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Abstract

Surface waves at an interface between two saturated porous media of dif-
ferent structure are investigated. Existence and peculiarities of surface wave
propagation are revealed. Four types of surface waves are proven to be possible:
true Stoneley surface wave propagating almost without dispersion, leaky slow
pseudo-Stoneley wave, leaky generalized Rayleigh wave, and one more new
leaky mode. True Stoneley, leaky pseudo-Stoneley, and generalized Rayleigh
waves are similar to those waves, which exist at an interface between a satu-
rated porous medium and a liquid. Existence of generalized Rayleigh wave or
new mode depends crucially on the parameters of the skeletons.

1 Introduction

In this paper we proceed to study the effect of fluid-filled porous media on the veloc-
ity and attenuation of surface waves, which propagate along an interface separating
two porous media of different structure.

Comparing the results on classical surface waves [1-3] with those concerning a porous
medium bounded by the vacuum [4] and by a liquid [5], in the case under research
one might expect an existence of at least three or may be four types of surface
waves. First of all this happens because of the presence of a second longitudinal
wave in a fluid-saturated porous solid. Since any surface wave is a combination
of all bulk waves in both media, existence and distinctive properties of a second
longitudinal wave result in new properties of the surface modes. Another significant
fact which may lead to the specific properties of the surface waves at an interface of
porous media is a relation between parameters of the skeletons. Let us recall that for
example at an interface separating two elastic solids depending on the parameters
of the media, namely their densities, one or two surface waves may exist [2].

For two porous media of different structure we prove an existance of four different
types of surface waves. However only three different modes may exist simultaneously.
We proceed to investigate these waves.

It should be reminded that in our approach [see also 4,5] the wave number k is
choosen to be real while frequency w = w(k) is sought as a solution of corresponding
dispersion equation and can be complex. As it was proven [5], this approach allows
one to consider isolated surface modes without interaction with the bulk waves.
Most likely, this approach also allows one to investigate the stability of isolated
surface waves and, consequently, to prove the existence of surface waves for nonlinear
problems.



2 Mathematical Model and Boundary Conditions

Consider two semi-infinite spaces @/ and Q! having a common interface I'. Let
both regions 2 and Q! are occupied by saturated porous media of different struc-
ture. In what follows we consider two typical cases: 1) when porous media are
characterized by the different porosities while the Lame constants of the skeletons
as well as parameters of saturating liquids are the same; 2) when porous media are
characterized by the different porosities and by the different Lame constants of the
skeletons while the parameters of saturating liquids are the same. In dimensionless
variables the set of field equations describing the porous medium in region Q! has
the form (z € R3,t € [0, T)) [4-6]:

Mass conservation equations

570 Tdiv(esvy) =0,

0
570+ div(ev.) =0. (2.1)

Here o is the mass density, v is the velocity vector and indices f and s indicate fluid
or solid phases, respectively.

Momentum conservation equations

K 0 0

— 4+ (vgj, 5 )| i — 5T + (v — vat) =0,
Qf _at—i_(vf]’axj)_ Uf ax] ”+7T('Uf v )

K 0 0
] YR st TS — i — VUgi) = 0. 2.2
e _8t+(U] 833'])_ v 83)] %] 71'('Uf v ) ( )

Here TZ’; and 77 are the stress tensors, 7 is a positive constant. The stress tensor in
the fluid is assumed to be given by the following linear law:

T = —psbi; — BAWSy, = pgo+ k(s — 050), (2.3)

where p; is the partial fluid pressure. pg and oy are the initial values of this pressure
and fluid mass density, respectively. k is the constant compressibility coefficient of
the fluid depending only on equilibrium value of the porosity mg. A,, = m —mg is
the change of the porosity. 8 denotes the coupling coefficient of the components.

The stress tensor in skeleton has the following form:

T;—s- )\ekkéij + 2/,L€ij + ﬂAméij, (24)

] prm—
where A and p are the Lame constants of the skeleton and e;; is the strain tensor of
small deformations.



Equation for the change of porosity

s, 0 : Ap
&Am + (Vsi, 8—%)Am + mgdiv(vy — v,) = - (2.5)

where 7 is the relaxation time of porosity.

For the strain tensor one has:

1 ausi a’us]’

where u, is the displacement vector for the solid phase with v, = du,/0t.

The same set of equations with corresponding parameters holds true for the porous
medium occupying region Q7 (in what follows upper index ”—" indicates 7).

Equation system (2.1)-(2.6) is linearized about some equilibrium state with the
following constant values: o5 = 959, 0s = 0s0, Vy =0, v, =0, and A,, =0. After
the introduction of displacement vector for the fluid phase u; and linearization, the
system (2.1)-(2.6) takes the following form:

0 0 auﬁ .
&é’f”"“ami( 5 ) =0 (27)

9 0 (Ouuy
aiee e () =0 (28)

Ouy; O 9 9
o T ppbiy By + T (ugi — i) =0, 2.9
010 5 T+ 8xjpf53 + 8:ch 0ij + mo (ugi — usi) (2.9)
T . 0 0

QSOW — ,LLA'U,SZ' — ()\ + /L)leVus — %ﬂAmém — Wa(’dfz — usi) = 0, (210)

J

0 0 A

— A, + mediv—(u; — u,) = ——=. 2.11

ot pdiva, (ur — ) T (2.11)
From now on we consider 2D-problem of propagation of surface waves along the
interface y = 0, which separates two porous media: one of them occupies semi-

infinite space y > 0 and another one occupies semi-infinite space y < 0.

On the interface y = 0 the following linearized boundary conditions, which are the
consequence of the general conditions [4], have to be satisfied:

1) the continuity of total stresses:

11

I
(15 + T4 )ms| = (T + T (2:12)
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i.e.

Ougs1  Ougo _[Ou,;  Oug,
= 2 2 2.13
M( Oy + ox ) y=0 # ( Oy + oxr | ly=0 ( )
and
. 621,52 — 1 — ,au; (- _
Adiv us—|—2u6—y—f<;(gf—gf0) o = A div u, +2u 6—;—& (gf _Qfo) - (2.14)

2) the continuity of the displacements of the solid phases (i.e. the boundary I is
material with respect to the skeleton)
|I

u, ' =u, |/ (2.15)

3) the continuity of mass flux across the interface

0 _ 0, _
Qfo&(ufz - U’s2) 0 = Qf()&(uh - U’s2)

(2.16)

y=0
4) proportionality between discontinuity in pressure and relative velocity of the fluid
with respect to solid phase

mg _
= a(py — m—gpf)

—050(vs, — vs2) (2.17)

= y=0

Our goal is to prove that boundary value problem (2.7)-(2.11), (2.13)-(2.17) (let
us call it SWP) has solutions as surface waves, i.e. solutions which decrease as
ly| — oo. For this purpose we will investigate the propagation of harmonic wave
whose frequency is w, wave number is k, and amplitude depends on y. It should
be noted here that as in [4,5] we consider the solutions of (2.1)-(2.6) in the absence
of external forces which are defined uniquely by the Cauchy data. In this case it is
natural to derive w as a function with respect to real wave number k € R!'. Thus,
Rew/k defines the phase velocity of the waves, while Imw defines attenuation.

3 Construction of Solution

As for the cases considered in [4,5], solution of SWP is sought in the following form:

uy = Vor + <(¢f)y’ _(wf)z)’ u, = Vo, + ((¢S)y’ _(¢S)z>a



or = Arw)exp (ilke —wt)), o, =4
vy = By(y)exp (ilhs —wt)), .= Bu(y)exp (i(he — i),

07 = 010 = Ay (y) exp (ilha — w1)),

00 — 0u0 = Aga(y) ex (i(ka: - wt)), (3.1)

p
Ay = Aam(y) exp (z(kx = wt)).

Consequently, the relations (3.16)-(3.19) [4] as well as bounded solution (3.32) [4]
remain to be valid, namely:

< ﬁf ) =C1(0) ( ﬁfj ) exp(—11y) + C2(0) < ﬁjj > exp(—72y),

B, = Cy(0) exp(—ps y), (3.2)

where vectors (R, Rs1), (R, Rs2) and radicals p,, 71, and 7, are defined in [4]
for the general case. For the case |k| > 1 which is considered below one has [4,5]:
(RflaRsl) — (1)0)) (Rf2) RsZ) - (Oa 1)) and

02 o2

’)’1:|k| 1—— ”)’2:|k| 1
K

o2
T2
Qs

where © = w/k.

As it has been noted already, we investigate two cases: 1) when porous media have
different porosities, and 2) when porous media have different porosities and different
Lame constants of the skeletons. Consequently for the first case one gets uy= = u
and A~ = A. For the second case we assume (in order to simplify the construction
of asymptotic solution) that velocities of longitudinal and shear waves are the same
in both media, i.e. a,; = a1 and a,, = as. The latter results in relations:

peA 0y
L . 3.4
w A 0s0 ( )

Thus, in both cases solution for the porous medium, occupying region y < 0, has
the form:

( ﬁf ) = C1 (0) < gﬁ >e><p(71 y) + C5 (0) < gz )exp('yz y),
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B = C;(0) exp(us y), (3.5)

where radicals ug, 71, and v, are defined above.

In order to derive dispersion relation and define the frequencies of the surface waves,
one should substitute solutions (3.2), (3.5) into boundary conditions (2.13)-(2.17).
We proceed to do so.

4 Dispersion Relation

Substituting the solution into boundary conditions for the case 8 = 0 and |k| >
1 one gets the following system of equations with respect to unknown constants
C1(0), C5(0), Cs(0) and Cy (0),C5 (0), C;(0) :

s

2030, + (2 +1) 0 = 2" 3,05 + 0 (@ +1)Cy, (4.1)

(A+2u) (75 — 1)Ca + 2uCs + 2uifisCs — & 070Cy

= (A" +207)(3 - 1Cy +2u Cy —2ui1,Cy — &*05,Cy (4.2)
iCy — f1,Cy = iCy + fi,C; (4.3)
—FyCy — iCy = 2Cy — iC (4.4)
101 + 70 +1iCs = z—j:z (’716'; + 720, + iC’s), (4.5)
5,0y — 3C — iC, = i (01 _Cpme —), (4.6)
Ofo Mg

where



fis = 4|1 — 5. (4.7)

The condition that determinant of the system (4.1)-(4.6) must vanish yields the
dispersion equation for the definition of frequencies of the surface waves. First let
us consider the case when porous media are characterized by the different porosities
only. In this case dispersion equation takes the form:

~2

( — P = (O 23~ 1)+ 20) (e — 1+ 5o

2
2a%,

1 . Or0\ /. . . W2 . .. m
+—Qf0w2”>’2<1 — ﬁ) (Ms’)’z — 1) + Qfowz”m—z M — ZOM(I + —€>
2 050 2a%, mpg

+0705%% (;mz . 1) (&1 . z'ad)(l . Q—{“)) —0 (4.8)

@50

Here P, is the dispersion relation, corresponding to the case of surface waves at a
free interface of a porous medium [4]:

~4
~ ~ Ofo W
P, = ’yl’PR + 72 10 ) (49)

QSO a’s2

whereas P is a classical Rayleigh equation [4]:

&2 ’ .
Pr=|2— 5| —4%iis. (4.10)

Qs

Substituting (4.9), (4.10) into (4.8), one can rewrite dispersion equation (4.8) in a
simplified form:

JO - -~ - . mg
(271usgso + (Qfo + Qfo) (um — 1)) (71 — zaw(l + m—))
E

+207, (ﬁfyg — 1) (&1 — ia(I}( — Q—{“)) —0 (4.11)

O%0

For the second case under research, when porous media are characterized by the
different porosities and by the different Lame constants of the skeletons, dispersion
equation has the following form:



- (1 0\2(1 -~ G 00 < (s . -
g (5 (1 _2 0) (1 - Ms72>PR - 2GT%MS’)’2> (’Yl - zaw(

~4

LW o L . O s m
SR Ty (1+Q 0) (1—fi,72) 22 (71 (1+ﬁ)+zaw(1——‘?> (
s2

0s0 0s0 2ro mg

1428

me))*

)) — 0. (4.12)

Obviously, (4.11) and (4.12) include radicals 41, 42, fis, which are multi-valued func-
tions. In order to make these function single-valued, consider Riemann surface of @
with the cuts outgoing from the points +k, *as, *a,;. Later on we consider this
Riemann surface, where the signs at radicals are defined uniquely (depending on
the strip of the Riemann surface [5]) in such a way that on the real axis radiation

condition [1] is satisfied.
Let one of the following conditions holds true:

Condition 1

@? & P
1> max Re TR
Kk Qs G5

and, consequently, 41,92 and fis are defined as in (4.7).
Condition 2

~2 ~2  ~2
w w w

Re— >1> max Re (T’ —2>
K s s

on the first strip of the Riemann surface [5].

Condition 3

~2 ~2
w w
,—2> >1>R€T
a
s sl

max Re (w

(4.13)

(4.14)

(4.15)

(4.16)

Then 4, and 4; are defined as in (4.7) and (4.15) respectively. However

(4.17)



on the upper (second) strip of the Riemann surface [5].

Next we will show that dispersion equation (4.11) has three roots satisfying either
(4.13) or (4.14) or (4.16). Dispersion equation (4.12) also has three roots. Depending
on the parameters of porous media two situations are proven to be possible: 1) the
roots satisfy either (4.13) or (4.14) and 2) the roots satisfy either (4.13) or (4.14) or
(4.16). Next we investigate the dependence of the roots of (4.12) on parameters g
and p,, and for both dispersion equations we construct the asymptotic expansions
of the roots.

5 Asymptotics of the Roots

5.1 Porous Media with Different Porosities

First let us consider dispersion equation (4.11). One can prove that (4.11) has three
roots. One of them @; satisfies condition (4.13), i.e. Rew; € [0,4/k). Another
one @ satisfies condition (4.14), i.e. Rews € (v/K, as2) and the last one @3 satisfies
condition (4.16), i.e. Rews € (as2,as).

It should be noted that we construct outer expansion a ~ 1 of the roots with respect
to K.

The asymptotic expansion of @; is sought in the following form [4,5]:

O =vE(l -k +--+). (5.1)

Substituting (5.1) into (4.11) from the lowest appoximation modO(x%?) one defines:

2¢; = (5.2)

2 2
as2 a’sl

(mE—mE)(Qfo—Q}o)< L1 )

4(mg + mpz)oso a2,

It is obvious that both Rec; and Re+/2¢; should be positive. By virtue of physical
reasons,

(me — mg)(0r0 — 05) >0, (5.3)
and, consequently, ¢; > 0. Therefore
Red, = \/E(l — ek + O(FL3)> € [0, V). (5.4)

Similarly to the cases of a free interface of a porous medium and of an interface
separating porous and liquid half-spaces [4,5], this phase velocity corresponds to



very slow surface wave (true Stoneley wave), propagating almost without dispersion.
Its speed is less than the velocities of all bulk waves in the porous media and has

order O(y/k).

Next we will show that dispersion equation (4.11) has also two complex roots @,
and @3, satisfying conditions (4.14) and (4.16) respectively. These roots correspond
to the localized with respect to y surface waves.

Asymptotic expansion of @, has the following form [5]:

& = VE(l+ cor 4 csr®? 4. (5.5)

Substitution of (5.5) into (4.11) allows one to define the coefficients ¢, and cs.
Namely from the lowest O(k) approximation one gets:

\/E:a<1+m—]f) >0 (5.6)

mg

and, consequently,

From the next O(x*?) approximation one has:

« mg Oy 1 1
C3 = —Z—@ (1 + —€£> <—2 + —2> (58)
2 050 Mg Qro/ \so Qg

Finally, one gets the following expansion for the second root of dispersion relation
(4.11):

Wy = \/E(1+C25+0353/2 +O(”2)>’ (5.9)

where coeflicients ¢y and c3 are defined above. This root defines slightly dispersive
surface wave (pseudo-Stoneley wave), whose phase velocity is close but somewhat
more than y/k. This is a leaky wave, thus reradiation of energy occurs across
the interface. Phase velocities of both true and pseudo Stoneley waves are defined
primarily by the compressibility coefficient of a liquid. For the pseudo-Stoneley wave
it depends additionally on surface permeability o (see (2.17)). As it was proven [5],
if « — 0, i.e. surface pores are closed, this wave is degenerated into the slow
longitudinal wave.

As it was mentioned already, dispersion equation (4.11) has one more complex root,
satisfying condition (4.16). It corresponds to a new surface mode, which is not
observed either for the cases of a free interface of a porous medium nor for an
interface separating porous and liquid half-spaces. Its phase velocity is close but

10



somewhat more than velocity as of a shear wave in unbounded medium. Let us
remind that in accordance with condition (4.16) here we have to choose the following
branches of the radicals:

L |w? . o w?
=1 ?—1, fos = —1 a—22_1 (5.10)

and, additionally, one can expand

\/?@ % (5.11)

Similar to @y, an asymptotic expansion of this root is sought in the following form:

w :a32(1+C4K,+C5K,3/2+"'). (512)

It is easy to get from the lowest approximation O(k~/2) that
050 + O,
NG T i L (5.13)

2050052

and, consequently,

+ - 2
ey = M > 0. (5.14)
2Q50a32

From the next approximation O(k°) it follows that

mg 070\ 20+ 050 (er0 + 05)° a2
cs = 2ano<1 + —fﬁ) ! f02 z( ! f03) — —;2 (5.15)
myg 050/ (20s500s2) (2050as2) a3
Finally, one has:
(:)3 = Qg2 (1 + 4K + C5K,3/2 + O(K,2)>, (516)

where coefficients ¢4 and c¢5 are given by (5.14) and (5.15). This root defines disper-
sive leaky surface wave, whose phase velocity, similar to the generalized Rayleigh
wave, is very close to the velocity as of a shear wave. However phase velocity of
this surface wave is somewhat more than a,, while phase velocity of the generalized
Rayleigh wave is somewhat less than a,,. Moreover, it is not difficult to estimate
using (5.16) and (5.10) that some part of the energy of this wave is absorbed by
the slow longitudinal wave. In contrast to the generalized Rayleigh wave which is
transformed to the classical Rayleigh wave as gy, 079 — 0 [4,5], this surface mode
is degenerated into shear bulk wave if gy9, 07, — 0. It should be noted also, that
an amplitude of this mode is slowly growing with respect to ¢. The latter means
that this surface mode exists as isolated surface wave during short time interval [7].

11



5.2 Porous Media with Different Porosities and
Different Lame Parameters of the Skeletons

Next we investigate dispersion equation (4.12), which corresponds to the more com-
plicated case of porous media with different characteristic parameters. One can
prove that this dispersion equation also has three roots. Two of them are very sim-
ilar to the roots @; and @, of dispersion equation (4.11). They satisfy conditions
(4.13) and (4.14) respectively. The third root, depending on ratio of g5 and g,, may
satisfy either condition (4.14) or condition (4.16).

First, let us prove that there exists a root @; of (4.12) satisfying (4.13), i.e. Rew; €
[0,4/k). As above the asymptotic expansion of @; is sought in the following form:

O =vVE(l—cik®+--+). (5.17)

Substituting (5.17) into (4.12) from the lowest appoximation modO(x"/2?) one can
define coefficient ¢;. Depending on relation between gy, and p,, the expression for

v/ 2c; is given either by

(ms —mg)(ep — 05) 1

2c; = = >0 5.18
2(mp + mp)ewad - (5.18)

(me —mg)(oro—05) (1 1

4(mE + mE‘)QSO )

if 20 = O(1). Let us note that (5.19) coincides with (5.2).

@s0

Taking into account (5.3), one can easily see that in both cases 1/2¢; and ¢; are
positive. Therefore

Red, = \/2(1 — ek 4 0(53)) € [0, v/k) (5.20)

and, as before, this phase velocity corresponds to the slowest true Stoneley wave.

Next we will show that dispersion equation (4.12) has a root, satisfying (4.14) and
corresponding to the pseudo-Stoneley wave. An asymptotic expansion has the fol-
lowing structure:

& = Vel + cor 4 csw®? 41 ). (5.21)

Substituting this expansion into (4.12) and taking into account that J; = 44/ “’72 -1,
one obtains from the lowest approximation:

12



V2 = a(l + m—?) >0, (5.22)

i.e.

2
=2 (1 + m—?) > 0. (5.23)

3 = —ia— &0 M (5.24)
4 (1 1
a52(‘1§2 B a§1>
if % = O(v/k), or, as in (5.8),
.« mg O 1 1
ey = —i 280 (1 + —fﬁ) (—2 + —2) (5.25)
2 050 Mg Q507 ‘Asy U
if Z% = O(1). In both cases it is easy to see that Imecz < 0.
Finally, one gets:
g = \/E(1+02/£+c3ﬁ3/2 +O(52)), (5.26)

where coefficients ¢ and c3 are given above. This root defines slightly dispersive
pseudo-Stoneley wave.

Now let us investigate the third root of dispersion equation (4.12) which satisfies
either (4.14) or (4.16) depending on relation between gy and g,,. First we consider
the case when densities of porous media differ significantly, i.e.

90 _ O(\/R) = R/ + - - - , (5.27)

0s0

where Ry ~ 1. Below we prove that if relation (5.27) holds true, dispersion equation
(4.12) has a root Wg satisfying condition (4.14), namely Re@r € (y/k,as2). This
root similar to [4,5] corresponds to the generalized Rayleigh wave with phase velocity
close to the velocity a,s of a shear wave. Asymptotic expansion of @g is sought in
the following form:

Because of condition (4.14), the branch of 4; is taken as 4; = i\/%z — 1. Addition-
ally, one can assume that

13



[@? @
’Yl =1 ? —1= ’l% (529)

Using (5.29) and rewritting (4.12) as
4

1 00 w” Oy
" (_ (1 - _0) (1 - Ms72>PR - ZT—OMS’Y2>

0s0 Qg9 050

) m 1 50\ 2 w* 04
+m ( - 20&0(1 + —]:J> (5 (1 - @> (1 - Ms72>PR - 27@%’)’2)4-

mE 0s0 as2 0s0

w Ost 0 Or
b (1 22) (1 ) 22 (14 £22))
52

0s0 0s0 oro
. 4 050 050 mg 5o
+iawys - (1 + )(1 — [sY2) (1 — —_) (1 — —) = (5.30)
2a, 0s0 0s0 mg @ro

one can easily see that the leading part € of expansion (5.28) is defined from O (%)

approximation and it satisfies the Rayleigh equation: Pr(€) = 0, i.e. Qy = cg,
where cg is a phase velocity of the classical Rayleigh wave [1|. For the next term

1
=Qo

in O(ﬁ) approximation one gets the following equation:

4 8 d o2 w0?
— W~ - Qp— A 41— 1 -
[a;lz "oah ’ diw <\/ a§1\/ a§2>

02 + Q3
_iyf1- Dl Tonth R04 (5.31)
U5 0s0 as2 ) 1—
Finally, one has:
(Z)R/ =cCp+ \/EQl + O(I"\?), (532)

where Q; is determined by (5.32). € is complex, thus the generalized Rayleigh
wave is a leaky wave. Similar to the cases investigated in [4,5], Im; > 0 and,
consequently, one can prove, estimating the amplitudes of the bulk waves, that part
of the energy of this surface wave is absorbed by the slow compressional wave. Let us
emphasize that attenuations of the generalized Rayleigh wave at an interface of two
porous media and at an interface separating a porous medium and a liquid [5] occur
in a similar way (imaginary parts of Q; in (5.31) and in (5.16) [5] coincide). However,
in contrast to [4,5], where €, is pure imaginary, here Q; has additionally the real
part which implies its correction to the phase velocity of the generalized Rayleigh
wave at an interface of porous media. Namely, its phase velocity is smaller than

14



phase velocity of analogous wave considered in [4,5]. Another distinctive property
of this surface mode in comparison for example with [5] concerns its behaviour if
00, 07 — 0. In [5] it was proven that Rewr — cg if 070, 0y — 0. However here
phase velocity of the generalized Rayleigh wave is somewhat less than phase velocity
of the classical Rayleigh wave as oy, 07 — 0. Also it can be proven that if the

_ —\2
ratio % increases, i.e. (1 = %) — 0 (see (5.30)), then the generalized Rayleigh

wave, similar to the Stoneley wave at an interface of two elastic solids, disappears
and the corresponding root of dispersion equation (4.12) tends to as» (see Appendix
for more details).

On the other hand if ;’T{) = O(1) then another surface mode appear.

Next we investigate the case when densities of porous media are almost identical,
ie.

%0 — 0(1) =1 — /Rov/k ++-- (or(l . 950)2 = Rok +-++), (5.33)
0s0 0s0

where Ry ~ 1. One can prove that in this case dispersion equation (4.12) has a
root s satisfying condition (4.16) with Rews € (as2,as1). It corresponds to the
surface mode whose phase velocity, in contrast to the generalized Rayleigh wave, is
somewhat more than phase velocity a,» of a shear wave. Asymptotic expansion of
this root has the same as in (5.12) structure:

@ = ag(l + sk + 56> +--0). (5.34)

In accordance with (4.16) one has 4; = i\/%z — 1~ %2 and fi, =0 @ 1.

Aso

From the lowest approximation O(k~%/2) one gets:

.
Vo =l (5.35)
2Qsoa52

and, consequently, exactly as in (5.14),

(070 + 9;0)2

> 0. 5.36
2950“32 ( )

Cq4 =

From the next approximation O(k?) it follows that similar to (5.15)

F + 05 +07)3 2
cs = 2agf0(1 + m_?@) 50 Qfo2 Z.(Qfo Qf[]:z B a;2
my 050/ (20500s2) (2040a42) a2,

+ 05 1

8050052 1 — %2

15



Finally, one has:
(2)3 = asz(l +C4KZ+C5KZ3/2 +O(I"1§2)>, (538)

where coefficients ¢, and c5 are given by (5.36) and (5.37). This root defines dis-
persive leaky surface wave, whose phase velocity is somewhat more than a,,. Since
Ime; > 0, one can conclude estimating 7; and fi, that some part of the energy of
this wave is absorbed by the slow longitudinal wave. It is easy to see also that this
surface mode is degenerated into shear bulk wave if oy, 07, — 0.

6 Conclusions

The results presented in the paper concern surface waves which propagate on an
interface separating two saturated porous media of different structure. The present
research reveals new features of surface waves in porous media in comparison with
those which appear at an interface between two elastic solids. In contrast to the
classical case, where one or two surface waves may exist, depending on parameters of
the solids, in porous materials three surface modes exist simultaneously. Moreover
in porous media four different types of surface waves are proven to be possible. They
are due to the combination of all bulk waves.

Two slowest modes, namely true Stoneley and pseudo-Stoneley waves, with phase
velocities somewhat less and somewhat more respectively than velocity 1/k of a
slow longitudinal wave always exist. They are very similar to corresponding waves
at an interface between a porous medium and a liquid [5]. Their phase velocities
are defined primarily by compressibility coefficient of a liquid phase. Phase velocity
of leaky pseudo-Stoneley wave is influenced additionally by surface permeability a.

Existence of the other two modes with phase velocities somewhat less and somewhat
more than phase velocity as of a shear wave is stipulated by the relation between
the densities of the skeletons. Namely, if the densities of the solid phases differ then
there exists the generalized Rayleigh surface wave with phase velocity less than
asp. Similar to [4,5] it is a leaky wave. It attenuates during the propagation and
part of its energy is absorbed by the slow compressional waves. In comparison with
analogous waves investigated in [4,5] this generalized Rayleigh wave propagates with
smaller phase velocity. However this surface mode and that one considered in [5]
have identical attenuations.

At an interafce separating two porous media with almost equal densities generalized
Rayleigh wave does not exist. At the same time a new surface mode appears whose
phase velocity is slightly more than velocity of a shear bulk wave. It is also a
leaky dispersive surface wave and part of its energy is reradiated into the slow
compressional waves. In contrast to generalized Rayleigh wave this surface mode is
transformed into the bulk shear wave if g7y, 0y — 0.

Pseudo-Stoneley, generalized Rayleigh and new surface waves are transitional modes
between surface and bulk waves. Due to energy reradiation into interior of the media
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they exist only in the limited domains, i.e. they are localized waves.

Appendix

Proof of Existence of the Generalized Rayleigh Wave

Let us consider the leading part of dispersion equation (5.30). It can be rewritten
as

1
Po = (1 - um)P — Ao @7_2- (A1)
Qg9 050 (1 _ gﬂ)
€s0
After the changes @ = a,»Z and Y = Z2? and substitution of (4.10), (A.1) takes the
form:
Py = (1 —V1I-YVI —I/Y) ((2—1/)2 AT YV —VY)

—4y/1 -Y V1 —vY YZA, (A.2)

2 9_ 0s0
where v = 32 and A = s0

w000
51 _

(9507950>
Obviously, in order to prove that there exists a root of dispersion equation (5.30)

satisfying condition (4.14), one has to show that equation Py = 0 has a root Y €
(0,1). It is not difficult to calculate that:

d
Pol,y = a7 Py =0
790‘ —1 >0, (A4.3)
Y=1
and

d? 9
— —2(1 — — 8A . A4
dY2P0 _ ( 1% ) 8 <0 ( )

Thus, there exists a root Yy € (0,1). Let us analyze the behaviour of this root

depending on parameter A. If the ratio ZSO is relatively small and, consequently, A
is relatively small as well, then the root Yj of equation Py = 0 is somewhat less than
1 and it defines the generalized Rayleigh wave whose phase velocity is close to aso

(see Fig.1: here A = 0.44 (é% =0.25), v =0.75).

If ZL_E — 1, i.e. A — oo, then the root Y almost coincides with 1 (see Fig.2: here
A = 56.0 (ZL_E = 0.87), v = 0.75). The latter means that corresponding root of
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Fig.1

dispersion equation (5.30) tends to as; and the generalized Rayleigh wave disappears.

Moreover, for "zg = O(1) one should consider another leading part of (5.30) which
will define the root @3 with Rews; > a,s.
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