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ABSTRACT. For the solid torus V = S! x I? and a C! embedding f: V — V
given by

£t 1, 3) = (9(8), Ma(t) - 21+ 21(8), Da(0) - 2 + ()

with %‘% > 1, 0 < Ai(t) < 1 the attractor A = (i2, f(V) is a solenoid, and for
each disk D(t) = {t} x D? (¢ € S?) the intersection A(t) = AN D(t) is a Cantor
set. It is the aim of the paper to find conditions under which the Hausdorff
dimension of A(t) is independent of ¢ and determined by

dimg A(t) = max(p1, p2) ' (0.1)

where the real numbers p; are characterized by the condition that the pressure of
the function log Af* : S — R with respect to the expanding mapping ¢ : S* — S*
becomes zero. (There are two further characterizations of these numbers.)

It is proved that (0.1) holds provided A;, Az are sufficiently small and A satisfies
a condition called intrinsic transverseness. Then it is shown that in the space of
all embeddings f with sup A; < ©~2 (© the mapping degree of ¢) the subset of
those f which have an intrinsically transverse attractor A is open and dense with
respect to the C? topology.
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1. RESULTS AND SOME PROBLEMS
Let S* = R (modulo 1) be the unit circle, and let D? be the unit disk in R2
Then V = S x D? is a solid torus, and A = §* x I (I = [—1,1]) is an annulus.
The natural projections 7 : V. — S, py,p2 : V — A are defined by n(¢,z,y) =
b pt,50) = (53), pa(t,2,9) = (19), and the disks (£} xDF = 1-(t) (¢ € 5Y)
will be denoted by D(t). In this paper we consider C* embeddings f : V — V which
have the form

ft,z,y) = (@(2), M(t)z + 21(), A2(t)y + 22(2)), (1.1)
where
0: S8 = 8 A, A8t —(0,1), z1,22: 8 = (=1,1)
are C'! mappings, and ¢ is expanding in the sense that

. dy
=—>1.
AT

This last condition implies that the mapping degree ® of ¢ is at least 2 and that
f stretches the torus V in the direction of S*. Since 0 < Ay, Az < 1 the disks D(2)
are contracted. So the image f(V') is thinner but longer than V, and it is wrapped
around in V exactly © times. For each ¢t € S the intersection (V)N D(t) consists
of ® mutually disjoint ellipses. The set

A=) FV)

is the attractor of f. This attractor has a relatively simple structure: it is a solenoid
and its local structure can be described as follows. For each ¢, € S! the intersection
A(to) = AN D(2o) is a Cantor set, and for any arc B in S* containing ¢, there is a
homeomorphismus

h:BxA(t)) = AnT}(B)=AN(BxD?)

which can be chosen so that

th(t,e)=t, h(to,z)=c  (t€B, z € Alt)).

For each z € A(to) the embedding h, = h(:,z) : B — V is of class C?, and A,
depends, with respect to the C*! topology, continuously on z.

In this paper we show how in some cases the Hausdorff dimension dimg A(t) of the
sets A(t) is determined by the mappings ¢ : S* — S and Ay, A, : ST — (0,1). (In
these cases this dimension will not depend on z; and z,.) Besides dimpy A(t) we shall
consider the dimensions dimy p1(A(t)), dimg p2(A(t)). The following proposition
defines numbers p;, p, which will be related to the dimensions in question.

Proposition 1.1. For 1 = 1,2 there is exactly one real number p; for which the
functional equation '



>N =£0) | (1.2)

tep-1(t)

has a positive continuous solution ¢ : T — R.

Remark 1.2 Using elementary properties of the pressure P(1) of functions 1 :
S' — R with respect to the mapping ¢ : ST — S (see e.g.[1] or [4]) it is not hard
to see that p; is the unique number satisfying P(p; log A;) = 0. :

Remark 1.3 Lemma 2.2 in Section 2 shows that the number p; can be obtained
as the limit

; = lim p(k),

k—o0

where the numbers p(k) - (k = 1,2,...) are defined for an arbitrary point ¢t € S*
by

. [H (D)) s
tep—k(t) 3=1
We note that the product in brackets equals the length of the axis of the ellips
f¥(D(#')) which points in the direction of the i~th coordinate in D(%).

The space of all C' embeddings f : V — V as described above equipped with
the C?! topology will be denoted by F. It is easily proved (see Section 2), that for
fe€F, i=1,2 the inequalities

dlmH p,'(A(t)) S Di (13)

dimg A(t) < max(p1,p2) (1.4)

hold for all ¢ € S*. Our aim is to find conditions under which we get equality in
(1.3) and in (1.4). The following subsets F;*, F!, F! of F 1 = 1,2 will be

2
crucial.

Definition 1.1. For 2 = 1,2 F is the set of all f € F which have the following
property: For any arc B in S* and any two components By, B; of AN7~(B) the arcs
pi(B1), pi(Ba) are transverse in A at each point of p;(B;) N pi(B2). The attractors
of the mappings f € F}* will be called intrinsically transverse with respect to p;.
As easily seen, a mapping f € F belongs to F;* provided for any two arcs By, By
as in the definition above which lie in different components of 7=(B) N f(V) the
projection p;(Bi), pi(B) are transverse. This implies that F;* is open in F.
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The set F], F{' are defined by



Fl={f € Flsup) < 07%}

F!'={f € Flsup X < inf ¢ sup ¢“41°ginf’\"/l°gsup’\‘}.
Obviously F/, F! are open in F, and F!' C F!.

Now we state the main results.

Theorem A. If 1 = 1,2 and f belongs to F* N F! and ¢t € S?, then

dimg pi(A(t)) = s ' (1.5)

Theorem B. The set F; N F{ is open and dense in F;.

Corollary. F N F! is open and dense in F/, and (1.5) holds generically in F!.

T

Let H denote the set of all f € F for which ¢ = © and A; are constant functions
on S!. We define for 2 = 1,2

M= FXOH, M=FnH, W =FINA
Then

H ={f e HIN <07}
Theorem C. H} N H. is open and dense in H..

Corollary. HX N'H! is open and dense in H!, and (1.5) holds generically in H}.
In this case p; = —log ©/ log A,.

Theorem D. If p;, = max(pi, p2), then for any f € FX N F{! and each ¢t € §*

20

dimg A(t) = py,- (1.6)

Corollary: If p;, = max(p;, pz) then (1.6) holds generically in 7} and in ;.

T

The following questions remain open.

Question A. Theorem B states that any C" mapping f in F/ (r > 1) can be C?
approximated by C! mappings and even by C'™ mappings in F; which have an

intrinsically transverse attractor. Can f be C"™ approximated by such mappings?

Question B. Let f be a mapping in F! and let & be a neighbourhood of f in

]

F! (i =1,2). Is there always a mapping g € Y N F; which is defined by the same
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mappings @, A1, Ag, 2, (¢’ # ) as f;i.e. can A be made intrinsically transverse with
respect to p; by a small perturbation of z; without changing ¢, A1, Mg, 2;¢7

The main results are contained in Theorem A and Theorem B. Their proofs are
carried out in Section 3 and Section 4, respectively. Since there is no distinction
between the cases ¢ = 1 and ¢ = 2 it is sufficient to consider one fixed index 1,
and we shall write \; = A, p; = p, p; = p in these sections. The proofs of the
following facts are collected in Section 2: 1. Proposition 1.1; 2. two lemmas which
will be used later and the second of which implies Remark 1.3; 3. the easy parts
dimg pi(A(t)) < pi (i = 1,2), dimy A(¢) < pi, of Theorem A and Theorem D.
The remaining part of Theorem D is an immediate consequence of Theorem A,
Theorem B and the fact that the projection p;, being Lipschtz continuous, can not
raise the Hausdorff dimension of A(%). The proof of Theorem C follows easily from
the proof of Theorem B in Section 4.

Let us mention that the corollary to Theorem D may possibly be helpful to solve a
problem concerning the Hausdorff dimension of a class of 1-dimensional hyperbolic
attractors and so to generalize a result of McCluskey and Mannings [3] about
the Hausdorfl dimension of basic sets in surfaces to certain attractors in higher
dimensional manifolds. To describe this class and to formulate the problem we
need the following definitions.

Let f : M — M be a C" diffeomorphism of an m-dimensional compact manifold
M without boundary (r > 1,m > 2). We say that a compact subset A of M is a
hyperbolic attractor of f if it has the following properties.

(1) there is a neighborhood U of A in M such that f(U) C U and

A= F(U).
1=0
(2) A is topologically transitive in the sense that there is a dense orbit in A.
(3) For the restriction T of the tangent bundle of M to A there is a splitting

Ty = T°® T* in two continuous df-invariant subbundles 7, T* such that with
suitably chosen numbers 0 < A < 1,¢ > 0 we have :

ldf*(v)] < cAF|y| (veT’, k=1,2,...),

|df*(w)] > ¢ A7 Hw| (weT* k=12...).

(Here |v| denotes the length of v with respect to an arbitrarily chosen Riemannian
metric in M. Whether A is a hyperbolic attractor or not does not depend on his
metric.)

Undér these conditions for each = € A the sets
W; = {y € M| lim d(f*(y), f(=)) = 0},
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We ={y € M| lim d(f*(y), f*(z)) = 0}

are the images of one-to—one immersions w? : R* — M, w? : R* — M of class C",
where n',n are the dimensions of the fibres in T, T™, respectively. Therefore the
sets W, W2 called the stable or unstable manifold of z. Since A is an attractor, the
unstable manifolds are contained in A, i.e. A is the union of its unstable manifolds.

We assume that the topological dimension of A is 1. This implies that the unstable
manifolds are 1-dimensional and that the intersection of A with a stable mani-
fold W is totally disconnected. Even more: for each z € A there is an (m — 1)-
dimensional compact manifold @ (with boundary) in W, a Cantor set C in IntQ
and a homeomorphism h of @ x I (I =[-1,1]) onto a neighborhood V of z in M
such that

VNA=hCxI)

and for c€ C, t€l, y=h(c,t)€ A the manifolds A({c} x I), h(Q x {t}) are
pieces of the unstable and stable manifolds of y, respectively. The set A(C x {t})
is a neighbourhood of y in W N A with respect to the intrinsic topology of W,
i.e. the topology in W’ which is defined by the topology of R™~! via the mapping
wy :R™1 w,.

We are interested in the Hausdorff dimensions of the Cantor sets 2(C x {t}). Since
it is not clear that these dimensions do not depend on ¢ and ¢ we define the
local transverse Hausdorff dimension of A at a point z € A to be infimum of the
Hausdorff dimensions of all Cantor sets which are neighbourhoods of z in W2 N A .
with respect to the intrinsic topology in W_. If these dimensions are independent
of z their common value will be called the transverse Hausdorff dimension of A.

To determine these dimensions seems to be a hard problem. Therefore we restrict
this problem to a class to attractors A which are related to the attractors consid-
ered in the theorems above. This means that we are interested in 1-dimensional
hyperbolic attractors A whose stable bundle has a splitting 7% = T%* @ T** in
two continuous df-invariant subbundles, where 7% (the bundles of weakest at-
traction) is 1-dimensional and for v € T%*, w € T2, |v| = |w| = 1 we have
|dzf(v)| > |dzf(w)|. In this case we say that A is an attractor with a bundle of
weakest attraction. For these attractors we define a function A : A — R by

|[def(v)] = M) - |v| (z € A,v e Ty?).
Then there is a unique number pa such that the topological pressure P(py - log A)
of the function py - log A is 0. Now we pose our problem as follows: Find a condi-
tion under which 1—dimensional hyperbolic attractors A with a bundle of weakest
attraction generalically have the transverse Hausdorff dimension p,.

To explain the meaning of the word ”generalically” in this context some definitions
are necessary. Let M be a compact Riemannian manifold and let 4 be the set of
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all pairs (f,A), where f : M — M is a C" diffeomorphism and A is a 1-dimensional
hyperbolic attractor of f with a bundle of weakest attraction. We define a distance
between elements (f,A), (f',A’) of A by

d((f, M), (f', A")) = max(d(f, f'), d(A, A)),
where d(f, f') denotes the C* distance between f and f’ (with respect to an em-
bedding of M in a high dimensional space R¥) and d(A, A’) is the infimum of all
numbers € for which there is a conjugating homeomorphism & : A — A’ satisfying
d(h(z),z) < e for all z € A. (If no such homeomorphism exists then d(A, A’) = c0.)
By the stability theorem for hyperbolic sets [2] the natural projection (f,A) —
is a finite-to—one local homeomorphism of A into Diff* (M).

Now our problem can be formulated as follows: Find a condition for 1-dimensional
hyperbolic attractors A with a bundle of weakest attraction which defines an open

set A" of A such that the set of all (f,A) € A for which the transverse Hausdorff
dimension of A exists and equals py contains an open and dense subset of .4”.

2. PRELIMINARIES

PROOF OF PROPOSITION 1.1. Let A : S — R be a positive C* function, and let
L be the Banach space of all continuous functions ¢ : S* — R with the maximum
norm. For ¢ € L we define the functions ¢/ : S* — [0,00], € € L by

£(t) = 111?_?;1;) [E(t+68) — &)l / 14],

€)= > @)

t'Ep—1(t)

Moreover, Ay : L — L will denote the operator which is defined by

HE=TE= Y M),
t'epl(t)

The first step in the proof is to find a strictly positive § € L such that Ax¢ = pé
holds for some real g > 0. To this aim we define a convex cone K in L (i.e. a non—
empty convex subset K of L such that { € K, s > 0 implies s¢ € K) which satisfies
A)K C K and has a compact base B (i.e. B has to be a compact intersection of K
with a hyperplane in L such that for each ¢ € K there is a positive s € R such that
s¢ € B). Then by a well known generalization of the Perron-Frobenius theorem
for positive matrices (see [5] p. 267) there is an eigenfunction ¢ of Ay in K with an
eigenvalue u > 0. Since our cone K will only contain functions £ > 0, ¢ # 0, this
together with A > 0 implies 4 > 0, and, using the fact that ¢ is expanding, it is
easy to see that the eigenfunction £ is strictly positive.-
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To define K we choose a positive real a such that
AN <a(B-1)A,
where B = inf 22. (Since ) is a C* function, A’ is the absolute value of its derivative.)
Then
K={{eLl {20, £#£0, { <af}

is obviously a convex cone and
B={¢ck| [¢nit=1}
Sl

is a base of K.
To prove AyK C K it is sufficient to show that (Ax¢)’ < aA,¢ holds for all ¢ € K.

(AxE) =2 < By < BTINEFNE
< B7la(B-1)A +adé < adf = adyb.

It remains to prove that B is compact. Let {t;,%,,...} be a countable dense subset
of S1. If £1,&,,... is any sequence in B, then by a diagonal selection process it is
not hard to find a subsequence which converges on each ¢;. Since ¢’ < af we see
that this subsequence convergens with respect to the maximum norm.

Now let A3, Ay : ST — (0, 1) be positive C? functions and let pi, €1, pa, &2 be positive
eigenvalues and positive eigenfunctions of Aj,, A,,, respectively. If A; < A,, then
1 < pa. (To see this let ¥ = £;/¢;. Then

MEF < X690 = #25119 Pap] &Y
and if t € S is chosen so that ¥(t) = inf ¥ we get

A& > XiE9(t)

and therefore papy’ > 1.) This monotone dependence of u from A easily implies
that 4 = p(}) is uniquely determined by A and that x()) depends continuously on
. For a fixed C* function A : S* — (0,1) we have

3 14 3 Py
lim p(A%) > 1, Lim p(3) =0
so that there is a unique p > 0 with u(A?) = 1, and the proposition is proved. =

The followmg lemma will be applied several times in this paper. Its proof is easy
and can be left to the reader.

Lemma 2.1. Let p,; (m=1,2,...; 1=1,...,75(m)) be positive real numbers
such that

lim sup pm; =0.
M0 1<5<5(m)

If the numbers p*(m) are determined by

i(m)

Z e =



and if p**(m) are numbers such that

3(m)

< Z /,Lm,j(m) < ¢y,

where 0 < ¢; < ¢; and ¢, ¢; do not depend on m, then

lim (p*(m) — p**(m)) = 0.

m-—00
|
Now we prove a lemma which is a generalization of Remark 1.3.
Lemma 2.2. If for 2 = 1,2 and an arbitrary chosen sequence s, 52, of points

in S* the numbers ¢;(1), q,(2), . are defined by

k
> I e ()= =1,

t'Ep—*(s}) 7=1
then

hm a(k) = pi,

where p; is defined by Proposition 1.1.
PRrROOF: By repeated application of the defining equation (1.2) for p; we see that

> M EOPEE = €s)

t'Gzp"k(ak) J—l

holds for £ =1,2,.... Since

S [aEp <

supf - tEp—H(sy) 7=1

we merely have to apply Lemma 2.1. [ ]
The following lemmas prove the easy parts of Theorem A and Theorem D.

Lemma 2.3. If t € S?, then

d1mH p,‘(A(t)) S Di (‘L = 1,2).
PROOF: For k > 1 the sets p;(A(t)) is covered by the intervals p; f*(¢') (¢’ € ¢™*(¢))
whose lengths are 2115, A2 ().

Lemma 2.4. If t € §', p;, = max(p1,p:), then
dimH A(t) S D1, -
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PROOF: We define for ' € p7%(¢)
k k
pi() = [T M@ (@), ma(t') = T X9’ ()
j:]_ 7=1

| u(t') = Tdiamf*(D(¥)) = max((£), palt)).
If the numbers q;(k), g2(%), p(k) are defined by
Xm0 = T et = X =1,
t'ep—k(t) O t'ep—k(t)
then we have
dimg A(2) < lim inf p(k),
and Lemma 2.2. implies
D = ,}LIEIO q;(k) (’l. = 1,2).
If we assume
Dip < hinlnfﬁ(k),

then we get
P(k) - -
khm d " il =0 (:=1,2),

tEp—h(t)
dm 30 pEVPO < fim o 30 (P 4 m(E) = 0
t'ep—k(t) HEp~k(t)
which contradicts the definition of (k).

3. ProoF oF THEOREM A

We fix an index ¢ € {0,1} and consider a mapping f € F;* N F/. As announced in
the introduction instead of A;, p;, p; we shall write A, p, p, respectively. Moreover
we shall use the following notations:

A=infd | /_\:sup)\,k

B=infe , B = sup ¢.
The proof consists-of two parts. The first one in 3.A. is devoted to proving the
following lemma.



Lemma 3.A. For each sufficiently large integer m there is a Cantor set C'=C'(m)
in S and a subset A’ = A'(m) of 7~1(C’'(m)) N A such that

lim inf dimgp(A'(m)ND(t)) > p.

m—00 t/EC'( )

Moreover, the restriction of p to any set A’(¢') is one-to—one.

In the second part 3.B. for an integer m to which this lemma applies we consider
two arbitrary points t' € C'(m),t € S* and an arc B C S* with end points ¢/, ¢
Then for each z € A'(¢') = A'(m) N D(t') there is a unique arc B, C A with one
end point z and 7(B,) = B. If the second end point of B, is denoted by ﬁ(m), we
get the mapping A : A'(#) — A(t). By Lemma 3.A the projection p is one-to—one
on A'(t'), and we can define the mapping

b= pho™ s (M) > p(ACR).
The following lemma will be proved in 3.B.

Lemma 3.B. There is a finite partition p(A'(t')) = E; U --- U E, in disjoint
compact subsets such that the restrictions h|g, (¢ =1,...,r) are one-to—one and
have Lipschitz continuous inverses.

These two lemmas prove Theorem A: Let € > 0 and ¢t € S? be given. By the first
lemma we can choose an integer m such that for t' € C'(m) we have

dimg A'(t') > p—e.

If p(A'(t")) = Ey U --- U E, is a partion with the properties mentioned in the
second lemma we have dimyg F; > p — ¢ for at least one set E;. Since the Lipschitz
mapping (k|g;)~! can not raise the Hausdorff dimension we get dimg h(E;) > p—e¢,
and then A(E;) C p(A(t)) together with the fact that € > 0 is arbitrary implies
dimg p(A(t)) > p. The opposite inequality has been proved in Lemma 2.3.

3.A. Proof of Lemma 3.A.

The proof is divided in four steps 3.A.1. — 3.A.4. (see also Corollary 3.3.). The
remaining parts 3.A.5. — 3.A.8. contain proofs of lemmas which are applied in the
main proof.

Since f € F' we have

——4log A/logA

T<pB
or, equivalently,
2log B log A
logB —logX ~ 21g)’

and we get the subinterval

_ 2log B log X
- log 8 —log A’ 2log A

10



of (0, 1) which frequently will be used during the proof.

3.A.1.SOME COMBINATORIAL CONCEPTS. Forn =1,2,... orn = oo let &, be the
set of almost all sequences e = (e, e3,...) of length n, where e; € {0,...,0 — 1}
(© is degree of the mapping ¢ : S* — S'). Here "almost” means that the infinite

sequences (ej,ez,...,€;,0 — 1,0 —1,...) with e; = © — 1 for almost all 7 are
excluded from &,.We say that a sequence e = (ej,ez,...) € &, appears in a
sequence ¢’ = (e}, e},...) € E,, if n > m and if for some k € {0,...,n — m} we
have e} ; = e; (1 =1,...,m). The projections

Tm: U &> &m 0:&n— Ean

m<n<oo

are defined by

Tm(€1,€2,...) = (€1,...,€m), o(er, ez ...) = (e, e3,...).

Since ¢ > 1, the mapping ¢ : S* — S! is expanding, and there is a homeomorphism
h: S — St such that A™'ph(t) = Ot. We define the mapping 7 : £, — S* by

7(e) = h(i eiG_i) (e = (e1,€2,...)).

This mapping satisfies 7(€x) = S* and

Foréegn (1 £ n < o) the set

T, ={m(')le’ € o, mn(€) =¢€}

is an arc in S* with the upper end point missing. The closure of T, will be denoted
by T,. If n is fixed, then the family 7, of all arcs T, (e € &,) is a partition of S?
in arcs which have at most end points in common. The lengths ! of these arcs are
bounded by (sup )™ < I < (inf@)™ Ife €&, 1< n < oo, then o(Te) = Toe),
and for 1 <m < n < o0, e €&, the arc T, is the union of all arcs T/, where
€€l Tm(e)=¢e

3.A.2.THE GEOMETRIC LEMMA The aim of this lemma is, roughly speaking,
to find large compact subsets S of S! and small integers £ > 1 such that for
any t € S! and any two different components D;, Dy of f(V) N D(t) the sets
f®(Vs) N D1, f*(Vs) N Dy are mapped by p to separate subsets of the interval
p(D(t)) = tx[—1,1]in A = S*x[~1, 1], where Vs denotes the parts 7~ *(S5) = SxD?
of V. This property of S, k is equivalent to the fact that for any ¢;,¢, € S satisfying
PF M () # @F 7 (t2),  ©F(t1) = *(ta) we have p(f¥(Dy,)) N p(f*(Dr,)) = 0.

Lemma 3.1. GEOMETRIC LEMMA Let
2log B '
et = Lo .1
€ (1ogg—1ogx1) (3:1)
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be given. (Obviously the interval in (3.1) contains the interval J of (3.0).) Then
to each sufficiently large integer n we can find an integer k satisfying 1 < k < %
and a proper compact subset S of S which is the union of at least O™ — @™
arcs belonging to 7, such that for any two points t;,t; € S satisfying ©*~1(¢,) #

O (ta), ¢F(t) = ©*(t2) we have
p(f4(D(t2)) N p(F4(D(t2)) = 0. (3.2)

The last condition can be expressed by saying that for each ¢ € S* and any two
components Dy, D, of f(V)N D(t) we have

p(D1 N fE(r72(8))) N p(D2 N fH(x(8))) = 0. (3.3)

Since S is compact there is a § > 0 (depending on k and S) such that (3.2) and
(3.3) can be replaced by

dist (p(f*(D(t1)), p(f5(D(t2))) 2 §, (3.4)

dist (p(Dy N f(x71(S))), p(D2 N fH(=TH(S)))) 2 6, (3.5)

respectively.

PRroOF. Let B be a closed subarc of S* and let for some 7 > 1 two components of
fA(V)Nn~(B) be denoted by Z;, Z,. We say that the pair Z;, Z, is an overcrossing
of fi(V) if Z,, Z, lie in different components of f(V)N7~1(B) and the set pZ;NpZ,
is a curve-linear quadrangle in A (as shown in Fig. 1), whose projection to S* is B
and whose four edges

Fig.1
are smooth arcs with transverse intersection at the end points. It is assumed that
p(Z,) really crosses p(Z;) in the sense that opposite edges of p(Z;) N p(Z,) lie in
opposite edges of one of the quadrangles p(Z1), p(Z2) (i.e. that the intersection of

p(Z;) and p(Z,) is not as shown in Fig.2.
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The arc B will be called the 7—projection of the overcrossing.

Fig.2
Since A is intrinsically transverse with respect to p, for each a > X there is a
positive integer ko > 1 with the following three properties:

(1) If k > ko and D, D, are components of f*(V) N D(¢) (t any point in S*),
which lie in different components of f(V)) N D(t) and for which p(D;) N
p(Dz) # 0, then there is an overcrossing 71, Z; in f*(V) with D, C Zi,

D, C Z,.

(2) If k > ko, then the length of the m7—projection of any overcrossing in f*(V)
is at most o¥~*. (This is implied by the fact that for points p,q € AN D(t)
which lie in different components of f(V)) N D(t) and have same p-image
p(p) = p(g), there is a positive lower bound for the angle at p(p) between
the p-images of the fibres of A passing through p and g, respectively.)

(3) If & > ko, then the number of overcrossings in f¥(V) is exactly @2(k=ko)c
where ¢ denotes the number of overcrossings in f* (V). (This holds since
each overcrossing in f* (V') contains exactly ©@**~%) overcrossings of f*(V').)

Now we choose areal @ > X which is so close to A that v > 21log B/(log 8~log ) and
fix an integer ko satisfying (1), (2), (3). For an integer k > ko the arcs in S, which
are m—projections of overcrossings in f*(V'), will be denoted by By, ..., B,. Then
s = O%*'¢c, where k' = k — ko. For each arc B; (1 £ 1< s) we choose a component
Bt of ¢*(B;) for which f*(x='(B})) belongs to the overcrossing corresponding to
B;. The union Bf U---U B} will be denoted by B*. The construction of B* implies
that for any ¢t € S* the parts of f¥(x~!(S*\B*)) lying in the © components of
f(V)N=w~1(t) have disjoint p-images.

The total length of B* is at most

ﬁ"ksak' = ﬁ'kc(éza)k’

and the number of components of B* does not exceed s = ©@%*'c. If n > 1 is an
integer, then there are at most Ené"kc(@za)"' arcs in 7, which lie in B*, and at
most 20?*'¢ arcs in 7;,, which intersect B*, but are not contained in B*. Since T,
consists of O™ arcs, the number of arcs in 7;,, which do not intersect B*, is at least

on — Bﬂé—kc(eza)k' _’2®2k’c —o"— F‘Q"'%c(@z@"ia)k' —90% .
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If S denotes the union of these arcs, then (3.3) holds for any ¢ € S* and any two
components Dy, D, of f(V)N7~1(¢). Therefore, to prove the lemma it is sufficient to
show that for each sufficiently large integer n we can find an integer k = ko+k&' > kg
such that k¥ < 7 and

G808 a)* +20% ¢ < ™. (3.6)
This last inequality holds if
08" O
267c’ 4c

or, since by our choice above « is so small that @25__104 <1,

(@°67a) <

v1log ® —log B8 log(ék0 /2¢) , v log(4c)
n -1 —1 < k < n— — .
log(©267 )  log(0?8™ " a) 2 2log®

(3.7)
Once more using our choice of a we get

v1log ® —log B <2
log(©287'a) 2
Therefore, if n is sufficiently large the right-hand side of (3.7) exceeds the left-hand

side by more than 1, and we can find an integer &' satisfying (3.7) and therefore
(3.6) too. With k = ko + k' the second inequality in (3.7) can be written as

n_ n(l-v) log(4c)
k< 2 2log ©

and, since y < 1, we get k < %, provided n is sufficiently large. =

3.A.3.THE SETS &,,,, C'(m), A'(m). let v € J be fixed (see (3.0)). In this section

we shall define for each sufficiently large integer m a subset &/, of £,, which consists
of » = r(m) elements, where

O - < r< O™, r>2. (3.8)

(Since v € J we have 2y < 1.) For u = 1,2, ... we consider the subsets £/, of Eum
which are given by

Eln=E&L x--x& (ufactors),
where Eym = Em X -+ X En in the obvious sense and their limit
Eoom = {2 € Ex|tum(e € &, foru=1,2,... }.
Then, as easily seen,

¢'=0m)= U T=r(Enn)

u=1 E_E&xlxm :

14



is a Cantor set, and ¢™(C’) = C'. Morover, ¢™ : C' — C' is a r—-to-1 map. We
define .

V'=V'(m) = C'(m) x D? = 7 }(C'(m)).
By ¢™(C') = C’ we have f™(V') C V', and we define

AN =AN(m)= ﬂ e (v.
u=1
This set A’ is a subset of ANV’ and for each ¢t € C’

A'(t) = A'(m,t) = A'(m) N D(2)

is a Cantor set.
Later in this section we shall prove the following lemma.

Lemma 3.2. There is a positive §' = §'(m) with the following property. If ¢, 5 are
points in C'(m) such that ©™(t1) # ¢™(t2), ¢*™(t1) = ¢*™(t2), then the subinter-
vals pf™(D(1n)), pf™(D(12)) of A(D(g™ (1)) = p(D(¢*™(82)) are disjoint, and
their distance is at least &'(m). ,

This lemma implies the following Corollaries.

Corollary 3.3. If t{ # t} belong to C' and ¢™(t]) = ¢™(t,), then the distance
between p(f™(A'(t])) and p(A™(A'(ty)) is at least &' and if ¢ € C’, then p|a/(y) is

one-to—one.

Let t = 7(¢') € C'(m) be fixed (¢ € £x), and let for any e € £, the subinterval -
I, of p(D(t)) be defined by

I = pf*™(D(7(e, £)))- (3.9)
Obviously
AN @)= () U L. (3.10)

= um

and Lemma 3.2. states that for e, e, € Em satisfying 0™(e; ) # o(e,) the distance
between I, and I, is at least §’. This implies the following corollary.

Corollary 3.4. If e;,e; € Eyn (> 2) and if

a0 Im(e,) # olmm(ey), 0™ (e;) = 0¥™)(ey)

holds for sémej €{2,...,u}, then
dist(]El , Igz) > 8. g(Iajm(gl)),
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where £(1,im (e, )) denotes the length of I im( ).

DEFINITION of & . Let 4/ € J be smaller than v, and let m be so large that the
Geometric Lemma 3.1. applies to 4’ and n = 2m — 1. Then by this lemma we get
k= k(m), S = S(m) and § = §(m). Since 7' < 7 the conclusion of this lemma
holds also for v,n, k, S,8. We consider the elements g,,...,¢e, of &, for which the
arcs T ,...,T,, of I, do not belong to S. The number s of these arcs is bounded

by ,
1<s<O"-0""
We define
& ={e€&nle#(©—1,...,0 —1),e does not appear in any ¢; (1 = 1,...,s)}.
The number r = r(m) of elements in &, satisfies
Om —ms—-1<r< O™
If m is sufficiently large, then ms +1 < m©OY (™1 4 1 < > and therefore
O™ -0 <r<0.

The following crucial fact is easy to prove: If ¢ € £, then none of the sequences
e,.-.,e, can appear in e and therefore

P(C'(m))C S (5>0). (3.11)

PRrOOF OF LEMMA 3.2. Let j be the minimal exponent such that

P(t1) = ¢ (ta).
Then m < j < 2m. Since k¥ < m the points
1= h), ;=9 *(t)

are defined, and by (3.11) ¢},t; belong to S. If we apply the Geometric Lemma to
these points we get

§ < dist(pf*(D(t1)), of*(D(t3)))
< dist(pfi(D(t)), pfi(D(ts)))

< A Ndist (o™ (D(t1)), pfm(D(1)))
Therefore §' = §A™ has the property required in the lemma.

3.A.4.PROOF OF THE MAIN PART OF LEMMA 3.A. For each integer m which is
sufficiently large the constructions in 3.A.3. yield sets £/, (u = 1,2,...,00), a
Cantor set C' = C'(m) in S* and a set A’ = A'(m) in #~*(C'(m)) N A such that
Lemma 3.2. holds for these sets. In each C’(m) we fix an arbitrarily chosen point
tm. The corresponding sequence in £/ will be denoted by €/, i.e. t,, = 7(el,).
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Now for each integer £ > 1 we consider the piecewise constant function A, : S* — R
which on each arc T, (e € &) has the constant value infier, A(2). (As défined in
3.A.1. T} is T, minus the upper end point.)

If £ > 1 and m > £ is so large that C'(m) is defined and t,,, €/, are fixed we
consider for each e € &, the sequence (e, €),) € £» and define

pm(e) = [I2, A(0" e €,))
fme(e) = T2 Ar(0* (e €l) (3.12)

fime(€) = [R5 Ae(0™ (e, €5))] - X
These definitions obviously imply

fmp(€) < fmue(e) < pm(e), (3.13)
and the following remark is a simple consequence of X < X and that fact that for

e1,85 € Eoo satisfying my(e;) = mi(ey) we have A(7(er)) = A(7(ez))-

Remark 3.5If ¢ € £, e=mm(€), t=r7(¢), then
fima(e) < A() - A(@(2)) - - Me™ (1))

The positive numbers p(m, £), H(m,£), p(m,€), p'(m,£) are defined by

> (e =1

gGé'm

> (el =1
Eegm

(3.14)
> Ama(ef™) =1

e€€m

> Ama(e)?A =1
e€t!,

Then (3.13) and &, C &, imply

p'(m,£) < p(m,€) < p(m,£) < p(m), (3.15)

and Lemma 2.2 implies

lim p(m) = p. (3.16)

m-—+00 .
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Since the points ¢,, were arbitrarily chosen in the sets C'(m), to verify the main
part

"E_r& t'elcnlf )dlmH p(A'(m)ND(t")) > p

of Lemma 3.A. it is sufficient to prove

lim dimy p(A'(m)N D(t,)) > p

This inequality is a consequence of (3.16) and the following four lemmas which will
be proved in 3.A.5. — 3.A.8.

Lemma 3.6. If £ > 0 and if m > £ is so large that C’(rﬁ), tm are defined, then
dimg p(A'(m) N D(tm)) > §(m, £). |
Lemma 3.7. If £ > 0 is fixed, then
lim ((m, §) — (m, £)) = 0.
Lemma 3.8. If £ > 0 is fixed, then

lim (#(m, £) — 3(m, £)) = 0.

Lemma 3.9.

tlim lim sup(p(m) — p(m,£)) = 0.

3.A.5.PROOF OF LEMMA 3.6. The proof will use some elementary facts concerning
the Hausdorff dimension of certain Cantor sets which are defined as follows.
Let I be an interval, and let Z, (u = 1,2,...) be the set of all sequences ¢z =
(21,...,%y) of integers ¢; € {1,...,7} (r > 1 fixed). We assume that for each
t € T, a subinterval I; = I;, _;, of I is defined and that these subintervals together
with positive numbers iy, ..., 2, satisfying f; + -+ + fir < 1 have the following
properties:
(1) I’l’ 7"u+1 C I’ll y'-u
(2) diaml;, . s, > diaml - [T}, ,u,,J
(3) hmu_,oo(ma,x,ezu diaml, w) =
We do not require that for 2 76 ¢ in Z, the intervals I;, Iy, are disjoint. What
we do assume is the following weaker condition.
(4) There is a posmve real &' w1th the following property: If for two sequences
1= (i1, .,%), ¥ = (zl, i,) € I, (u > 2) the maximal index j for
which (zl, S15) = (4, .. ) is at most u — 2, then ;N Iy = 0 and

dlSt(I_,'_, I;) > & - diamly, ;.
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Under these conditions we get the Cantor set

Czﬁ U L

u=11€T,

Sublemma 3.10. If the real number p is determined by 22 + - - + fif =1, then
dimyg C > p.

PROOF OF THE SUBLEMMA Let Ji,...,J, be disjoint subintervals of I, where
diamJ; = [i; - diaml. For each J; the increasing affine mapping of I to J; will be
denoted by «;, and for ¢ = (%y,...,%,) € Z, we define

J‘L: anq .au(I)
Then

(o]
c=NU%
u=11€T,
is a Cantor set, and methods already used by Hausdorff to determine dimg Cy for
the classical Cantor discontinuum Cy, it can be shown that dimgz C* = p. Since
Lipschitz continuous mappings do not raise the Hausdorff dimension to prove the
sublemma it is sufficient to find a Lipschitz continuousmapping h of C onto C*.

For each point ¢ € C there is a unique infinite sequence i1,1%3,... such that ¢ €
Li,.i. (u=1,2,...). Then we define A(c) to be the unique point in N, J;, .-
If ¢ # ¢ are points in C and if u is the maximal index for which h(c), &(c') lie in
the same interval J;, . ;,, then

dist(h(c), h(c")) < diam T - ] i

i=1

and by (d)

dist(c,c') > &' - diam [, ;, > §'- diam - H fhi; -

j=1

Therefore 6! is a Lipschitz number for A.

ProOF OF LEMMA 3.6. Let ey, ...,¢, be the elements in £/, and let for
t=(%1,...,%) € {1,...,r}* and e = (&;,,...,&;,) € E.m the interval I, in (3.9)
with t = t,,, € =e], be denoted by I;. Then it is easy to see that these intervals
have the properties (1) and (3) mentioned above and that (2) holds with 4; =
fimu(€;,,- -, €;,) as defined in (3.12). Condition (4) is a consequence of Corollary
3.4. Then, together with (3.10) and the fourth equation in (3.14) the sublemma
implies Lemma 3.6.
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3.A.6.PROOF OF LEMMA 3.7. Since p(m,£) > p'(m,£) (see (3.15)),'it is sufficient
to show that the assumption

lim sup(p(m, £) — p'(m,£) > 0 (3.17)
leads to a contradiction. By Lemma 2.1. this assumption implies

fmiaf 3 (%9 = 0
e€éy,

and therefore by (3.14)

lim sup Z ﬂ(g)ﬁ(m") =1.

TP eeEm\Eh

Since by (3.8) the set £,\&!, contains at most ©™ elements and f(e) < A", we
get

lim sup @2mrymHmA >1

m—+00

1
lim inf p(m, £) < 2y—82

e Tlog X

This together with the fact that  was chosen in the interval J of (3.0) and therefore
less than log A/(21og A) implies

log ©
—log X’

lim inf p(m, £) < (3.18)

On the other hand, since £, contains at least @™ — ©*™ elements (see (3.8)) and
since fi(e) > A™ we get by the definition (3.14) of §'(m, £)

(@m _ ®2m7)Amﬁ’(m,l) S 1’
. log(©™ —§2™7
p(m,8) > RsCET)

log® + log(1—@™27-1))

—logA —mlogA ?
1
liminf#'(m, £) > _"lii . (3.19)
Looking at (3.19) and p(m,£) > p'(m,£) we see the contradiction to (3.18).
B |

3.A.7.PrOOF OF LEMMA 3.8. Since i < A™ and since &, consists of @™ elements,
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emym ™ 5

(m Z) —1%. (320)

Moreover (3.12) implies fo each e € &,

fe) < (/) iu(e)
and by (3.14) we get

1= Z u( p(ml) < /)\ p(m,l)-l Z ﬁ(g)ﬁ(m,t)'

e€CEm e€€m

By (3.20) the factor (%)ﬁ("‘")" is bounded with respect to m (£ fixed), and therefore

liminf 3~ A(e)*™9 > 0.
e€€m
Now a straight forward application of Lemma 2.1. proves Lemma 3.8.
B

3.A.8.PROOF OF LEMMA 3.9. If the lemma would be false we could find a positive

¢ and arbitrarily large integers £ for each of which there are integers m > £ such
that

p(m) = 5(m,€) > e. (3.21)
To lead this assumption to a contradiction we define for £ > 1
At)
= sup =——.
" s h(t)
Then for m > £ satisfying (3.21) we have
1= % wlef™ <np®™ 5 (e
e€ém e€lm

<n2ﬂ?(m) )> ﬂ(g)ﬁ(m,1)+a

EE m
< 77;"”(”‘)7"’
AR
Since X is continuous we have limy_ 7, = 1. This together with A° < 1 and

p(m) < —1log ©/log X shows that the last inequality is impossible for large £.
|

3.B. Proof of Lemma 3.B.
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Let m, t € C'(m), t € S' and B be as in this lemma. By the proof of
Lemma 3.A. we know that ¢™(C'(m)) = C’'(m), and by Corollary 3.3. there is a
positive §; such that for any t* € C'(m) and any two points z,y € A'(¢*) satisfying

©(f~™(@)) # (f~™(y)) we have

d(p(Ws, (<)), p(W5, () 2 &1, (3.22)

where Wy(z) is the arc in A containing ¢ whose projection 7(Wj:(z)) is the closed
51—ne1ghbourhood of m(z)in §*, and W (y) is defined in the same way. (We assume
61 <3.)

Let k; be a positive integer which is so large that each of the @™ components of
¢ "™(B) has length at most 6;. Then, if t,...,t" are the points in p=®™(¢') N
C'(m), we define

Bo= p( (W) (= 1,...m),
Since by Lemma 3.A. the restriction of p to A’(t') is one-to—one, E;,...,E, is a
partition of p(A’(t')) in disjoint subsets.

Now we choose two different pomts z',y’ € p(A'(t')) which belong to the same set
E;. There are unique points z',y' € A'(t') such that p(z') = ', p(y') = y'. Besides
these four points we consider

= h(a"), 7= h(y),
z=p(Z) =hz'), y=p(F)=hy)
a'; = f~™(a), y'; = 7y,
z; = f~m(2), gi=fm@), (G=0,1,2...)

th=m(&}) = 7r(y~’,-), tj =m(&;) = n(g;).
We shall show that

d(z',y) < —H(l +A7HBT™ ) d(z,y)

J—l
where [ is a Lipschitz constant of A. (Since 8 > 1 the product is convergent.) This
will prove that h|g, is one-to—one with Lipschitz continuous inverse.

Let k be the maximal integer for which 7f~*™(z') = = f~*™(y'). Since z',y’ be-

long to the same set E; we have k > ky, and this implies d(t}, %) < &1, &k €
- W(2'%), §x € Wi (y's)- Then by (3.22)

d(zk, yx) = d(p(2k), p(Fk)) = il,

and
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k
d(z,y) > 6 ][ A%)

i=1

Similarly d(z},y;) < 2 implies

) k
d(z',y') <2 H /\(t;),
J=1

I

2 k

d(z',y") < — H

6 =

Obviously d(t},%;) < g“mj d(t',t) < g™, ' and we get

At <) +IBT™
d'y) < 10 +AE)HE™)d(,)

<2z ﬁ(l +A7UBT™)d(z, y).

4. ProOOF oF THEOREM B AND THEOREM C

Here we prove Theorem B. How this proof covers Theorem C as well will be in-
dicated at the end of the section. As in the preceding section we assume that an
index 7 € {1,2} is fixed and write p; = p, F! = F', FX = F*. The natural
projection of the annulus A = S! x I to S* will be denoted by o : A — S?.
Let G be the space of all C° mappings g : A — A which can be written as

g(t,z) = (¥(2), s(t)z + v(2)),
where p = ¢, : ST = S, k=4, : 5" - (0,1), v =1v,:8 — (-1,1)
for some finite decompos1t10n of S' in arcs Bj,..., B, are C! on each B;, and
W = —’A > 1 holds on each B;. We assume that B; N B,~+1 consists of a common end
point of these arcs which will be denoted by ¢; while B;N B; = 0 for |z — 7| > 1.
(Indices are counted modulo m.) If ©® = @, is the mapping degree of 1, then the
decomposition can, and will, be chosen so that m > ©, © is a divisor of m and
Y(B;) = Bi_1)e41U -+ - U B;e. These partitions will be called Markov partitions of
S'. Since the mappings in G are piecewise C* we have the C* topology in G, and
the natural coordinates in 4 = S x I (I =[-1,1]) define a C* distance in §. For
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each point ¢; the functions ¥, £, v have two derivatives (a left one and a right one)
which will be denoted by ¥~,%™*, k™, k%,97, v, respectively. The value

§=06;= max max(pF(t:) -y (), |*(8) -~ ()], [0F(t:) — o (8)])
< (4.1)

measures to what extent g differs from a C' mapping. In particular, g is of class
C' if and only if § = 0. The space of all C' mappings in G will be denoted by G*.

The projection p : V' — A defines a continuous projection F — G'. The image of

F'is

G'={g € G'|supk, < 0%} (4.2)
The set
E=Eg = ﬂ gk(A)
k=0

is the attractor of g. If g € G' is the projection of f € F, then =, = p(Ay), where
Ay is the attractor of fin V.

To characterize those arcs in = which are related to the dynamics in A we consider
sequences B, By, ... of arcs in S? satisfying ¢(B}) = B, (¢ =1,2,...). Then
for each of these sequences the set '

B=(]g¢"B; xI)
k=0

is an arc in = which together with the defining sequence B} will be called an
admissible arc in Z. (It may happen that two admissible arcs differ only in their
defining sequences!)

If g € G is the projection of f € F, then each arc B in the attractor Ay of f
which is short in the sense that 7(B) # S* by B’ = p(B), B! = =(f*(B))
defines an admissible arc in =, and all admissible arcs in = can be obtained in
this way. If g € G, then all admissible arcs in = are of class O, and Z, will be
called intrinsically transverse (abbreviated i. tr.) if any two different admissible
arcs B, B' with defining sequences B!, B’} satisfying B’y = Bj are transverse at
any point p € BN B’. The set of all g € G! with i.tr. =, will be denoted by G*.

Remark 4.3. As easily seen, =, is 1.tr. provided any two different admissible arcs
B, B' with By = B';, B} # B'; are transverse.

If g € G' is the projection of f € F, then = is i. tr. if and: only if A; has this
property; i.e. the projection F — G! maps F* to G*. Therefore to prove Theorem

24



B it is sufficient to prove the following proposition.
Proposition 4.1. The set G* is dense in G'.
In the proof piecewise projective mappings in G will play a crucial role.

Definition 4.2. A mapping g € G is called piecewise projective if there is a Markov
partition By, ..., Bp of S* such that the restriction of g to any rectangle Q; = B; xI
is a projective mapping to a quadrangle in the rectangle Q; = 14(B;) x I. (Here
the sets Q;, Q! are regarded, in the obvious way, as subsets of the plane R?2.)

If g € G is piecewise projective, then each admissible arc B in =4 with ¢(B) =
Ye(B;) (1 <1< m)is a straight segment in the rectangle Q.

For g € G and a fixed corresponding Markov partition By, ..., B, with partitioning
points ti,...,t, such that B; = [t;_1,t;] we denote k4(¢;) by &; and consider the set

Z:Zg = {(ul,...,um)ER’"l[u;—ka;, u,-+n,~]€]1 (i:1,...,m)}

= x:’;l[n,- - ]., 1— KZ,’]. (4:3)

For each u = (u1,...,um) € Z there is a ynique mapping g, € G which is piecewise
projective with respect to our Markov partition and which satisfies

D gu(ti,z) = (P(G), ki +u;) (t=1,...,m). (4.4)

We shall use homogeneous coordinates in @; = B; x L and.in Q! = ¢(B;) x I =
[t@(,-__1), to:] x I which are determined by

0 /1

0 1
(tica, 0O~ 0,0~ 0 ],(-, l) ~1 1 |,@,1)~11
1 1 . 1 , 1
in @; and by
0 1
(te(,'_1), 0) ~10 )(tGi, O) ~1017],
1 1
, 0 1
(t@(g_l), 1) ~ 11, (t@g, 1) ~ 1
0 1

in Q). With respect to these coordinates the projective mapping gu|g; correspon-
dents to the matrix

Ky 0 0
Billipl — Kip1li  Kifiy1  Kip1l
Ki — Kit1 0 Kit1

Using some elementary facts from projective geometry we find that g, can be
written as
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gu(t,z) = ("pu(t): ru{t)z + U‘u(t)):

where for ¢ = ¢; + s(tiy1 — %) € B; and t] = Pu(t;) = ¥4(t:) = tei, ti, =
Yu(tiy1) = Yg(tiy1) = toir1) the mappings vy, £y, vy are given by

¢U(t) = t: + s(t:-f-l - tf)ni+l+3('i":i""i+l)

_ RiRit1
nu(t) Kip1t+a(mi—Kit1)

— kipruite(kivigy —Kigp1uq)
v,(t) = =&
"’( ) Kiprt+s(Ki—risr)

mu(t) =+ GO

—t] (K'i+1 - K«i)

ve(t) = ui+ %(uﬁ-l — ui).

Rémark 4.4. The first equation together with 1, > 1 and ¥,(B;) = ¥,(B;) implies
1y > 1 and hence g, € G.

Remark 4.5. The mappings ¥, and «, do not depend on u, and if g € G', then
sup K, < sup K, < 072,

Remark 4.6. If t € S* is fixed, then v,(2) is a linear function of u and

Bv(t)
a’LLJ'

In Z,; we consider open subsets

<1. (1<j<m).

Z30CZ55C oy Zg=J Zgy, (4.5)
k=1
where Z7 . consists of all u € Z satisfying

9u(9a(A) N7 (1)) N gu(gi(A) N o™ () =0,

where 1 <17 < 2/ < m,u(t;) = Yu(ts). This definition implies that for any u € Z;
the attractor Z, of g, is, in a certain sense, intrinsically transverse. The following
remark states this fact precisely.

Remark 4.7. For each u € Z;, there is a positive a = a, with the following two
properties:
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(1) If1 <4 < ¢ < m and ¥,(ti) = ¥u(tir) then the distance between the two
sets '

gu(gu(A) N o7 ([t — ey ti + ), gul9s(A) N o™ ([t — eyt + o))

is at least a.
(2) If B, B’ are admissible arcs of Z, such that ¢(B) = B;,; o(B') = By (1 <
i <1’ <m), o(gu(B))=0(gu(B")) = ¥u(B:) = ¥u(Bx), then either

d(gu(B)7 gu(Bl)) >a

or gu(B) N gu(B’) consists of a point and the angle between the straight
segments gy(B), gu(B’) is a least a.

We shall prove the following three lemmas:

Lemma 4.8. If g € ' and ¢ > 0 are given, then there is a corresponding Markov
partition of S* and an element u* of Z, such that the C! distance between g and
gu~ 1s at most .

Lemma 4.9. For any g € G’ and any corresponding Markov partition of S! the
set Z; is dense in Z; (see (4.3), (4.5))

Lemma 4.10. For any u € Z; there is a mapping g* € G* for which the C*
distance between g, and g* is at most &, (see (4.1)).

Using these lemmas Proposition 4.1. is easily proved: Starting with a mapping
g € G’ and € > 0 we find (by Lemma 4.8.) a Markov partition of S and an element
u* € Zg such that g,» is e-close to g. Then applying Lemma 4.9. we get an element
u € Zg* such that g, is e—close to g,» and hence 2e—close to g. Since g, is 2e—close
to the C! mapping g we have §,, < 4¢, and by Lemma 4.10. there is a mapping
g* € G* which is 4e-close to g, and, therefore, 6e—close to g.

The proof of Lemma 4.8. is so easy that it can be omitted.

PrOOF OF LEMMA 4.9. Let g € G’ and a corresponding Markov partition
By,..., B, with partitioning points ti,...,%, be fixed. Since ¢, (u € Z;) is
independent of u (see Remark 4.5.) for each ¢ € S the point set ¥;'(¢) also does
not depend on u, and we denote its points by 0 < ¢(1) < ¢(2) < --- < ¢{(©®) < 1.
Moreover for j = (j1,...,5k) € {1,...,0} and 0 < £ < k we shall write j* =
(jl)"';jk—t) and '

t(7) = t(-- - ((¢(51))(52)) - - - )J)-
Then ¥5(¢(7)) = t(j°) and

vH() = {t)l 1€ {1,..., 0}

27



For each point ¢; (1 <7 < m) and k > 0 the set f*(S* x {0}) N o~*(¢;) consists
of the ©F points (t;, z:(j)) where j € {1,...,m}* and z;(j) is given by

0:(3) = Rl BNt - Il D b))+
oG] ] a2 + v )). (46)

By Remark 4.6. each value vy(¢;(5%)) is a linear function of u, and so for 4, fixed
u +— z;(j) defines a linear functional

zi(j) : R™ - R.
We are interested in the functionals

L(1,j,5) = 2:(j) —z:(j') : R" >R (i=1,....m; j,5'€{L,...,0}).
Let Ly be the set of all L(:0,5,5') (1=1,...,m/0;5,5' € {1,...,0}*) for which
j1 = i""l £ 51 = l"k_l. If u € Z, satisfies for each L € L the inequality

L(w)] > 2(sup £ ),
then u € Z,.
Each of the opposite inequalities

|L(u)| < 2(sup k)"
defines in R™ the complement of the é;—neighbourhood Si.of a hyperplane, where

81, = 2sup k) |V
(VL the gradient of L), and

Z3 D Z\ | Si (4.7)
Lel,

Let L = L(10,37,5') € L. Since j; = j*' # ji = l"k"l we have for t0(71) =
tl’ti@(jll.) =ty

vu(tio(51)) = ue, vu(tio(i1)) = ue, £#Y,
and therefore

Bva(tio(3")) Ovultio(3™ 7))
= 1, =
Ouy Ouy
By (4.6), Remark 4.5. and Remark 4.6.

0.

BL > 1 —2(sup ky + (sup Ky)? +...)

Buy
2 Ky __ 1-3 °
21- 1j:§pnu - 1-s:;pr:; : .
Then our assumptions sup £, < sup kg < ©7% and © > 2 show that the right han
side is positive, and we get
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— 3sup Ky

|AL]211 1 — sup Ky

br, <2 W) :
— SUp Ky 1 S 2sup k) 1 — 3supky
Since Zg4 is bounded there is a real K such that for each L € £} the volume of
SN Zg is at most K - (sup ,)¥. The set £; contains less than m©?* elements, and

if we use once more sup &, < ©72, we see that for £ — co the volume of the set

Zg N U St
LEL)

tends to 0, and the volume of (4.7) converges to the volume of Z,;. This implies
that Z; is dense in Z,.

=
PROOF OF LEMMA 4.9. We assume u € Z7,. Let B; = [t;_1,1] be the arcs of the
corresponding Markov partition. Then for each positive  which is smaller than
84, and smaller than half the minimal length of the arcs B; we define C? functions
Py ST = St Kk, ST —7(0,1), wvy,:S*— I which have the following properties:

(1) ’(,b,.,(t,') = ".bgu(ti) = t0 (’L =0,...,m— 1), and ‘l,b,, > 1.
(2) lvn + £l <1 ‘ '
(3) Yy =gy, Kn= Kg,, Un = Vg, on eacharc [t;+7,tiz1—7] (2 =0,...,m—1).
(4) |¢n _"/fyul <ny kg = kg | <7, Jug —vg,| <7
|'¢’n - 1/}gu| < 6911.7 |k'n - ’;'"gul < 5gu: |7)n - 'bgul < 6911.
on each arc [t; — 7, ti+7] =1,...,m).
To these functions there corresponds a mapping g, € G* such that ¥, = ¢, , &, =
Kgny Un = Vg,. By n < &, the C' distance between g—u and g, is less than §,,, and
to prove the lemma it is sufficient to show that for # sufficiently small g, belongs
to G*. using Remark 4.7. this can be done by a straightforward argument.
|

It remains to show how this proof can be modified to a proof of Theorem C. To
this aim we consider the subset X of G which consists of all those g € G for which
14 and k4 are constant and define K' = £ NG', £* =KNG*. Then it is sufficient
to prove Proposition 4.1. with G!,G* replaced by K, KX, respectively. Since for
g € K* the mapping g, belongs to K the lemmas 4.8., 4.9., 4.10. hold with X', X
instead of G',G*, and the proof of Theorem C is complete.
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