Weierstraß–Institut

für Angewandte Analysis und Stochastik

im Forschungsverbund Berlin e.V.

Preprint ISSN 0946 – 8633

Duality principle for discrete linear inclusions

Alexander Vladimirov^{1 2}

submitted: 7th March 2000

1 Institute for Information Transmission, Moscow, Bol’shoi Karetnyi 19, Moscow, Russia, E-Mail: vladim@iitp.ru, aav@redline.ru

2 This work has been done during the author’s visit at WIAS in December 1999 and at TU München in January 2000. It was supported in part by DFG grant 436 RUS 17/116/99.

Preprint No. 555

Berlin 2000

WIAS

1991 Mathematics Subject Classification. 58E35, 47H30.

Key words and phrases. Matrix product, stability, oblique projection, Skorokhod problem.

Edited by Weierstraß–Institut für Angewandte Analysis und Stochastik (WIAS) Mohrenstraße 39 D — 10117 Berlin Germany

Fax: + 49 30 2044975 E-Mail (X.400): c=de;a=d400-gw;p=WIAS-BERLIN;s=preprint E-Mail (Internet): preprint@wias-berlin.de World Wide Web: http://www.wias-berlin.de/

Abstract

Two properties of finite sets {A_j } of n×n-matrices are introduced: P-stability and BV-stability. These properties can be interpreted as two kinds of robustness of orbits of the form x_{i+1} = A_{ji} x_i + u_i with respect to disturbances {u_i}. Duality between these properties is established, which proves that they are equivalent, respectively, to the right convergent product (RCP) property and the left convergent product (LCP) property of finite sets of matrices. The results can be applied, in particular, in the theory of polyhedral Skorokhod problems and sweeping processes with oblique reflection.

Introduction

We consider here finite sets Σ = {A_1, . . . , A_k} of n × n-matrices and their finite and infinite products, see [1, 2, 6, 8]. Following [8], by the discrete linear inclusion DLI(Σ) we understand the set of all sequences (trajectories of Σ) x_{j+1} = A_{ij} x_j , j = 0, 1, . . ., of vectors in R^n , where matrices A_{ij} ∈ Σ are taken in an arbitrary order.

In applications such as control theory, wavelet analysis or Markov chains, it is often important whether trajectories of the DLI stay bounded or may diverge to infinity. A DLI whose trajectories are bounded is called product bounded. Another important property of the DLI is convergence of any trajectory to some point in R^n (not necessarily to 0). This property is stronger than product boundedness and is called left convergent products property or just LCP. As is known [1], LCP is equivalent to convergence of any left-infinite matrix product of the form A_{j0} A_{j1} . . ., A_{ji} ∈ Σ, i = 0, 1, . . ., to some n×n-matrix A^∗ . The dual property RCP (right convergent products) is not equivalent to LCP, but it is, obviously, equivalent to the LCP property of the dual set Σ^∗ = {A^∗_j }, where A^∗ is the transversed matrix A.

In the theory of polyhedral Skorokhod problems with oblique reflection [3, 4, 5, 13], it is often convenient to write conditions of existence and uniqueness of solutions, and also of Lipschitz continuity of corresponding Skorokhod operators, in terms of different kinds of stability of a special set Σ of matrices. For a Skorokhod problem characterized by a finite number of pairs (n_j , d_j ), where n_j is the outward normal to j -th face of the characteristic polyhedral set Z ⊆ R^n and d_j is the corresponding vector of oblique projection, the associated projection set Σ is considered. The set Σ consists of all matrices P_j of oblique projection onto L_j = n^⊥_j along the line span(d_j ): P_j x = x − d_j ⟨n_j , x⟩ ⟨n_j , d_j ⟩ , i = j, . . . , k.

Apart from product boundedness, two other stability-type properties of the ASP Σ play an important role in verifying regularity of the Skorokhod operator. First of them, the BV-stability, consists in finiteness of length of any trajectory of Σ, that is, the inequality ∑ i=0,1,... ‖x_{i+1} − x_i‖ < ∞ should hold for any trajectory {x_j } of Σ. This property, in particular, ensures convergence of discrete-time approximation methods to continuous-time solutions of the Skorokhod problem.

The second property, the P-stability, see [10], needs an additional construction for its formulation. Together with any P_i ∈ Σ, let us consider two affine operators P^+_i and P^−_i of projection along d_i onto parallel hyperplanes L^+_i = L_i + n_i and L^−_i = L_i − n_i , respectively. The set Σ is called P-stable if all sequences {x_0, x_1, . . .} of vectors in R^n satisfying x_{j+1} = α_j P^+_i x_j + (1 − α_j )P^−_i x_j , for some i = i(j) ∈ J and some α_j ∈ [0, 1] at each step j , are bounded. This property is a sufficient condition of Lipschitz continuity of the Skorokhod operator acting in the space of continuous inputs and outputs [5].

As follows from Proposition 1.3 below, both properties of BV-stability and P-stability of sets of oblique projections are stronger than product boundedness. In this paper we extend these notions to sets of general matrices and study their basic properties. In particular, the following duality principle is proved: The set {A_j } is BV-stable if and only if the dual set {A^∗_j } is P-stable.

1 Discrete linear inclusions

We will consider finite sets Σ = {A_1, . . . , A_k} of n×n-matrices and their finite and infinite products. Following [8], by the discrete linear inclusion DLI(Σ) we will understand the set of all sequences {x_i}, i = 0, 1, . . ., of vectors in R^n such that

x_{i+1} = A_{ji} x_i (1.1)

for some A_{ji} ∈ Σ. These sequences will be called trajectories of Σ; finite initial segments of trajectories will be called finite trajectories.

Let us also define a more general class of sequences in R^n :

Definition 1.1 A sequence {x_i ∈ R^n : i = 0, 1, . . . , } is a partial trajectory of Σ if

x_{i+1} = α_ix_i + (1 − α_i)A_{ji} x_i,

for some α_i ∈ [0, 1] and some j_i ∈ J = {1, . . . , k}, i = 0, 1, . . ..

The following notion is central in the theory of discrete linear inclusions.

Definition 1.2 A set of matrices Σ = {A_1, . . . , A_k} is product bounded if there exists a C > 0 such that ‖A_{j1} . . . A_{jm} ‖ < C for all finite sequences j_i ∈ J , i = 1, . . . , m.

The following assertion is an easy consequence of well-known results in the theory of DLIs (see, for instance, [1]).

Proposition 1.3 For a finite matrix set Σ, the following four properties are equivalent: (1) Σ is product bounded;

(2) all trajectories of Σ are bounded; (3) all partial trajectories of Σ are bounded; (4) there exists a norm ‖ · ‖_Σ in R^n such that ‖Ax‖_Σ ≤ ‖x‖_Σ, A ∈ Σ, x ∈ R^n. (1.2) Any norm ‖ · ‖_Σ satisfying (1.2) will be called a contraction norm for the set Σ.

2 BV-stability of matrix sets

Let Σ = {A_1, . . . , A_k} be a finite set of n×n-matrices.

Definition 2.1 The set Σ is called BV-stable if all its trajectories {x_0, x_1, . . .} have bounded variation (finite length), that is, if ∑ i=0,1,... ‖x_{i+1} − x_i‖ < +∞. (2.1)

Now, let us derive some basic properties of BV-stable sets of matrices. Proposition 2.2 The set Σ is BV-stable if and only if any left-infinite sequence {M_m}, m = 0, 1, . . ., of products M_m = A_{jm} A_{jm−1} . . . A_{j0} , A_{ji} ∈ Σ, i = 0, 1, . . . , m, has bounded variation, that is, if and only if ∞∑ i=0 ‖M_{i+1} − M_i‖ < +∞, (2.2)

where ‖ · ‖ is some matrix norm (they are all equivalent, thus, the result does not depend on the choice of ‖ · ‖).

Proof. Obviously, (2.2) implies (2.1). Now, let us consider the norm ‖x‖ = ∑ s=1,...,n |x_s|, where x = (x_1, . . . , x_n). If the variation of the sequence M_i of matrices is infinite, then the sum of variations of vector sequences {M_0e_j , M_1e_j , . . .} over j = 1, . . . , n (here e_j are the coordinate vectors) is also infinite because ‖(M_{i+1} − M_i)‖ ≤ ∑ j=1,...,n ‖(M_{i+1} − M_i)e_j ‖.

Hence, at least one of these sequences has infinite variation which is a contradiction to the BV-stability of the set Σ. ■

For completeness, let us also prove that BV-stability of Σ implies uniform boundedness of lengths of all trajectories of Σ starting in any bounded set.

Theorem 2.3 A set Σ is BV-stable if and only if, for any bounded set B ⊆ R^n , there exists a D > 0 such that ∑ i=0,1,... ‖x_{i+1} − x_i‖ ≤ D for any trajectory {x_0, x_1, . . .} of Σ satisfying x_0 ∈ B .

Proof. Let us introduce auxiliary functions F_m(x) on R^n by the following recursive procedure. Set F_0(x) = ‖x‖ and then define

F_{m+1} = max_{A∈Σ} (‖x − Ax‖ + F_k(Ax)) (2.3)

if the function F_m(x) is already defined. Thus, for each m, F_m(x) is the length of the longest m-step finite trajectory of Σ from x.

Let us show that all F_m(x) are homogeneous symmetric convex functions on R^n . Indeed, the relation F_m(αx) = |α|F_m(x), α ∈ R, follows immediately from definitions. The convexity of F_{m+1}(x) follows from the convexity of F_k(x) and convexity of ‖x − A_j x‖ for each j ∈ J . Indeed, according to (2.3), F_{m+1}(x) is the maximum of convex functions G_{jm}(x) = ‖x − A_jx‖ + F_m(A_j x) over j ∈ J .

By construction, F_{m+1}(x) ≥ F_m(x) for each x ∈ R^n . Let us denote

F (x) = lim_{m→∞} F_m(x)

(we do not exclude the case F (x) = +∞). The function F (x) is a convex homogeneous symmetric function from R^n to R ∪ {+∞}. To prove the theorem, it suffices to prove that, for any BV-stable set Σ, the function F (x) is finite for any x ∈ R^n because this would imply uniform boundedness of F on any bounded subset of R^n .

Suppose the contrary and denote by H the set of x ∈ R^n for which F (x) < +∞. Obviously, H is a convex set in R^n and, also, 0 ∈ H , and αH = H for each real α, as follows from the properties of F (x). Hence, H is a linear subspace of R^n . We will need the following auxiliary result.

Lemma 2.4 For each x ∉ H there exists a finite trajectory {x_0, . . . , x_m} of Σ such that

x_0 = x, ∑ i=0,...,m−1 ‖x_{i+1} − x_i‖ ≥ 1, x_m ∉ H. (2.4)

Proof. Suppose the contrary. Consider a trajectory {x_0, x_1, . . .} from x = x_0 such that ∑ ‖x_{i+1} − x_i‖ > 1 and let p be the minimal index such that x_p ∈ H . We have x_{p−1} ∉ H and, thus, ‖x_0 − x_{p−1}‖ ≤ 1. Hence, ‖x_p‖ ≤ (max_{j∈J} ‖A_j ‖)‖x_{p−1}‖ ≤ (max_j ‖A_{j∈J} ‖)(‖x_0‖ + 1).

Denote S := (max_{j∈J} ‖A_j‖)(‖x_0‖ + 1). Now, since the function F (x) is convex and finite on a linear subspace H , it is continuous on H and, hence, uniformly bounded from above on the ball B_S = {x ∈ H : ‖x‖ ≤ S} by some constant Q > 0. Hence, by definition of F (·), we have ‖x_{p+q}‖ ≤ S + Q for each q = 0, 1, . . ., and this is a contradiction to the assumption x_0 ∉ H . Lemma 2.4 is proved. ■ Now, choose an arbitrary initial point x_0 ∉ H and construct a trajectory {x_0, . . . , x_m} satisfying (2.4). Then take x_m ∉ H for a new initial point and repeat the procedure. Composition of all resulting finite trajectories is a trajectory of Σ of infinite length. Theorem 2.3 is completely proved. ■

Let us also formulate a recent result on equivalent definitions of BV-stability [12]. First, we will define more stability-like properties of finite sets of matrices.

Definition 2.5 A set Σ is LCP (left convergent products) if any left-infinite matrix product . . . A_{j1} A_{j0} of matrices A_{ji} ∈ Σ has a limit. This is equivalent to the convergence of any trajectory of Σ (not necessarily to the origin), see [2].

Definition 2.6 The set Σ possesses the vanishing steps property (VS) if

lim_{i→∞} ‖x_{i+1} − x_i‖ = 0

for any trajectory {x_0, x_1, . . .} of Σ.

Definition 2.7 A matrix A is said to be paracontracting with respect to the norm ‖ · ‖ in R^n if, for all x ∈ R^n , Ax ≠ x ⇔ ‖Ax‖ < ‖x‖. It is ℓ-paracontracting with respect to ‖ · ‖ if there exists γ > 0 such that ‖Ax‖ ≤ ‖x‖ − γ‖Ax − x‖ holds for all x ∈ R^n .

A set of matrices is called paracontracting or ℓ-paracontracting with respect to ‖ · ‖ if all its matrices possess the respective property; and it is called just paracontracting or ℓ-paracontracting if there exists a norm in R^n such that the set possesses the respective property for this norm. We use the abbreviations PC and LPC, respectively.

The main theorem in [12] reads

Theorem 2.8 For any finite set Σ of n×n-matrices, the properties BV, LCP, PC, LPC, and VS are equivalent to each other.

3 P-stability of matrix sets

In order to define P-stability, let us first give the following

Definition 3.1 A sequence {x_0, x_1, . . .} is called an ε-trajectory of the set Σ if there exists a sequence of vectors v_i ∈ R^n , i = 0, 1, . . ., and a sequence of indices j_i ∈ J , i = 0, 1, . . ., such that ‖v_i‖ ≤ ε for any i and

x_{i+1} = v_i + A_{ji} (x_i − v_i), i = 0, 1, . . . (3.1)

Definition 3.2 A set Σ of n×n-matrices is called Perron stable (P-stable) if all its 1-trajectories {x_0, x_1, . . .} are bounded, see [10].

For sets of oblique projection matrices this definition is equivalent to that given in the Introduction.

Obviously, the definition remains the same if instead of 1-trajectories, any other class of ε-trajectories for some ε > 0 is mentioned. Next, we prove some basic results concerning P-stable sets.

Lemma 3.3 The set of all 1-trajectories of Σ from 0 is uniformly bounded if and only if the class of its 1-trajectories from the unit ball is uniformly bounded.

Proof. If {x_0, . . . , x_m} is a 1-trajectory of Σ then {0, x_1 − x_0, . . . , x_m − x_0} is a (1 + ‖x_0‖)-trajectory of Σ (this is a direct consequence of definitions). It remains to notice that uniform boundedness of all 1-trajectories of Σ from 0 is equivalent to uniform boundedness of all its 2-trajectories from 0. ■

The following assertion is analogous to Theorem 2.3.

Theorem 3.4 The set Σ is P-stable if and only if, for any bounded subset B ⊆ R^n , there exists a constant D > 0 such that ‖x_m‖ ≤ D , m = 0, 1, . . ., for any 1-trajectory {x_0, x_1, . . .} of Σ satisfying x_0 ∈ B .

Proof. According to Lemma 3.3, it suffices to prove the theorem for B = {0}. Suppose the contrary. Then, again, by Lemma 3.3, for any x ∈ R^n and any L > 0, there exists a 1-trajectory {x, x_1, . . . , x_m} of Σ such that ‖x_m‖ > L.

Now, let us construct a finite 1-trajectory of Σ from x_0 = 0 to some x_1 , ‖x_1‖ > 1. Next, construct a 1 trajectory from x_1 to some x_2 , ‖x_2‖ > 2, and so on. The resulting composition is an unbounded 1-trajectory of Σ which is a contradiction. ■

Finally, let us give another definition of P-stability which can be interpreted as robustness of a linear control system to perturbations of a special type.

Denote u_i := v_i − v_{i+1} and y_i = x_i − v_i in (3.1). We get the recurrent relation

y_{i+1} = A_{ji} y_i + u_i. (3.2)

If the sequence ‖v_i‖ is uniformly bounded then the uniform boundedness of the sequence ‖x_i‖ is equivalent to that of the sequence ‖y_i‖. The uniform boundedness of the sequence ‖v_i‖ itself is equivalent to that of the sequence ‖ ∑ j=0,...,i uj ‖, i = 0, 1, . . .. Now, we can rewrite the definition of P-stability as follows:

Proposition 3.5 The set Σ is P-stable if and only if there exists an M > 0 such that for any sequence u_i satisfying ‖ ∑ j=0,...,i u_j ‖ ≤ 1, i = 0, 1, . . . , and any y_0 ∈ R^n satisfying ‖y_0‖ ≤ 1, the sequence {y_i} constructed by the rule (3.2) satisfies ‖y_i‖ ≤ M, i = 0, 1, . . . . 4 Duality of BV-stability and P-stability

As follows from definitions, a set Σ = {A_j : j ∈ J} of n×n-matrices is product bounded if and only if the dual set Σ^∗ = {A^∗_j : j ∈ J} is product bounded (A^∗ is the transposed matrix A). It is also clear that the LCP property of Σ is equivalent to the RCP property of Σ^∗ and vice-versa. The following theorem shows that the notions of BV-stability and P-stability are dual to each other in the same sense.

Theorem 4.1 (Duality principle) The P-stability of the set Σ is equivalent to the BVstability of the set Σ^∗ and vice-versa, The BV-stability of the set Σ is equivalent to the P-stability of the set Σ^∗ .

Let us first prove an auxiliary result (it is elementary and, of course, well known, but we provide a proof for convenience of the reader).

Lemma 4.2 Let {h_j }, j ∈ J , be a finite set of vectors in R^n . Then there exists a subset J^′ ⊆ J such that ‖ ∑ j∈J^′ h^j ‖ ≥ α(n) ∑ j∈J ‖h^j ‖, where α(n) > 0 is a constant for each n = 1, 2, . . ..

Proof. Since all the norms in R^n are equivalent, we may assume ‖x‖ = max_{s=1,...,n} |x_s|, where x = (x_1, . . . , x_n). (4.1) Denote L = ∑ j∈J ‖h^j ‖. Since ∑ j∈J, p=1,...,n |h^j_p| ≥ L, there exists a coordinate index p such that ∑ j∈J |h^j_p| ≥ L n ,

Hence, for some sequence s(j) = ±1, we get ‖ ∑ j∈J s(j)h^j_p‖ ≥ L n . Denote J^′ = {j ∈ J : s(j) = 1} and J^{′′} = {j ∈ J : s(j) = −1}. We have either ‖ ∑ j∈J^{′′} h^j_p‖ ≥ L 2n or ‖ ∑ j∈J^′ h^j_p‖ ≥ L 2n and, hence, one can choose α(n) = L/2n (for this particular norm (4.1)). ■

Proof of Theorem 4.1. Suppose that the set Σ is P-stable and consider a finite 1- trajectory X = {x_0, x_1, . . . , x_{q+1}}. The following relations hold: x_{m+1} = v_m + A_{jm} (x_m − v_m), ‖v_m‖ ≤ 1, m = 0, . . . , q. After transformations, we get x_{m+1} = v_m + M^m_m (v_{m−1} − v_m) + M^m_{m−1}(v_{m−2} − v_{m−1})+ . . . + M^m_0 (x_0 − v_0), m = 0, . . . , n, (4.2) where M^m_i = A_{jm} A_{jm−1} . . . A_{ji} . Let us rewrite (4.2) in the form x_{m+1} = (I − M^m_m )v_m + (M^m_m − M^m_{m−1})v_{m−1} + . . .

+(M^m_1 − M^m_0 )v_0 + M^m_0 x_0.

By assumption, the norms of all endpoints x_{m+1} of 1-trajectories from x_0 have to be uniformly bounded for any choice of matrices A_{ji} from Σ and any sequence of disturbance vectors v_i , ‖v_i‖ ≤ 1, i = 0, 1, . . .. Let us show that this property (Property P1) is equivalent to the following one (Property P2): All the sums of the form ‖M^m_m − M^m_{m−1}‖ + . . . + ‖M^m_1 − M^m_0 ‖ are uniformly bounded from above.

Obviously, P2 implies P1; let us prove the reverse implication. Choose vectors h_i ∈ R^n such that ‖h_i‖ = 1 and ‖(M^{i+1}_m − M^i_m)h_i‖ = ‖M^{i+1}_m − M^i_m‖‖h_i‖, i = 0, . . . , m − 1. Now, using Lemma 4.2, we find a subset J^′ ⊆ J = {0, . . . , m − 1} such that ‖ ∑ i∈J^′ (M^{i+1}_m − M^i_m)h_i‖ ≥ α(n) ∑ i∈J ‖M^{i+1}_m − M^i_m‖. It remains to choose v_i = { h_i if i ∈ J^′, 0 otherwise.

and get a contradiction with the uniform boundedness of ‖x_i‖.

Property P2 is equivalent to the fact that the total variation of any right-infinite matrix product A_{j0} A_{j1} . . . is uniformly bounded as well. This is, in turn, equivalent to the uniform boundedness of variations of left-infinite products of transposed matrices A^∗_j . Finally, the last property is equivalent to the BV-stability of the set Σ^∗ (see Proposition 2.2).

All the logical implications we made are reversible, thus the required equivalence follows. Since (Σ^∗)^∗ = Σ, the equivalence of the BV-stability of Σ and the P-stability of Σ^∗ follows immediately. ■

Corollary 4.3 The class of P-stable sets coincides with the class of RCP (right convergent products) sets.

Proof. The assertion follows from Theorem 4.1 and Theorem 2.8 because the set Σ = {A_j } is RCP if and only if the set Σ^∗ is LCP. ■

Corollary 4.4 The set of projections {P_j = P_{{nj ,dj }}} where P_{{nj ,dj }}x = x − d_j ⟨n_j , x⟩ ⟨n_j , d_j ⟩ , j = 1, . . . , k, is P-stable if and only if the set of dual oblique projections {P^∗_j = P_{{dj ,nj }}} is BV-stable.

Proof. Any projection matrix P = P_{{p,d}} can be represented as P = I − A, where A = {a_{s,q}} and a_{s,q} = p_sd_q ⟨p, d⟩ , 1 ≤ s, q ≤ n. Thus, P^∗ = I − A^∗ = P_{{d,p}} and, hence, Q_i = P^∗_i . Now, the required statement follows from Theorem 4.1. ■

The author wishes to thank P. Krejčí and L. Elsner for stimulating discussions of the subject.

References

[1] M. Berger and Y. Wang. Bounded semigroups of matrices. Linear Algebra Appl., 166:21–27, 1992.

[2] I. Daubechies and J. C. Lagarias. Sets of matrices all infinite products of which converge.

Linear Algebra Appl., 161:227–263, 1992.

[3] P. Drábek, P. Krejčí and P. Takáč, Nonlinear differential equations. Research Notes in Mathematics, Vol. 404, Chapman & Hall/CRC, London, 1999.

[4] P. Dupuis and H. Ishii. On Lipschitz continuity of the solution mapping to the Skorokhod problem with applications. Stoch. and Stoch. Rep., 35:31–62, 1991.

[5] P. Dupuis and K. Ramanan. Convex duality and the Skorokhod problem, I, II. Probab.

Theory Relat. Fields, 115:153–195, 197–236, 1999.

[6] L. Elsner. The generalized spectral-radius theorem: Analytic-geometric proof. Linear Algebra Appl., 220:151–159, 1995.

[7] H. Frankowska. A viability approach to the Skorokhod problem. Stochastics, 14:227–244, 1985.

[8] L. N. Gurvits. Stability of discrete linear inclusions. Linear Algebra Appl., 231:47–85, 1995.

[9] J. M. Harrison and M. I. Reiman. Reflected Brownian motion on an orthant. Annals of Probability, 9:302–309, 1981.

[10] V. S. Kozyakin, N. A. Kuznetsov, A. Mandelbaum and A. A. Vladimirov. Investigation of the dynamic complementarity problem by the desynchronization theory methods. Dokl. Ross. Acad. Nauk, 329:5–9, 1993.

[11] J. J. Moreau. Evolution problem associated with a moving convex set in a Hilbert space.

Journ. of Dif. Eq., 20:347–374, 1977.

[12] A. A. Vladimirov, L. Elsner and W.-J. Beyn. Stability and paracontractivity of discrete linear inclusions. Preprint 99–102, The University of Bielefeld, Germany, 1999.

[13] A. A. Vladimirov and A. F. Kleptsyn. On some hysteresis elements. Avtomat. i Telemekh., (7):165–169, 1982. Russian.