Weierstraß–Institut

für Angewandte Analysis und Stochastik

im Forschungsverbund Berlin e.V.

Preprint ISSN 0946 – 8633

A new kinetic equation for dense gases

Alejandro L. Garcia^1 and Wolfgang Wagner^2

submitted: 6 Mar 2000

1 Physics Department, San Jose State University, San Jose, CA 95192-0106, USA E-Mail: algarcia@wenet.net

2 Weierstrass Institute for Applied Analysis and Stochastics Mohrenstraße 39, D–10117 Berlin, Germany E-Mail: wagner@wias-berlin.de

Preprint No. 562 Berlin 2000

WIAS

1991 Mathematics Subject Classification. 65C05 76P05 82C40.

Key words and phrases. Kinetic theory, Enskog equation, direct simulation Monte Carlo, Boltzmann equation, consistent Boltzmann algorithm, dense gases.

Edited by Weierstraß–Institut für Angewandte Analysis und Stochastik (WIAS) Mohrenstraße 39 D — 10117 Berlin Germany

Fax: + 49 30 2044975 E-Mail (X.400): c=de;a=d400-gw;p=WIAS-BERLIN;s=preprint E-Mail (Internet): preprint@wias-berlin.de World Wide Web: http://www.wias-berlin.de/

Abstract This paper establishes a theoretical foundation for the Consistent Boltzmann Algorithm by deriving the limiting kinetic equation. Besides its relation to the algorithm, this new equation serves as a useful alternative to the Enskog equation in the kinetic theory of dense gases. For a simplified model, the limiting equation is solved numerically, and very good agreement with the predictions of the theory is found.

Contents

1. Introduction 2 2. The Markov process related to the CBA 3 3. Derivation of the limiting equation 5 4. Transformation of the limiting equation 6 5. Related equations 8 6. Sources of error in the CBA 9 7. A toy model 10 Appendix 17 References 17

1. Introduction

Direct Simulation Monte Carlo (DSMC) is presently the most widely used numerical algorithm in kinetic theory [3]. The limiting kinetic equation for DSMC is the nonlinear Boltzmann equation [16] so its application is restricted to dilute gases. In DSMC, particle pairs are randomly chosen to collide according to the collision probability for the interparticle potential. For example, for the hard sphere potential this probability is proportional to the particles’ relative speed. The post-collision velocities are determined by randomly selecting the collision angles and the number of collisions each time step is computed from the local collision frequency. Note that in DSMC particles can be chosen to collide even if their actual trajectories do not overlap.

Recently, the Consistent Boltzmann Algorithm (CBA) was introduced as a simple variant of DSMC for dense gases [1]. Although CBA can be generalized to any equation of state [2] here we will only consider the hard sphere gas with particle diameter σ . In CBA the collision process is as in DSMC with two additions. First, when a pair collides the unit apse vector, e, that is, the unit vector parallel to the line connecting the centers at impact, is computed from the pre- and post-collision velocities of the particles. Each particle is displaced a distance σ, one in the direction e and the other in the direction −e (see Fig. 1). Second, the dense hard sphere collision frequency, which contains the so-called Y -factor, is used. With these two simple additions CBA yields the hard sphere equation of state at all densities.

Frezzotti [6] and others [11] have proposed dense gas variants of DSMC based on the Enskog equation [13]. The main advantages of CBA over Enskog-based schemes are its simplicity in implementation and almost negligible effect on computational efficiency for a standard DSMC program. The transport coefficients for CBA, obtained by Green-Kubo analysis, are similar to those of the Enskog equation [1]. As already mentioned, CBA can be extended to potentials other than hard spheres. Besides the standard problems in kinetic theory, CBA has proved useful in the study of granular materials [8] and nuclear physics [9].

Until now the principal deficiency of the Consistent Boltzmann Algorithm was that it

Figure 1: Two illustrations of CBA collision displacement for different apse vectors. Before collision the particles have position and velocity (x, v), (y, w). After collision the velocities are v^∗ and w^∗; the shifted positions are indicated by shaded particles.

lacked a complete theoretical foundation. This paper establishes much of that foundation by deriving the limiting kinetic equation for CBA. This equation is distinct from the Enskog equation and in some respects is easier to manipulate. Besides its relation to CBA, this new equation thus serves as a useful alternative to the Enskog equation in the kinetic theory of dense gases.

In the next section we give a description of the CBA by introducing the corresponding Markov process. In Section 3 we formally derive the equation satisfied by the limit of the empirical measures of this process when the number of particles tends to infinity. In Section 4 we transform the limiting equation for measure-valued functions into a form for densities. The relationship between this equation and other kinetic equations is outlined in Section 5. Various sources of numerical error in the CBA and their influence on the limiting equation are discussed in Section 6. In order to illustrate the general results, we consider a simplified model in Section 7. For this toy model, the stochastic process and the limiting equation are solved numerically, and very good agreement with the predictions of the theory is found.

2. The Markov process related to the CBA

The interaction of two particles (x, v) and (y, w) is determined by the functions x^∗(x, v, y, w, e) , y^∗(x, v, y, w, e) , v^∗(x, v, y, w, e) , w^∗(x, v, y, w, e) , e ∈ S^2 , describing the post-collision positions and the post-collision velocities, respectively. These functions are defined as v^∗(x, v, y, w, e) = v + e (e, w − v) , w^∗(x, v, y, w, e) = w − e (e, w − v) (2.1) and x^∗(x, v, y, w, e) = x + σ (v^∗ − w^∗) − (v − w) ‖(v^∗ − w^∗) − (v − w)‖ , (2.2) y^∗(x, v, y, w, e) = y − σ (v^∗ − w^∗) − (v − w) ‖(v^∗ − w^∗) − (v − w)‖ , where x, y ∈ R^3 , v, w ∈ R^3 , S^2 ⊂ R^3 is the unit sphere, and (., .) , ‖.‖ denote the scalar product and the Euclidean norm in R^3 , respectively. If (e, v − w) = 0 then define x^∗ = x and y^∗ = y . The parameter σ ≥ 0 is interpreted as the diameter of the particles. The standard Boltzmann collision transformation is recovered in the case σ = 0 .

Remark 2.1 We consider the position space R^3 in order to avoid the discussion of boundary effects.

Using (2.1) one obtains

(v^∗ − w^∗) − (v − w) = 2 e (e, w − v) , (2.3) and (2.2) takes the form x^∗ = x + σ e sign(e, w − v) , y^∗ = y − σ e sign(e, w − v) , (2.4) or x^∗ = x + ψ(v, w, e) , y^∗ = y − ψ(v, w, e) , (2.5) using the notation ψ(v, w, e) = σ e sign(e, w − v) . (2.6) From (2.3) one obtains (e, w^∗ − v^∗) = (e, w − v) + 2 (e, v − w) = −(e, w − v) and ψ(v^∗, w^∗, e) = −ψ(v, w, e) = ψ(w, v, e) (2.7) so that (x^{∗∗}, v^{∗∗}, y^{∗∗}, w^{∗∗}) = (x, v, y, w) . (2.8) The Markov process related to the collision step of the CBA has states of the form z = ( (x_1, v_1), . . . , (x_n, v_n) ) ∈ ( R^3 × R^3 )_n and the infinitesimal generator

A(Φ)(z) = 1 2n ∑ 1≤i≠j≤n ∫ S^2 Q(z, i, j, e) [ Φ(J(z, i, j, e)) − Φ(z) ] de , (2.9)

where the jump transformation is [J(z, i, j, e)]_k = (x_k, v_k) , if k ≠ i, j , (x^∗, v^∗) , if k = i , (y^∗, w^∗) , if k = j ,

(2.10)

and the functions x^∗, v^∗, y^∗, w^∗ depend on the arguments x_i, v_i, x_j , v_j, e . The intensity function has the form Q(z, i, j, e) = Y ( 1 n n∑ k=1 g(x_i, x_k) ) h(x_i, x_j ) B(v_i, v_j , e) . (2.11)

The functions h and g are mollifying kernels (non-negative approximations of Dirac’s delta-function), and will be specified when necessary. The function B is the Boltzmann collision kernel. In the case of hard spheres the collision kernel takes the form B(v, w, e) = const |(e, w − v)| . (2.12) Finally, the notation used here for the function Y follows that of the “Y -factor” from kinetic theory [13]. This function is continuous and strictly positive with Y (ϱ) going to infinity as ϱ → ϱ_m where ϱ_m is the density at close-packing.

3. Derivation of the limiting equation

The Markov process Z(t) = (X_i(t), V_i(t))^n_{i=1} defined by the generator (2.9) satisfies

Φ(Z(t)) = Φ(Z(0)) + ∫_t 0 A(Φ)(Z(s)) ds + M(t) , t ≥ 0 , (3.1)

where Φ is an appropriate test function, and M(t) is some martingale term. We consider the function

Φ(z) = 1 n n∑ i=1 φ(x_i, v_i) (3.2)

so that

Φ(Z(t)) = 1 n n∑ i=1 φ(X_i(t), V_i(t)) = ∫ R^3 ×R^3 φ(x, v) ν^{(n)}(t, dx, dv) , where ν^{(n)} are the empirical measures of the particle process. According to (2.9)–(2.11), one obtains

A(Φ)(z) = 1 2n^2 ∑ 1≤i≠j≤n ∫ S^2 Y ( 1 n n∑ k=1 g(x_i, x_k) ) × h(x_i, x_j ) B(v_i, v_j, e) [ φ(x^∗, v^∗) − φ(x_i, v_i) + φ(y^∗, w^∗) − φ(x_j , v_j) ] de and A(Φ)(Z(s)) = 1 2 ∫ R^3×R^3 ∫ R^3×R^3 ∫ S^2 Y (∫ R^3 g(x, u) ν^{(n)}(s, du, R^3) ) h(x, y) B(v, w, e)× [ φ(x^∗, v^∗) − φ(x, v) + φ(y^∗, w^∗) − φ(y, w) ] de ν^{(n)}(s, dx, dv) ν^{(n)}(s, dy, dw) + O(n^{−1}) , where the functions x^∗, v^∗, y^∗, w^∗ depend on the arguments x, v, y, w, e .

Suppose that the following relations are fulfilled as n → ∞,

ν^{(n)}(t) −→ P (t) , M^{(n)}(t) −→ 0 , ∀t ≥ 0 , (3.3)

for some deterministic measure-valued function P (t) . Under certain assumptions concerning this convergence, one can conclude from (3.1) that the limit P (t) satisfies the equation ∫ R^3 ×R^3 φ(x, v) P (t, dx, dv) = ∫ R^3×R^3 φ(x, v) P_0(dx, dv) + ∫_t 0 1 2 ∫ R^3×R^3 ∫ R^3 ×R^3 ∫ S^2 Y (∫ R^3 g(x, u) P (s, du, R^3) ) h(x, y) B(v, w, e) × [ φ(x^∗, v^∗) − φ(x, v) + φ(y^∗, w^∗) − φ(y, w) ] de P (s, dx, dv) P (s, dy, dw) ds .

The differential form with respect to t is d dt ∫ R^3×R^3 φ(x, v) P (t, dx, dv) = (3.4) 1 2 ∫ R^3×R^3 ∫ R^3 ×R^3 ∫ S^2 Y (∫ R^3 g(x, u) P (t, du, R^3) ) h(x, y) B(v, w, e) × [ φ(x^∗, v^∗) − φ(x, v) + φ(y^∗, w^∗) − φ(y, w) ] de P (t, dx, dv) P (t, dy, dw) , with the initial condition

P_0 = lim_{n→∞} ν^{(n)}(0) . (3.5)

In the case of non-splitting (free flow included) a term of the form n∑ i=1 (v_i, ∇_{xi} ) (3.6)

is added to the generator, where ∇ denotes the gradient. Applied to the function (3.2), the operator (3.6) gives 1 n n∑ i=1 (v_i, (∇_x φ)(x_i, v_i)) ,

so that additionally the term ∫ R^3×R^3 (v, (∇_x φ)(x, v)) P (t, dx, dv) (3.7) occurs at the right-hand side of equation (3.4).

The weak form (3.4) of the equation is convenient for obtaining conservation properties (put φ = 1, v, ‖v‖^2).

The crucial point in making the above derivation rigorous is to establish property (3.3). For the case of standard DSMC (Y ≡ 1 , σ = 0), this was done in [16]. General results for stochastic systems with Boltzmann-type interaction were obtained in [12]. Some results covering Vlasov-type terms (like the Y -factor) can be found in [7]. We refer to [17] concerning historical comments and an extended reference list.

4. Transformation of the limiting equation

Assume the measures have densities P (t, dx, dv) = p(t, x, v) dx dv , and denote β(x) = Y (∫ R^3 g(x, u) ϱ(t, u) du ) , (4.1) where ϱ(t, x) = ∫ R^3 p(t, x, v) dv . Assume that h is symmetric and B(v, w, e) = B(v^∗, w^∗, e) = B(w, v, e) = B(v, w, −e) . (4.2) Note that the kernel (2.12) satisfies (4.2).

Consider the right-hand side of equation (3.4). Applying the substitution (v^∗, w^∗) → (v, w) , a substitution of variables in D , and properties (4.2), (2.7), (2.8), these terms take the form (cf. (2.5), (2.6))

I_1 = 1 2 ∫ R^3 dx ∫ R^3 dy ∫ R^3 dv ∫ R^3 dw ∫ S^2 de β(x) h(x, y) B(v, w, e) φ(x + ψ(v, w, e), v^∗) p(t, x, v) p(t, y, w) = 1 2 ∫ R^3 dx ∫ R^3 dy ∫ R^3 dv ∫ R^3 dw ∫ S^2 de β(x) h(x, y) B(v^∗, w^∗, e) φ(x + ψ(v^∗, w^∗, e), v) p(t, x, v^∗) p(t, y, w^∗) = 1 2 ∫ R^3 dx ∫ R^3 dy ∫ R^3 dv ∫ R^3 dw ∫ S^2 de β(x) h(x, y) B(v, w, e) φ(x + ψ(w, v, e), v) p(t, x, v^∗) p(t, y, w^∗) = 1 2 ∫ R^3 dx ∫ R^3 dy ∫ R^3 dv ∫ R^3 dw ∫ S^2 de B(v, w, e) β(x + ψ(v, w, e)) h(x + ψ(v, w, e), y) φ(x, v) p(t, x + ψ(v, w, e), v^∗) p(t, y, w^∗) and I_2 = 1 2 ∫ R^3 dx ∫ R^3 dy ∫ R^3 dv ∫ R^3 dw ∫ S^2 de β(x) h(x, y) B(v, w, e) φ(y + ψ(w, v, e), w^∗) p(t, x, v) p(t, y, w) = 1 2 ∫ R^3 dx ∫ R^3 dy ∫ R^3 dv ∫ R^3 dw ∫ S^2 de β(x) h(x, y) B(v^∗, w^∗, e) φ(y + ψ(w^∗, v^∗, e), w) p(t, x, v^∗) p(t, y, w^∗) = 1 2 ∫ R^3 dx ∫ R^3 dy ∫ R^3 dv ∫ R^3 dw ∫ S^2 de β(x) h(x, y) B(v, w, e) φ(y + ψ(v, w, e), w) p(t, x, v^∗) p(t, y, w^∗) = 1 2 ∫ R^3 dx ∫ R^3 dy ∫ R^3 dv ∫ R^3 dw ∫ S^2 de β(x) h(x, y + ψ(w, v, e)) B(v, w, e) φ(y, w) p(t, x, v^∗) p(t, y + ψ(w, v, e), w^∗) = 1 2 ∫ R^3 dx ∫ R^3 dy ∫ R^3 dv ∫ R^3 dw ∫ S^2 de β(y) h(y, x + ψ(v, w, e)) B(v, w, e) φ(x, v) p(t, y, w^∗) p(t, x + ψ(v, w, e), v^∗) . Removing the test functions, one obtains ∂ ∂t p(t, x, v) = ∫ R^3 dy ∫ R^3 dw ∫ S^2 de B(v, w, e)× (4.3) [ β(x^∗) + β(y) 2 h(y, x^∗) p(t, x^∗, v^∗) p(t, y, w^∗) − β(x) + β(y) 2 h(x, y) p(t, x, v) p(t, y, w) ] .

Finally, taking into account the free flow term (3.7), we obtain the equation ∂ ∂t p(t, x, v) + (v, ∇_x) p(t, x, v) = ∫ R^3 dy ∫ R^3 dw ∫ S^2 de B(v, w, e)× (4.4) [ β(x^∗) + β(y) 2 h(y, x^∗) p(t, x^∗, v^∗) p(t, y, w^∗) − β(x) + β(y) 2 h(x, y) p(t, x, v) p(t, y, w) ] . If h(x, y) = h^{(n)}(x, y) → δ(x − y) (n → ∞) , (4.5) then equation (4.4) takes the form ∂ ∂t p(t, x, v) + (v, ∇_x) p(t, x, v) = (4.6) ∫ R^3 dw ∫ S^2 de B(v, w, e) [ β(x^∗) p(t, x^∗, v^∗) p(t, x^∗, w^∗) − β(x) p(t, x, v) p(t, x, w) ] . According to (4.1), if g(x, y) = g^{(n)}(x, y) → δ(x − y) (n → ∞) , (4.7) then β(x) = Y (ϱ(t, x)) , and equation (4.6) takes the form ∂ ∂t p(t, x, v) + (v, ∇_x) p(t, x, v) = ∫ R^3 dw ∫ S^2 de B(v, w, e)× (4.8) [ Y (ϱ(t, x^∗)) p(t, x^∗, v^∗) p(t, x^∗, w^∗) − Y (ϱ(t, x)) p(t, x, v) p(t, x, w) ] . This is the kinetic equation, which is numerically solved by the CBA.

The rigorous derivation of the limiting equation from the stochastic particle system becomes much more difficult in the case (4.5), (4.7). Such a procedure for a one-dimensional model with strictly local interaction was carried out in [4]. Results for a discrete velocity Boltzmann equation were obtained in [14]. The Boltzmann case with small initial data was treated in [10].

5. Related equations

First we note that in the case Y ≡ 1 , σ = 0 (cf. (2.2)) the Boltzmann equation ∂ ∂t p(t, x, v) + (v, ∇_x) p(t, x, v) = ∫ R^3 dw ∫ S^2 de B(v, w, e) [ p(t, x, v^∗) p(t, x, w^∗) − p(t, x, v) p(t, x, w) ]

is derived from equation (4.8).

With

S^2_+ = S^2_+(v, w) = {e : (e, v − w) > 0} , S^2_− = {e : (e, v − w) < 0} , we obtain (cf. (2.4), (4.1), (4.7), (4.2)) ∫ S^2 de B(v, w, e) β(x^∗) p(t, x^∗, v^∗) p(t, x^∗, w^∗) = ∫ S^2_+ de B(v, w, e) β(x − σ e) p(t, x − σ e, v^∗) p(t, x − σ e, w^∗) + ∫ S^2_− de B(v, w, e) β(x + σ e) p(t, x + σ e, v^∗) p(t, x + σ e, w^∗) = 2 ∫ S^2_− de B(v, w, e) β(x + σ e) p(t, x + σ e, v^∗) p(t, x + σ e, w^∗) = 2 ∫ S^2_+ de B(v, w, e) β(x − σ e) p(t, x − σ e, v^∗) p(t, x − σ e, w^∗) so that equation (4.8) takes the form ∂ ∂t p(t, x, v) + (v, ∇_x) p(t, x, v) = 2 ∫ R^3 dw ∫ S^2_+ de B(v, w, e) (5.1) [ Y (ϱ(t, x − σ e)) p(t, x − σ e, v^∗) p(t, x − σ e, w^∗) − Y (ϱ(t, x)) p(t, x, v) p(t, x, w) ] . Compare this equation with the Enskog equation (cf. [5, Ch.16]) ∂ ∂t p(t, x, v) + (v, ∇_x) p(t, x, v) = (5.2) 2 ∫ R^3 dw ∫ S^2_+ de B(v, w, e) [ Y (ϱ(t, x + 1 2 σ e)) p(t, x, v^∗) p(t, x + σ e, w^∗) −Y (ϱ(t, x − 1 2 σ e)) p(t, x, v) p(t, x − σ e, w) ] . The revised Enskog equation [15] is the same as (5.2) with the Y -factor replaced with the local-equilibrium pair distribution function; a similar revision of CBA has not been investigated.

6. Sources of error in the CBA

Equation (4.8) has been derived in the limit n → ∞ assuming that all other sources of error vanish. As in the Boltzmann case (Y ≡ 1 , σ = 0) there are other forms of the limiting equation, in which the influence of different numerical errors can be seen.

The splitting of the free flow and the collision step leads to a Δt-error. This is reflected in a corresponding splitting of the limiting equation into (4.3) and ∂ ∂t p(t, x, v) + (v, ∇_x) p(t, x, v) = 0 . During the collision simulation step a partition R^3 = C_1 ∪ C_2 ∪ . . . of the position space into disjoint cells is used. This leads to a Δx-error and is reflected by the presence of the mollifying kernel h(x, y) = ∑ l 1 |C_l| χ_{Cl} (x) χ_{Cl} (y) (6.1)

in the limiting equation (4.3). Here |C_l| denotes the Lebesgue measure of the cell C_l , and χ is the indicator function.

Moreover, unlike the Boltzmann case, the jump processes in different cells are not independent from each other since particle positions change during collisions. This is inconvenient from a numerical point of view. Therefore the particles are sorted into cells only at the beginning of the collision time step and these subsystems evolve independently. While in the original process only particles in the same cell interact, in the approximate processes particles in different cells may interact if they were in the same cell at the beginning of the time step. Conversely, particles that begin the time step in different cells cannot interact even if a collision displaces them to the same cell during the time step.

This approximation leads to an additional Δt-error, which is reflected in the limiting equation in the following way. For each l , the initial state of the approximate process consists of all particles belonging to cell C_l . Its evolution is determined by the generator (2.9)–(2.11), where the function h is replaced by h_l(x, y) = 1 |C_l| , (6.2)

and the sum is taken over the appropriately reduced set of indices. The corresponding limiting equation is (cf. (4.3)) ∂ ∂s p̃_l(s, x, v) = 1 |C_l| ∫ R^3 dy ∫ R^3 dw ∫ S^2 de B(v, w, e)× (6.3) [ β(x^∗) + β(y) 2 p̃_l(s, x^∗, v^∗) p̃_l(s, y, w^∗) − β(x) + β(y) 2 p̃_l(s, x, v) p̃_l(s, y, w) ] , s ≥ t , with initial condition (cf. (3.5)) p̃_l(t, x, v) = χ_{Cl} (x) p(t, x, v) . (6.4) These equations are solved on the time interval [t, t + Δt] . Then the solution at the end of the time step is constructed as p(t + Δt, x, v) = ∑ l p̃_l(t + Δt, x, v) . (6.5)

The time step in the simulations is selected such that only a small fraction of particles collide at each step so typically this error is small.

7. A toy model

Here we study an extremely simplified model. Following the ideas from the previous sections, we derive a limiting partial differential equation. This equation is solved numerically, which allows us to illustrate the convergence behaviour of the stochastic system.

Consider a system where the particles do not have velocities but change their positions during an interaction. The evolution of the system is determined by the generator

A(Φ)(x) = B 2n ∑ 1≤i≠j≤n ∫ S^2 h(x_i, x_j ) [ Φ(J(x, i, j, e)) − Φ(x) ] de , (7.1)

where x = (x_1, . . . , x_n) ∈ (R^3)^n and

[J(x, i, j, e)]_k = x_k , if k ≠ i, j , x_i + σ e , if k = i , x_j − σ e , if k = j . (7.2)

Compared with (2.9)–(2.11), the function B is a constant, since particle velocities are absent. For simplicity we take Y = 1 .

For Φ(x) =^1_n ∑_n i=1 φ(x_i) , one obtains

A(Φ)(x) = B 2n^2 ∑ 1≤i≠j≤n ∫ S^2 h(x_i, x_j ) [ φ(x_i + σ e) − φ(x_i) + φ(x_j − σ e) − φ(x_j ) ] de and A(Φ)(X(s)) = B 2 ∫ R^3 ∫ R^3 ∫ S^2 h(x, y)× [ φ(x + σ e) − φ(x) + φ(y − σ e) − φ(y) ] de ν^{(n)}(s, dx) ν^{(n)}(s, dy) + O(n^{−1}) so that d dt ∫ R^3

φ(x) P (t, dx) = (7.3) B 2 ∫ R^3 ∫ R^3 ∫ S^2 h(x, y) [ φ(x + σ e) − φ(x) + φ(y − σ e) − φ(y) ] de P (t, dx) P (t, dy) , in analogy with (3.4).

First we suppose that the limiting measures P (t, dx) have densities p(t, x) . From I = ∫ R^3 dx ∫ R^3 dy ∫ S^2 de h(x, y) φ(x + σ e) p(t, x) p(t, y) = ∫ R^3 dx ∫ R^3 dy ∫ S^2 de h(x − σ e, y) φ(x) p(t, x − σ e) p(t, y) and ∫ R^3 dx ∫ R^3 dy ∫ S^2 de h(x, y) φ(y − σ e) p(t, x) p(t, y) = ∫ R^3 dx ∫ R^3 dy ∫ S^2 de h(x, y + σ e) φ(y) p(t, x) p(t, y + σ e) = ∫ R^3 dx ∫ R^3 dy ∫ S^2 de h(y, x + σ e) φ(x) p(t, y) p(t, x + σ e) = I one obtains ∂ ∂t p(t, x) = B ∫ R^3 dy ∫ S^2 de [ h(y, x + σ e) p(t, x + σ e) p(t, y) − h(x, y) p(t, x) p(t, y) ] (7.4)

or, with (4.5), ∂ ∂t p(t, x) = B ∫ S^2 [ p(t, x + σ e)^2 − p(t, x)^2 ] de . (7.5)

This basic equation for the toy model is the analogue of the kinetic equation (4.8).

Equation (6.3) takes the form ∂ ∂s p̃_l(s, x) = B |C_l| ∫ R^3 dy ∫ S^2 de [ p̃_l(s, x + σ e) p̃_l(s, y) − p̃_l(s, x) p̃_l(s, y) ]

= B |C_l| ∫ R^3 p̃_l(s, y) dy ∫ S^2 [ p̃_l(s, x + σ e) − p̃_l(s, x) ] de , s ≥ t . (7.6) Note that (7.3) implies d dt ∫ R^3 φ(x) P (t, dx) = 0 , for φ(x) = 1 (mass conservation) and φ(x) = x (conservation of the mean), and any symmetric h . Using mass conservation we obtain ∫ R^3 p̃_l(s, y) dy = ∫ R^3 p̃_l(t, y) dy = ∫ C_l p(t, y) dy , s ≥ t , which is used to simplify (7.6). Finally, the approximate equations (6.3)-(6.5) take the form ∂ ∂s p̃_l(s, x) = B |C_l| ∫ C_l p(t, y) dy ∫ S^2 [ p̃_l(s, x + σ e) − p̃_l(s, x) ] de , s ≥ t , (7.7)

p̃_l(t, x) = χ_{Cl} (x) p(t, x) , (7.8) p(t + Δt, x) = ∑ l p̃_l(t + Δt, x) . (7.9)

Note that equations (7.7) are linear. Compared with (7.5), one factor of the quadratic terms has been replaced by a function constant in space and time.

In the one-dimensional case we choose B = D σ^2

, (7.10)

for some constant D > 0 , so that equation (7.5) takes the form ∂ ∂t p(t, x) = D p(t, x + σ)^2 + p(t, x − σ)^2 − 2 p(t, x)^2 σ^2

, (7.11) giving in the limit σ → 0 the partial differential equation ∂ ∂t p(t, x) = D ∂^2 ∂x^2 p(t, x)^2 . (7.12)

Note that the unit sphere degenerates to the set {−1; 1} , where each point is given unit weight. An alternative way of writing (7.12) is ∂ ∂t p(t, x) = ∂ ∂x D ∂ ∂x p(t, x) , where D = 2 D p(x, t) can be viewed as a nonlinear diffusion coefficient.

Next we consider a situation where the limiting measures P (t, dx) are not absolutely continuous with respect to Lebesgue measure. Starting on the grid G = {i σ : i = . . . , −1, 0, 1, . . .} the process remains there, so that the limiting measures are concentrated on G . Using the notations x = i σ , y = j σ , p(t, x) = P (t, {x}) , and considering the test functions φ_i(y) = χ_{{x}}(y) = δ_{i,j} , one obtains from (7.3) d dt p(t, x) = B ∑ j ∫ S^0 [ h(y, x + σ e) p(t, x + σ e) p(t, y) − h(x, y) p(t, x) p(t, y) ] de , (7.13)

in analogy with (7.4). Choosing h(x, y) = ∑ l χ_{{l σ}}(x) χ_{{l σ}}(y) = δ_{i,j} , (7.14) and assuming (7.10), equation (7.13) takes the form d dt p(t, x) = D p(t, x + σ)^2 + p(t, x − σ)^2 − 2 p(t, x)^2 σ^2

, x ∈ G , (7.15)

in analogy with equation (7.11).

Now the single grid points play the role of the cells in the continuous case. For each l , the approximate process starts with n_l particles in the grid point l σ . Its evolution is determined by the generator (7.1), (7.2), where the function h is replaced by (cf. (6.2), (6.1), (7.14)) h_l(x, y) = 1 , the sum is taken over the appropriately reduced set of indices, and the coefficient B is chosen according to (7.10). Thus, the jump intensity is

λ_l =

D n_l (n_l − 1) nσ^2 . Note that |S^0| = 2 . The expected number of jumps during a time interval of duration Δt is λ_l Δt =

D n_l (n_l − 1) nσ^2 Δt . (7.16)

Each jump consists of choosing a pair i, j , moving the first particle one step to the right and the second particle one step to the left, according to the transformation (7.2).

The corresponding approximate equations are obtained in analogy with (7.7), (7.8), and take the form d ds p̃_l(s, x) = (7.17) D p(t, l σ) p̃_l(s, x + σ) + p̃_l(s, x − σ) − 2 p̃_l(s, x) σ^2 , s ≥ t , x ∈ G , with initial condition p̃_l(t, x) = χ_{{l σ}}(x) p(t, x) , x ∈ G , (7.18) and a recombination rule analogous to (7.9).

Remark 7.1 An explicit difference scheme for equation (7.15) provides p(t + Δt, x) = p(t, x) + Δt D p(t, x + σ)^2 + p(t, x − σ)^2 − 2 p(t, x)^2 σ^2

, x ∈ G . (7.19)

Analogously, one obtains for equations (7.17), (7.18) p̃_l(t + Δt, x) = p̃_l(t, x) + Δt D p(t, l σ) p̃_l(t, x + σ) + p̃_l(t, x − σ) − 2 p̃_l(t, x) σ^2 , x ∈ G , which reduces to p̃_l(t + Δt, l σ) = p(t, l σ) + Δt D p(t, l σ) −2 p(t, l σ) σ^2 p̃_l(t + Δt, (l + 1) σ) = Δt D p(t, l σ) p(t, l σ) σ^2 p̃_l(t + Δt, (l − 1) σ) = Δt D p(t, l σ) p(t, l σ) σ^2 p̃_l(t + Δt, x) = 0 , otherwise.

Combining these equations via (7.9) one obtains p(t + Δt, x) = p(t, x) + Δt D p(t, x) −2 p(t, x) σ^2 + Δt D p(t, x + σ)^2 σ^2 + Δt D p(t, x − σ)^2 σ^2 = p(t, x) + Δt D p(t, x + σ)^2 + p(t, x − σ)^2 − 2 p(t, x)^2 σ^2 , x ∈ G , which is identical to (7.19).

Remark 7.2 In conclusion, the stochastic algorithm on the grid solves (as n → ∞) equation (7.15), if there is an appropriate interaction between cell processes. This equation takes the form (7.12) when σ → 0 . The stochastic algorithm solves (as n → ∞) equations (7.17), (7.18), if there is no interaction between cell processes (this is the case for the original CBA). Here an additional Δt-error is involved. According to Remark 7.1, this limiting equation takes the form (7.15) when Δt → 0 , and therefore (7.12) when Δt → 0 , σ → 0 .

The results from numerical simulations of the stochastic system on a grid (cf. (7.16)) and of the explicit difference scheme (7.19) are shown in Figures 2 and 3. The stochastic system has 5000 particles. For both the stochastic system and the difference scheme we take σ = 0.3, D = 1, and Δt = 10^{−2}. The initial distribution is a Gaussian with zero mean and unit variance; the distribution after a long time is bullet-shaped, as shown in Figure 2. The second and fourth moments go as t^{2/3} and t^{4/3}, as shown in Figure 3; these results may be obtained from (7.12) using the scaling hypothesis (see appendix). Note that the distribution spreads more slowly than in the standard random walk model for which these moments go as t and t^2.

Figure 2: Particle distribution in the stochastic system (histogram bars) and probability distribution from the explicit difference scheme (solid line) after 2^{15} time steps.

Figure 3: Second and fourth moments versus time as measured in the stochastic system (□ and ◯) and in the explicit difference scheme (× and +). The solid and dashed lines go as t^{2/3} and t^{4/3}, respectively.

Appendix: Scaling hypothesis for the toy model

The scaling hypothesis states that the probability density scales as p(x, t) = αp(αx, α^at), where the constant a is determined by the governing equation. For this equation we take the more general expression ∂ ∂t p(x, t) = ∂^2 ∂x^2 p^n(x, t) with n = 1 giving the standard diffusion equation and n = 2 giving (7.12). To find the scaling power a, we define z = αx, s = α^at and write ∂ ∂t p(x, t) = α ∂ ∂t p(z, s) = α^{a+1} ∂ ∂s p(z, s) = α^{a+1} ∂^2 ∂z^2 p^n(z, s) = α^{a−1} ∂^2 ∂x^2 p^n(z, s) = α^{a−1−n} ∂^2 ∂x^2 p^n(x, t) so a = n + 1 . Now consider the moments of the distribution, ⟨x^m(t)⟩ = ∫_∞ −∞ x^mp(x, t) dx = ∫_∞ −∞ α^{−m}z^mp(z, s) dz = α^{−m}⟨x^m(s)⟩ . If the moments follow a power law of the form ⟨x^m⟩ ∝ t^b then the scaling result gives t^b = α^{−m}(α^at)^b so b = m/a. For n = 2, the scaling power is a = 3 and b = m/3 , in agreement with the results shown in Fig. 3.

Acknowledgments The authors want to thank B. Alder, F. Alexander, and M. Malek Mansour for useful discussions. We wish to thank C. Van den Broeck for pointing out the scaling results presented in the appendix. This work was performed, in part, at Lawrence Livermore National Laboratory under the auspices of the Department of Energy under Contract No. W-7405-Eng-48.

References

[1] F. J. Alexander, A. L. Garcia, and B. J. Alder. A consistent Boltzmann algorithm.

Phys. Rev. Lett., 74(26):5212–5215, 1995.

[2] F. J. Alexander, A. L. Garcia, and B. J. Alder. The consistent Boltzmann algorithm for the van der Waals equation of state. Phys. A, 240:196–201, 1997.

[3] G. A. Bird. Molecular Gas Dynamics and the Direct Simulation of Gas Flows. Clarendon Press, Oxford, 1994.

[4] S. Caprino and M. Pulvirenti. A cluster expansion approach to a one–dimensional Boltzmann equation: a validity result. Comm. Math. Phys., 166:603–631, 1995.

[5] S. Chapman and T. G. Cowling. The mathematical theory of non-uniform gases. An account of the kinetic theory of viscosity, thermal conduction and diffusion in gases. Cambridge University Press, London, 1970.

[6] A. Frezzotti. A particle scheme for the numerical solution of the Enskog equation.

Phys. Fluids, 9(5):1329–1335, 1997.

[7] C. Graham and S. Méléard. Stochastic particle approximations for generalized Boltzmann models and convergence estimates. Ann. Probab., 25(1):115–132, 1997.

[8] H. J. Herrmann and S. Luding. Modeling granular media on the computer. Contin.

Mech. Thermodyn., 10(4):189–231, 1998.

[9] G. Kortemeyer, F. Daffin, and W. Bauer. Nuclear flow in consistent Boltzmann algorithm models. Phys. Lett. B, 374:25–30, 1996.

[10] S. Meleard. Stochastic approximations of the solution of a full Boltzmann equation with small initial data. ESAIM Probab. Statist., 2:23–40 (electronic), 1998.

[11] J. M. Montanero and A. Santos. Simulation of the Enskog equation á la Bird. Phys.

Fluids, 9:2057–2060, 1997.

[12] V. V. Nekrutkin and N. I. Tur. On the justification of a scheme of direct modelling of flows of rarefied gases. Zh. Vychisl. Mat. i Mat. Fiz., 29(9):1380–1392, 1989. In Russian.

[13] P. Resibois and M. De Leener. Classical Kinetic Theory of Fluids. Wiley, New York, 1977.

[14] F. Rezakhanlou and J. E. Tarver. Boltzmann-Grad limit for a particle system in continuum. Ann. Inst. H. Poincaré Probab. Statist., 33(6):753–796, 1997.

[15] H. van Beijeren and M. H. Ernst. The modified Enskog equation. Physica, 68:437– 456, 1973.

[16] W. Wagner. A convergence proof for Bird’s direct simulation Monte Carlo method for the Boltzmann equation. J. Statist. Phys., 66(3/4):1011–1044, 1992.

[17] W. Wagner. A functional law of large numbers for Boltzmann type stochastic particle systems. Stochastic Anal. Appl., 14(5):591–636, 1996.