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ABSTRACT. A number of new layer methods solving the Neumann problem for semi-
linear parabolic equations is constructed by using probabilistic representations of their
solutions. The methods exploit the ideas of weak sense numerical integration of sto-
chastic differential equations in bounded domain. In spite of the probabilistic nature
these methods are nevertheless deterministic. Some convergence theorems are proved.
Numerical tests are presented.

1. INTRODUCTION

A probability approach to constructing layer methods for solving nonlinear partial differ-
ential equations (nonlinear PDE) of parabolic type is proposed in [13, 14, 15]. The papers
[13, 14| are devoted to layer approximation methods for the Cauchy problem for semi-
linear parabolic equations and the paper [15] deals with the nonlinear Dirichlet problem.
The aim of this paper is to develop such methods for nonlinear problems with Neumann
boundary conditions.

Let G be a bounded domain in R%, Q = [t,,T) x G be a cylinder in R¥*Y, ' =Q \ Q.
The set ' is a part of the boundary of the cylinder @) consisting of the upper base and
the lateral surface. Consider the Neumann problem for the semilinear parabolic equation

d

d

(1.1) % + %M:l a’l(t, z, u) af;;xj + ;bi(t, z, u)% +g(t,z,u) =0, (t,z) € Q,
with the initial condition

(1.2) u(T,z) = p(z)

and the boundary condition

(1.3) % =¢(t,z,u), t € [ty, T], z € 0G,

where v is the direction of the internal normal to the boundary 0G at the point z € 0G.

The form of equation (1.1) is relevant to a probabilistic approach, i.e., the equation is
considered under ¢ < 7', and the "initial” conditions are prescribed at ¢ = 7" Using the
well known probabilistic representation of the solution to (1.1)-(1.3) (see [5, 4]), we get

(1.4) u(t, z) = E(p(Xt2(T)) + Zt,20(T))-
In (1.4) X:2(s), Ztg.(5), to <t <T, s>t z € G, is a solution of the Cauchy problem
to the Ito system of stochastic differential equations (SDE)
(1.5) dX =b(s, X, u(s, X))Ig(X)ds+ (s, X,u(s, X)) Ic(X)dw(s) + v(X)Isc (X)du(s),
X(t) ==,
dZ = g(s, X, u(s, X)) Ig(X)ds + (s, X, u(s, X))Isq (X)du(s), Z(t) = z,

where w(s) = (w!(s),...,w%(s))" is a standard Wiener process, b(s, z,u) = (b*(s, z, u), ...,
b(s,z,u))" is a column vector, the matrix o = o (s, z, u) is obtained from the equation

oo’ =a, 0= {0(s,z,u)}, a={a(s,z,u)}, 5,7 =1,...,d,



w(s) is a local time of the process X on G, and I4(z) is the indicator of a set A.
Introduce a time discretization, for definiteness the equidistant one:
T —t

N

T:tN>tN_1>"'>t0,hZ:

The proposed here methods give an approximation @(tx, ) of the solution u(ty,z), k =
N,..,0, z € G, i.e., step by step everywhere in the domain G. They exploit the ideas of
weak sense numerical integration of SDE in bounded domain [11, 12] (see also [9, 6, 16]).
As a result, we express (g, ) recurrently in terms of @(tx1,2), k= N —1,...,0, i.e., we
construct some layer methods which are discrete in the variable ¢ only. In spite of their
probabilistic nature these methods are nevertheless deterministic.

In Section 2, a few layer methods for the nonlinear Neumann problem are constructed.
Using probabilistic type arguments, a convergence theorem is proved in Section 3. To
realize a layer method in practice, a discretization in the variable z with interpolation at
every step is needed to turn the method into an algorithm. Such numerical algorithms
are given in Section 4. A majority of ideas can be demonstrated at d = 1, and we restrict
ourselves to this case in Sections 2-4. The case d > 2 is discussed in Section 5. Numerical
tests are presented in the last section.

Traditional numerical analysis of nonlinear PDE is available, e.g., in [17, 18, 19, 22|. Other
probability approaches are considered in [7, 20]. The probability approach to boundary
value problems for linear parabolic equations is treated in [10, 11, 12, 2].

2. CONSTRUCTION OF LAYER METHODS

The Neumann boundary value problem in the one-dimensional case has the form

ou 1, oO*u ou
: — 4= — — = <
21) 5+t tbau)gn bt e u) +g(te,u) =0, th<t<T, a<z<f,
(2.2) u(T,z) = p(z), a <z < B
ou ou
(23) %(t’ a) - ¢1(ta U(t, a))’ %(ta /8) = ¢2(ta U’(ta /8))) tO S t S T

In this case @ is a partly open rectangle: Q = [to,T) X («, ), and I" consists of the upper
base {T'} x [, B] and two vertical intervals: [to, T') x {a} and [ty,T) x {8}. We assume
that o(t,z,u) > o, > 0 for (,z) € Q, —o0 < u < oo.

Let u = u(t, z) be a solution to the problem (2.1)-(2.3) which is supposed to exist, to be
unique, and to be sufficiently smooth. Theoretical results on this topic are available in
[8, 21] (see also references therein).

1. Let us suppose for a while that it is possible to extend the coefficients of equation
(2.1) so that the new equation has a solution u(t,z) on [ty,T) x R which is an extension
of the solution to the boundary value problem (2.1)-(2.3). The function u(¢, z) is nothing



but a solution of a Cauchy problem for equation (2.1). To construct methods, we use the
representation

(2.4) u(th, ) = Bulti s, X o(tes1) + Zuy ooltirn)),

where X; ;(8), Ziz.(8), to <t <T, s >t, € G, is a solution of the Cauchy problem to
the Ito system of SDE

dX =b(s, X,u(s,X))ds + o(s, X, u(s, X))dw(s), X(t) =z,
(2.5) dZ = g(s, X, u(s, X))ds, Z(t) = z.
Applying the explicit weak Euler scheme with the simplest simulation of noise to system
(2.5), we get
(2.6) Xiy o(trpr) = @ + b(ty, z, uty, ©))h + o(tr, ©, u(ty, z))VhE

(27) Ztk,z,()(tk-l—l) = g(tkawau(tkaw))h ’

1
where £ is distributed by the law: P({ = £1) = 5"

Using (2.4) (we suppose the layer u(tz,1,) to be known) , we get to within O(h?) :
(2.8) u(tr, @) = E(u(tes, Xoo(thi1)) + Zoa0(tei)

1
= iu(tk_'_l, z 4 b(ty, z, u(ty, ©))h — o(ty, z, u(te, ©))Vh)
1
+§u(t’°+1’ z + b(ty, z, u(ty, 2))h + o (ty, z, u(te, £))Vh) + g(ty, z, u(ty, z))h.

Now we can obtain an implicit relation for an approximation of u(tx,z). Applying the
method of simple iteration to the implicit relation and taking u(¢x+1, «) as a null iteration,
we get the following explicit one-step approximation v(t, z) of u(ty, z) :

1 1
(29) U(tk, x) = §u(tk+1, T+ hbk — h1/20'k) + E’U,(tk+1, T+ hbk + h1/20'k) + hgk y

where by, 0%, gr are the coefficients b, o, g calculated at the point (i, z, u(txs1, z)).

But in reality we know the layer u(txi1,z) for a < z < (3 only. At the same time the
argument x4+ hb, —h'/20}, for z close to a is less than a and the argument z + hby, +h'/%0y,
for z close to § is more than 3. Thus we need to extend the layer u (g1, ) in a constructive
manner.

To this end let us use the formula

0
(2.10) u(t,a — Az) = u(t,a + Az) — 28—“@, a) - Az + O(Az?)
T
= u(t,a+ Az) — 29, (¢, u(t,a)) - Az + O(Az?).
If Az = O(vh), the accuracy of formula (2.10) is O(h*?). Therefore
u(tps1, z + hby — hl/zak) = u(tpy1,200 — x — hby, + hl/Zak)

—29, (trg1, u(tprr, @) - (o — = — hbg + hY204) + O(h3/?),
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i.e., in the case = + hby — h'/%20}, < o we get the explicit one-step approximation v(t, x)
for u(ty, x) of accuracy O(h*/?) :

1
v(ty, T) = Eu(tkﬂ, 20— — hby, + h1/2ok)

— 1 (b1, ultirn, @) - (@ — 2 — hby + hl/zak)

1
+§'U/(tk+1, T+ hbk + hl/za'k) + hgk

The analogous formula can be written for the right end 3. As a result, we obtain the
following method

(2.11) a(ty,z) = (z), = € o, F],

’L_l,(tk, £L') =

_ 1 _
W(tgy1, T + hby — hY%5;) + Sltks1, @ + hby + h'254) + hgr,

N | —

T+ hl_)k, + h,l/26k S [Oé,ﬂ],
1 - _
a(tg, x) = iﬂ(tkﬂ, 200 — x — hby, + hl/zﬁk) — Yy (tes1, U(tgy1, @) - (@ — z — hbg + h1/26k)
1 - _
+§ﬂ(tk+1, z + hby + h'/?G}) + hge, © + kb, — /%6, < o,

1 - 1 -
’l_l,(tk, ﬂ?) = Eﬂ(tk+1, T+ hbk - h,l/zﬁk) + Eﬂ(thrl, 2,8 — T — hbk — h,l/zﬁk)
+1/)2(tk:+1) la(tk+1) ﬂ)) : (23 + hl_)k + hl/z&k - /8) + h’gka
T+ hby + h'%5, > 8, k=N —1,...,1,0,
where by, Gk, gr are the coefficients b, o, g calculated at the point (t, z, @(ty 1, )

)-
The method (2.11) is an explicit layer method for solving the Neumann problem (2.
(2.3). Its one-step error near the boundary is O(h*?) and for internal points is O(h?)

Lemma 3.1). Apparently, this method has order of convergence O(h) (see Remark 3.

1)-
(see
2).
2. Applying a slightly modified weak scheme with one-step boundary order O(h*/?) from
[11, 12] to system (1.5), it is not difficult to obtain
(2.12) Xy o(tiir) = Xiy o(tir1) = © + hby + h/%54€,

Ztk,z,z(tk+1) =~ Ztk,z,z(tk+l) =2z+ h'gk:; T+ th + h1/2&k S [Oé, 5]7

X o(tes) =2+ (—z) + \/h6i + (o — z)?

Znyaos(tis1) = 2+ i — ¥y (b, ulte, ) - (@ — @ — by + \/ho? + (@ — 2)?),
T+ hl;k — W%, < Q;
Xipaltir) =+ ( \/’Wk

Ztk,z,z(tk—l—l) =z+ hgk - ¢2(tk; ’u’(tkaﬂ)) - (/8 — T — hbk — \/ha-k + (/6 - l‘)Z),
T + hby + h*?G;, > B.
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Here by, 6%, g are the coefficients b(t,z,u), o(t, z,u), g(t,z,u) calculated at the point
(tg, z,u(ty,z)) and En_1,&N_9,--.,&, are i.i.d. random variables with the law P({ =
+1) = 1/2.

One can see that using approximation (2.12) and representation (2.4), we get an implicit
one-step approximation for u(tg,z). Applying the method of simple iteration to this
implicit approximation with u(txy1,z) as a null iteration, we come to the explicit one-
step approximation v(tg, z) of u(t, z):

(213)  o(tez) = %u(tkﬂ, 2+ hb, — B 203) + %u(tkﬂ, 2+ hbe + b0 + hgs,
T + hby, = b %0y € o, B];
0(th, 2) = u(tisr, @+ ho? + (@ — 2)?)
—ty (try1, u(trs1, @) - (@ — & — hby + \/hoi + (@ — z)?) + hgs,
z + hby — h'%0;, < Q;

v(tk, ©) = u(trsr, B — \/hoi + (8- z)?)

~y(tir, ulthin, ) - (B — & — hby — \/ho + (8 — 2)?) + hai,

z+ hby +h*?0, > 8, k=N—1,...,1,0,
where by, o, gr are the coefficients b, o, g calculated at the point (tx,z,u(tg11,)). Let

us observe that within the limits of considered accuracy it is very often possible to take
tr+1 instead of t. That is why, one can take, for instance, 1, (tg11, u(txi1,)) instead of

¥y (te, u(trr1, @) in (2.13).

The corresponding explicit layer method for solving the Neumann problem (2.1)-(2.3) has
the form

(2'14) a(tNax) = QO(tN)m)a LS [a,ﬂ],

u(ty, ) = %a(tkﬂ, x + hby — h'/%5;) + %a(tkﬂ, z + hby + h'/%5}) + hi,
z + hby, + h'%5;, € o, B];
a(th,2) = altier, o+ \/ho? + (@ — 2)?)
1 (th1, Wtig1, ) - (o — 2 — BBy + (/ho? + (@ — 2)2) + hgi,
T + hby, — h1/26k < q
0(ts, ) = W(tiss, 6 — \Jh? + (6 — 2)?)
—y(trr1, Utii1, B)) - (B — @ — hby — \/h5i + (8 — z)?) + hgs,

T + hby + k%5, > B;
k=N-1,..,1,0,




where E’C = E’C(x) = b(tk,a’,',ﬂ(tk+1,$)), O = O'k(l') = a-(tkaxﬁla(tk+lax))) gk = gk(x)
:g(tk)maﬂ(tk+lax))'

This layer method has the one-step error near the boundary estimated by O(h%/2) and for
internal points estimated by O(h?) (see Lemma 3.1). We prove that its order of conver-
gence is O(h) when boundary condition does not depend on the solution (see Theorem
3.1). Apparently, this is so in the general case as well (see Remark 3.1).

3. Applying a weak scheme with one-step boundary order O(h) from [11, 12] to system
(1.5), it is not difficult to obtain

(2.15) Xp o(thsr) = Xy o(tes1) = € + hb, + hY2646,
Ziy wz(thi1) = Ziy wo(tes1) = 2 + B, © + hby = h?6y € [, B];
Xiealtirr) = &+ qh'?, Zyy oo (ter) = 2 — ¥y (b, u(ts, @))gh'’?, @ + hby — B %63, < o
Xt o(thr) =2 — qh'/?, Zo wz(terr) = 2 + ot u(tk,ﬂ))th/z, z + hby + h'%G;, > .

Here by, 61, §r are the coefficients b(t,z,u), o(t,z,u), g(t,z,u) calculated at the point
(tg, z,u(ty, ), En_1,EN_2) - - -, €y are i.i.d. random variables with the law P(§ = £1) =
1/2, and q is a positive number (see Remark 3.3, where a discussion on choosing ¢ is
given). As before, we obtain the following explicit one-step approximation v(ty,z) of
u(tg, x) :

1 1
(2.16) v(ty, T) = 5u(zt,m, z + hby — h'/%0}) + 5u(zt,m, z + hby + h'%0}) + hgg,

z + hby, &+ b %0y € o, B];
V(tg, ) = u(tpsr, T + qhY?) — b, (tesr, u(tris, @))gh'’?, = + hb, — B0, < a;
v(ty, ) = u(tps1, z — th/z) + Vo (thr1, u(tprt, ﬂ))th/Z, T + hb, + h'%0y, > B;
k=N—1,..1,0.

The corresponding explicit layer method for solving the Neumann problem (2.1)-(2.3) has
the form

(2.17) a(ty,z) = p(ty, ), = € [a,F],

- 1 _
U(ty, 2) = ~U(tpr1,  + hby — h%5;) + S Ultks1, @ + hby + h254) + hgi,

1
2
z + hby, &+ h'/%5y € o, B];

(tk, ) = G(tpgr, ¢ + qh'%) — Oy (tho, W(tesr, @))gh'/?, @ + hby — WY %5, < o

W(ty, ) = Gtpr1, T — gh'?) + Yo(tpsr, @(trsn, B))gh'?, z + hby + B'%G), > B;

k=N-1,..1,0,

where b, = by(z) = b(tg,z, @(trs1,7)), 08 = ox(z) = o(ty,x, U(tes1,2)), g = gr(T)
= g(tg, z, @(tgy1,)).

This layer method is simpler but less accurate than (2.11) and (2.14). Its one-step error
near the boundary is O(h) and for internal points is O(h?) (see Lemma 3.3). We prove

]
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that its order of convergence is O(h'/?) when boundary condition does not depend on the
solution (see Theorem 3.2). Apparently, this is so in the general case as well.

4. In [2] another weak scheme for SDE with reflection is proposed and applied to solving
the linear Neumann problem. The authors state that the scheme has the weak order
of convergence O(h'/2). On the base of this scheme, the layer method for the nonlinear
problem can be constructed:

(2.18) a(ty,z) = o(ty, ), = € [a, F],

- 1 _
U(ty, 2) = ~U(tpr1, © + hby — h%5;) + S Ultks1, @ + hby + h254) + hgi,

1
2
z + hby, &+ h'%5y, € o, B];

1 —
’l_l,(tk, 17) = ’lj,(tk+1, Oé) + ila(thrl’ T+ hbk + hl/zﬁk)

N | —

a—x — hbg + h1/26k) + hgk, T + hb, — /%5, < o

~—~

1
_§¢1(tk+1’ ﬂ’(tk-l-l’ O{))

[u—

1 -
u(ty, @) = Su(tesr, @ + hby — h'2G,) + Sultii1,6)

1 _ _
_§¢2(tk+1a U(tet1,3))(B — x — hby — h1/25k) + hgk, © + hb, + h/25, > B;
k=N-1,..,1,0,

where by = by(z) = b(ty,z, U(tki1,2)), 0k = Ok(z) = oty T, W(trs1,2)), G = Gu(z)
:g(tk’x’ﬂ(tk+1aw))'

Apparently, this layer method has order of convergence O(h'/?).

Remark 2.1. Combining methods from [15] and from this section, we can solve mixed
boundary value problems, i.e., when we have the Dirichlet condition on a part of the
boundary 0G and the Neumann condition on the rest of 0G.

The methods (2.11), (2.14), (2.17), and (2.18) are deterministic though the probabilistic
approach is used for their construction.

3. CONVERGENCE THEOREMS

We shall keep the following assumptions.
(¢) There exists a unique solution u(¢, z) of problem (2.1)-(2.3) such that

(3.1) —0o <o < uy < ult,z) <ut <u <oo, ty <t<T, z€ ol
where uo, u,, u*, v’ are some constants, and there exist the uniformly bounded derivatives:
(3.2)
Otiy
|atia$j| <K,i=0,j=1234i=1;7=0121:i=2j=0;t <t<T, z€la,p



(73) The coefficients b(t,z,u), o(t,z,u), g(t,z,u) are uniformly bounded and uniformly
satisfy the Lipschitz condition with respect to z and wu:

(3.3) b| < K, o] £ K, |g| < K,
b(t, z2, u2) — b(t, x1,w1)| + |0(t, 2, u2) — o (t, z1,u1)| + |g(t, 22, u2) — g(t, 21, u1)|
< K (|zg — 21| + |uz —w1]),
ty<t<T,z€[0,B], uo <u<u.

Below we use the letters K and C' without any index for various constants which do not
depend on h, k, x.

Let us evaluate the one-step error p(t, z) of methods (2.11) and (2.14).

Lemma 3.1. Under assumptions (i) and (i), the one-step error p(ty,z) of methods
(2.11) and (2.14) is estimated as

(3.4) lo(te, )| = [v(te, ) — u(ty, z)| < Ch?, & + hby £ hY?0y € [a, B];

(3.5) |p(ty, )| = |v(te, ) —u(ty, z)| < Ch3?, z+hby—h?0y < a or z+hb+h' %0} > B,

where v(ty, x) is the corresponding one-step approzimation, C' does not depend on h, k, z.
Proof. If both the points z + hby & h'/?0;, belong to [, 8], we have

1 1/2 1 1/2
(36) U(tk, 17) = iu(tkﬂ, T+ hbk —h O'k) + E’U,(tk+1, T+ hbk + h O'k) + h,gk

Expanding the terms of (3.6) at the point (¢, z) and taking into account that u(t,z) is
the solution of problem (2.1)-(2.3), we get (3.4) (see also [13, 14|, where similar assertions
are proved in detail).

Let us consider the case when the point = + hby — h*/20, < a. The relation (3.5) for
method (2.11) follows from Section 2.1. Let us prove this relation for method (2.14). Due
to (2.13),

(3.7) v(tk, ) = u(tpr1, ¢ + AX*) — ¥y (bgr1, u(tpr1, @) - (AX* — hbg) + hgy,

where

AX® ::a—x—l—\/hoi—l—(a—x)z.

It is clear that
(3.8) lo —z| < ChY?, |AX*| < ChY2.

Taking into account that o, (tgi1, u(tri1,a)) = ul(ter1, @) (see (2.3)), then expanding
the functions u(tx+1,z + AX®) and u),(tx+1,2 + (o — x)) at the point (¢, ), and using
assumptions (), (#¢) and inequalities (3.8), we get

ou ou 10%u
. = — —AXY 4+ - (AX)?
(3.9) v(tg, ) = u + 6th—|— 5 + 26102( )
ou o*u N 3/2
—%(AXQ — hbk) — @(O{ — SL')AX + gkh + O(h )



=u+ h(g—? + bk% + gx) + %%AX“(AX“ —2(a —z)) + O(h¥?),
where the function u and its derivatives are calculated at the point (¢, z).
The expression AX*(AX* — 2(a — z)) is equal to ho?.
Due to assumptions (7) and (i7), we obtain

be = b(te, =, u(tpy1, ) = b + O(h), 02 =62 +O(h), gr = G + O(h),
where by, Gk, §r are calculated at the point (t, z, u(tx, z)).
Then we get from (3.9):

ou ou o?d%u

— et el - - - 3/2
(3.10) v(te, ) = u + h( 5 +b8x t S 5 +g) + O(h°'%).

Since u(t, z) is the solution of problem (2.1)-(2.3), the relation (3.10) implies
v(ty, ) = u(ty, ) + O(h3/?).

The case z + hby, + h'/?0, > B can be considered analogously. Lemma 3.1 is proved.

A discussion concerning convergence of method (2.11) see in Remark 3.2. The theorem
on global convergence for method (2.14) is given in the specific case of the Neumann
problem (2.1)-(2.3), when the functions 9, (¢,u) and ©4(¢,u) do not depend on u (see a
discussion concerning the general case in Remark 3.1). To prove the theorem, we need
some auxiliary constructions.

In connection with the layer method (2.14), we introduce the random sequence X;, Z; :
(3.11) Xp=2, Zy =0,
Xip1 = Xi + hb; + h'/?6:6,, Ziyy = Z; + hi;,
X; + hb; £ h'/%5; € [a, B);
Xip1 = Xi + AXP, Zijy = Zi + hii — ¥y (tir) - (AX2 — hby),

AXP = (o — X3) + /B + (a — X0,
X; + hb; — h'%5; < a;
Xiy1 = X + AXP, Zijy = Zi + his — ¥o(tinr) - (AXD — hby),
AXE = (8- X)) — /b2 + (B— X2,
X; + hb; + B3, > B;
i=k,...,N—1, k>0

1 o _
Here ¢; are i.i.d. random variables with the law P(§ = £1) = 5 and b; = b;(X;) =
b(ti, Xi, u(tiv, Xi)), 0i = 64(X;) = o(ls, Xi, wltiva, X)), §i = 5i(Xa) = g(bs, Xi, u(tir, Xi))-
Let us note that the function @(¢;, z),i =0,..., N, z € [a, (], is uniquely defined by (2.14).

Evidently, the sequence (¢;, X;) is a Markov chain.

9



Introduce the boundary layer OI' € Q : for all the points (t,z) € Q \ OI' both the
points z + hbi(z) + h'/254(z) belong to [, f] and for the points (tx,x) € O either
T + hbg(z) — h'/264(z) ¢ [a, B] or = + hby(z) + h'/%64(z) ¢ [a, B].

Lemma 3.2. Under assumptions (i) and (ii), the mean of the number of steps s(tx, ),

which the Markov chain (t;, X;), i =k,...,N, k > 0, Xy = z, spends in the layer T, is
estimated as

Esx(ty, z) < ¢

(g, L) = —=,

k 7h

where C' does not depend on h, k, x.

The proof of Lemma, 3.2 differs only little from the proof of the corresponding lemma on
the mean number of steps in the case of the linear Neumann problem given in [12] and is
therefore omitted.

Theorem 3.1. Let the Neumann problem for equation (2.1) with condition (2.2) have
the following boundary conditions

0 0
() = i (t), 5o (6 8) = (t), b St T.

Under assumptions (i) and (i), the method (2.14) has the first order of convergence with
respect to h, i.e.,

(3.12)

|a(te, z) — u(ty, z)| < Kh,
where K does not depend on h, k, x.

Proof. Here we exploit ideas of proving convergence theorems for probabilistic methods
solving linear boundary value problems [10, 11, 12].

Let X;, Z;, i = k,...,N, X, =z, Zx = 0, be the sequence defined by (3.11). It is clear
that

ﬂ(tk,x) =F [ﬂ(tN,XN) + ZN] =F [QO(tN,XN) + ZN] =F [u(tN,XN) + ZN] .

Introduce the notation R(ty,z) := 4(tg, ) — u(tx,z). Then we have

(313) R(tk,l‘) [U(tN,XN) + ZN] - ’U,(tk,iL‘)
N-1
= Elu(tivr, Xiv1) —ults, Xs) + Zig1 — Zi)
i=k

N-1
= Z Elg or(tis Xi) [w(tivr, Xiv1) — u(ls, Xi) + Zig1 — Zj]
i=k

N-1
+ Elor(ti, Xi) [u(tizy, Xiz1) — u(ti, X) + Zipr — Zi] .
ik

10



Denote the first sum in the right-hand side of (3.13) by R(!)(;,z) and the second one by
R (t,z). We have

(3.14) D(ty, @ Z ElG or(ti Xi) [w(tivr, Xiv1) — u(ls, Xi) + Zisr — Zi]

N-1

B ( gor (ti, Xi) B [u(tivy, Xip1) — ults, Xi) + Zip — 2/ X, Z,-]) :

i=k
According to (3.11), we obtain for (¢;, X;) € Q \ oI :
(315) flZ = E [u(ti-i-l; Xi_|_1) — ’U,(ti,Xi) + Zi_|_1 - Zz/Xz; Zl]

1 1
= Sultin, Xi + hb; — h'/%5;) + Sultisn, X + hb; + h'?5;) + hg;.

Expanding the functions u(t; 1, X; + hb; + h'/23;) at the point (¢;, X;), we get

. 9 3 8
3.16 w(tivy, X; + hb + BY25)) = u(ts, X;) + 2o h + (hb; + BY25;) 2%
ot oz
52 6%u A?u d%u 0' Bu
——h,i biGi——h3? £ &, R3/2 £ 27 TR32 L O(K?
T 9z 927 %5100 6 o TOW),

where the derivatives are calculated at the point (¢;, X;).

Here we have to suggest for a while that the value u(t;11,z) + R(t;11,z) for z € [a, ]
remains in the interval (u.,u’) for a sufficiently small h (see conditions (ii)). Clearly,
R(ty,z) = 0, and below we prove recurrently that R(¢;, z) is sufficiently small under a
sufficiently small h. Thereupon, thanks to (3.1), this suggestion will be justified for such
h.

Then due to assumptions (i) and (ii), we obtain
(3.17) bi(z) = b(t;, z, u(tis1, 7)) = b(t;, z,u(t;, ) + Ab(tir1,z) + O(h)
= b;(z) + Ab;(z) + O(h),
where
|Abi(z)| < K|R(tir1,2)], |O(h)] < Kh;
and analogously
(3.18) 5;(z) = 07(z) + Aoj(z) + O(h), §i(z) = gi(z) + Agi(z) + O(h),
|Aci(2)], [Agi(2)] < K|R(tir1, ).

Substituting (3.16) in (3.15) and taking into account (3.17)-(3.18), we come to the relation
ou ou  o?d%u
Ar=h (L g2 T8 L0 O,
<6t 8x+28m2+g>+r+ (#)

where

Iri| < Kh|R(ti1, X3)], [O(R*)| < CR?,
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the derivatives are calculated at the point (¢;, X;), and b;, 0y, g; are calculated at (¢;, X,
u(t;, X;)). Taking into account that w(¢,z) is the solution of problem (2.1)-(2.3), this
relation implies

Ai =7+ O(hZ)

Therefore
N-1

(319) R(l)(tk, £L') = Z EI@\@F(ti’ Xz) [’f‘i + O(hZ)] .
i=k

Now consider R® (t,z). Let (¢;, X;) € OT be such that X; is close to o. Then according
to (3.11), we obtain

(3.20) B; := E[u(tiy1, Xiy1) — ults, Xo) + Ziyr — 2/ X, Zi]
= w(tir1, Xi + AX?) — u(t;, Xi) — by (tiv1) (AXE — hb;) + hii
= u(tisr, X; + AXE) —uty, X;) — %(tm, a) - (AXE — hb;) + hi;.
Clearly
(3.21) 1X; — a| < CVh, |AXE| < CVh.

Expanding the terms of (3.20) at the point (¢;, X;) and taking into account assumptions
(i)-(ii), relations (3.17)-(3.18), and (3.21), we obtain (cf. (3.9)-(3.10)):
2 52
B; = h(g—? + bi% + %% + gi) + 7 + O(h¥?),
where
il < Kh|R(ti1, Xi)l,
the derivatives are calculated at the point (¢;, X;), and b;, 0y, g; are calculated at (¢;, X,
u(t;, X;)). Since u(t, z) is the solution of problem (2.1)-(2.3), this relation implies

B; = 7; + O(h%?).

An analogous relation can be obtained for (¢;, X;) € 0T with X; being close to 3. Therefore
N-1
(3.22) R®)(tx, ) = Y Elor(ts, Xi) [7i + O(h*)] .

i=k

Substituting (3.19) and (3.22) in (3.13), we get

(3.23) R(tk,:c) = 2_: Efé\ar(ti,Xi) [Ti + O(h2)] + 2_: Efar‘(ti,Xi) ['Fi + O(h3/2)] .

Let Ry := maXyc[a,g) | R(tk, T)|. Due to Lemma 3.2, we obtain from (3.23)

N-1
(3.24) Ry < Kh) Ry +Ch.

i=k

12



Introduce ¢ := Kh Zf\;l Ri11+Ch, k=N —1,...,0. From (3.24) Ry < & and conse-
quently ey = KhRyy1 + k1 < (1 4+ Kh)egr1, k=N —2,...,0. Then (since ey, = Ch)

Ri < e, < CefT0) . p k=N, ..,0.

Theorem 3.1 is proved.

Remark 3.1. Apparently, the conclusion of Theorem 3.1 is true under the boundary
conditions (2.3). We do not succeed in proving such a general theorem but we can prove
it in the case of the linear boundary conditions

ou

O (1,0) = pu(t)ult, o)+ 6(0), S(t,8) = ealt)ult, B) + (1), to <1< T,

(the corresponding proof is more complicated in comparison with case (3.12) and is not

given here). Besides numerical experiments confirm just mentioned conjecture (see Section
6).

(3.25)

Remark 3.2. As for convergence of method (2.11) in the case of boundary condition
(3.12), we note first that it is not difficult to estimate its global error as O(v/h) following
deterministic type arguments similar to ones used in [13| (see [14, 15] as well). At the
same time, it is natural to expect that probabilistic type arguments used in Theorem 3.1
will lead to the first order of convergence in h. However, we do not succeed in getting
such a proof because the assertion of Lemma 3.2 is, most probably, not true in this case,
and we need some additional auxiliary constructions. Let us also indicate that numerical
experiments of Section 6 demonstrate O(h) convergence of (2.11).

It turns out that method (2.17) in the case (3.12) (and in the case (3.25) as well) is
convergent with order O(h'/2). As above, this fact is apparently true for the general
case of boundary conditions. Let us formulate the corresponding results (we note that
in connection with method (2.17) one can introduce a Markov chain (¢;, X;) for which
Lemma 3.2 takes place).

Lemma 3.3. Under assumptions (i) and (i1), the one-step error p(ty, z) of method (2.17)
is estimated as

\p(tr, z)| = |v(ty, ) — u(te, z)| < Ch?, z + hby + hY%0y, € [, B);

lp(te, )| = |v(te, ) — ulty, z)| < Ch, & + hby — h'/%0), < a or & + hby + b/ %0}, > B,
where v(tx, ) is defined by (2.16), C' does not depend on h, k, x.

Theorem 3.2. Under assumptions (i) and (i), the method (2.17) for the Neumann
problem (2.1)-(2.3), (3.12) is of order O(h'/?), i.e.,

(3.26) a(t, ) — u(ty, )| < KR,

where K does not depend on h, k, x.
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Proofs of Lemma 3.3 and Theorem 3.2 are very similar to that of Lemma 3.1 and Theorem
3.1, and we do not give them here.

Remark 3.3. The layer method (2.17) has the parameter g, which, in principle, may be
any positive number. Naturally, the value of ¢ affects the method accuracy: K of (3.26)
depends on ¢q. By an extended analysis of the one-step boundary error and of the mean
number of steps of the corresponding Markov chain in the boundary layer OI', we get

1 ou 0%u
K0 (7 max (5048 max 251) 4
q (to)eQ Ot 2 (ta)eq O
where C;, © = 1,2, do not depend on h, k, z, and q.
Evidently, both large and small values of ¢ are not appropriate. If we know estimates

of derivatives of the solution for a considered problem, it is not difficult to indicate an
appropriate g. But generally the choice of g requires special consideration.

Let b(t,z,u) = 0 and g(¢,z,u) = 0. In this case the one-step boundary error p(tg,z) of
method (2.17) near « is evaluated as

1 2
p(tr, ) = 5%(@, z) - (h + 2(z — @)gh'’? — hot) + O(h*/?), © — h'0y <

and analogously near 8. Taking gh'/? = a — z + \/ho? + (o — )2, we obtain p(ty,z) =
O(h®/?). Substitution of such ¢ (depending on k and z) in (2.17) gives us a method with
convergence order O(h), which coincides with the method (2.14). Such an analysis also
suggests that it is preferable to take ¢ ~ o.

4. NUMERICAL ALGORITHMS

To have become numerical algorithms, the layer methods of Section 2 need a discretization
in the variable z. Consider the equidistant space discretization with space step h, (recall
that the notation for time step is h): z; = a + jh,, 7 =0,1,2,...,M, h, = (6 — a) /M.

Using, for example, linear interpolation, we construct the following algorithm on the base
of method (2.14) (we denote it as @(tx, z) again, since this does not cause any confusion):

(4.1) u(tn,z) = ¢(tn, 2), @ € o, f],

_ 1 _
’l_l,(tk, a:j) = ﬂ(tk+1, Tj+ hbk,j - h1/25'k,j) + iﬂ(tk+1, Tj+ hbk,j + hl/zak,j) + hgk,j,

N | —

z;+ h,l_)k,,j + hl/zak,j € [Oé, ﬂ];

’l_l,(tk, a:j) = ’l_[,(tk+1, o+ \/hﬁ'i’j + (a — 17]')2)

— ) (b1, B(tegr, @) - (0 — 2 — Bbgj + \/hf?i,j + (@ — z;)?) + hgr.;,
Z; + hl_)kyj — h1/25’k,j < o

A(th, 25) = Wltuss, 8 — (o}, + (8 - 3)?)
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o (ter1, Wtey1, B)) - (B — x5 — hb; — \/hf?i,j + (8 — 2;)?) + h@kj
x4+ hby; +h'%6; > 08 §=1,2,.,M—1,

(42) ﬂ’(tk; £L') — %;x ﬂ(tk, £L'j) + z ; i

j=01,2. .. M—-1,k=N—1,..1,0,
where by j, Ok.;, gr,; are the coefficients b, o, g calculated at the point (tx, z;, @(tes1, z;)).

ﬂ(tk,iﬂj+1), T; <T < ZTj4,

Theorem 4.1. Consider problem (2.1)-(2.3), (3.12). If the value of h, is taken equal to
»h, s is a positive constant, then under assumptions (i) and (ii) the algorithm (4.1)-
(4.2) has the first order of convergence, i.e., the approzimation u(ty,z) from formulas
(4.1)-(4.2) satisfies the relation

|’U’(tk) :L‘) - u(tk) :L‘)| < Kh)
where K does not depend on z, h, k.

Proof. In connection with the algorithm (4.1)-(4.2), we introduce the random sequence
Xi, Zi, 1=k, ..., N. We put Xy =z;, Z; =0 and then

(4.3) XE =X, +hby £ h'P5, i=k,..,N —1;
fori=k,..., N —2:

lx — X, 1X,,
if X@+1 € [a, 8], then P(Xi, = ) = _ua P(Xip1 = z141) = L,
2 he 2 hy
1xm - Xz+ IXZ+ Tm o
P(Xiy1 = 2m) = i%a P(Xit1 = Tmy1) = 2%, Zit1 = Z; + hg,

where 7, Ti11, Tm, Tm1 are such that z; < X <z14q, T, < X;_’H < Tyt
if X;.; <a, then

— (X; + AX?

(h, ), P(Xi+1 = $m+1) =
Zis1 = Zi+ hgi — wl( i) (AXE — hby),

where AX? = )+ \/h X;)? and z,,, ;.1 are such that

T < X; —i—AX < ZTingt;
1fXJr1 > (3, then
zi — (Xi + AXY)

(Xz —|—AX;1) — ITm

Tm
P(Xi1 = ) = h ,

(X + AXD) — 1

P(Xi-l—l = iﬂl) = he ) P(Xi+1 = $l+1) = hy )
Ziv1 = Zi + hii — %( i1) - (AX] — hby),
where AXﬂ = (8 — X;) \/h X;)? and z;, 214 are such that

< X;+ AXi < Tig1;
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fori=N—-1:

if X € [a, 0], then P(Xy = Xy) = P(Xy = X}) = =,

5 ZNy = Zn_1+ hgn_1;

if Xy < a, then
Xn=Xnv1+AXY_ |, Zv=Zn 1+ hgn1 —¥.(tn) - (AXN_; — hENfl);
where AX§y ;= (o — Xy_1) +1/ho% , + (@ — Xy 1)2;
if Xy >, then
Xy =Xy +AXE | Zn=Zy_a+ hin-1 — y(tn) - (AXP_ — hby_y),
where AXS | = (8- Xy 1) — \/ho% , + (8~ Xn1)2

Here b; = bi(X:) = b(t;, Xi, G(tis1, Xi)), & = 64(X:) = o(ts, Xi, @(tip1, Xi)), and g =
9:i(Xs) = g(ti, Xy, u(tir, Xi)).
It is clear that

ﬂ(tk,xj) =F [ﬂ(tN,XN) + ZN] =F [QD(tN,XN) + ZN] =F [u(tN,XN) + ZN] .

Introduce the notation

R(tg, x) := a(ty, z) — u(ty, ), Ry := m[aaé} |R(tg, x)|-

Using arguments similar to those which lead us to (3.23) and taking into account that the
error of linear interpolation is O(h2) we get

(4.4) R(tx, z;) Z Elg o (ti, Xi) [ri + O(h?) + O(h3)]
N-1
+ Z Elor(ti, X;) [ + O(R*?) + O(R2)],
i=k
where

ril, |7s] < Kh|R(ti1, Xi)|.

A lemma similar to Lemma 3.2 can be proved for the Markov chain (¢;, X;) defined by
(4.3). Then, we obtain from (4.4) for h, = sh:

N-1
(4.5) |R(t,z;)| < KB Y Riy+ Ch.
i=k
We have
(4.6) u(ty, ) = CCJJF;LJ u(ty, zj) + a ; ) u(tr, zj1) + O(R2), z; <z < Tjyy.

From (4.6) and (4.2):

Tjy1 — T r —T;

R(tk, iL‘) = 7h R(tk, iL‘j) + 2h 2 R(tk, iL‘j+1) + O(hz),
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whence due to (4.5)
N-1
|R(ty,z)| < Kh»_ Riw1+ Ch.

i=k

Consequently we get (3.24). Theorem 4.1 is proved.

Remark 4.1. It is natural to attract cubic interpolation instead of linear one for con-
structing numerical algorithms. Exploitation of cubic interpolation allows us to take the
space step h, = v/h (in contrast to h, = sh for the linear interpolation) and, thus,
to reduce the volume of computations. Unfortunately, we do not succeed in proving a
convergence theorem in the case of cubic interpolation. The way of proving Theorem 4.1
gives us some restriction on the type of interpolation procedure which we can use for
constructing numerical algorithms. The restriction is such that the sum of the absolute
values of the coefficients staying at @(tg,-) in the interpolation procedure must be not
greater than 1. Linear interpolation and B-splines of order O(h2) satisfy this restriction.
But cubic interpolation of order O(h?%) does not satisfy it. In Section 6 we test algorithms
based on cubic interpolation. The tests give fairly good results. See also some theoretical
explanations and numerical tests in [13, 14, 15].

On the base of linear interpolation and layer method (2.17), we get the following algorithm:

(4.7) u(tn, ) = p(ty,z), T € [a, B],
1 _ 1 _
’l_l,(tk, a:j) = Eﬂ(tk+l’ Tj+ hbk,j — h1/25'k,j) + Eﬂ(tk+1, Tj+ hbk,j + h1/25'k,j) + hgk,j,
z; + hbyj £ h'%5y; € [a, B);
ﬂ’(tk’ xj) = ﬂ’(tk-l-l’ Zj + Q\/E) - wl (tk-l-la ﬂ(tk-l-l’ O{)) ' th/Z’
Tj+ hl_)k,j — h1/25'k7j < a;
a(tr, ©j) = W(tns1, 5 — qVh) + ¥y (trsr, Wi, B)) - gh'?,
z;+ hl_)k,,j + hl/zﬁ'k,j >3 7i=12,.., M -1,
xI; — T r —T;
(48) ﬂ(tk,x) = % ﬂ(tk,xj) + h ! ﬂ(tk,$j+1), T; < T < Tjy1,

j=0,1,2,...M—1,k=N—-1,..,1,0,

where by j, Ok.;, gr,; are the coefficients b, o, g calculated at the point (tx, z;, @(tes1, z;)).

Theorem 4.2. Consider problem (2.1)-(2.3), (3.12). If the value of h, is taken equal to
xh3/*, 3 is a positive constant, then under assumptions (i) and (i) the algorithm (4.7)-

(4.8) has order of convergence O(\/h), i.e., the approzimation (ty,z) from formulas
(4.7)-(4.8) satisfies the relation

|a(ty, z) — u(ty, )| < KV,

where K does not depend on z, h, k.
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This theorem is proved by the same arguments as Theorem 4.1.

Analogously, one can write down algorithms based on linear interpolation and on layer
methods (2.11) and (2.18).

5. EXTENSION TO THE MULTI-DIMENSIONAL NEUMANN PROBLEM

Here we restrict ourselves to extension of the layer method (2.17). But let us note that a
generalization of the other layer methods of Section 2 to the multi-dimensional case can
be done as well. Though it is not difficult to generalize the layer methods given above for
an arbitrary d, we should mention that layer methods are feasible if the dimension d of
the domain G is not more than 3. Here we consider the problem (1.1)-(1.3) with d = 2.
Remind that o is a 2 x 2-matrix satisfying the relation oo ' = a.

Introduce the notation ; X1 == (; X5 1, iX7,1),
Xi o =2t +0h+ a2 Vh- £+ eVh - €2
X2 =22+ 0h+ 62Vh- £ + e 2Vh - £
i=1,2,3,4, z = (¢!, 2%) € G C R?,

=(—1,1), 3§ = —1&, 4§ = —2€ and b, = (Bial_)i)a O = {5?} are

where ;& = (—1,—1), o€
z,u), o(t,z,u) calculated at the point (i, z, @(tg11,)).

the coefficients b(t,

If the point z = (z',2%) € G is sufficiently far from the boundary G (more precisely, if
the points ; Xy.1, ¢ = 1,2, 3,4, belong to G), the layer method has the form (cf. [13, 15]):

1
(5.1) aty, z',2%) =) J(th, iXi 1, i X2 ) + Gk b

where gi is the coefficient g(¢, z,u) calculated at the point (¢, z, @(txi1, z)).

If the point z = (z!,2%) € G is close or belongs to the boundary G, then some of the
points ; Xz 1 = (ZXk—i—l’ ZX,EH), i =1,2,3,4, may be outside of the domain G. In this case
let us consider the projection Z of the point z on 8G. Let v = (v*,1?) be the unit vector
of the internal normal at the point Z. Clearly, if z # Z, v = (z — Z)/|z — Z|. Then we put

(5.2) a(tr, @', %) = Atk T + gh"*0) — Y(tesr, T, U(tesa, T)) - b2,

Thus, we obtain the method (5.1)-(5.2): the rule (5.1) is to be for points z = (2!, 2%) € G
such that all the corresponding points ;X = (; X!, ;X?), i = 1,2,3,4, belong to G, and
the rule (5.2) is to be otherwise. The error of the one-step approximation corresponding
to (5.1) is of order O(h?) and that corresponding to (5.2) is of order O(h). If the function
¥ does not depend on u, we can prove that the layer method (5.1)-(5.2) has the global
error estimated by O(v/h). These assertions can be checked directly without attracting
some new ideas in comparison with that from Section 3. In spite of the probabilistic
nature the method (5.1)-(5.2) is deterministic.
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To construct the corresponding numerical algorithms, we attract linear interpolation as
in the previous section. If the domain G is a rectangle IT with corners (zg, z3), (€3, 23.,),
(z3s,,23), (€}, €34,), we introduce the equidistant space discretization:
Anpy oy 1= {(:c;,x?) : x; = 2) + jhg1, T7 = x5+ lhg2, j=0,...,My, 1 =0,..., My},
s = 000y The T
T M1 ) €T M2 .

The values of @(tx, z}, z7) at the nodes of Ay, y, are found in accordance with (5.1)-(5.2).
Let z; < z' < zj,,, =7 < 2® < z7,,. Then the value of @(ty,z", 2*) is evaluated as

1 1 2 2 1 1 2 2
T —z T — X — T T —
— 1 2y _ g+l I+1 — 1 2 Jj+l I - 1 2
(5.3) @(tg,z,z°) = - T u(ty, r;, ;) + . T~ u(ty, j, 7, ,)
zl z2 zl z2
1 1 2 2 1 1 2 2
r —T; T — T r —T;: 1 —=x
J +1 — 1 2 J [~ 1 2
+ . U(tg, T 1, 2;) + . U(ly, T 1, T .
hzl hz2 ( » P 41 l) h$1 h$2 ( »Yi4+1 l+1)

If the function v does not depend on u, we can prove that taking h, = »*h3/4, i=1,2,
s, %% > 0, the error of this algorithm is estimated as O(h'/?) .

The case of an arbitrary domain G requires special consideration. For instance, for a
sufficiently wide class of domains G, it is possible to find one-to-one mapping of G onto
a domain G’ with a rectangular grid (see, e.g., [3] and references therein). Then we can
use the above given algorithm in G’ and map the results onto G.

6. NUMERICAL TESTS

In the previous sections, we deal with semilinear parabolic equations with negative direc-
tion of time ¢ : the equations are considered under ¢ < 7" and the ”initial” conditions are
given at ¢ = T. Of course, the proposed methods are adaptable to semilinear parabolic
equations with positive direction of time, and this adaptation is particularly easy in the
autonomous case. In our numerical tests we use algorithms with positive direction of time
for such equations.

Consider the Neumann problem for the one-dimensional Burgers equation:

(6.1) ?9_?:%2%_“%’ t>0, ze(—4,4),
(6.2) u(0,z) = —CZ:hSi%, z € [—4,4],
%(t’ 1) = ult, 4)(%u(t, H-1- cosh 4 —I-U;E;}){(I[))El—azt/2)’ b>0

Here A is a positive constant.
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TABLE 1. Dependence of the errors err(t) (top position) and err!(t) (bot-
tom position) in h under t = 2, 0 = 1.5, and A = 2.

L algorithm algorithm algorithm algorithm algorithm
(4.1)-(4.2) (4.1), (6.4) (2.11), (6.4) | (4.7), (6.4) (2.18), (6.4)
0.16 5216-101 | 7.434-101 | 5.967-10 2 > 1 7.333-10 !
' 8509-102 | 1.177-107! | 1.380-102 3.328 10! | 1.098-10!
0.01 3.170-102 | 1.888-10"2 | 3.867 103 3.722-10°1 | 1.346-10"T
' 5.748 -107% | 3.737-1073% | 1.224-103 6.161-1072 | 2.192-10 2
0.0016 4.479-1073% | 3.835-10% | 7.124-10~* 1.653-10~1 | 4.909- 102
' 8.149-10~* | 7.444-10"* | 2.127-10¢ 2.750-1072 | 8.172-10°3
0.0001 2.387-107% | 2.711-107* | 4.639-107° 43781072 | 1.168-1072
: 4.479-10"° | 5.213-10"° | 1.357-107° 7.307-1073% | 1.968-1073

The exact solution to this problem has the form [1]
o?sinh

t,z) = — .
u(t,) coshz + Aexp(—o?t/2)

In the tests we use cubic interpolation (see Remark 4.1)
3

ﬂ(tk,l') = Z@M(x)ﬂ(tk,xjH), T; < T < Tjts,
1=0

3
T — Tj4m

(6.4) bji(z) = ] — 2

o m=0mi Tjti — Tjtm

Here we test the following five algorithms: (i) the algorithm (4.1)-(4.2), (ii) the algorithm
based on layer method (2.14) and cubic interpolation (6.4), (iii) the algorithm based
on layer method (2.11) and cubic interpolation (6.4), (iv) the algorithm based on layer
method (2.17) and cubic interpolation (6.4), and (v) the algorithm based on layer method
(2.18) and cubic interpolation (6.4). We take the space step h, = h for linear interpolation
and h, = v/h for cubic interpolation. The parameter ¢ of algorithm (4.7), (6.4) is taken
being equal to 1.

Table 1 gives numerical results obtained by these algorithms. The errors of the approxi-
mate solutions @ are presented in the discrete Chebyshov norm (top position in the table)
and in [*-norm (bottom position):

err®(t) = max |a(t, z;) — u(t, )|,
err'(t) =Y |a(t, ;) — u(t, z;)| - he.

In the experiments, the algorithm (4.7), (6.4) and the algorithm (2.18), (6.4) converge as
O(h'/?), the other algorithms converge as O(h).
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