as the problem (3.4)-(3.5) was done
above. And due to Theorem 2.2 the optimal solution @(t), Z,(¢), Z2(t) of the problem is
such that Z;(t) is close to &(t).

The same approach is possible also in the case of stronger information on the unknown
signal. For instance, it may be known that the signal is a non decreasing function with
the first derivative bounded from above. Then

K} = {x() : z(t) is absolutely continuous and 0 < z'(¢) < M},
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and the optimal control problem takes the form

1
(6.3) =1 / (z — b(1))2dt — min |
2 Jo 0<u<M
(6.4) ' =u.
Let us introduce a new control v and a new phase variable y:
M t
vV=u— — =z — —t.
2’ Y 2

Then the problem (6.3)-(6.4) transforms to

1:1/0 (y — ¢(t)%dt — min

2 lv|<M/2

y =v,
where c¢(t) = b(t) — Mt/2, which coincides with the problem (3.4)-(3.5).

Now consider the class

K} = {x() : 2'(t) is absolutely continuous and 0 < z"(t) < M}

which corresponds to information on the signal being a convex function with bounded
second derivative. As above it can be reduced to the problem

1 1
I=2 —c(t))%dt i
5 | =)~ min
dyr _
dt y2)
dy2 _
dt ’
where ) )
M Mt Mt

which coincides with the problem (6.1)-(6.2).

Analogously one treats the case where it is known that there exists absolutely continuous
" V(t),and 0 < z™(t) < M. Such a class appears if it is known that the signal does
not have more than n pieces of monotonicity (and, of course, if it is sufficiently smooth
and its n-th derivative is subject to the bounds indicated).

Another quite natural information on the signal would be
K= {a:() : A<z(t) < B, z"(t) is absolutely continuous and 0 < z™(t) < M},

i.e. besides the fact that the signal does not have more than n pieces of monotonicity
it is known that it is in a certain band. This problem can also be reduced to a typical
optimal control problem but already with bounded phase variables. To find a sufficiently
constructive solution of such problems is a more complicated task.
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7. MAXIMUM LIKELIHOOD ESTIMATE FOR SIGNAL OF SOBOLEV TYPE

The optimal control problem (1.4)-(1.5) in the class (1.6) has the form

(7.1) I= /0 (%m2 + a(t)u)dt — a(1)z(1l) — min,
(7.2) ' = u,
(7.3) %/l(aaﬂ +u?)dt— M <0,

It is not difficult to prove the existence of a solution to this problem for an arbitrary
continuous function a(t) and constants a >0, M > 0.

Let us write down necessary conditions for an optimal solution of the problem (7.1)-(7.3)
(we use the book [1] in this connection). There exist nonnegative constants A\g > 0, A; > 0
and a function p(t), 0 < ¢ < 1, which cannot vanish simultaneously such that Pontryagin’s
function

H(t, z,u,p) = pu — )‘0(%372 +a(t)u) - Al(%axz + %uz)
receives the maximal value under optimal control, i.e. the equality
(7.4) p— Aoa(t) — Au =0
is fulfilled.

The optimal solution u(t), z(t) satisfies the system of differential equations

0H

/ 0H
(7.6) p=—p = AT + alz.
In addition the conditions of transversality
(7.7) p(0) =0, p(1) = Aoa(1)
and the condition of the complementary slackness

1 [
(7.8) MG / (a2? + u?)dt — M) = 0

0

are fulfilled.

Using the necessary conditions (7.4)-(7.8), we can find the optimal solution of the problem
(7.1)-(7.3). Let us prove first that
Ao > 0.

Indeed, if A\g = 0 then A; # 0 since otherwise from (7.6)-(7.7) we have p = 0, which
is impossible since Ay, A1, p cannot vanish simultaneously. So, if A\g = 0, then A\; > 0.
Therefore (7.4) implies u = p/A;, and from (7.7) p(0) = p(1) = 0. The system (7.5)-(7.6)
gives p” = ap, p(0) = p(1) =0. Since a > 0, we have p =0 and then u =0, az = 0.
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Consequently both multipliers in (7.8) are nonzero (remember that M > 0) and the
condition (7.8) is violated. So Ap > 0 and we can put

M=1.
Further, according to A; > 0 we have two cases: A\; =0 or A; > 0. The case \; =0

yields p = a in view of (7.4). Hence, from (7.6) = = a’. Such a solution is possible only
if there exists a” € L9[0,1] and
1

: /0 (0a”(1) + a"(t))dt < M.

This is interesting in itself. But for the problems considered here this case must be
excluded beforehand since (1.1) implies that a(-) is a non-differentiable function.

Thus we have A; > 0. Consequently (we write A for A;)

(7.9) P = ! +)\a)\ -(p—a), p(0)=0, p(1) = a(l),
(7.10) % /0 l(oza:2(t) + u?(t))dt = M,
(7.11) u=L"2 L

P )

The solution to the boundary value problem (7.9) is of form

(7.12) p(t) = Csinh gt + g /t a(s)sinh B(s — t)ds
0
where
14+ ar\ Y2
(7.13) 8= < —I—)‘a ) , C= smhﬂ —|—ﬁ/ ) sinh B(1 — s)ds).

Let us prove now that the unknown constant A can be found uniquely from (7.10) where
u and z are from (7.11)-(7.13). Thereby it will be proved the uniqueness of the extreme
solution for the optimal problem (7.1)-(7.3) or, that is the same, the sufficiency of the
necessary conditions (7.4)-(7.8). To this end consider the following problem

(7.14) J, = /0 (%ac2 + a(t)u)dt + g /0 (az? + u?)dt — a(1)z(1) — min,
(7.15) ' = u,

which is a problem without restrictions on control.
It is not difficult to obtain that for every p > 0 the problem (7.14)-(7.15) has a unique
optimal solution u(t), z(¢) which has a form like (2.11)

p—a 1 /

7.16 u = , T = .
(7.16) ., T an?
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The function p(¢) in (7.16) has the form (7.12)-(7.13) with

1 1/2
(7.17) 8= < +O‘“> .
7
Introduce the functional
1
(7.18) L= 5/0 (az® + u?)dt.

If we prove that the functional (7.18) calculated along optimal solution (7.16)-(7.17)
strongly monotonically decreases as a function of u, then the univalent solvability of the
equation (7.10) with respect to A will be proved.

Denote the functionals I, L, and J, calculated along the optimal solution w,(:), z,(+) of
problem (7.14)-(7.15) by

I(p) = 1w () 20 (), L) = Luu(), 2u())s Jo(p) = Jo(wu(); 2u()) = 1) + v L(p).
Let 0 < gy < po. Due to uniqueness of optimal solution of problem (7.14)-(7.15), we have

Ty () = Ty (s, ()5 Ty (4)) < Ty (U, (), 21y () = Ty (112),
T (1) = Ty (s, ()5 2, (1)) < Jpiy (U, () 2, () = Ty (122)

Consequently
(7.19) Ty () = 1(2) + pip L(pi5)
< (up, (4), 2, (1) + o Lup, (), 2, () = 1 (1) + p2 L)
Analogously
(7.20) I(py) 4 pa L) < I(pg) + py L(pe)-
From (7.19) and (7.20) the inequality
(7.21) pa (L) = Lp2)) < I(pg) = I(p) < pa(Lp1) = L(pe2))
follows.

But (7.21) is possible if and only if
L(py) > L(po)-

The strong monotonicity of the function L(u) is proved.

As a result we obtain the following theorem.

Theorem 7.1. The mazimum likelihood estimate Z(-) in the model (1.1) in the class of
signals (1.6) is given by formula

1 /
= t
1+ oz)\p (®)
where p(t) and X are found uniquely from (7.10)-(7.13).

(7.22) 2(t)
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Remark 7.1. The estimate (7.22) is nonlinear with respect to observation a(-) since A,
which must be found from (7.10)-(7.13), depends on a(-). At the same time the estimate
(see (7.16)-(7.17))

1 ,

(7.23) 2(t) = " (¢)

for every fixed p is linear with respect to observation a(-). The estimate (7.23) can be
treated due to the problem (7.14)-(7.15) as maximum likelihood estimate with penalty.

Remark 7.2. It is possible to consider analogously the problem (1.2) in other Sobolev’s
classes of functions, for instance, in the class

K= {x() : 32" (+) € Ly[0,1] , %/0 (apz?(t) +

where oy > 0, a; > 0, M > 0.

2

(6) + 2" (1))t < M} ,
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