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Abstract

The well-known classic feedback and feedforward techniques are the main
tools for investigations of the control problems. Unlike these strategies, the
vibrational control technique, introduced by S.M. Meerkov [1], has proven to
be a viable alternative to conventional feedback and feedforward strategies in
stabilization problems when the outputs, states and disturbances are difficult
to access. Mathematical modelling of such systems is closely connected with
nonlinear singularly perturbed systems under parametric excitations. In this
paper a new asymptotical method based on the periodic solution theory, av-
eraging method and boundary functions method, is presented. Due to it, a
vibrational control problem can be investigated. The given example shows the
"parasitic" parameters loss in such systems to be extremly dangerous.

1 Introduction

The present paper is at the interface between singular perturbations theory and
vibrational control theory. As a rule, for the control engineers, singular perturbations
legitimize ad hoc simplifications of dynamic models. One of them is to neglect some
of "small" time constants, masses, capacities, and similar "parasitic" parameters
which increase the dynamic order of the model. However, the design based on a
simplified model may result in a system far from disired performance. In this case,
control engineers need a tool which helps to improve the oversimplified design.

The analytic theory of singular perturbations is presented in the monographs [1,2].
Applications of this theory for control system are discussed in the overview of
P.V.Kokotovic [3].

Usually, to stabilize a control system the feedback and feedforward principles are
used. For these principles to be applied, state coordinates (for feedback) or dis-
turbances (for feedforward) should be measured and an apropriate additive control
signal should be introduced. However, for a number of plants the classical methods
are not applicable. Vibrational control techique, introduced by S.M. Meerkov [4],
has prooved to be a viable alternative to conventional feedback and feedforward
strategies in a number of difficult cases. This technique consists in the utilizing
appropriately chosen zero mean parametric excitations of a dynamical system to
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modify the behavior of the original system in the desired manner. Vibrational con-
trol has been reported to ensure stabilization of a number of plants which are not
easily controllable by feedback.

Further, the Meerkov’s approach has been developed by R.E.Bellman, J.Bentsman,
S.Meerkov [5,6] for nonlinear dynamic systems.

In recent years the vibrational control principle has beenen extended to systems
with time delay [7,8] and to nonlinear parabolic systems [9,10].

In the present paper we consider a family of nonlinear singularly perturbed control
systems

% = Z(z,y, ), % = QY (z,y, ), (1.1)
where z € R",y € R™ are the states, A € R" is a vector parameter, £ > 1 is a large
scalar, and t is a dimensionless time. Introducing in (1.1) parametric vibrations
according to the law

() = Xo + (), (1.2)

where ) is a constant vector and ¢(7) (7 = Qt) is an almost periodic vector function
with zero average value. As a result, (1.1) becomes

dz d
= = 2y h+e(n), 2=V (53,0 + (7). (1.3)

Assume that
2= P(z,5,)) + 2Q(z,\)
P:R"xR™"xR"—R", Q:R"xR"—R".
First, let us consider the equation

dz

Z = QG2+ 0(7)). (14)

We denote the general solution of (1.4) by
z=h(c,7), h:R"xR’R", (1.5)

where ¢ € R™ is a constant uniquely designed for every initial (zy, 79) and propose
that (1.5) is almost periodic in 7 € [0,00). Then we make the substitution

z=h(z,T)

which transforms (1.3) into the system

d
d—”;" = f(z,y,7), (1.6)
dy

i QF (z,y,7), @>1 (1.7)



where

f=I15=1"1P(h(z,7),y, Mo + ©(1)),
F =Y (h(z,7),y, Ao + ©(7)).

Thus, we have obtained the singularly perturbed system (1.6), (1.7) with high fre-
quency coefficients.

In this paper we suggest the hybrid asymptotical method that allows to construct
the solutions of systems (1.6), (1.7) in the interval [0, 7] ( or even [0,00) ) in the
form

oy = uo(t) + €fur (t) +vi(t,7) + (7)) + -+ N un(t) +on(t, ) + 7n(T)]+

" Mon(t,7) + 7w (7)), (1.8)
yn = Yo(t,7) + o(7) + €lYi(t, 7) + (7)) + -+ - +
M Yiv(t,m) + Ty (7)) + € i (8, 7), (1.9)

where v;, V; are the almost periodic functions, and m;, Il; are the boundary layer
functions. If the functions f(z,y,7), F(z,y, ) are independent of 7 the expansions
(1.8), (1.9) coinside with the classical Vasil’eva expansions [2]. If system (1.3) is
regular, we get the special averaging expansions [11]. The formulas (1.8), (1.9)
highlight a structure of the solutions of system (1.6), (1.7). (1.8), (1.9) are of prime
importance for studying of a transient behavior. The analysis in details of (1.8),
(1.9) allows to investigate the vibrational stability for nonlinear singularly perturbed
systems.

The paper has the following structure. Section 3 discusses preliminaries. Section
4 considers the hybrid asymptotical method. Section 5 presents evaluating of the
remainder terms of the expansions (1.8), (1.9). Section 6 discusses two significant
special cases. In sections 7, 8 the expansions in an infinite interval [0,00) and
vibrational stability are studied.

2 Notations

Let R™ be a space of n- dimensional real vectors with the norm

lzll = max |z,
where z; is the ith coordinate of the vector z and (z,y) is the inner product of
vectors z and y.

Let f : R® = R" be N-times continuously differentiable function in the region
G C R ie f e CY(G,R). Let f®(z) = f*)(z) denote the kth derivative of f at
z € G The f®) is a k-multilinear map of R™ for each z € G; f®)(z) € L(R",...,R").



For &1,...,& € R™ and = € G, the value of f®)(z) at (&,...,&) is given by

(k) . .
IP@&, - 8) =Y 55 “f.(gi(jk) gon | gb),

the summation ranging over 5 + ...+ jx =k, 0 < 71,...,Jx < n, and

O™ f(z)
92V .. 9zh)

1F O ()] = max

. . . . )
JiteFie=k,0<51, 5k <0

for all z € G.

In this notation, the Taylor formula for f € C¥([0,&]), R") can be written in the
form

L (e,

fle)=r0)+f'(0)e+...+ ——— N

where € € [0, &), u € [0, €].

Now let F@(z & ,...,6,)(f = 1,...,n) be an arbitrary 27- periodic real analytic
function of ¢ € R™ for each z € G. Moreover, let FO(z &, ...,&,) be N times
continuously differentiable of z € G for ( € R™. As FY(G,R™, R") we denote the
space F' = (F(1) ... F(N),

Let w € R™ and AY(G,R™) be a class of functions f(z,t) mapping G x [0,00) —
R"™ which satisfy f(z,t) = F(z,wit,...,wnt), where F' is an arbitrary function of
FN(G,R™ R").

Finally, let M™*™ be a space of (m X m) matrices, and A, (M) = AY (G, M™*™)
be a class of (m x m) real matrices A(z,t)(z € G,t € [0,00)), which are N times
continuously differentiable with respect to z € G.

3 Preliminaries

For the following studies we need some preliminary results.

Lemma 3.1 Let K be a compact set of R" and f € A,(K,R"™). Then f is bounded
in K x [0, 00).

Lemma 3.2 If K is a compact set of R™ and f,g € AY(K,R"), then f + g,ag €
AY(G,R").

Lemma 3.3 Let f € A7 (G,R"), ¢1,...,0; € A2 (G,R"™). Then

(@) (1, -, 05) € AY(G,R™).



Let f € A2(G,R") and put

M;[f](z) = lim %/OTf(a?,T)dT,

K[ fl(z) = f — My [f](=),
Lif] :/Otf(x,T)dT.

Lemma 3.4 The operators
M, : AN (G, R™) — CN(G,R™),

K, : A¥(G,R") — AY(G,R™)
are defined and bounded.

The following lemma gives a clear to the elements of the space AY (G, R"). Let Z™
be a space of m-dimensional integer vectors.

Lemma 3.5 (13) Function f € AY(G,R") if and only if the following conditions
are valid:

Lf= Y a(z)e®™)

keZm
2.0, € CY(G,R™);
3. for all compact set K € G, j =0,..., N there exist such constants oo > 0,p > 0,

that .
o (2)]| < ap!(Vz € K).

Definition 3.1. A vector w € R™ is called nonresonance if there exist such constants
v, > 0 that
|(k,w)| = 7|k

for all k € Z™, k # 0. By R, we denote a set of such vectors [13].

res

Lemma 3.6 If w € R then the operator

LK, : AY(G,R") — AY(G,R")

is defined and bounded.



Finally, consider the linear differential equation
dy _
dr

where h(z,7) € AY(G,R"),C(z,7) € AN (G, M™*™).

We assume that for any C' > 0, 0 > 0 the fundamental matrix V(z, 7, s) of the linear
homogeneous system

C(z,7)y + h(z, 1), (3.1)

dy _

dT - C(x) T)y

satisfies the estimate
|V (z,T,s)| < C’e"’(T’s), (3.2)
0<s<T7<00,

where C, o do not depend on z € G. By Y we denote the class of such matrices.
Lemma 3.7 The equation (3.1) has a unique solution y(z,7) € A°(G,R").

By P(R™) we denote a class of continuous bounded functions ¢(7) with values in
R™, ie.
llo(T)]| < Ce " (C >0,k >0,0<7 < 00)
Lemma 3.8 Let h(1) € P(R™) and C(1) € Y. Then the Cauchy problem
dz

Z = Cla,m)z + h(r),2(0) = 2 (33)

has a unique solution z(1) € P(R™).
If h = h(z, 1), C = C(z,T) are k times continuously differentiable with respect to
z € K (K is a compact), then the function z(z,T) has the same smoothness.
To prove this assertion we need to introduce the Banach spaces X = C"(K,R™)
and Y = C"(K, M™*™).
We shall consider h(z,T) as a curve
h:[0,00) = X
in the Banach space X, and denote as y(z,7)an unknown curve

y:[0,00) = X.

Then the equation (3.1) can be rewritten as an equation in the Banach space X

d

d—f = C(7)y + h(7), (3.4)
where for any fixed 7 € [0,00) the matrix C = C(z,7) is an element of Banach
space Y.

Estimate (3.2) yields

Lemma 3.9 IfC € A (K,M™ ™), h € A (K,R™), then y € A, (K,R™).



4 Asymptotics in Finite Interval [0, T]

Let t € [0,T], z € R", y € R™, G; and G, be open regions in R® and R™
respectively.

Consider the singularly perturbed Cauchy problem

C;_Jt: = f(SL',y,T), (41)
€ % = F(z,y,7), (4.2)
z(0,e) = «a, y(0,e) =2, (4.3)

where 7 = t/e is fast time, a € Gy, 8 € Gs.

We suppose

L fe AVT2(Gy x Go,R"), F € AN T2(G, x G, R™)
IT. For every z € GG; the equation

d
d_gt/ = F(z,y,71), (4.4)
has a unique solution
Y= \Ilﬂ(waT) S Ag+2(G1a Rm)a (45)

moreover, the values ¥y(z,7) € Gs.
By C(z,7) we denote the matrix Fy(z, po(z,T),T).

Let V(z, T, s) be the fundamental matrix of the linear homogeneous system

dy

—=C . 4.6
Y~ e,y (46)
IT1. For some C' > 0, o > 0 the uniform estimate

|V (z,7,8)|]| < Ce ™ 9(0<s5<7 < 00) (4.7)

is valid, moreover constants C, o are independent on =z € (.

We will seek the solution of the problem (1)-(3) in the interval [0, 7] in the form
ry = u(t,e) +v(t, 7€) + (7€), (4.8)

yny =Y (¢, 71,¢) + II(7,¢), (4.9)

where
u(r,e) = up(t) +eur(t) + ... +eNun(t),0 <t < T

is a regular serie ;
o(t,T,e) =evi(t,7) + ... + eV oy (¢, 7)
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is a vibrational serie, v; € AYT27%([0, T], R™) with M;[v;] =0fori=1,2,...
Y(t, 7€) =Yo(t,7) +eYi(t,7) + ... + eV Yy (¢, 7)

and Y;(t,7) € AYT27([0, 7], R™); finally

m(r,e) = em(r) + ... + eV mnia(r),

H(T, E) = HO(T) + EHl(T) +...+ ENHN+1(T)
are bounded functions, i.e. ||m||, [[IL|| < Ce ™ (i =1,..., N+1,

[0, 00)) for some C' > 0, k > 0.

Further, like in [2], introduce the functions f, F, I1f, ILF putting
ft, 1) = f (u(t,e) +v(t,7,e),Y(t, T¢),7),

F(t,1,e) = F (u(t,e) +v(t,7,¢€),Y(t, 7,€),7T),

,N+1,;

..,N,T€

f(t,m,e) = f (u(t,e) +v(t, ) + n(r,e),Y(er,1,e) + II(1,€),7) — f(eT, T,¢€),
HF(r,e) = F (u(er,e) + v(er,1,e) + (7, e),Y(er,7,¢) + U(r,¢),7) — F(er, 7,¢),

Now substituting (4.8), (4.9) into (4.1), (4.2) we obtain

dt Ot €01 edr
oY o
ot or dr

Rewrite (4.10), (4.11) in the form

du Ov 10v

@ o e T

= flu+v+mY +I,7),

= Flut+v+mY +1II,7).

ldnm

edr
ov ov dn
© ot or dr

f+1IF,

(F +10F).

Expanding f, F, IIf, IIF in power serie of €, we obtain

M|

70+571+...,
F0+EF1+...,

Hf = Hf0+€Hf1+...,
I = HFO+EHF1+....

(4.10)

(4.11)

(4.12)

(4.13)

Using the operators M., K, we separate the regular and the vibrational components

of f



7 = MT[?O] + EMT[Tl] +...+ KT[?O] + EKT[?l] +o
F == MT[F()] + SMT[Fl] +...+ KT[FO]SKT[F]_] + ...

Collecting the terms with the same power of € in a special manner and, finally,
equating the coeflicients of the same types to each other, we obtain the equations
for Uiy Viy T, 1/;_, Hz

dui

= M) (4.14)
LI SR (4.15)
dzi:l = ILf, (4.16)
T kRO (4.17)
Cg" — ILF. (4.18)

Let us consider these equations for principal case 7 = 0 in details

dUO

= Melf(w(®), Yo(t, ), 7)), (4.19)
O KT un(®) Yolt, 7)) (4.20)
% = f(u(0), Yo(0,7) 4+ Io(7),7) — f(uo(0), Yo(0,7), 7). (4.21)
% = F(uo(t), Yo, 7) (4.22)
% = F(u(0),Yp(0,7) + o(7),7) — F(uo(0), Yo(0,7),7).  (4.23)

Recalling that M, = 0, m1(00) = 0, uo(0) = «, Y5(0,0) + I(0) = B we find uyg, vo,
71, Yp, Il in the following way.

i) From the equation (4.22) and the condition II we have

}/()(t’ 7—) = \IIQ(’U,Q(t), 7—)) (424)
where ug(t) is an unknown yet function.
ii) Substituting Y; into the equation (4.19), we get the Cauchy proplem for u(t)

dUO

e Jo(uo), uo(0) = o,

where

folz) = My [f(z, ¥o(z,7),7)].
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IV We assume that this Cauchy problem has a unique solution in the interval [0, T']
and ug € G for all t € [0, T]. Sy, up and Y} are defined.

iii) Recalling M, [vg] = 0, from (4.20) we have

vy = K LK [f(uo(t), Wolt, 7), 7))

iv) The equation

dz

= = Fla,do(a, 7) + 2,7) = F(a, do(a, 7), 7) (4.25)

has a zero steady state Z = 0. The condition III implies that Z = 0 is a stable
steady state.

V. We suppose that the point 8 — Uy(a, 0) belongs to the attraction region D of
zero steady state.

Now we define IIj(0 < 7 < o0) as the solution of equation (4.25) with the initial
condition Z(0) = 3 — ¥y(a, 0).

VI. We assume that

\I/0+H0€Gz(0§t§T,OST<OO).
v) From (4.21) we have

M= — /T“{f(a,yo(a, s) + Tlo(s) — f(a, Yo(a, 5), s)}ds.

Thus wug,vy,m1,Y0,11y are defined completely.

Now let us find the next terms wq,vs,m2,Y7,I1;. It is easy to see that for the case
i = 1 the equation (4.17) is linear with respect to Y7 and u; and has a form

0Y;
8—71 = Co(t,7)Y1 + hi(t, ) + Hi(t, T)us(t).

Using the Lemma 3.7 we can determine Y; in the form
Yi= ¢1(ta T)U1 + \Ill(ta T)'

Substituting Y] into the equation (*) for the case i = 1 we get the linear Cauchy

problem to define u;

du
d—tl = Ay (t)uy + by (t), u1(0) = 0.

Thus u; and Y; are completely defined.

Further, vs is found due to the operators K, I.. It is easy to note that the equation

for II; has a form
dil

- = C(m)II + h(T),
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where C € Y and h € P(R™). Hence, II; € P(R™). Finally, 7, is defined like 7.
The terms g,V 1,Tk 11, Yi, g (kK > 2) can be found in a similar way.

Thus xy, yy satisfy the relations

dx
d—tN = f(l‘NayNaT)—'_EN—i—luN(t)E)a
d
E% = F("L.NayNaT) +EN+1VN(t)E))

and, moreover, for any €5 > 0

max [un(r, )| < €, g [lvw(r,9)l| < C,

where C is independent on € € (0, &.

5 Estimating of Remainder Terms by Vasil’eva Tech-
nique

To estimate the remainder terms
rN=T—2zy,Ry =y —yn

(see (4.8),(4.9)) we change of variables in the Cauchy problem (4.1)-(4.3):

:c:r—l—xN,y:R—l—yN. (51)
Then for the new variables 7, R we get the Cauchy problem
dr dzx
i f(iUN-FT,yN-i‘R,T)—Ed—tN, (5.2)
dR d
e = Flay+ryn+R71) e, (5.3)
r(o,e) = O(e"™), R(0,e) = O(e"*) (5.4)

Our goal is to prove the existence of such constants C' > 0, ;5 > 0 that for all
e € (0,g0] the estimate

I (t, €)llcrorr + | R(E, €)||cpory < CeNrt (5.5)
is true.

Introduce the following matrices

A7) = faluo(t), Yo(t, 7) + o(7), 7), (5.6)
B(t,7) = [fy(uo(t), Yo(t, ) + Lo(7),7), (5.7)
Ct,7) = Fy(uo(t), Yolt, ) + Iy(r), ), (5.8)
D(t,7) = Fy(uo(t),Yo(t,7) + Io(7), 7). (5.9)



||G(u1) U1, ta T, 8) - G(u2; V2, ta T, 8)||C’[0,T]

||H(U’1; v, L, T, E) - H(Uz, v, L, T, E)HC’[O,T]

Linearizing the system (5.2),(5.3) at the point
T = uy(t),y = Yo(t,7) + (1)

we obtain the following nonlinear system
dr

o = A(t,7)r + B(t,7)R+ G(r,R,t,T,€), (5.10)
e% — () + DTV R+ H(r, Ryt 7€), (5.11)

where
G = flan+ryn+B,7)— d;“"—tN — £ (0, Yo + o, 7)7 — f, (o, Yo + 1o, 7) R, (5.12)

d
H= F(xN—I—r,yN—I—R,T)—E%

Obviously, the nonlinear functions GG, H have two principal properties.

—Fz(’u,o, %—FH(), T)T'—Fy(uO, YI)—FH[), T)R (513)

1°. There exist such small g5 > 0 and C' > 0 that for all € € (0, &

1G(0,0,¢,7,€)|lcpr + [|H(0,0,t,7,€)||cor < Ce¥ .

2°. For any small A > 0 there exist such numbers § > 0,6y > 0 that for
[ual], [[uall, [lvs]], [[v2]] < 6,0 < & <&

the inequalities

Allur = ual| + [Jur — ugd)4)
Allur = ual| + [Jur — ughl)5)

are valid.

The properties 19, 2° make it possible to prove the contraction mapping principle
for the corresponding integral operator.

Without loss of generality we can believe that r(0,) = 0, R(0,e) = 0. Then the
Cauchy problem (5.2)-(5.3) is equivalent to integral equations system

- /Otv(t,s,s)[B(s,s/s)R(s)—|—G(r(s),R(s),s,s/s,e)]ds, (5.16)
R = é/ﬂt(](t,s,s)[C(s,s/E)r(s)—l—G(T(s),R(s),s,s/s,s)]ds, (5.17)

where V (t,s,¢) and U(t, s,e) are fundamental matrices of nonlinear homogeneous
systems

av

o = A(t, )V, V(s,s,e)=1, (5.18)
% — D(t, YU, U(s,s,e) =1 (5.19)
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respectively. Obviously, the matrix V (¢, s, €) is uniformly bounded. For the matrix
Ul(t, s,e) it is possible to prove the estimate

|U(t,s,¢)|| < Ce *t9/e (C>0,k>00<s<t<T). (5.20)

The constants C, k are independent on € € (0, &¢.

The next two lemmae yield the estimate (5.20).

Lemma 5.1 Let for all t € [0,T] the matriz Dy(t,7) be a Hurwitz matriz of the
class Y, moreover for the fundamental matriz Uy(t, T, s,€) (t is fized) of linear ho-
mogeneous system

Ui

= Dy(t, 7)Uy, Uy(t,s,s,e)=1
dr

the estimate
|Uo(t, 7, 5,€)|| < Ce™=2)e (C>1,0<s<7T < 00)
hold. Then for fundamental matriz Wy(t, s,€) of the linear homogeneous system

dW, t
—— = D(t, - )W, 0<s<tLT
Edt (’E) 05 SSEST S

the estimate
[Wol(t, T, s,€)|| < Me™ /¢ (M >0,0>0,0<s<t<T) (5.21)

18 valid.

Lemma 5.2 Let Dy(t,7) be a matriz from Lemma 5.1 and matriz Dy(t, ) satisfies
the estimate

||D1(t,’7’)|| < Mle_alt/s(Ml > 0,0’1 > 0,0 <t< T)

Then for fundamental matriz W (t, s,€) of the linear homogeneous system

aw

TR (Do(t, ) + Di(t,7))W, W(s,s,e)=1

the estimate of type (5.21) is true.

The proves of Lemmae 5.1, 5.2 will be given below.
The matrix D(¢,7) from (5.11) can be presented in the form
D — DO + Dl)

where

Dy = Fz(uo(t)’ Yb(t’ ’7')),

13



Dy = Fo(uo(t), Yo(t, 7) + Io(7)) — Fi(uo(2), Yo(2, 7)),
moreover, it is obvious that

D] < Mye ™2,

Hence, Lemma 5.1 and Lemma 5.2 imply the estimate (5.20) for the fundamental
matrix U(t, s, e) of the linear homogeneous system (5.19).

Now reform the integral equation system (5.16), (5.17). Substituting r(s) from

(5.16) into the integral
1t
—/ U(t,s,s)C(s,f)u(s)ds,
0 £

€
we get new integral equations system for r and R.

r= [Vitse)Bls DRs)s + O, B.e), (5.22)
R = /OtIC(t,s,s)R(s)der’P(r,R,e), (5.23)
where
1 rt P s
Kit,s,e) = - [ V(EpCE Vs e)ds + DGs, ),
Qr, o) = [ V(t5,0)G((s), B(s), ,e)ds
0
1 t

)
P(r,R,e) = /U(t,s,s)G(r(s),R(s),z,g)ds+

The estimate (5.20) implies that the kernel K(¢, s, €) of the Volterra operator

t
K- R :/ K(t,s,e)R(s)ds
0
is bounded, and small nonlinear integral opertors @ and P have the properties 1°
and 2°, as do the operators G and H.

Now let us reform the Volterra integral equation (5.23). We denote by R(¢, s, €) the
bounded resolvent of the kernel IC(, s,e). Equation (5.23) can be rewritten in the
following equivalent form

R =P*(r,R,¢), (5.24)
where

P*(r,R,e) = P(r,R,¢e) + /Ot R(t,s,e)P(r(s), R(s), s, e)ds (5.25)
Putting
o /OtV(t, 5,6)B(s, 2)R(s)ds + Q(r, R, =)
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we obtain for r € C([0,T],R"), R € C([0,T],R™) the system of equations
r = Q*(r,R,e), R =P*(r,R,¢). (5.26)

We consider the equations (5.26) in Banach space
Cnxm[0,T] = C([0,T],R") x C([0,T],R™)

with the vector norm

1(r, B[ = (lIr[l, IRI))" € R?
We write the equation (5.26) in the form
(r, R) = S(r, R, ¢), (5.27)

where

S(r,R,e) = (Q*(T’ B, 5)).

P*(r, R, €)

Due to 1°, 2° for Q*, P* it is easy to establish

B Ay a |71 — 72|
||S(7‘1,R1,€) S(Tz,Rz,E)H < < Ay Ay ) < ||R1—R2|| ’

where Dy,D,,D3 are small numbers if
7], [Irells [ Bl [| Ral| < 6

and ¢ is a sufficiently small number.

Obviously, for small A; the spectral radius p of the matrix

AI a
Ay Aj
is less then 1. Therefore, S is a contraction operator in a small ball
B(q) ={(r,®) : |Irllcom < ¢, | Rllcpr < a}
(q is a sufficiently small number). Simple check shows that for ¢ = Ce
S: B(q) — B(q)
and S has a unique fixed point (r*, R*) € B(q) (see [14]).

N+1

Thus we prove

Theorem 5.1 Let for any w the right hand parts f, F of the system (4.1), (4.2)
satisfy the conditions I-VI. Then there exist such constants C' > 0 and €y > 0 that
for all € € (0,ey] the Cauchy problem (4.1) has a unique solution z € Gy, y € Gs,
fort € [0,T] and the inequiality

le — znllepm + lly — enllepor < Ce*

18 true.
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In conclusion let discuss the proof of Lemma 5.1.

Fixing any number ¢ € (0,1) and take such integer number n that for all ¢;,t; €
[0,T], |t1 — ta] < T/n we have

qo
||D0(t1,7’) —Dg(tz,T)H S YT R (528)
2C
In the interval [0, 7] we choose the uniform grid A,, : t; = iT/n,i=0,1,...,n — 1.
By By(t, ) we denote the piecewise constant with respect to ¢ € [0,7] matrix

Bo(t, 7') = Do(tj,T)(t - [tj,tj+1),j = 0, 1, NN (2 ].)

Let Wy(t, s,€) be a fundamental matrix of the auxiliary linear homogeneous system

dW,
sWO = By(t, )Wy, W(s, s,e) = 1.

First, we estimate ||Wy(t,s,¢)||. Let s be an arbitrary number of [0,7] and let
s € Ij = [tj,411).
a) For t € I; we have
W
“dt
Hence, Wy = Uy(t;,1t/e, s/¢), and thus

= Do(t, t/E)WO

IWo(t, s,€)l| = |[Un(ts, /e, s/e)|| < Ce *7t2)/e. (5.29)

b) For ¢ € I;1, we have

Wo(t, s,€) = Up(tj1,t/e,ti1/€) - Uo(tjv1, i1 /e, 8/¢)

and, therefore
[Wo(t, s, €)|| < Cetotime)le,

c¢) By induction it is easy to show that for ¢ € I; 544

[Wo(t, 5,€)|| < CF+2e=™ . em2(t=/e (5.30)

Consider the sequence of numbers

—2koT

C*(Cke™e ), k=1,2,.... (5.31)

20T

Obviously, for € € (0,&¢], €0 = &>

C > 1, we have

—2koT

Ce = <1

and the sequence (5.31) is bounded by C?.
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Hence,
[|Wo(t, s, e)|| < C2e=20(t=s)/e (5.32)

0<s<t<T.

To complete the proof of Lemma 5.1 we rewrite the equation

E% = Dy(t,t/e)Wy, W(s,s,e)=1
in the form -
e = By(t,t/e)W + [Do(t,t/e) — Bo(t,t/e)|W. (5.33)

For 0 < s <t <T from (5.33) we have
1 t
W(ta S, E) = WO(ta S, E)—i_g /0 Wg(t, q, E)[DO(q) q/E)_BU(q) q/E)]W(q) S, E)dq (534)

Estimating the left-hand and right-hand parts of (5.22) and (5.23) by norm, we
obtain

—40(l—sS) /€ o t —40(\l— €
Wo(t, s,€)[| < CPe270=)/ +Z—€/0 e 27U /E| Wi (t, ¢, €) | dg. (5.35)

Now introduce the scalar function
w(t, s, e) = e e |Wy(t, s, €)]|

and the number

* o(t—s)/e
wh= max e [|Wo(t, s, €)ll.

Multiplying (5.35) by e’(=*)/¢ it is easy to get
qow* [t

5 d(e=o(t=0/e) < C? 4 qu*.

w(t, s, e) < Cleolt=s)e 4

The last relation implies that w* < C? 4+ qw* and hence w* < C?/(1 — q).
This proves Lemma 5.1.

To prove Lemma 5.2 we denote the fundamental matrix W of the system

dW
E = (Do(t,T) + Dl(ta T))W) W(S, 8,8) =1

is a solution of the integral equation

t1
W (s,s,e) = Wy(s,s,¢) +/ gW(s,p, e)D1(p,p/e)W (p, 5,€)dp,

where W is a fundamental matrix of the system

awy
dt

€ = Dy(t, )Wy, Woy(s,s,e)=1.

Now the estimate of type (5.21) can be easily obtained by the succesive approxima-
tions method.
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6 Two Significant Special Cases

6.1 Quasilinear problems

Consider the Cauchy problem

((ll_j = f(iL‘,y,T), (61)
. ‘fl—f — C@)y+ D(z,7) = F(z,y,7), (6.2)
z(0,¢) = q, y(0,e) = G, (6.3)

where z € R", y € R™, ¢ is a small positive parameter, t € [0,T], 7 = t/e, a € Gy,
0 € Gs.

Let w be a nonresonance vector and
f e A (G x Gy R™),
C € CN*3(Gy; M™ ™),
D e Al (G R™),
moreover, for the eigenvalues A; = A\;[C(z)] of the matrix C(z) the estimate

sup  RN[C(z)] <0

1<i<m,z€G

holds. For the problem (6.1)-(6.3) the solution is convenient to be sought in the
form
zy = u(t,e)+v(t,T,e)+m(re), :
yv = Ult,e) +V(t,1,e)+1I(7,¢), (6.5)

where
u(t,e) = uo(t) +eur(t) +...+eNun(t), (6.6)
Ult,e) = Uy(t) +eUy(t) + ... +eNUn(t), (6.7)
are regular serie;
o(t,7,e) = evi(t,7) +...+eV oy (¢, 7),

V(t,T,e) = Vo(t,1,e) +eVi(t,re) +...+ ENVN(t,T, £)

1 are vibration serie, in addition, v;(¢,7), V;(¢,7) are quasiperiodic functions with
M. [v]=0, M,[V;]=0fori=1,...,N,j=1,...,N+1;

finally,

n(r,e) = em(7)+...+ ¥ tay(r),
(r,e) = Mo(r)+elly(r) +... 4+ Iy(r)
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are the boundary layer functions.

It is important to note that if f and F' are independent on 7 the expansions (6.4),
(6.5) do not have terms v(¢,7,¢), V(¢,7,¢) and the expantions (6.4), (6.5) coinside
with the classic Vasil’eva expansions [2]. Repeating arguments of Section 4 for
finding w;, U;, v;, V;, m;, 11; we obtain the following relations

du; -

0 M [f:],

Z:J_Z = KT[Ti]_%,
dzi;l = ILf,
M,[F;] — d‘;itl:o,

o = T

dll;

S~ WF

Let us consider carefully these relations for i = 0

% = M:[f(uo(t)), U(t) + Vao(t, 7), 7), (6.8)
% = K.[f(u), Up(t) + Vo(t, 7), 7], (6.9)
% = f(o, Up(0) + V{0, 7) + Io(7), 7) —
(e, Un(0) + V(0,7),7), (6.10)
Cluo(t))Uo(t) + M [D(uo(t),7)] =0, (6.11)
% = Cluo(t))Vo(t, 7) + K- [D(uo(2), 7)), (6.12)
% = C@). (6.13)

Reca’lling that M’r[‘/ﬂ] = Oa MT[‘/l] = 0) 7‘—1(00) = Oa U’O(O) = aQ, HO(O) = /8 - UO(O) -
Vo(0) we seek ug, v; m, Vp, Iy in the following way.
i) Put

Q(z) = —C™(z) M- [D(z, )]
and define by the Fourier technique the guasiperiodic in 7 solution W (z, 7) of the
problem

% = C(m)W—i_KT[D(m’T)])
MT[W] = 0.

19



Further we suppose that for all z € Gy, 7 € [0, 00) the vector

Qz) + W(z, 1) € Go

ii) Setting
fo(z) = M [f(z, W(2,7) + Q(x),7), 7]

we define uy(t) as a solution of the Cauchy problem

d’U,Q

% = fo(uo), Uy = @,

and let

Uo(t) = Q(uo(t)), Volt,7) = W (uo(t), 7).
We assume uy(t) € Gy for all t € [0,T].
iii) The equation (6.11) and the condition M, [v;] = 0 yield

vy = K I K, [f(uo(t), Ug(t) + V(¢, 7)), 7]

iv) We denote II(7) (0 < 7 < 00) as a solution of the problem

dll

? = C(O‘)HU)HO(O) =0 - UO(O) - V[)(0,0).

v) At last, we have

m=— [Tw[f(a, Uo(0) + V5(0, s) + o (s), 5) — f(a, Up(0) + V5 (0, s), s]ds.

The functions u;, v;, m, U;, Vj, Il can be defined in a similar way.

It is easy to verify that if

D(z,t) = Z Dk(x)ei(w’k)t,

k£0,k€Z™
then .
Wz, m)= > Wy(z)e@P (6.14)
k£0,kCZ™
where

Wi(z) = [i(w, k)I — C(z)] 'Di(z).

It is clear, that
Wi (z)|| < C|Dy()]],

and, since w is a nonresonance vector, the series (6.14) is convergent.
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6.2 Regular problem

Now consider a Cauchy problem

dx
o= f(z,7), (6.15)
z(0,e) = a, (6.16)

where f € AVT2(G1,R"); z,a € G, T = 1/, 0 < t < T. The equation (6.15)
does not have singularities. Therefore we will seek an appropriate solution of the
problem (6.15), (6.16) in the form [11,12]

zn = up(t) +elur(t) +vi(t, 7)] +... +eNun(t) +on(t,7)] +e¥ oy (¢, 7). (6.17)

Substituting the presentation (6.17) into (6.15) we obtain a residual function

_81‘1\[ ]_aSL'N
Ry = ot + “ o flxn(t,T,€),7)

and

v = flzn(t,1,€),7).

Further we expand Ry in a power series in €* and obtain

. dug 61}1 dul 81}2 81}1 ’
RN_{ e —f(uo(t),T)}—i—s{ Ty —st(t,r,O)}+...+

du ov ov 1
N N N+1 v 1.y
€ {dt T or T or z\f!fNE(t’T’O)}Jr

du 1
€N+1{ (ZH - 1)!f(N—l— 1) ne(t, T, u)}, (6.18)

where p € (0,¢].

Finally, we equate the coefficients of the expantions of Ry at the powers e*(k =

0,1,...,N) near zero. Then for €° we have
dUO 8’01 .
it + o M [f(uo(t), 7)] + K7 [f(uo(t), 7)]-

Let uy be a solution of the Cauchy problem

dUO

E = fo(’u,o), UO(Oé), (619)

where fo(z) = M, [f(z,7)]. Then for v; we have
ov

8—1 = KT[f(U’O) 7—)])
-
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and, hence
v1 = LKT[f(uo(t), )]

From (6.18) for ¢! we have

d’U,l 8’02 8’01

it T ) ! . 6.20

dt + 87' 8t +st(taTa 0) ( )
It makes us sure that

ov ov
f],Vs(t; T, 0) — a—tl = f;(u[)(t),T)(ul + Ul) — 8—; = AO(t)ul + hl(t’ 7—)’ (621)
where
Ao(t) = M:[fr(uo(t), )] € CN ([0, 7], M™*™)

and

ha(t,m) = foluo(8), 7)(wa (t) + v, 7)) — % — Ao () (2)-

It is easy to see that M.[h,] is independent on u;, and, therefore M.[h,] is a known
function.

Setting
dU1
E = AO(t)ul + MT[hl(ta T)]) ul(o) =0
we find u; € CV*TL([0,T],R"). Now hy € AY([0,T],R™) is a known function of ¢, 7.

Putting
8’02
— = K;|h
or (]
we find
vy = [KT[hy] € AY([0,T],R").

The other terms of the expansion (6.17) can be found in a similar way.

7 Asymptotics in Infinite Semiaxis [0, o)

Come back to the problem (4.1)-(4.3). In this section we assume that the averaged
system

dx
- = fol@)
has a stable state * = z* and, in addition, for the eigenvalues Aq,..., A, of the

matrix Ay = fo,(z*)
maxRA; < —y (v > 0).

Let Gy be the attraction region of the stable steady state z*. We assume that the
initial point o € Gy. Then it is not difficult to prove that for the Cauchy problem

dug

T folug), w=a
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the estimate
|uo(t)|] < Ce™(C' > 0,0 < t < o)

holds. The analysis of the algorithm, given in Section 4 for the presentation of the
approximate solution (4.8), (4.9), shows that this expansions can be considered for
t € [0,00), moreover, the following statement is true.

Theorem 7.1 There ezist such constants C' > 0, g9 > 0 that for all € € (0,g] the
Cauchy problem (4.1)-(4.3) has a unique solution z(t,€), z(t,e) t € [0,00) and the
estimate

(¢, ) — 2x(t,)l [ct0.) + ly(t:2) — n(£,9) [0y < OV,

holds, where C, €y are independent on € € (0, o).

8 Vibrational Stability

8.1 General case

Let G1, G5, G5 be open regions in R", R™, R" respectively. Consider a family of
nonlinear singularly perturbed systems

% = P(z,y,A) +Q0Q(z, M), (8.1)
dy
a - QY(Z, Y, )‘)a (82)

PZGlXG2XG3—>RH,QZG1XG3—>Rn,
YZG1XG2XG3—>Rm,1<<Q.

Let 0 € G; x G and P(0,0,A) =0, Q(0,A) =0, and Y (0,0,A) = 0. So the steady
state z =0, y = 0 is an equilibrium state for the system (8.1), (8.2). We assume

P e CV3(Gy x Gy x G3,R™),
Q € CN+3(G1 X G3,Rn),
Y € ONVP(Gy x Gy x G5, R™).

Let, further, w be a nonresonance vector. Introduce in (8.1), (8.2) the parametric
vibrations with according to the law

Alt) =Xo + (), T=Qt (8.3)

where A\g € R" is a constant vector and ¢ € AY*3(]0, 00), R"), M, [p] = 0.

Definition 8.1. An equilibrium state z = 0,y = 0 is said to be vibrationally stable
(v-stable) if for any A > 0 there exist constants 6 > 0, Qy > 0 such that for all
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initial conditions (2o, ¥o) (||20|| < 9, ||yo|| < 0) for the solutions z(¢, 29, yo), y(t, 20, Yo)
of the system

dz

i P(z,y, Ao + ©(7)) + QQ(z, Ao + ©(7)), (8.4)
d
L= V(50 + (7)), (8.5)
the estimate
||Z(t, 20, y0)|| < A) ||y(t; 20, y0)|| <A (86)

holds for ¢ € [0, 00) and © > €.

To investigate v-stability of the equilibrium point z = 0, y = 0 let us consider the

equation
dz

ar Q(z, Ao + (7). (8.7)

Denote the general solution of (8.7) as
z=h(c,1), h(0,7)=0,
where c € G; C R, h € AN T3(G1,R"). We propose that h is one-to-one map,

h: Gy X [0,00)—>G1X [0,00),

Oh/Oc is an invertable matrix and

oh
a— € Ag+2(G1 X [0, OO), mem)‘
c
Due to the replacement
z = h(z,T)
we get the system
d
= = fyn), (8.8)
d
Ed—:z = F(z,y,7), (8.9)

where ¢ = Q71,

f = [0n/0z] ' P(h(z,T),y, Ao + (7)),
F = Y(h(z,7),y, Ao + ©(7)).

Obviously, f(0,0,7) =0, F(0,0,7) = 0, and Theorem 7.1 is applicable to the system
(8.8).

Define the main terms of the asymptotic expansions of zy, yy for the system (8.8),
(8.9) with initial conditions

SC(O,Q) = a € Gy, y(O,Q) =03 € Gs.
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For every fixed z € Gy we consider the equation
dy
i Y (h(z,7),y, Ao + (7)) (8.10)

and suppose that this equation has a unique solution

y = o(z,7) € AVNT(Gy, R™), (8.11)
moreover, the values y(z,7) € Gy. Obviously, ¢y(z,7) — 0 as z — 0.

By C(z,7) we denote the matrix
Y;/(h(l', 7-)) Y, )‘0 + QO(T))
Let for the fundamental matrix V(z, 7, s) of the linear homogeneous system

d
d—f =C(z,7)y

the uniform estimate (4.7) is valid, in addition, the constants C, o are independent
on z € Gyy. Substituting y = ¥y(z, ) into the equation (8.8) we immediately get

equation
d’U,Q

yT fo(uo), wo(0) = q, (8.12)

where

fo(x) = M:[(8h/82) ™" P(h, %0, Ao + ¢0)]-
Since fy(0) = 0, the equation (8.11)has a zero solution.

Let the matrix

AszzzMT[a [(@

o | (5) 7 P (o, o + @LJ (8.13)

be Hurwitz . Then zero steady state of system (8.12) is asymptotically stable, and
for any 6 > 0 and for the solutions u,(t, @) (|||| < §) the estimate

luo(t, a)]| < Ce ™ (0 <t < o0)
is true. Thus, the solution of the Cauchy problem

o

0= f(w), w(0) =0, [l <6

is defined for ¢ € [0, 00).

We assume
U (t) - Glg

for all ¢ € [0, 00). Sp, wg, Yo = ¢o(u(t), ) are defined completely.
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Finally, ITy(7) is a solution of the Cauchy problem

iz

E - Y(h(a’ 7—)’ ¢0(aaT) + Za A+ (10(7-)) - Y(h(a’T)a ¢0(aa7-) + Za A+ QO(T)),

Z(0) =B —1(e,0), Bl <.
Thus, we get the main term of the asymptotical expansions
T =uy(t), y=eo(t,7)+ o(r). (8.14)
Returning to old variables z, z we obtain
z=h(u(t),7), y=1vo(t,7)+ Up(1) (8.15)

Folmulae (8.15) describe the transient behavior of original system (8.4)-(8.5).

Theorem 7.1 implies

Theorem 8.1 Provided the above conditions the zero steady state of system (8.4),
(8.5) is v-stable.

8.2 Linear Multiplicative Vibrations Q(z, Ao+ ¢) = L(7)z

Let us assume that the system
% = L(1)z
has an almost periodic general solution
z=®(t)e, ceR" & A (M™").
In this case the equation (8.10) has the form

dy _

e Y(®(7)z,y, Ao + ©(7)), (8.16)

and let y = ¥(z,7) be a unique almost periodic solution of equation (8.16) from
ANT2(Gy, R™).

Therefore, in (8.13)
A= M, [07 {P,(0,0, A + ¢(7)),(0,7)}] . (8.17)

If A is a Gurwitz matrix then zero solution of system (8.4), (8.5) is v-stable.

Now, consider the special case when system (8.4), (8.5) has the form

% = Ay(1)z+ Bo(T)y + QL(7)z, (8.18)
W~ Qlu(r)z + Doyl (8.19)
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Let Uy be the monodromy matrix of the linear homogeneous system

dy
~ =D .
dr O(T)y

Let Aq, ..., A be the characteristic roots of Uy, and

| <1(=1,2,...,m).

Then the system
dy n
- Do(r)y + f(7), [ € AL(R™)

has a unique solution

y = Wy(7) € A (R™).
Function ¥, can be presented in the form

v= [ Gulr,)f(s)ds,

where Gy (7, s) is the Green matrix of the problem (8.22).

In the considered case the matrix (8.17) has the form

Ay = M, |®071(0,7) Ay(r)®(0, 7) + Bo(r) /0 " Golr, 8)Co(s)ds| .

If Ap is a Hurwitz matrix, zero solution of system (8.18), (8.19) is v-stable.

8.3 Cautionary Example.

Consider a stiff second order system

d
d_i = (=027 +A(Q+1))z+ (0.1 + M)y,
d

Qfld—i = (0.1+X)z—y

(8.20)

(8.21)

(8.22)

(8.23)

(8.24)

(8.25)

with a small positive parameter ¢ = Q~!. Under parametric excitation A = cosT,

7 = Ot we get a new stiff system

d
d_i = QcosTz+ (—0.27 + cos7)z + (0.1 + cos 7)y,
d

Ed—:g = (0.14+cosT)z —y.

Changing the variable

sin 7
T

27



We get
dz

- = (—0.27 + cos 7)z + e~ *"7(0.1 + cos 7)y, (8.26)
d .
ad—?; = e™"(0.1+cosT)r — y. (8.27)

To investigate this system for small parameter € we use the proposed above algo-
rithm. First, note that the periodic solution of the equation

dy

- =— F 8.28
o= Y+ F() (8.28)
can be presented in the form
y= (41 +y2)z, (8.29)
e—27r
where )
y1 =0.1e " {m/ efteins s +/ es+5in8ds}, (8.31)
0 0
2w . T .
yp=¢ " {n/ cos se* T4 ds —I—/ cos se”sms‘is} : (8.32)
0 0
Substituting (8.29) into (8.26) we obtain
d
T _ a(t, )z, (8.33)
dr

where

. 2w .
a(t) = (—0.27 + cosT) + e 7 ¥"7[0.1(0.1 + cos T)(H/ gosing g1
0

+/ eS+SinSdS)+
0

2 . T .
(K,/ cos se* " ds —I—/ cos se* T4 ds)].
0 0

It is to easy compute ¢ = M.[a] < 0. According to Theorem 8.1 the zero solution
of the stiff system (8.26), (8.27) is v-stable .

On the other hand, if we neglect "small parasitic parameter" € = 1/Q in equation
(8.25) and disregard the term Q~'dy/dt, we get the equation

y=(0.14+X)z. (8.34)

Substituting (8.34) into (8.24) we obtain the following equation to find z

% = [(—0.27 4+ (2 + 1)A + (0.1 + A)?]2. (8.35)
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After the parametric excitation A = cos {2t we have the equation

dz
— =b(t, Q2 8.36
“ 1,9z, (8.36)

where
b=—0.27+ (2 + 1) cos Qt + (0.1 + cos Qt)>.

Since M, [b] = 0.24 > 0 the zero solution of (8.36) is unstable.

Thus, the disregarding of a small "parasitic" perameter Q! in (8.25) leads to a
mistaken result.

9 Conclusions and Discussions

The material presented in the paper develops the asymptotical theory for nonliner
singularly perturbed systems with high frequency coefficients. The expansions ob-
tained allow to study a transient behavior, vibrational control. We give the simple
criteria to define v-stability.

It is important to note for singularly perturbed problems under parametric excitation
the disregarding of a small parameter at higher derivative may deduce to wrong
results. The algorithm proposed in Section 8 is a tool for control engineers to study
complicated nonlinear systems.
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