Weierstrafs-Institut
fiir Angewandte Analysis und Stochastik

im Forschungsverbund Berlin e.V.

Preprint ISSN 0946 — 8633

Regularity results for interface problems in 2D

Martin Petzoldt?

submitted: 16 Mar 2000

1 Weierstraf—Institut
fiir Angewandte Analysis und Stochastik
Mohrenstr. 39, D-10117 Berlin, Germany
E-Mail: petzoldt@wias-berlin.de
http://www.wias-berlin.de/~petzoldt

Preprint No. 565
Berlin 2000

1991 Mathematics Subject Classification. 35B65, 35]25, 35]20, 34L15.

Key words and phrases. elliptic equations, regularity, interface problems, transmission prob-
lems, singularities, discontinuous diffusion coeffcients, Sturm-Liouville eigenvalue problem.



Edited by

WeierstraB—Institut fiir Angewandte Analysis und Stochastik (WIAS)
Mohrenstrafle 39

D — 10117 Berlin

Germany

Fax: + 49 30 2044975

E-Mail (X.400): c=de;a=d400-gw;p=WIAS-BERLIN;s=preprint
E-Mail (Internet): preprint@wias-berlin.de

World Wide Web:  http://www.wias-berlin.de/



Abstract

We investigate the regularity of solutions of interface problems in 2D. Our
objective are regularity results which are independent of global bounds of the
data (the diffusion). Therefore we introduce a criterion on the data,the quasi-
monotonicity condition, which we show to be sufficient and necessary to pro-
vide regularity better then H'. In the proof we use estimates of eigenvalues
of a related Sturm-Liouville eigenvalue problem. This approach allows to de-
rive sharp regularity results for quite a large class of configurations. Addi-
tionally we give a regularity result depending on the global bounds of the
data.
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1 Introduction and Outline

We are interested in elliptic interface problems in 2D. These are elliptic problems
with piecewise constant data k. The data are constant on subdomains and can be
interpreted as a diffusion term. The strong form of the problem is

V- k(2)Vu(z) = f(o)

with some boundary conditions.

In this article we investigate the regularity of solutions of interface problems in-
dependent of global bounds of k. Known results are listed in section 2.2. All of
the known results which yield regularity H°,1 < s (with s independent on global
bounds on k ) are restricted to case that the maximal number n of subdomains
which meet in a pointis n = 2.

We use a criterion called quasi-monotonicity which is defined independently of
this number (section 2.3). Roughly speaking the function k& is quasi-monotone, if
all of its traces on small spheres around singular points have only one local maxi-
mum. If a singular point belongs to the boundary, there is an additional condition.

The quasi-monotonicity condition was introduced by [12]. This condition was
shown to be sufficient [12] and necessary [13] to define robust interpolation op-
erators onto finite element spaces which are stable in norms weighted with /.

We show that quasi-monotonicity is sufficient and necessary to yield regularity
H* for some 1 < s independent of the global bounds on k£ and show s = 1 + 1/4.
For this we use the approach of Kellogg [5], who showed that the regularity is re-
stricted by eigenvalues of a Sturm-Liouville eigenvalue problem (section 2.4). The
bounds of the eigenvalues are derived in section 3.1. In some special situations
one can further improve the bounds for the eigenvalues, see section 3.2.

The main result is given in section 3.3, where we show regularity H**/%. In some
special cases we are able to show better regularity. The reader interested in the
regularity results may skip the preceding sections 2.4,3.1,3.2. We show that the
situations covered by known results are a special case of our approach.

In section 4.1 we discuss the necessity of the quasi-monotonicity condition and
show an example with deterioating regularity. In section 4.2 we derive regularity
results when no restrictions on the weight function are imposed. Here the regu-
larity is restricted by the global bounds on the weight function.



2 The problem and its properties

2.1 Definition of the problem

Let a domain © C R? with polygonal boundary be given. Here we allow also slits.
The domain §2 can be decomposed into disjoint subdomains €2;,2 = 1,..,ng with
polygonal boundaries: @ = J,_; _,, €. We denote by 99 be the boundary of Q.
We define the interface I' = C losure(U 09,;/0Q). For each domain ©; let a positive
weight k; be given. We can assume that for subdomains 2;, Q; with meas;(€; N
Q;) > 0 it yields k; # k;. Otherwise merge ();, ;. Here meas;(-) denotes the one
dimensional Lebesgue measure.

Denote with k = k;xq, € L*(Q) the global weight function, which is constant on
subdomains ;. We impose the global bounds

0< M. ' <k(z)< M, , Vz€Q

We introduce the Dirichlet boundary I'p, meas(I'p) > 0 and the Neumann bound-
ary 'y = 0Q/T'p and demand that they are made up by sums of 8%, N 69.

Let f € L*(Q) be given. With the space V = {u € H'(Q) : ulr, = 0} we look for
u € V and satisfying:

/k(m)Vqu :/fv , YveV . (1)

Q Q

We define the energy (semi-)norm |v|xg1 () and the (semi-)norm |v|g:(q)
|v|12r{1(n) ::/Qk(a:)VvVv ) |U|12cH1(n) ::/QVvVv

Existence of the solution follows as in the case of a Laplace equation. The equiva-
lence |v|xgi(a) ~ ||v||#: () follows from the bounds on k and a Poincare inequal-
ity which proves since meas (I'p) > 0 that |v|gi@) =~ ||v||z1(q) - We use Riesz’
theorem to prove existence and uniqueness of a solution v € H*().

2.2 Known regularity results

Let us discuss regularity of the solution of problem (1). Due to f € L*(f) regu-
larity is not greater then H?(£2). The jumps of the normal derivatives of u on the
interface restrict global regularity tow ¢ H>/2(Q). But it is also interesting to know
the regularity in ;. This may be important for instance for Finite Element appli-
cations. For the definition of Sobolev Spaces H* see [3].

Usually from regularity on subdomains H'**(€;),2 = 1,2 does not follow reg-
ularity on the sum of these subdomains H 1+’\(Ql U Q). This may be true for
0< A< 1/2.



Lemma 2.1 Let the polygonal domain Q = ,UQ, be decomposed into disjoint polygonal
subdomains Q1,Q,. Let 0 < X < 1/2v € H™(Q;),s = 1,2 andv € H'(Q). Then
v € HH(Q).

PROOF The proof follows from definition 1.2.4 and theorem 1.2.16 [3]. It suffices
to prove Vv € (H ’\(Q))z. Denote with v;; = ;—; the partial derivatives of v in ;.

Since v;; € H*(€%),? = 1,2 and due to the implication given after theorem 1.2.16
[3] one can extend v,; by zero to v}; € H*(Q). By Gauss’ theorem one checks

9 _ g ot B o p7A
Be; = Vi1 T Via and hence 50; €1 (). |

To discuss regularity we classify certain geometrical situations and introduce the
following definition

Definition 1 A point x € 91 is a homogeneous singular point if in a neighborhood of
the weight function k is constant and

e the intersection of the domain Q with a convex neighborhood of x is not convex

e the boundary condition change in z and ) coincides in a neighborhood of x with a
cone with angle > /2.

Definition 2 A point on the interface = € T' is an heterogeneous singular point if

o x is an interior point x € [' 0 and in any neighborhood of x the interface is not a
straight line.

o z lies on the boundary = € 0

Definition 3 If = isa homogeneous or a heterogeneous singular point we call x a singular
point.

Interior heterogeneous singular points are also called crosspoints.
We illustrate the singular points in figure 1.

In the case & = 1 usual regularity theorems ([3], [1]) state that the regularity is
u € H*(U N Q) if the open subdomain U contains no singular points (Theorem
2.1.4 [3]). But there is less regularity if U contains a homogeneous singular point:

Lemma 2.2 Let k = 1 and u be a solution of problem (1). Then for any neighborhood
of a singular point from 1,2 & € Uy, such that U, contains no other singular points and
such that the interior angle of Q at « is smaller then 27 the solution has reqularity u €
H“Y2(U, N Q) if the boundary conditions do not change in z and v € H*TY*(U, N Q)
if they do.

In case of a slit domain reqularity reqularity is w € H*+Y/4=¢(U, N Q),e > 0.

4
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Figure 1: subdomains are shaded with different levels of grey, Dirichlet and Neu-
mann boundaries are shaded differently, z;,! = 1,2 are homogeneous singular
points, z;,I > 2 are heterogeneous singular points (not all singular points are
depicted)

PROOF This is corollary 2.4.4. of [3]. For the slit domain one can use
1/% cos(%¢) to construct a solution u with regularity u ¢ H'*'/%. Here
(r, ) are polar coordinates with respect to the end of the slit. |

v =T

The lowest regularity is reached in case of a slit domain with Dirichlet and Neu-
mann boundary conditions on either side of the slit.

Our concern is the regularity for heterogeneous singular points. We want to list
known facts. To get more detailed results we choose a heterogeneous singular
point and classify the geometrical situations according to the number of subdo-
mains neighboring to this singular point.

In the case of a heterogeneous singular point on the boundary the following result
is known

Lemma 2.3 Let u be a solution of problem (1). Let = be a heterogeneous singular point on
the boundary and denote with € U, a neighborhood containing no other singular points.

If x belongs to the boundary 6Q; of only two subdomains then the solution has reqularity
u € H54(U, N Q) if the boundary conditions do not change and w € H*(U, N Q) if they
do.

If z belongs to the boundary 6%); of three subdomains then w € H'(U, N Q).

The regularity bounds are sharp in the sense that without restrictions on k there are no
more regular Sobolev Spaces withwu € H*(U, N Q) and s > 1.

PROOF This is corollary 1 of [9]. For the case of three subdomains see section 4.1.
|



See also [11],[7] and for the case of two Lipschitz subdomains see [10]. For interior
heterogeneous singular points we cite the following results

Lemma 2.4 Let u bea solution of problem (1). Let x be an interior heterogeneous singular
point and denote with x € U, a neighborhood containing no other singular points.

Then the solution has reqularityu € H*/*~¢(U,NQ), e > 0if z belongs to two subdomains
Q,. Further w € H*?(U, N ;).

If © belongs to four subdomains w € H*(U, N Q).
The regularity bounds are sharp in the sense that without restrictions of k there are exam-

ples that u does not belong to more regular Sobolev Spaces H*,1 < s.

PROOF For case of two subdomains see [6],[5] or [2]. For the second case see the
example of [6] and also section 4.1. [ |

See also [11],[7],[8]. For the case of two Lipschitz subdomains see [10]. In general
it is known

Lemma 2.5 Let u be a solution of problem (1). Then the solution has reqularity u €
H*+(E)(Q) where (k) depends on k.

PROOF See [5]. [ |

A similar result covering the case of more general subdomains can be found in [4].
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Figure2: a) A~ 0.7 b) A ~ 0.99 c)A~0.1

In figure 2 we show plots of different typical solutions of interface problems
around an interior heterogeneous singular point. In all cases k varies between
0.1 and 10 but one observes different values for A where v ¢ H'™*(Q,) and u €

H'*~¢(£,),0 < e. These functions are special cases of the function uz defined in
section 4.1.



At first sight the situation for heterogeneous singular points is more complicated.
An open question is regularity if three subdomains touch each other in an interior
singular point. Further one may be interested in conditions on k such that reg-
ularity H° for some s > 1 is guaranteed. In this article we will answer to these
questions. We will also give the explicite dependence of € from lemma 2.5 on the
global bounds on k. But first let us look what regularity depends on.

2.3 Notation and quasi-monotonicity condition

Yo = Pn, ko ©o

P4 = Pn;

Figure 3: subdomains 2;; coincide with cones C;; in a neighborhood of an interior
(left figure) and a boundary (right figure) heterogeneous singular point z;

Let z; be a heterogeneous singular point. We introduce polar coordinates (r, ¢)
with respect to z;. Number the subdomains which share the singular point z; with
i, = 0,..,n — 1 and choose a radius r; > 0 such that the intersection of the
subdomains with the ball centered at z with radius r;: Q;; N By, (r1),2 =0, ..,n — 1
coincides with cones C;;. The cones C;; are given by the lines ¢ = ¢; and ¢ =
wiy1,t = 0,..,m — 1. Let po < 1 < ... < ¢,,. Here and in the following the
notation ¢ < @1 < ... < @, means that starting from the angle ¢, and increasing
it, one reaches the angles 1, @2, ..., ¢,, in this order.

If z; is an interior point we see ¢, = @q. If not, the lines o, ¢, coincide with a part
of 0Q. We can demand that on neighboring domains €; ;N B, (r;) and ;1N By, ()
the function & takes different values. Otherwise merge these cones and provide
renumbering.

Given two angles a,b € [0,27] we denote with the interval [a, b] all angles ¢ such
thata < c <b.

Denote with k;; the value of k on ;; N B, (r). We define a local weight func-
tion k;,(¢) on the sector [@o, ¢n,]. This function k,,(¢) is piecewise constant on
(@i, @it1],2 = 0,..,n — 1 and takes there the value k;;. Chosing a singular point
z; we may drop the subindices [ to simplify the notation.



The notation carries over also for homogeneous singular points. There n; = 1.

Now we define the quasi-monotonicity condition for the weight function k. This
condition was introduced in [12]. Remember that we assumed that &;; # & ;,© #
7.

Roughly speaking the quasi-monotonicity condition means that the local weight
function k,,(¢), when restricted to the sphere 0B,,(r;), has only one local maxi-
mum. Since the restriction of k., () is a function which is piecewise constant on in-
tervals [¢;, @;11], ithas infinitly many maxima. But we agree to identify all maxima
which lie in the same interval [g;, @;11]. If the sphere 0B,,(r;) intersects with I'p,

we demand additionally, that the maximum is reached on the intersection with
I'p.

Definition 4 Let a heterogeneous singular point x; be given. The distribution of the
weights ki ;,1 = 0,..,n; — 1 will be called quasi-monotone with respect to the singular
point x; if the following conditions are fulfilled:

Denote with N; the neighboring cones to Cy; that is N; := {5 : C1; N Ci; #£ 0,7 # i}.
There is only one index 1o such that k; ;, > maxjen, {ki;}

If z € 0 and B,,(r)) N I'p # 0 we demand additionally that the closed cone given by
(01,40, P10 +1) intersects with I'p N By, (7).

Definition 5 The weight function k is quasi-monotone if for all singular points z; the
distribution of weights k;;,7 = 0, ..,n; — 1 is quasi-monotone.

We give conditions for the quasi-monotonicity to hold without restrictions on k
but with restrictions on the geometry.

Choose an interior singular point z;. The distribution of the weights k;;,2 =
0,..,n; — 1 is quasi-monotone with respect to z; if n; < 3. If z; € 92 and n; < 2 and
the boundary conditions do not change in z; then the distribution of the weights
ki;,v = 0,..,n — 1is quasi-monotone with respect to z;. Thus the distribution of
the weights &;;,7 = 0, .., n;— 1 is always quasi-monotone for points z1, z,, z3, z4, 5
from figure 1.

One checks that these bounds on n; are the maximal ones, if one admits an ar-
bitrary weight function k. That means for points zg, 7, zs from figure 1 quasi-
montonicity depends on k. For instance weights ko = kg2 = 1 and ke1 = ke 3 =
100 are not quasi-montone distributed with respect to the singular point zs.

In figure 2 a), b) we illustrate solutions which may occur in quasi-montone cases.
In figure 2 c) we depict a solution which may occur in the non-quasimonotone
case.



24 The Sturm-Liouville eigenvalue problem and regularity

Choose a singular point z. We regard a Sturm-Liouville eigenvalue problem given

by
—s(p)" = )‘23(90) , 9 € (pi,pit1)1=0,.,n—1 (2)

with the interface conditions for « such that the line given by ¢, coincides with a
part the interface

(s — 0) = s(ip; +0)

3
fi-1s(ipi— 0 = sl + 0 o

and in case z € 01 with the boundary conditions
either s(¢o + 0) = 0 or s(¢o +0)' =0 n

0

either s(¢, —0) = 0 or s(p, — 0)'

For instance we choose s(po + 0) = 0 if meas (0 N T'p) > 0. Here we denote
with s(¢; —0), s(¢; + 0) the left resp. right hand side limes of the function s in the
point ¢.

If z is an interior singular point, the problem is posed in W = H}_([0,2]). In the

per

case z € 0} define W as a subspace of H* ([0, ¢,]) with appropriate homogeneous
Dirichlet boundary conditions, depending on whether ¢, or ¢, coincide with a
part of I'p.

The next lemma establishes a connection between the above Sturm-Liouville
eigenvalue problem and regularity

Lemma 2.6 The solution u of (1) admits a decomposition into

de,

u=w+ Y Y e, (5)

Ty =1
where w € H2(SY,),7 = 1, ..,nq and the sum is over all singular points z;.

Let sy, ; (), = 1,.., dy, beall eigenfunctions of the respective Sturm-Liouville eigenvalue
problem (2),(3),(4) with eigenvalue Aim- < 1. Then we call vy, ; a “singular function”
aligned with the point x;. This function has the form

Vg i = n(r)rieisy, (0) Pa(ln(r))

where the function n(r) is a smooth cut off function vanishing outside a neighborhood of
z;. Here Py;(1n(r)) is a polynomial of In(r). The singular function v,, ; does not depend

on f.

Let 0 < v < X for all nonzero eigenvalues A\* of the Sturm-Liouville eigenvalue problem
(2), (3), (4) for any singular point z. Then w € H'*7(Q;),1 =1, ..,nq.

9



PROOF The proof of the representation (5) follows from Theorem 1 [5] and section
3 of [5] with s = 0. The representation is also given in theorem 3 of [9].

The regularity result used follows by calculation of |r*sx|z1+:(q,) or by Theorem
1.2.18 [3]. One notices that the logaritmical terms do not influence the regularity.
Furthermore we use that the only limit point of A, ; is +oo [5]. |

Thus if all nonzero eigenvalues are greater then ~, this implies piecewise regular-
ity H'17.

The general solution of equation (2) on an interval [p;, p;41] has the form
e; cos(Ap) + fisin(Ap), e;, fi € R what can be written as b;cos(A(¢ — ¢;)). We con-
clude from (2) that the Sturm-Liouville eigenvalue problem (2), (3), (4) is equiv-
alent to the following problem. There are real numbers b;,¢;,» = 0,..,n — 1 such
that

S((p) = b’L COS(A((P - c’L)) for "AS [‘Pi;ﬁpi-l—l];i = 07 <y T — 1

The interface condition reads for z such that the angle ¢, coincides with a part of
the interface

bi cos(A(@ir1 — ¢)) = bip1 cos(A(pir1 — ciy1))
kb sin(A(@iy1 — ¢i)) = kip1bip1sin(A(pip1 — cit1))

and for singular points z € 9} the boundary conditions read

either by cos(A(pg — ¢g)) =0 or — bgsin(A(po — o)) =0
either b,_1 cos(A(@n — cn_1)) =0 or — by_1sin(A(pp —cp_1)) =0

3 The quasi-monontone case

3.1 Quasi-monotonicity bounds eigenvalues from below

In this section we show that if the weight function k is quasi-monotone, the eigen-
values of the Sturm-Liouville eigenvalue problem are bounded from below. We
precede the proof of this fact by two technical lemmata.

Lemma 3.1 Lef functionst;(¢) = b; cos(p—b;),% = 1,2 be given which fulfill conditions

ti(p1) = ta(e1)
kiti(p1) = katy(e1) (6)

for some p1,k; > 0,b; > 0,2 =1,2.
Let
- t1(p1) < t5(ep1)

10



- ot ky < kyand ti(p1) < 0orth(pr) <0
Then t1(¢) < ta(p), 01 < ¢ < o1 +mand ta(p) < ti(p), o1 —m < 0 < 1

PROOF Observe that t; — ¢; = bs cos(¢ — c3) for some bs, c3. It is not hard to see
that ¢z € {1 — /2,01 + 7/2} and b = (t2 — t1)'(1). Let choose ¢3 = @1 — 7/2. It
remains to show 0 < by = (t2 — t1)'(¢1).

If k1 < k; this follows from equation (24)

ti(p1) _ ko
th(e1) K

and #(p1) < 0,2 =1,2. |

>1

Lemma 3.2 Let numbers 0 = @g < @1 < ... < ¢ < ©/2and k;;1 = 1,..,n with
0 < ko < ki <... <k, be given. Further let numbers ¢; € [0,27) ,b;,2 =0,...,n — 1
be given which define a function

s(o) = D, bicos(v — &) Xipipirs) 5 )

where X[y, o;,,) denotes the characteristical function of the interval [p;, piy1).

Let the function s(¢) be continuous and let the derivatives weighted with k; be also con-
tinuous:

b, cos(pir1 — ¢;) = biy1cos(@ivs —Ciy1) , 1=0,.,n—2 (8)
k:b;sin(pir1 — ¢;) = kiy1biprsin(wiy1 —cit1) , 1 =0,..,n—2 9)

Let cg = 0 and let by > 0. Then s(¢) > 0,0 < ¢ < @,.

PROOF Define auxilary functions ¢;(¢) := b;cos(¢ — ¢;). These functions are il-
lustrated in figure 4. Multiplying the function s(¢) by a constant we can assure
by = 1. We want to prove
0 < cos(p) = tolp) < .. <ti(p) 05 < ¢ < pn < /2
t5(¢;) <0

with help of lemma 3.1 through induction over j = 0,..,n — 1.

(10)

For 5 = 0 inequality (10) is clearly fulfilled.

Suppose © > 0 and inequality (10) is fulfilled for ;7 = 2 — 1. Observe that
t:_1(pic1) < 0and t,_1(p) > 0,0,_1 < ¢ < @; implies t;_,(¢;) < 0. Condition (9)
gives then ¢}(p;) < 0. Thus the assumptions of lemma 3.1 are fulfilled for ¢,_4, ¢,
with ¢, and we can show inequality (10). |

11
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Remark 3.1.1 Lemma 3.2 could be sharpend to hold also for ¢, < w/2 ifn > 1. To show
this use ko < ki and show 0 < c¢;.

Theorem 3.3 Let an interior heterogeneous singular point x; € be given and let the
distribution of the weights k;; be quasi-monotone with respect to ;. Then the smallest
non vanishing eigenvalue of the associated Sturm-Liouville eigenvalue problem is greater
then (1/4)%. This bound is sharp.

PROOF

We choose a eigenfunction of the associated Sturm-Liouville eigenvalue problem
with eigenvalue A?. The eigenfunction has the representation

s(p) = Z bi cos(A(p — &) Xleieis1) (11)

2=0..n—1

where X[, :,,) denotes the characteristical function of the interval [¢;, ¢;41) and
b;,c; € [0,27),72 =0,..,n — 1 are real numbers. Possibly substituting ¢; with ¢; + =
or ¢; — m we can assume b; > 0. The eigenfunction s(¢) has to fulfill the following
interface conditions

bi cos(A(wiy1 — ¢)) = biy1 cos(A(@it1 — cit1)) (12)
kib; sin(A(@iy1 — &) = kipabipasin(A(giy1 — cit1)) (13)

Let us have a closer look onto s(¢). This function is continuous and achieves there-
fore a minimum at a point ¢m;, and a maximum at @,q.

Choose j such that Qe € [@j, @i+1)- If @mas lies in the interior of an interval
(@, @j+1] We See ¢; = Qmqr and hence s(@maz) > 0

12



If o maz = @; for some j proceed as follows. Since @mq, is @ maximum itis clear that
s(p; —0) > 0and s(p; + 0)' < 0. Condition (13) implies on the other hand that
s(p;—0) and s(¢;+0)’ can not have different signs. Hence s(¢; —0)" = s(p;+0)" =
0 and also in this case holds ¢; = @ma,. From this follows s(¢maez) > 0.

Similary s(¢min) < 0 and we conclude that there are two points ¢,ero,1 and @ ero,2
With $(¢zer0,1) = $(@zero2) = 0. Without loss of generality let us assume

(Pze'ro,l < (Pmaz < (Pze'ro,2 < (Pm'in

Now we exploit the quasi-monotonicity condition. We want to show that there
is a extremum @, from {@min, Pmaez} and a point @,e,o from {@.ero,1, Pzero,2} such
that k. (¢) does not decrease when going from @e, to @,er,. This means we want
to show that k; () is increasing on [@ez, @.ero] OF decreasing on (¢ ero, Yez]-

To do so denote with I,,n, Ime. the intervals where k,(¢) reaches the minimum
and maximum. The quasi-monotonicity condition implies that k, () is monotone
on intervals [6min, Smaz] aNd [6maz, Smin] With dmin € Lnin, Smaz € Imasz- Without loss
of generality assume that I,,,;nN[@.ero,2, Pmin] aNd ch00S€ Smin € IminN[@zero,2, Pmin)-

Then there are two cases. In the first case Imaz N [Prero 1, Prero2] # 0. Then k()
increases oN [@min, Pzero,1]- In the second case k() is monotone in [@.ero,1, Pzero,2]
and either k, () increases [@maz, Pzero,2] Or decreases on [@.ero, 1, Pmaz)-

Multiplying with —1 in (11), rotatating the polar coordinate system and possible
reflecting it on the x-axis we can assure

0= Pexr = Pmaxzx < Pzero <27 . (14)
Remember that k,(¢) increases on [@ex, @zero)-

Choose j such that @., € [¢;, j+1). We show as before ¢; = e, = 0. Further since
PYeg 15 @ Maximum b; > 0.

Choose the largest m such that ¢ 1m_1 < @zero. We introduce an homogeneous
transformation

F i [@exy @zero] = [0, Aprero) With F(@) = g (15)

and define sp(F(p)) = s(¢), ¢ € [Pez, Parero)-

Under this transformation we obtain a sequence ¢y < @1 < ... < @, where gy =
0,%: = Flpi+;),0 <t <mand @ = F(@rero)-

It follows that sz fulfills

se(p) = Y bi cos(p — @) Xpigipn) -

2=0...n—1
and
bicos(Pis1 — &) = bita cos(Pi1 — Git1)
Eibisin(@ig1 — &) = kip1bipa sin(@ipr — G1)
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for some a,g = bzﬂ,ﬁ = k;y; withz =0,. — 1. Due to the choice of Pex; Pzero

we have ¢y = 0 and sp(p,,) = 0 with &, = )\cpzem < A27. Further k < k1+1,z =
0,..,m— 1.

Suppose A < 1/4. Thus @,, < A27 < 7/2 and the partition and sz defined on
(@0, @m| With the sequence 0 < @1 < ... < @ < 7/2 fulfills the assumption of
lemma 3.2. We conclude from lemma 3.2 that sz does not vanish on [0, ¢,,]. But
this is an contradiction with s#(%,,) = 0 and hence 1/4 < A.

1

08 |-

06 [

04 -

02 |-

-0.2

I I I I I
0 1 2 3 4 5

Figure 5: s1(¢) fore = 0.5

From the above proof it is not hard to see how to construct such an eigenfunction
s1(¢p), that the bound 1/4 < X is sharp. Choose ¢ > 0 and set A = 2”/2 Set
wo = —€,¢0 = 0,bp = 1. Define ¢, = 27 — 2¢ — ‘;’—’; and define by = cos(A(po —
¢o))/cos(A(2m + @o — ¢2)).

Further define ¢; = 27 — 3¢ and choose ¢, > ¢; such that cos(A(¢s — ¢2)) =
cos(A(p1 — ¢co)) . Seter = 0.5 (1 + p2) and by = cos(A(p1))/cos(A(p1 — ¢1)).

Now one sees that s; (¢) achieves a maximum at ¢ = 0 and vanishes at ¢ = 27 —4¢
and ¢ = 27 —2¢. Furthermore a minimum is attained in ¢ = ¢;. The function s;(¢)
is plotted in figure 5.

Set ko = 1 and choose k4, k; in such a way that equations (13) are fulfilled. We see
that the smallest A is obtained when the interior angle of a subdomain tends to
2m. [

Theorem 3.4 Let a heterogeneous singular point z; € 0X2 on the boundary be given and
let the distribution of the weights k; ; be quasi-monotone distributed with respect to ;.

Then the smallest non vanishing eigenvalue of the associated Sturm-Liouville eigenvalue
problem X? fulfills (3)* < A2.

14



These bounds are sharp.

PROOF The proof runs similar to that of theorem 3.3. The eigenfunction of the
associated Sturm-Liouville eigenvalue problem with eigenvalue A? has the repre-

sentation
s(p) = Z bi cos(A(p — &) Xleieis1)
1=0...n—1
where X[, :,,) denotes the characteristical function of the interval [¢;, ¢;41) and

b;,c; € [0,2m),2 =0, ..,n — 1 are real numbers. The eigenfunction s(¢) has to fulfill
the interface conditions forz = 0,..,n — 2

bi cos(A(wiy1 — ¢)) = biy1 cos(A(@it1 — cit1)) (16)
kib; sin(A(@iy1 — &) = kipabipasin(A(giy1 — cit1)) (17)

and some boundary conditions which will be specified later.

Since we deal with two different boundary conditions there are three possibilities
how to combine them. We will treat each case separately. In any case s(¢) is not
a constant function. Denote with Fi, F, parts of the boundary on both sides of
z € 00 N By(r).

Casel. Fi CT'p,F, CT'p

The quasi-monotonicity condition means that the local weight function &, (¢) has
not more then one local maximum [g;, ;11| and this local maximum is achieved
in [o, p1] OF [@n—_1, ¥n]. We may suppose without loss of generality that the max-
imum of k() is obtained on [¢,_1,¢,] and set @,ero = ¢,. From the quasi-
monotonicity condition we conclude that k. (¢) achieves its minimum on the in-
terval [po, 1] and that k() is decreasing on [, @n].

The function s(¢) vanishes at ¢o and ¢,,. Since A > 0 and since s(¢) is continuous
it achieves therefore in a point ¢., an extremum s(¢.,) different from 0.

We choose j such that ¢., € [¢;, ¢;+1) and show as in the proof of theorem 3.3 that
C; = Pex-

The quasi-monotonicity condition implies now that k,(¢) is monotonically in-
creasing on [@ez, Pzero)-

By rotation of the coordinate system, possible reflection on the x-axis and multi-
plication of s(¢) with —1 we can assume s(¢.,) > 0 and

0= WVez < Prero <0 <271 (18)

for some 6.
Choose m such that @ 1m-1 < @.ero-

We transform the sequence ¢, < @j11 < ... < Yjtm-1 < Prero < 8 With the affine
transformation defined in (15) and obtain a new sequence @y < @1 < ... < @m
where (,/50 = 0, (,/0\Z = F((Pi-l-j) = )\(pH_j,l <i1<m-—1and (l/ﬁm = F((pzero) = )\(pzero.
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Suppose A < . Defining sp(F(¢)) := s(p) we obtain a scaled function which

fulfills the modified conditions (16) and (17) that is

b; cos(Piy1 — €) = bip1 cos(Pip1 — Cit1)
Eibisin(@ig1 — &) = kip1bipa sin(@ipr — G1)

for some a-,a- = b,;,; and E = k;4; with: = 0,..,m — 1. Further¢, = 0, sg(0) > 0
and sp(@m) = O with @, < M < 30 < 7/2and k; < ki1, =0,..,m — 1.

Hence s fulfills the assumption of lemma 3.2 and it follows that sz does not van-
ish on [0, @,,]. But this is an contradiction since sy vanishes at @y,.

Casell. F; CT'y,F, CTp

Suppose that the Dirichlet conditions are set on the angle ¢,. The quasi-
monotonicity condition implies that the local weight function &, (¢) has not more
then one local maximum [p;, ¢;11] and this local maximum is achieved for : =
n — 1.

Hence k. (¢) is monotone increasing on [@eg, @zero) -

Suppose s(gez) > 0. Choose j in such a way that pe, € [¢j,@jt1). If per €
[pj,0i+1) and pe, # o we conclude as before ¢; = @e,. If Yer = @o and hence
7 = 0it follows from £* = 0 that s(¢) has vanishing right hand side derivative
and thus ¢; = @e,. We show as in the case I that i < A. The case \ = i occurs with
n; = 1 in a slit domain. To show that A < 1 for n; > 1 use remark 3.1.1.

Caselll. Fi; CT'y, F>, CT'y

Since s(¢) # const and since this function is continuous on [¢q, ,] it attains a
minimum and a maximum. As in the proof of theorem 3.3 we conclude that the
extrema have different sign and that there is a point ¢,.., where s(¢) vanishes. The
quasi-monotonicity condition implies that the local weight function k. (¢) has not
more then one local maximum [g;, @ +1].

We show that there is an extremum ., of s(¢) such that k,(¢) increases monotone,
when going from ., to ..., With positive or with negativ orientation. Suppose
that @,e,o < ;. Then k,(¢) is monotone increasing on [@o, @.ero| and ¢, is choosen
from [po, Pero]. Otherwise k;(¢) is monotone decreasing on [@,ero, ¢»] and e, is
from [¢,ero, Pn)-

By reflection of the coordinate system on the x-axis we can assume that k. () is
monotone increasing on (g, @.ero|- Choose an extremum ., of s(¢) such that s(¢)
does not vanish on [@es, @ero) and 7 such that we, € [¢;, @;+1). We show as before
C; = Yer and X > i.

To prove sharpness we use the example from theorem 3.3. Denote with [¢q, ] the
closure of the support max {0, s1(¢)}. We define the eigenfunction s,(¢) := s1(¢)

on [yo, @2]. This eigenfunction has the eigenvalue A = 21 ie. [ |
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Using the bound 8 < 27 in inequality (18) it is not hard to show with the as-
sumptions of the theorem 3.4 the improved bound (25)* < A2. Similary one could
derive better estimates for the lowest nonvanishing eigenvalue in theorem 3.3 if
one substitutes in equation (14) 27 by 8, where § is the lenght of the largest angle,
where k,(¢) is monotone.

3.2 Special cases

One can use the above techniques to derive in special situations sharper bounds
on the minimal eigenvalue of the Sturm-Liouville problem. The idea is to prove
that the distance ¢,ero —@es, Where ., and ¢,.,, are from equation (14), is bounded
by an angle § and to use the bound § < 27. This yields improved estimates for the
eigenvalues of the associated Sturm-Liouville eigenvalue problem. We illustrate
this in the case of three subdomains sharing an interior heterogeneous singular
point.

Lemma 3.5 Let an heterogeneous singular point = € Q be given such that if z €q, there
are only three subdomains x € 0);. In case of x € 0 there are only two subdomains
z € 09, and the boundary conditions do not change in = . Let the maximal interior angle
of these subdomains be smaller then 6.

Then the smallest non vanishing eigenvalue of the associated Sturm-Liouville eigenvalue
problem is greater then (m/(26))?. This bound is sharp.

PROOF The proof is a special case of these of theorem 3.3 and theorem 3.4. Let us

tirst consider the case = €(). Since there are four points

(Pze'ro,l < Pmazx < (Pze'ro,2 < Pmin
and only three subdomains we conclude that there is an interval [¢;, ;41| which
contains an extremum @e; € {Ymin, Pmac} aNd a pOINt Yrero € {Wzero1, Prero,}-
As before we can assume 0 = @ez = @maz < Prero < 0. Further ¢; = ¢e, = 0.

Thus s(@) = b; cos(Ap), ¥ € [@ex, Pzero) AN $(@ero) = 0. Itis clear that Ag,ero =
m/2. This together with ¢,.., < § implies 7/(26) < .

The case z € 9 is done similary.

Sharpness of the bound follows from functions s;(¢), s2(¢) defined in the proof
of theorem 3.3 and 3.4 respectively. |

Another interesting situation is the special case of an interior heterogeneous sin-
gular point, where the interface consists of two lines intersecting with angle .
This situation was considered also in [6]. Let the weights k; be distributed quasi-
monotone with respect to this singular point.
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We know that there are two extrema @maz, @min Of kz(¢) and points @,ero,1, Prero,2
at which k. (¢) vanishes. The points can be ordered like

(Pze'ro,l < (Pmaz < (Pze'ro,2 < (Pm'in

The idea is to show, that there are always a points ¢., and ¢,.,, such that ei-
ther k,(y) is monotone increasing on [@es, @.ero] and the lenght of the interval
[Pex, Pzero] 15 NOt greater then § and § < w or k,(¢) is monotone decreasing on
[@zero0, Pez] and the lenght of the interval [©,ero, @e.] does not exceed § < 7.

Consider the case that @e.,1, @es,2 lie in intervals which are neighbors (theire clo-
sures intersect). Then there is a point ¢,.,,,; contained in the same interval as @1
O eq,2 Which proves 8§ < < 7.

If Yex,1, Pez,2 lie in intervals which are not neighbors, then there a two possibilities.
We check that there is @.,ero € {@zero1; Prero,2y and an extremum ., € {@ex. 1, Pex,2}
such that k,(¢) is monotone increasing, when going from ¢., t0 ¢ ,ero. Either ¢ e,
lies in an interval together with an extremum and then § < ¢ < 7 or it lies in a
halfplane together with ... In the later case § < 7.

Argumenting similary on checks that the case § = © does not occur. We proved

Lemma 3.6 Let an heterogeneous singular point z; € ) be given such that the interface
consists of two intersecting lines. Let the weights k;;,1+ = 0,..,3 be distributed quasi-
monotone with respect to x;.

Then the smallest non vanishing eigenvalue of the associated Sturm-Liouville eigenvalue
problem is greater then (1/2)2.

This bound is sharp.

PROOF The proof follows from the above considerations. To see that the bound
is sharp, regard the special case k1 = k, = k3, that means the case of two subdo-
mains only. Define an eigenfunction as done in equation (3.17) in [6]. [ |

A special case of this lemma is the case of two subdomains sharing a singular
point. Note that in this case we get the bounds as [6].
3.3 Regularity results in the quasi-montone case

Here we present our main results.

Theorem 3.7 Let the distribution of weights k; ;,1 = 0, .., n; — 1 be quasi-monotone with
respect to all singular points x;. The solution of (1) fulfills w € H**'/4=¢(Q),e > 0if Q)
contains slits and v € H**Y/*(Q) if not . This is the maximal reqularity independent of
the bounds of k.
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Let a heterogeneous singular point z; € Q be given and let U be a neighborhood containing
no other singular points. Then w € H*TY/4(Q N U).

These reqularity results are optimal.

PROOF The assertion follows with lemma 2.6 from theorem 3.3,3.4, lemma 2.2
and lemma 2.1 . [

Note that we get in principle the same regularity as in case of k£ = 1 if { contains
no slits.

If one does not want to impose restrictions on k& one has to restrict the number of
subdomains n; to which boundary the singular point z; belongs.

Additionally in some special cases sharper bounds are possible, if one introduces
further parameters depending on the geometry.

Theorem 3.8 Let a singular point z; € €} be given. Denote with n; the number of sub-
domains « € 0X); and let U be a neighborhood containing no other singular points.

If z is an interior singular point let ny < 3. If x € 0Q then let ny < 2 and additionally
the boundary conditions do not change in ;.

Then the solution of (1) fulfills w € H**/4(Q N U).

This is the maximal regularity independent of k and the restrictions on n; are sharp.
Denote with 6 the largest interior angle of all subdomains z € 8,72 =0, ..,n; — L.
Then solution of problem (1) fulfills u € H*+*™/9)(Q,NU),i =0,..,n; — 1.

PROOF One checks that under the above restrictions on n; the weight function
k is quasi-monotone. The first part follows from theorem 3.7. The second part
follows from lemma 3.5 together with lemma 2.6. To see that the restrictions on
n; are sharp we refer to the examples from section 4.1. |

Thus if three subdomains meet in an interior point regularity is H5/4 in a vicinity
of this point. Such a result seems to be new.

For heterogeneous singular points on the boundary with quasi-monotone dis-
tributed weights k; the results could be sharpend for interior angles § < 27 to
hold local regularity H'+mae=(17/(26)) But nevertheless there are examples that if
the quasi-monotonicity assumption is violated, the lowest non-vanishing eigen-
value will go to 0 even for arbitrary small interior angles § and thus the maximal
regularity is any case H' only.

The special case, where the interface consists locally of two intersecting lines, was
already considered in [6]. We give an regularity result for the quasi-monotone
case.
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Theorem 3.9 Let an interior heterogeneous singular point z; € Q be given and let U be a
neighborhood containing no other singular points. The interface consists a neighborhood
of = of two intersecting lines . Let the distribution of weights k;;,» = 0, ..,3 be quasi-
monotone with respect to x;.

Then the solution of problem (1) fulfills uw € H*Y2(Q; N U),s = 1,..,4. This bound is
sharp.

PROOF The assertion follows from lemma 2.6 and lemma 3.6, lemma 2.2. To
prove sharpness define a singular function similar to s; defined in the proof of
theorem 3.3. |

A special case of the last two theorems is the case of two subdomains sharing a
singular point. In this sense results concerning two different weights from lemma
2.4 or lemma 2.3 that means from [6], [9], [11], [8] are a special case of theorem 3.8
or theorem 3.9.

Remark 3.3.1 Onenotices that lemma 3.2 is the key ingredient for deriving lower bounds

for the eigenfunctions of the Sturm-Liouville problem. It uses explicitely that the eigen-
functions of the Sturm-Liouville problem are piecewise scaled and shifted cosines. One
could prove a similar result by using only concavity of the positive part of the eigenfunc-
tions. In such a way extensions to other problems are possible.

4 The general case

4.1 Example with detoriating regularity

It was shown that quasi-monotonicity of k& is sufficient to prove regularity inde-
pendent of k and better then H'. Quasi-monotonicity is necessary in the sense,
that there are no better spaces H°,1 < s independent of the global bounds on &
such that the solution is contained in H*, then H* = H', if the quasi-monotonicity
condition is violated. In other words: without the quasi-monotonicity condition
being fulfilled, the regularity will depend on the bounds on k.

We want to discuss such an example. This example is taken from [6]. Let the in-
terface be the intersection of two lines. We define s3(¢) with eigenvalue A\

cos(Ar — 0~ &) cos(Mp 6 +5)) for 0 < p <6
sa(p) = cos(Ab) cos(A(p — 7+ ¢)) ford<p<nm
3(p) : cos(Ac) cos(A(p —m — b)) form<o<m+0

cos(A(@ —b))cos(AN(p —0—7m—¢c)) form+0<¢<2rm

The parameter § € (0,7/2] is the intersection angle between the two lines of the
interface that means ¢g = 0,1 = 0,3 = 7,3 = 27 — 6.
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One can vary A between (0, 1] to get different regularity of the singular function
uz(r, ) = rs3(p) (without cut off function). We choose § = 7/2, b = 0.50,c =
7/2(1 + 3) — b.The corresponding values for the weight function k are ko = k, =
—tan(Ac) and k; = k3 = tan(Ab). Here the maxima of k. (¢) are achieved at [¢o, ¢1]
and [, p3] and hence the quasi-montonicity condition is violated. One checks

that by — (AT) " and k;, — AT with X — 0.
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Figure 6: s3(¢) for A = 0.2

In figure 6 we show a plot of s3(¢) for A = 0.2, 0 = /2 and k; ~ 6.31,k; ~ 0.16.
The the singular function us(r, ¢) for A = 0.1 (without cut off function) is depicted
in figure 2.

One can use this example to show that quasi-monotonicity is also necessary for
better regularity then H' for heterogeneous singular points on the boundary. In
case of of Dirichlet boundary conditions take us(r, ¢) defined on the cone given
by [—7/4,3n/4]. If Neumann boundary conditions are imposed, take the sector
defined by [r/4, 57 /4]. If the boundary conditions change, take us(r, ¢) defined
on the cone given by [—7 /4, 7 /4].

4.2 Regularity results depending on global bounds

We saw in section 4.1 that in the case of a non quasi-monotone weigth function,
the regularity may go down to H'. This may happen if M}, gets large.

In this section we derive explicit bounds on the regularity depending on M. We

show thatu € H'**M:", where cis a constant not depending on the problem. From
the preceding section we know that this is the maximal ( assymptotic ) regularity.

Lemma 4.1 Let a number 0 < ki < 1 and numbers 0 = o < @1 < ... < @ =
arctan(k;i,{z) be given. Further let k;,1 = 1,..,n with ki < k; < 1 be given. Let

numbers ¢; € [—m/2,3/2m),b;,v = 0,...,n — 1 be given which define a function
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s(p) = Z b; cos(ip — ¢;) Xleipit1) (19)

where X[y, p.,.) denotes the characteristical function of the interval [¢;, pi41).

Pit1
Let the function s(g) be continuous and let the derivatives weighted with k; be also con-
tinuous:

b, cos(pir1 — ¢;) = biy1cos(@ivs —Ciy1) , 1=0,.,n—2 (20)
k:b;sin(pir1 — ¢;) = kiy1biprsin(wiy1 —cit1) , 1 =0,..,n—2 (21)

Let cg = 0,bo = 1. Then s(¢) > 0,0 < ¢ < .

PROOF We define t,(¢) := b; cos(¢ — ¢;). We may suppose ko > k;. Otherwise
regard the discussion in the end of the proof.

The proof is done in three steps.

The idea is to bound function ¢; from below by functions ¢;;,. The we show that the
function ¢;; is greater then a function u;;. In the last step we discuss the functions
Uy, -

7

In the first step our goal is to show that forz = 0,..,n — 1 thereisa index 0 < 7 <
n — 1 and a number ¢; fulfilling

ti(p;) = tol9;),0 < ¢; < ;i and t;(p) < ti(w), i <0 < @n

t:(p),
_ (22)
ti(e) <to(w), 97 <@ < n

To denote the dependence of j from : we write 7;. In a second step we define func-
tions u;; such that uj;(¢) < t;;(¢),9; < ¢ < @;y1. In the third step we show that
0< u’ji(‘P))‘P S [07()071)77: = 07 <y — L.

First Step. The proof of the first step is somewhat technical. We show equation
(22) through induction with respectto: =1,..,n — 1.

Initial step = = 1. Simply define @i = @1 and j; = 1. As ky > k; lemma 3.1
implies ¢;, (¢) < to(¢), ¢;, < ¢ < pn. We showed equation (22) forz = 1.

Induction with: > 1. Set J = 7;,_;. There are two cases.
In the first case t;(¢) < ti(¢), pi < ¢ < p,. We define j; := J and proved (22).

In the second case we define j; := 1. This case is illustrated in figure 7. There is a
0T € (@5, pn] with

ti(p™) = ti(e")
Further due to equations (20), (22) t;(w;) < ti—1(@s) = ti(®i). The last equations
imply 0 < (¢7—t;)'(¢*). We may use lemma 3.1 to show t;(¢) < t;(p),0 < ¢ < @*.

From equation (22) and from ¢; < ¢; < ¢* follows
to(py) =tis(es) < tie)
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Figure 7: step : = 3 is illustrated, here J = 1, note ¢; < p < ¢; < p*

We conclude that there is a ¢ fulfilling ¢; < ¢ < ¢; with to(¢) = t;(¢). We define
@; = . Itis not hard to see that ¢;(¢) < to(¥), p; < @; < ¢ < p, and hence we
proved (22).

Second Step. Set 7 = j; and define u; by
u; = ajcos(p — d;) (23)

where a;, d; are choosen in such a way that the following interface conditions are
fulfilled

tole;) = us(e;) (24)
koto(w; ) = kmint; (©5) (25)

for ¢ € [0, ¢n]. Since u;(¢;) = to(p; ) = t;(¢; ) and kmin < k; we conclude with
help of lemma 3.1 that u;(¢) < t;(¢),¢; < ¢; < ¢ < ¢n < 7/2. This yields
together with equation (22)

ui(p) < ti(e) <tilp) , i< <o@n . (26)

Third Step. We want to show 0 < u;j(p),¢ € [0,¢,),2 = 0,..,n — 1 by showing
that ©n —71'/2 < dj.

Therefore we choose ¢ = ¢, d := d; and rewrite (24)

a; cos(p — d) = cos(p)
Emina;sin(e — d) = ko sin(p)
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We now look for the minimal value of d depending on ¢. Set k = kn/ko. Clearly
k > kmin and divide the two equations be each other to obtain

d(p) = ¢ — arctan(k~ " tan(y)) . (27)

Differentiating with respect to ¢ reveals that minimum is attained for tan(yp) =
k'/2. Insertion of the minimum leads to d(¢) = arctan(k'/2?) — arctan(k~%/?) >
arctan(k'/?) — /2 > arctan(k;/;) —7/2.

Now we collect the results from the previous three steps to obtain from inequality
(26)
0<’u’j((10) St]((lp)gtl(cp) ’ (lp’LS(lDSSD’L-I-l)'I/:]-))n_]-

In the case that ky < k; denote with j the first index 7 = 2 such that k; > k; ;. If
there is no such index then ki, < k; < ... < k,_; and we use lemma 3.2 to prove
the assertion. If ;7 < n — 1 calculation shows that ¢y < ¢; < ... < ¢; < 7/2. This
implies that ¢, does not vanish on [¢g, ¢5],0 < 7 < 7 and we are let to prove the
assertion for functions ¢;,z > 7. We have to show ¢; > 0,2 = 7,..,n — 1 on [0, ¢]
since we already showed ¢; > 0,2 = j,..,n — 1 and on [¢j, ¢,]. Note that from the
last fact and from the fact that ¢i(¢;) < 0 follows ¢;(¢) > 0,2 = 7,..,n—1on [0, ¢;]. A

Theorem 4.2 Let an heterogeneous singular point z; € be given and let c;M~! <
ki, <caM,:=0,..,n,—1 for some constants c,. Then the smallest non vanishing eigen-
value of the associated Sturm-Liouville eigenvalue problem is greater then cM ™", where c
is a constant independent of the problem. This bound is sharp.

PROOF Multiplying k with a constant we may assume ky;n := M2 < k;; < 1. As
in the proof of theorems 3.3,3.4 we conclude that there are points ¢maz, @zero such
that s(¢) achieves a maximum in @,,,, and vanishes in ¢,.,,. We choose j such
that @maz € [@5, @;+1) and show as before ¢; = 0. Further we choose the maximal
n such that ;11 < ... < ¢n < @.ero. Changing the coordinate system we may set
Pmaz = 0< Pzero < 2.

We introduce the homogenous scaling F : [0, @ero] — [0, @rero] With Fp) = @ =
Ap. Define sp(F(¢)) := s(¢), ¥ € [Pex, Prero). We have @er, < A27.

Observe that sz(¢) fulfills the assumption of lemma 4.1. We conclude from lemma
4.1 that since sg vanishes in @,.,, that M~ = k,ln/; ~ arctan(k;/;) < Qrero < A27.

Function s3 defined in section 4.1 shows the sharpness of the bound. |

Theorem 4.3 The solution of problem (1) fulfills u € H*™ 12 }(Q) e > 0 where
c is a constant not depending on the problem.
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Let an heterogeneous singular point z; €0 be given and let eccM™' < k; <
aM,» = 0,.,ny — 1 for some constants c¢;, M. Let x € U be a neigh-
borhood containing no other singular points. Then v € H 1+mi“{1’°M_1}(U N

), wherecisaconstantindependento ftheproblem.

This is the maximal (assymptotic) reqularity independent k.

PROOF The assertion follows with lemma 2.6 from theorem 4.2 and lemma 2.1,
lemma 2.2. Sharpness follows from the function u3 defined in section 4.1. [ ]
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