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0 Introduction

This paper deals with the first boundary value problem (BVP) for equations which are
a differential with respect to one variable (¢) and difference with respect to the other
variable (s) in a bounded domain.

The initial value problem for differential-difference equations of this type was studied
in [1], [2]. The theory of the BVP under investigation is connected with the theory of
the BVP for strongly elliptic differential-difference equations which are difference and
differential with respect to the same variable (see [3]).

Some questions of this work were considered earlier in the papers [4], [5], [8].

Section 1 considers the solvability of the BVP for differential-difference equations. In
contrast to differential equations the smoothness of the generalized solutions can be broken
in the domain @ and is preserved only in some subdomains @, C @ where (U,Q, = Q).
In section 2 we construct such a set of @),. Section 3 deals with the smoothness of
generalized solutions in the subdomains @,. Section 4 considers the conditions under
which the smoothness is preserved when passing the boundaries between neighboring
subdomains Q. v

1 Solvability of a Boundary Value Problem

Consider the equation

(Badlty o)) + Ras(ty5) = f(1y5), (5,5) € @, (1.1)

with boundary conditions xyz

z(t,s) =0, (¢,s)€ R*\Q. (1.2)

Here (¢,s) € IR? and f(t,s) € Ly(Q) is a real valued function, @ C IR? is a bounded
domain with the boundary 8Q € C* or a rectangle; R : Ly(R?) — Ly(IR?) are difference
operators

(Rea)(trs) = 3 ai(t,o)alt, s+9) + oty s — i), (13)
ieM :
k= 1,2, ai(t,s) € 02(Q), ai(t,s) € C(Q), and, if aj(t,5) # 0, then |ai(t,5) > ¢ > 0
for (t,s) € @, M C Z (Z - the set of integers) (0 € M).

Denote by HP°(Q) the Sobolev space HP%(Q) = (z € L2(Q)] %%,% € Ly(@), k=1,..,p)
(see [7], III, [6]), with the inner product

p . ,
(z,9)p = Z/ zg')ygz)dtds.
Q

1=0



Let H be the closure of the set C5°(Q) in H»°(Q). The inner product in H is given by:
(m:y)l = /;(:By -+ a:tyt)dtds.

Consider the operators Ig, Py, RiQ, 1= 1,2,

Ig : Ly(Q) — Ly(R?), (Igz)(t, s) = z(t, 8), (¢, 5) € Q, (Loz)(t, 3) =0,
(t,3) € R})\Q; |
Py : Ly(R*) — In(Q), (Pqa) (t,5) =a(t,s), (4s)€Q;
o L2(Q) — La(Q), Ry = PoRilg,i = 1,2.

Definition 1.1. We say that the function € H is a solution of the BVP (1.1), (1.2), if
forallve H

| (Rgzs,ve) + (Ryz,v) = (f,v), (1.4)

where (.,.) denotes the inner product in Ly(Q).

A bounded self-adjoint operator A in the Hilbert space H is said to be positive definite
(non—negative) if for all y € H, (4y,y) > c(y,y), ¢ = const > 0 ((Ay,y) > 0).

Definition 1.2. Let R}, be positive definite. Then the boundary value problem (1.1),
(1.2) is said to be the first boundary value problem.

The operator R}, is positive definite if and only if the matrices Ry, are positive definite
- (see [3]).
Lemma 1.1. The operators RiQ 1 Ly(Q) — Ly(Q), ¢ = 1,2, are bounded and self-adjoint.

Lemma 1.2. The operators R, 1 = 1,2, map H (continuously) into H"°(Q) and
The proofs are evident.

From lemma 1.10, S1.8, 1, [7] it follows
Lemma 1.3. Forall fe H

U lz2(@) < kell fellLa(q)s « (1.5)

where the constant kg depends only on Q.

Let R’é be a non—negative operator, i.e.,
(RQ:v z) > 0. (1.6)

Lemma 1.4. Let qu be positive definite, RQ non-negative operators.

Then in H we car introduce an equivalent inner product by the formula

(:z:,y)H = (Rgzt, ye) + (Rém,y). (1.7



Proof. By lemmal.l (z,y)g = (y,z)g. It is sufficient to check that there exist ¢;, c; > 0,
such that for all z € H, ci(z,z)1 < (z,2)m < co(z,)1. The first inequality follows from
lemma 1.1, the second from definition 1.1, formula (1.6) and lemma 1.3. &~

Theorem 1.1. Let Rb be a positive definite operator, RZQ a non-negative operator.

Then there exists a unique solution z € H of BVP (1.1), (1.2),

lz[lzr < ellfllzae) ¢ > 0. (1.8)

Proof. By lemma 1.4 eq. (1.4) is equivalent to
(z,v)g = (f,v). . (1.9)

For any fixed f € L,(Q) the linear functional ps(v) = (v, f) is bounded in H. According
to the Riesz representation theorem, there exists a unique function Fy € H such that

for all v € H, (f,v) = (Ff,v)n, and ||F¢||lg < cl|fllz,(). Hence, there exists a unique
solution of (1.9) z=F;f€c H. m

Remark 1.2. Generally speaking the BVP (1.1)—(1.2), does not have classical solutions
for smooth f. It is natural to introduce generalized solutions for BVP for differential-
difference equations, and in fact, takes place in the theory of the BVP for strongly elliptic
differential-difference equations (see [3]).

Example 1.1. Consider the BVP

- (let(tas))t =1, (t,S) €Q, (110)

z(t,8) =0, (t,5) € R*\Q, ‘ (1.11)

-where (Ryiz)(t,s) = 3z(t,s) + z(t,s + 1) + z(¢,s — 1), @ = ((¢, )|t € (0,1),s € (t,t + 2)).
It is easy to check that z € H is a solution of BVP (1.10)-(1.11), where

ot )=~ 4st,  se(0,1)te(0,s),
—t2 4 428 1, s€(1,2), te(s—11),
—t? + S?t’ s € (172)7 te (073 - 1)7

2+ (s—1)t—(s—2), s€(2,3),te(s-21).

By theorem 1.1 z is a unique solution of BVP (1.10)~(1.11). For any so € (1,2),
limgy(sg—1)10 Ze(t, S0) = —Z80 + 3 # limy(so—1)-0 (¢, 50) = —Lso + 32, hence, (2, s) ¢
H*%(Q), and z(t,s) ¢ C3Q), i.e.. BVP (1.10)~(1.11) has no classical solutions for

f=1€C>(Q).

2 The Geometrical Constructions

As was shown in section 1, the smoothness of the generalized solutions with respect to ¢
can be broken in domain @, z ¢ H*%(Q). In this section we construct the partition of the
domain Q into disjoint subdomains Q,, r = 1,2, ..., (@ = U,Q,), such that the solution
of BVP (1.1), (1.2) z € H*°(Q,),r =1,2,....



Consider the ordered set 8 = (i), 1 € M = M U (—M), ig = 0. For any set 3 we
construct the sets Ay = 8Q, Ay = A + hy,..., A§ = (Af;'l NQ)+ hi,..., Ag 2 AL =
(A5 N Q) + hy,, where hy, = (0,1). ' :

Denote 7 = Uger(A4g N Q),IC = Uﬁl,ﬁzeBQ NAg N (Aﬂz\Aﬁl): where B is the set of all g
such that Ag ¢ 0.

The sets 7, K are closed. Suppose that 9@ satisfies the conditions: pK = 0 where p(.) is
the Lebesgue measure.

Consider the open set Q\7. Let Q,,r = 1,2, ..., be the open connected disjoint components

of the set Q\7 : Q\7 = U,Q,. Let Rq be the set of all Q,.

Let also 7, & = 1,2,..., be the open connected disjoint components of the set 7\K,
7\K = U7g. Denote By the set of all .

It is easy to check that 7 = U,0Q,, K = Ux07.

Definition 2.1. Let v C IR? be a bounded connected set. We say that the collection
of subsets R = (Vi )i of the set V is a partition of V if V = UV (or V = UVi) and
VinV;=0,k#3j.

Definition 2.2. We say that the partition R = (Vi) is }’egular (with respect to set M)
if all Vi are connected and open and for all Vi and : € M there exists V; € R such that
Vi + hi = Vj, or (Vi + h;) NV =0, where h; = (0,12).

Lemma 2.1. The set Rg is a regular partition of the domain Q.

Proof. By the conditions of lemma the sets @, are connected and disjoint and U,Q, =
(@\7)U(U,8Q,) = Q. It is sufficient to prove that for all @ € Ro and 1 € M there exists
Q1 € Ro such that @, + h; = @y, or (Qr + h,) =NQ = 0.

Suppose the opposite: there then exist Q,, Q; and 7 € M such that (Qr+h)NGQ #£D
and (@, + h;) # Q1. Without loss of generality we can assume that @Q;\(@- + h:) # 0 (if
(@- + h:)\Q: # 0 the proof is analogous). Since the set Q; is connected there exists a
point z € 3(Q, + ki) N Q. It is evident that y = 2z — h; € dQ,. Since Q. € T there exists
an ordered set 8; = (%0,...,%m) € B, such that y € Ag Q. Therefore, z € Ag, N Q where
B2 = (%0, .-+yim,%) € B. Hence z € 7, and since 7 N @; = 0, we receive a contradiction. m

Lemma 2.2. The set By is a regular partition of the set 7. And if 7 € By and k; = (0,1),
1€EM, o +h;NT=0,then 7, + ;N Q = 0.

Proof. We prove that for all 7, € By and h; = (0,1),% € M,ora T; € By exists such that
e+ hi=7j,or e+ hiNQ = 0.

Suppose the opposite: let there exist 7 and h; such that Tk + hi N Q#0Dand 7 +h; £ 7
for any 7, € Bo. By construction of 7, (7 + k;) N Q C 7 and since p(K) = 0 and ¢ is
open, there exists 7; € By such that (1x + h;) N 7; # 0. By assumption, 7 + h;A7; # 0.
Without loss of generality 7;\(7x + h;) # 0. Since 7; is connected and open there exists
Yo € 7; such that for all S;(yo), where Si(yo) is the open balls of radius L with center
Yo, (St(yo) N (1\(7& + h:)) # 0 and Sp(yo) N5 N (e + ki) # 0. Ifyo € (1 + hi) N 75
then yo € 7;\(7x + k:) and by construction of K,y € K. If yo € 7;\(7x + hi), then



Yo € O(7k + hi); for yo — by € O7y then yo — h; € K, hence yo € K. In both cases we obtain
a contradiction, since 7; N K =0, hence yo + h; = 7;. ®

‘The partition Ro(Bo) consists of the classes: subdomains Qm, where Q; (7m,7;) belongs

to the same class if there exists a sequence of shifts (hi, oe1s %k € M , carrying @, into
@; (Tm in 7;) within the boundaries of Q(Q).

We denote index s = (r,k) (Qrk, Trk), Where r = 1,2, ... is the number of classes and
k=1,..., N, is the number of elements in the r—th class.

Without loss of generality we may suppose that 7.x € Q, k = 1,...,No; Trx € 0Q, k =
No+1,...,N,.

Lemma 2.3.-2.8 are analogous to lemmas 4.2-4.4 [3].

Using the definition of the set K one can obtain the following statements.
Lemma 2.3. Let y € 0Q N, 8Q,4,, k>2, (ri, 1) # (r4,1;), 14 7.
Then y € K.

Lemma 2.4. Let y € Q N%, 8Q,0., k>3, (ri, 1) # (r5,1;), 1+ #7.
Then y € K.

From lemma 2.3 follows lemma 2.5.

Lemma 2.5. For any 7,; C ¥Q), 7,; C Bo there exists a subdomain @, € Ro, such that
Ty C 0Qr and 7, N 0Quk = 0; (r,1) # (s, k).

From lemma 2.4 follows lemma 2.6.

Lemma 2.6. For any Ty; C Q(my; C Bo), there exist subdomains Q@ 1,, @r, € Ro

(inl # QT212)7 such that Ty; C anlh n aQ"zln and Toj N anglg = ®7 (Tg)lg) 7é (T,‘,l{)
1=1,2.

From lemmas 2.1, 2.2, 2.5, 2.6 follows lemma 2.7.

Lemma 2.7. Any class v of the partition By corresponds to only 2 classes of subdomains
of the partition By: p and g, such that (after renumbering):

To; C 0Qpi N 0Qg; N Q, 7 =1,..., Ny,
To; C 0Qp; N FQ, i=No+1,..,Np,
Toj COQu NIQ, =Np+1,..; Ny, k=37 — (Np — No).

. T,,jﬂaQ,-k=@, T #paq'
Remark 2.1. In lemma 2.7 we can have the cases:

a) when for VQp;, 3k, k # 7, 3Qpk, Qpj = Qpk;

b) No = 0 and class v corresponds to only one class p.
Definition 2.3. Let (Tv,-)f"z"l - v—th class of the partition By. We name the set of all

pOints S = (yw:)f\é‘l (yvi € Q)) such that Yvi € Toiy Yvi = Yu1 + hi7 there Tvi = Tv1 + hi,
the complete set of points from classes v. Points y,; € § we name inner points, points



Yui € 0Q - boundary points.

Without loss of generality we suppose that y,; € Q, 7 = 1,...,No, i € Q, 1 = N +
1,..,N,.

Remark 2.2. By construction of a set 7 the complete set S always has boundary points,
though may not have inner products, i.e. 0 < Ny < N,.

Example 2.1. Let the operator R have the form:
(Rz)(t,s) = bz(t,s) + z(t, s + 5) + (t,s — 5) + z(t,5 + 8) + z(t, s — 8).
Q = ((t,s)|t € (0,1), s € (0,1]; ¢t € (0,2), s € (1,9)). Then M = (0,5,8), the partition

R, consist of 3 classes:

Qu = (0,1)x(0,1),
Q2 = (0’ 1) X (374)7
Rz = (0,1) x (5,6),
@ie = (0,1)x(8,9),
Rz = ((¢,9)|t€(0,2), s€(1,3); te(1,2), s€3,4)),
Q2 = ((t,9)[t€(0,2), s€(6,8); t€(1,2), s€[8,9)),
Qar = ((t,9)|t€(0,2), s € (4,5); t €(1,2), s €[5,6)).

The set K consists of 16 points: (0,7),7=0,1,3,4,5,6,8,9) (z,7),5 = 1,2,:=1,4,6,9.

In the set By are 9 classes.

Example 2.2. Im example 1.1 Ry = (Q11, @12), Q11 = ((¢,3)|t € (0,1), s € (¢, + 1)),
Q2 = ((¢,9)|t € (0,1), s € (t+1,¢£+2)), K consists of 6 points: (0,1), 7 =0,1,2; (1,1),
i=1,2,3. In a partition By are 3 classes: 7; = (0) x1—1,2) 1 =1,2; 72 = (1) x (z,2+ 1)
1=1,2, 131 = ((¢,8)[t =8 —1, s €(1,2)), 132 = 731 — (0, 1), 733 = 731 + (0, 1).

3 The Smoothness of Solutions in Subdomains @,

Let P, : Ly(Q) — L3(UiQn) - be the orthogonal projection operator of Ly(Q) onto
Ly(UiQn), (I =1,..., N;), where Ly(UiQn) = (2z(y) € L2(Q)] z(y) = 0 for y € @\ U; Q).

We introduce the isomorphism of Hilbert spaces U,:

Ly(UiQn) — LY(Q.1) by the formula (Urz)i(y) = z(y + hn), (y € Qr1), where | =
1,...;,N = N,; hy such that

N

er + hrl = er (hrl = 0)) Lév(er) = H‘LZ(QTI) .

=1
Operator Ry, : LY(Q1) — LY(Q:1), Ror = U.RQU?, is the operator of multiplication

by an N x N dimensional matrix Rq, with the elements

. ai(t,s +1x), ifi=1,—ire M,
Rty s) = d( t) ifz'g_uéa (3.1)



Lemma 3.1. Let Rq - positive defined operator, and Rgz € H*°(Q,;),j =1,..., N = N,,
where @,; - components of a regular partition Ro.

Then z € H*°(Q,;),5=1,...,N.

Proof. Denote z = U,RqP,z € LY(Qr). Since Rgz € H*(Q,;), 7 = 1,..., N, so
zeIIN, H*°(Q,1), hence

z=U.RqP,z = U,RQU;* P,z = Ro.U. P,z € [] H*(Q,.).

=1

Since Rg, is a positive definite matrix, so (RQ,)_1 is bounded, hence U,P,z =
(Ro,) 'z e oL, H*(Q,1) and z € H*(Q,5),j =1,...,N. m

Theorem 3.1. Let R}, be a positive definite operator z - a solution of BVP (1 1), (1.2),
Ro = (Qrj) - & regular partition.

Then Rz € H*(Q), = € H*°(Q,;), j = 1, ..., N, and z satisfies BVP (1.1), (1.2) almost

everywhere.

Proof. Using lemma 1.1, and integrating by part, we obtain for
z,v € H, (Rgze,vr) = ((Rga)s, ve) — (R )sz, ve) = ((Rga)s, ve) + ((By)ew)s, v).-

Denote y = Rgz € H'(Q), g = —f + ((Ry):z)e + Ry, g € La(Q). Eq. (1.4) takes
form: (yg,v:) = —(g,v) for any v € H, i.e. g is a generalized derivative with respect to ¢
of the function y; in @' C @ (see [6], 53 IIT) and yi = g almost everywhere in @', hence
Ys = g almost everywhere in @ and y € H*%(Q). Hence Rz € H*°(Q), and by lemma
31z € H**(Qrj),7=1,..,N,. ®

Example 3.1. Consider the BVP: (Roz:): = 24,
(Ro)(tys) = 8a(t,s) + 4oty s+ 1]+ a(t,s — 1)] + 20at,s +2) + a(t, s — 2)] +
+la(t, s +3) + 2(t, s - 3)],
Q@ = ((t,9)[t €(0,2),s €(0,3);t €(0,1),s € [3,4)).
The partition Ry consists of 7 subdomains: @1; = (0,1) x (z — 1,%), % =1,2,3,4, Q2 =
(1,2) x (i — 1,4), i = 1,2, 3.
By theorem 3.1 we have that z € H2%(Q,,).

The partition By consist of 5 classes. The smoothness of solutions can be broken only for
one class: 71; = (1) x (2 — 1,7), 2 = 1,2,3,4 (another classes of the partition or have not
inner points or their components 7,; are pa,ra,llel to the axis 0t).

It is easy to check that z is a solution of BVP:

2 —2t, s €(0,1), t€(0,2),
t2‘/2 -, ( ) te (0: 2);
z(t,s) = t* — 2, s G (2,3), t€(0,1),
t2/2 -3/2t, s€(2,3), t€(1,2),
t? —t, s € (3,4), te(0,1).



The function z € H*°(Q'), where @' = (0,2) x (0,2), i on T11, T12 the smoothness of
solution is preserved. However for s € (2,3) limy,1_0 z:(¢,s) = 0 # lime140ze(2, ) =
—1/2, i.e. the smoothness of BVP on the boundary 712 is broken, z # H*%(Q).

4 The Smoothness of the Solutions on the Boundary
of the Neighboring Subdomains

In example 3.1 we have shown that the generalized solution of BVP (1.1), (1.2), may
not have corresponding smoothness on the boundary of the neighboring subdomains, and
at the same time may be smooth at other points of the boundary. This is connected
with the fact that the differential-difference operators are non-local. In this section
we consider the necessary and sufficient conditions of the smoothness of the solutions
on the boundary of the neighboring subdomains. This conditions are similar to the
conditions of preserving the smoothness of solutions of the boundary value problem for the
strongly elliptic differential-difference equations (see [3, theorem 6.1]). Consider the point
y* = (t*,8*) € T. We obtain conditions of existence a > 0 such that the solution of BVP
(1.1), (1.2) z € H*(K,(y*)NQ) for any f € Ly(Q) i.e. = has a corresponding smoothness

in the neighborhood of the point y* (here Ka(y*) = ((¢,8) | [t —t* |< a,| s — s* |< a)).

At first we investigate the case when y ¢ K, i.e. y* € T,;NQ for some v,1 (if y* € T,,NOQ,
then from lemma 2.5 K,(y*x) N @ = Ka(y*) N Qp: for some a,p, and by theorem 3.1

z € H*°(KL(y*) N Q).
Ny

Consider the complete set S = (y;);24, corresponding to the point y*(y; = y* for some
Dyyi € Q,l=1,...,No,y1 € 0Q,l = No+ 1, ..., N, (see definition 2.4). By lemma 2.7 to
the class v of the partition By correspond 2 classes: p and g of the partition R, and after
renumbering we obtain:

Y= €0QuNIQuNQ, 1=1,.,No,
Y1 =Yp € 0Qu N 0Q, l=No+1,..., Ny,
Y1 =Yqk € aquﬂaQ, l: Np'+1,...,Nu, k= l—(Np—No)

-

We can choose a > 0 so small that the sets 0Qq N Ko(yrt) (r = p,q, I = 1, ...,Nr\) are
connected and belong to the class C?, '

Ka(yp) C QuUQuUOQu,  1=1,..,No,
Ka(yﬂ) N Q = Ka(yrl) U er, = NQ + 1,'...’ N,-,?" =p,q.

Denote I't = 0Qpu N Ka(ypt), L =1,...,No, T éI‘l, t=((t,s) €7 |Ta>0: K,(t,s)NT =
(t —a,t+a) x (s)).

Remark 4.1. By theorem 3.1 z € H2°(Ka(yn N @r1), besides z € HY(K,(yn) N Q),
r=p,q, | =1,..., No. Henceif y, € 7¢, then z € H**(K,(yp) N Q). If yu € 7\7* (an
axis 0t cuts I't) then ¢ € H**(K.(yu N Q) if and only if (z(2,5))ey, = (24(2, 3))elr,, Where
:z:,.(t,s) = iB(t,S), (t) S) € er; r=p4q.



Below we suppose that y, € 7\7t.

Denote

zr(t,s) = ((RQTUTPTm)l(t)Sj7"')(RQrUTsz)No(tvs))a
Vi(t,s) = ((U:Pa)(t,s), ..., (UrPrz)n(t, 8)),
Wi(t,s) = ((UrPz)ngta(t,s), - (UrPra)n,(t,8)), T =p,q.

By theorem 3.1 (Roz) € H*°(K.(yn)), [ =1, ..., No. Hence
(27 - ZHlr=0. : (4.1)
Since z € H.
Vip=V?p, Wir=0, Wir=0. ' (4.2)

Denote R° - Ny x Ny - dimensional matrix, obtained from the matrix Rg, by eliminating
the last N, — Ny columns and lines (since hy = hy, | = 1,..., Ny, the matrix, obtained
from Rgq, is equal to R°). Denote R (r = p,q) (No x N, — Np) - dimensional matrix,
obtained from the matrix Rg, by eliminating the first Ny columns and the Ist N, — Np
lines. By (4.2) eq. (4.1) takes form "

(ROVP +(RO)VP + RPWE + (R)WP)r — (ROVA + (R°):Va + RAW;

4.3
HR)W e = (RA(VE - Vi) + BEWE = RW)lr =0, (3)
Denote ¥ = (UF — V)|p, W = (WF[W)lr, RP4 = (—R?|RY).
From (4.3) we obtain '
Role = Rp’qh‘VV, (4.4)
Y = AW, (4.5)

where A = ((R°)™*RP)|r, A = || M(t, 8)||, k= 1,..., Ny + N, — 2No, [ = 1, ..., No.

Theorem 4.1. The solution of BVP (1.1)-(1.2) z for the point yu € (@ N 8Qu)\K for
every f € Ly(Q) belongs to H*°(K,(yp)) for some a > 0 if and only if

)qk(t,s) - 0, ) (46)

k= 1, veey Np -+ Nq —- 2N0, (t, S) S (Ka(ypl n BQP1)\Tt.
Proof. Sufficiency. Let (4.6) be true. Then by (4.5) y: =0 (Y = (Y4, ..., Y1, ..., Yiv,)), i.e.
(UpFpze)i. = (UgPame)ir- (4.7)

From theorem 3.1 and (4.7) follows that z € H*°(K,(yu)).

Necessity. Let for every a > 0 there exist k (1 < k < N+ N,—2N,), and y* = (¢*,s*) € T
such that Au(t*,s*) # 0.



Then we prove that there exists z € H such that —(Rhz:): + Rhz = f* € Ly(Q), while
z & H*°(Ky(vp)) for any a > 0. We choose a so small that the point yp,; divides the
curve I' into two parts I' = I UT? Uyp;. The curve I'! and I'? can ly on one side from the
axis 0t, or on different sides, or one curve coincides with an axis 0¢ (by remark 1.4 even if
one curve does not coincide with the axis 0t, let it be I'?). Without loss of generality we
assume that I'? lies on the right side from 0¢. By choosing the parameter o sufficiently
small, we obtain: I'? : t = y,(s), 72 € C%(0,6,),0< s < § < a.

For the curve I'' we can have the cases:

a) t= ’71(8), T € Cl(—Jl,O), — S —51 S S S 0, 51 > O,
b)t =v(s), m1 € CY0,81), 0<s<é <a,é >0;
c)t€(0,a1) (orté€(—a,0) s=0.

Suppose without loss of generality that (t,s) € Qp1, if 12(8) <t < 72(s) + ¢, and (¢,s) €
Qq, if 12(s) — € < t < 72(s), for some € > 0, s € (0,8,), and in case b) 72(s) < 1(s),
0 < s < min(63, 82).

- By assumption Ag(y*) # 0, where y* = (¢*, s*), t* = 72(s*), s* € (0,82). Since Ai(t,s),
v2(s) are continuous functions, Ai(72(s),s) # 0 in the some neighborhood of s* : s €
(31;32); 0<s5 <8 <s3<86,, 8 <8,

Denote by = 7v2(s1), b2 = 72(s2), b = max(by, bg) (b<a),A=a-b>0,P= (¢, 9)(t,s) €
Qp1, 51 < 5 < 59, 12(s) Lt < ).

Counsider the function
U;lu”(t, S), (t 3) € U;_l pt N Ka(yp‘i)an
x(t: s) = Ux;—luq(ty 3)7 (t 3) € Ut——l gi N K (yqi)

0, (t,9) € Q\(UT Ka(ypi) Uilh Ka(vai),
where (¢,s) € @, u(t,s) = (u], ... W UN D), T =D, 4,
Aie(t, 8)(t — 72(8))(t — 72(s)), (t,8) € P, i=1,..., N,
Pts)= | 6alt (), ()€ Pi= Nyt LNy (48)
0, : (t,3) € @u\P;

Cui(t,8)=0, (4,3)€Qq, 1=1,..,N,

Here é; = 0, 7 7é k,5,',' = 1, C(t) =1,0<t< A/3, C(t) = 0, (2/3)A <t< A,
¢ € C=(RY).
Obviously u™ € [I¥5 H*°(Q.1), r = p,q, function z € H, z € H**(Q~), 7 = p,q,

i=1,..,N, and sa.t1sfy (4.5), hence (Ryz)(t,s) € H* O(Q) Therefore exists a f* € Ly(Q)
such that —(Ryz:)t + Rz = f*. By (4 8)

((t,5)), =t s) £y =0,

t:"(z(n) t:'yz(n) (0)
<A<, 0, <0<z 2, <0<02
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hence (Up Pp:)(t, 5))ir # (UpFa:)(t, 5))ir and @ & H**(Ka(ypr)). ®

Example 4.1. Let us apply theorem 4.1 for an investigation of the smoothness of the
solutions of the BVP from example 3.1 at the points y; € 71;,4=1,2,3. Herep=1,q =
2,No = 3, N, = 4, N, = 3. Taking into account the form of the operator R, we construct
the matrices

(8421
4842
Bov = | g4gq | Raz=

842
484 |,
12438

2438
1

R¥?=—|2].
4

| 0
A= ()R = - [ : } .
1/2

(842
R = | 484
1248

Therefore,

Hence, by theorem 4.1 there exist a;,a; > 0 such that, the solution & € H*°(K., (v1)),
z € H*® (Ka,(y2)), but ¢ ¢ H?*°(Ka(ya)) for any a > 0. It corresponds to the result,
obtained in example 3.1. '

Now we investigate the question of preservation of the smoothness of solutions of BVP
(1.1)~(1.2) for the points y* € K. Since

K =U0m, soy*€nm, 1>1.
Let y* be an isolated smgular point: there exist a ne1ghborhood of y* : K,(y*), containing
only one point from K — y*.
From theorem 4.1 follows corollary 4.1.
Corollary 4.1. Let y* € K.

~ The solution of BVP (1.1)~(1.2) = € H*°(K,(y*)) for some a > 0 if for every 7; € B,
such that (7;\7%) N Ka(y*) # 0 for points y € (T,\T‘) N Ko(y*) the condltlons of theorem
4.1 are fulfilled.

Example 4.2. Let us investigate the smoothness of solutions of BVP from example 3.1 at
the points y4(1,1) and ys = (1,2). Obviously, we have that ys4,y5 € K, and ys = 711 N Fp2,
Ys = T1a N T13. As follows from example 4.1 the conditions of corollary 4.1 are fulfilled for
711 and 715, hence z € H*%(K,(y4)), a < 1. For the point ys the conditions of corollary
4.1 are fulfilled only for 715 and disturbed for 713, i.e. = ¢ Hz’o(Ka(ys)) for any a < 0.

Corollary 4.2. Let S = (yx)}*, be a complete set from a class v of the partition Bo,
containing inner points. Then there exists f, € Ly(Q) such that the smoothness of

11



" solutions of BVP (1.1), (1.2) fails at least in one of the points of a set S: for some I
(1 <1< No) z¢ H*°(Ku(y1)) for any a > 0.

Proof. By lemma 2.7 class v from By corresponds to some classes p,q from Ry. From
definition of the set S and remark 2.2 it follows that there exists an inner point y; € S;
k < Ny, a boundary point y; € S, Ny < j < N, and 7 € ,M, such that yx + (0,2) = y;
(y; can belong or to 0@y, or to 8Q;; let y € 0Qp;). Therefore in (1.3) for the difference
operator R; element a;(yx) # 0 and in the matrix Rg, by the formula (3.1) bkj(y1) =
ai(yx) # 0. Then rpyy, - m-th column (m = j — No) of the matrix Rf - is not equal to
zero. Since RC is a positive definite matrix, so equation R?w Am = Tmjy, 7 0 has a solution:
Am = (R ) mpy # 0, where A = (Aim, e, ANym ), 1.€. for some /(1 <1< No), Aim # 0.

[v1
From (4.5) it follows that A is m—th column of the matrix A and by theorem 4.1 the nec-
essary conditions of preservation the smoothness of solutions in points y; are not fulfilled.

Hence z ¢ H*°(K(y1)) for any a>0. ®m

Corollary 4.3. For the BVP (1.1), (1.2) always exists f € Ly(Q) such that the smooth-
ness of solutions is broken in some point y* € 7 : z ¢ H2°(K,(y*)) for any a > 0.

Corollary 4.4. For nonrectangular domains the set 7 plays a main role in the investi-
gation of solutions smoothness of the BVP (1.1), (1.2). From theorem 4.1 and corollary
4.3 follows that on 7 always exists a non—smooth solution; for some f € L,(Q), outside
of the 7 - the solution always preserves smoothness.

For rectangular domains investigation of smoothness is simplified. From theorem 3.1 and
remark 4.1 follows assertion 4.1.

Assertion 4.1. Let Q@ = (ay,a;) X (by,b;). Then the solution of BVP (1.1), (1.2)
-z € H*°(Q).
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