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Abstract — A one-particle 3D stochastic Lagrangian model in for transport of particles in
horizontally-homogeneous atmospheric surface laeyr with arbitrary one-point probability density
function of Eulerian velocity fluctuations is suggested. A uniquely defined Lagrangian stochastic
model in the class of well-mixed models is constructed from physically plausible assumptions: (i)
in the neutrally stratified horizontally homogeneous surface layer, the vertical motion is mainly
controlled by eddies whose size is of order of the current height; and (ii), the streamwise drift
term is independent of the crosswind velocity. Numerical simulations for neutral stratification
have shown a good agreement of our model with the well known Thomson’s model, with Flesch
& Wilson’s model, and with experimental measurements as well. However there is a discrepancy
of these results with the results obtained by Reynolds’ model.

Keywords: Horizontally homogeneous turbulence, Lagrangian stochastic models, well-mixed
condition, consistency principle, uniqueness problem, neutrally stratified surface layer.

1 Introduction

This paper deals with one-particle stochastic Lagrangian models (LS) for 2D and 3D
turbulent transport. Here we treat the flow in the Atmospheric Boundary Layer (ABL)
as a fully developed turbulence (i.e., a flow with very high Reynolds number) and consider
it as a random velocity field (u,v,w) which is assumed to be incompressible. Therefore,
the trajectories of particles in such flows are stochastic processes. To simulate these
stochastic processes, two different approaches are known in the literature. The first one
is based on the numerical solution of the system of random equations
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Here X(t),Y(t), Z(t) are the coordinates of the Lagrangian trajectory at the time ¢.
The random fields u, v, w are simulated by Monte Carlo methods (e.g., see Drummond
et.al., 1984; Fung et.al., 1992; Kraichnan, 1970; Sabelfeld, 1991; Sabelfeld and Kurban-
muradov, 1990; Turfus and Hunt, 1987), and the random trajectories are then obtained
by numerical solution of (1.1 ) with the relevant initial data.

In the second approach the true trajectory X (t),Y (¢), Z(t) is assumed to be approxi-
mated by a model trajectory X (¢),Y (), Z(t), a solution to a stochastic differential equa-
tion of Ito type (e.g., see Sawford, 1985; Thomson, 1987; Wilson and Sawford, 1996, and
the list of references in these papers):

dX = Udt, dY =Vdt, dZ=Wdt,

dU = a,dt +b,dB,(t), dV =a,dt+b,dB,(t),

AW = ay dt + by, dB,(t). (1.2)
Here we denote by U, V, W the components of the model Lagrangian velocity, B.(t), B,(t)
and B,(t) are three standard independent Wiener processes; ay, @y, aw and by, by, b, are
generally functions of (¢, X,Y,Z,U,V,W).

Ideally, one would have an approximation such that the true and the model Lagrangian

velocities coincide:

V(t) = o(X(2), Y (1), 2(t),1), W(t)=w(X(),Y(t),Z(1),1) (1.3)



which would assure that the true and model trajectories are the same. However it is
unrealistic to satisfy (1.3), therefore one uses different consistency principles. Namely, the
general consistency principle says that the statistics of the model process X( ) Y(t), Z(t),
U(t), V(t), W (t) satisfies the same relations satisfied by the true process X (t), Y (t), Z(t),
U(t),V(t), W(t), where

w(X (), Y(¢),2(t),t), V(t)=v(X(t),Y(t),Z(¢),1),

W(t) = w(X(t),Y(t), Z(t),t)
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are the components of the true Lagrangian velocity.
Two consistency principles used in the literature are:
(A) Consistency with the Kolmogorov similarity theory,
(B) Consistency with Thomson’s well-mixed condition.
Here (A) reads
((dU)?) = ((dV)?) = ((dW)?) = Coedt,

and
(U AV) = (dUdW) = (dW dV) =0

where dU,dV,dW are the components of the increments of the Lagrangian velocity, € is
the mean rate of the dissipation of turbulence energy, Cj is the universal constant (e.g.,
Monin and Yaglom, 1975; Sawford, 1985; Thomson, 1987); here and in what follows, the
angle brackets stand for the ensemble average.
Note that (A) implies (e.g., see Thomson, 1987) that in (1.2 ), all the terms by, by, by,
are equal to v/Cye:
b, = b, = b, = 1/Coe. (1.4)

Thomson’s well-mixed condition can be rigorously derived from Novikov’s integral
relation (Novikov, 1969)

pE(u,U,w;x,y,z,t) - /pL(m)ya Z,U,U,w;ﬂ?o,yg,ZO,t)dl'odyong. (15)
R3

Here pg is the probability density function (pdf) of the Eulerian velocity u,v,w, in the
fixed point z,y, z, at the time ¢, and py, is the joint pdf of the true Lagrangian phase point
X,Y,Z,U,V,W defined by the trajectory started at xy, yo, 2o.

It is natural to require that the pdf of the model phase point governed by (1.2), say
pr,, satisfies

pE(u;U)w;wayaz)t) - /pAL(x)y) zauavaw;anyO;ZU)t)dedyOdZO- (16)
R3

Note that (1.6 ), the Focker-Planck-Kolmogorov equation for pr and (1.4 ) lead to the
well-mixed condition due to Thomson (1987):
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It is convenient to rewrite this equation in the form given by Thomson (1987):

Opg OpE Ope OpE 0 0 0
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o Fus =+ 5 +u— +au(¢u)+6v(¢v)+aw(¢w) 0, (1.8)

where
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The vector function ¢ = (@u, ¢v, Pw) is not uniquely defined from (1.8 ). Indeed, a series
of solutions can be obtained by adding to ¢ an arbitrary vector-function whose divergence
in velocity space is zero.

It should be noted that in one-dimensional case, the well-mixed condition uniquely
defines the LS model even for non-Gaussian pg (Thomson, 1987). In multi-dimensional
case, the uniqueness problem can be formulated as follows: give physically plausible as-
sumptions which define uniquely the function ¢ in (1.8 ).

The first 3D LS model satisfying (1.8 ) was suggested by Thomson (1987). The pdf pg
in his model has a Gaussian form, and the drift terms a,, a,, a,, have a quadratic depen-
dence on the velocity. Another example of a model (suggested by Borgas; see, e.g., Wilson
and Flesch, 1997) with quadratic drift term and Gaussian pg was studied in Sawford and
Guest (1988). They have found that the Borgas model gives slightly different results
compared to Thomson’s model. Reynolds (1997) has constructed a two-parametric class
of well-mixed models, also quadratic and with Gaussian pg, which includes Thomson’s
and Borgas’ models. He demonstrated that two different models from his class produce
essentially different predictions of the turbulent dispersion.

Non-Gaussian form of pg in 2D case was treated by Flesch and Wilson (1992). To
extract a unique model in the class of well-mixed models, they suggested the following
assumption: the term (¢, /pE, ¢u/pE) accelerates particles directly towards (or away from)
the origin of (u,w) space. A 3D generalization of this model is given by Monti and Leuzzi
(1996). Further generalization of the approach of Flesch and Wilson (1992) was given in
Wilson and Flesch (1997): the vector (¢./pE, ¢w/Pr) is chosen so that there is no preferred
direction of rotation of the velocity fluctuation vector (“zero-spin” models). However as
shown by Reynolds (1998), this approach does not solve the uniqueness problem.

It should be emphasized that all the above mentioned LS models deal with quite
general inhomogeneous turbulents flows. It is therefore difficult to formulate physically
motivated assumptions which, together with the well-mixed condition uniquely define the
LS model. Therefere it is reasonable to consider special classes of turbulent flows (e.g.,
horizontally homogeneous) whose specific features can be used to construct uniquely the
LS models under assumptions with credible physical basis.

In the present paper we treat a 3D horizontally homogeneous surface layer with a
general form of pg, and formulate a physically plausible assumption about the structure
of the drift terms a,, a,, a,. This assumption uniquelly defines our model in the class
of well-mixed models. The model proposed is essentially different from all the models
cited above, in particular, for Gaussian pg, our model, being in this case also quadratic
in velocities, is generally not in the class of models given by Reynolds (1997); we mention
only the case of ideally neutral stratification (i.e., the Obukhov-Monin length scale is
infinite: L = o0o): in this case our model belongs to Reynolds’ class if the parameter C;
is chosen as C; = Cyu}/20?, and Cy = 0 (see Appendix B).
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In Section 2 we formulate the Assumption which ensures the unique definition of our
model for the horizontally homogeneous neutrally stratified surface layer. Comparison
with other stochastic Lagrangian models and experimental measurements is given in Sec-
tion 3. Convective case is treated in Section 4. The behaviour of trajectories of our model
near the boundary is analysed in Section 5. In Appendix A the drift terms are derived
in the Gaussian case. In Appendix B we analyse how our model relates to Reynolds’ and
“zero-spin” classes of models.

2 Neutrally stratified boundary layer

2.1 General case of Eulerian pdf

We consider a horizontally homogeneous incompressible ABL in the half-space R3+ =
{(z,y,2) : z> 0}, where z,y are the horizontal coordinates, and z is the vertical coordi-
nate. Thus it is assumed that the mean velocity has no vertical component. It is supposed
in this section that the mean velocity vector is not changing his direction with height, it
is directed along the X-axis, and the crosswind velocity fluctuations are symmetric with
respect to the plane XZ. Thus the mean velocity vector is (@(z,t),0,0), while pg does
not depend on z, y.
We will write the pdf pg in the form

pE(ua v, w; 2, t) = p’E'(u’) U,a ’U)l; Z, t)

where v’ = u — 4(z,t), v = v and W' = w.
By (1.4 ), the equation (1.2) in these variables has the form:
dX = (U'+a(Z,0))dt, dY = V'dt, dZ = W'dt,
dU' = a,(t, 2, U, V!, W"dt + /Coe dB,(t),
dV' = a,(t, Z,U", V', W"dt + /Coe dB,(t), (2.1)
dW' = al (t,Z,U", V', W")dt + \/Coe dB,(t).

To simplify the notation, here and in what follows we omit the hat sign introduced in
Section 1 to denote the model trajectory.
The well-mixed condition in new variables is
!/ !/
P w8 1 Ol 4 (o) + o (dlr)
_ Coe [ 0Py | Opp | 0P
"2 {a<u'>2 8(v') a(w'>2}

(2.2)

Now we give our main assumption about the structure of the Lagrangian model (2.1).
Assumption. We assume in addition to the well-mixed condition that:

(i) the vertical drift term does not depend on the horizontal velocity components: al, =

al (t,z,w');

(i) the streamwise term a,, does not depend on the crosswind velocity v': a, = al (¢, z, v, w').



This assumption meets the conditions of a surface layer with neutral (or close to)
stratification. Indeed, all the contributions to the vertical motions can be divided into
two parts: the first comes from the vortices whose sizes are smaller or close to the current
height 2z, and the second is due to the large horizonatally streched vortices. The second
part of the contribution is much smaller than the first one since the vertical velocities in
such horizontal streched vortices are much smaller than that of the small vortices whose
sizes are of the order of the current height. The first part comes mainly from isotropic
vortices of the inertial subrange. But in the isotropic case, the well-mixed condition leads
to the dependence a!, = a (¢, z,w') (e.g., see Wilson and Sawford, 1996) which gives us
the motivation of the point (i) in our assumption. As to the point (ii), we note that the
coordinate system is chosen so that (u'v') =0, (v'w') = 0, but (v'w’) # 0, which suggests
the approximation a! = a//(t, z, ', w').

The approximation formulated in the point (ii) is reasonable if the mean velocity is
dominating over the fluctuated part. Otherwise, for instance in convective case, this
approximation fails, and the velocity components u' and v’ must enter the drift terms
symmetrically. In Section 3 we will treat this case separately.

Note that the dependence a], = d!(t,z,u',w’) holds also both for Thomson’s and
Reynolds’ model, see Appendix B.

Thus the model (2.1), in view of the Assumption reads
dX = (U'+a(Z,0))dt, dY = V'dt, dZ = W'dt,
dU" = d(t, Z,U",W")dt + /Coe dBu(t),
dV' = d\(t, Z,U", V', W')dt + /Coe dB, (1), (2.3)
dW' = . (t, Z,W')dt + \/Coe dBy(t).

Integrating (2.2 ) over v’ and v’ yields

8pllE /apllE 0 ' AW C’08 62p’1E
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where o =

pip=pp(w;zt) = / /psg(u',v',w';z,t) du'dv'. (2.5)

Here we have assumed that

opy, Op)
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all tend to zero as  (u')? + (v')? — oo.

Similarly, the integration of (2.2 ) over v’ leads to
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where -
Pop = Dop(u/,w'; 2, t) = / pe(u, v w2, t) dv'. (2.7)

Now, under the assumption about the behaviour in the infinity, it is possible to define

uniquely the coefficients a!,, al and al,. Indeed, from (2.4 ) one gets a!,, then from (2.6 )

u) v

one finds a), and from (2.2 ) one obtains a!. This yields
1 Che Op) 0fir  OFg
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where "
fip(w; z,t) = / Pip(w'; 2,t) dw',
Fip(w;2,t) = / w'pip(w'; 2, t) dw',

and

a,(t,z,u, w)

1 [Coe (Ophy = O*fom 0fag 0fam 0/,
- . ~Z 9.
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where .
fap(u, w; z,t) = /p'zE(u’,w;z,t)du’.

Finally,
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where

v
fe(u,v,w; z,t) = /p'E(u,v',w;z,t)dv'.

Thus the coefficients (2.8 )-(2.10) define a unique stochastic model (2.3 ) through p/;.
In the case when the crosswind velocity fluctuations are independent of the streamwise
and vertical fluctuations, i.e., if

Pp(u, v, w; 2, t) = pyp(u, w; 2, )pyr(v; 2, t) (2.11)
then the expression (2.10) for the crosswind drift term can be simplified:
COS 6va 1 8fvE‘ w 8fvE‘

al (t,z,u,v,w) = (2.12)
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2.2 Gaussian pdf

We present here expressions for the coefficients to (2.3 ) for Gaussian pdf pg. Recall that
we deal here with horizontally homogeneous turbulence, and use a coordinate system
where the direction of the mean velocity coincides with the X-axes, and the crosswind
velocity fluctuations are symmetric relative to the plane XZ. Therefore, the Gaussian
pdf pr has the form

2
pp(u,v,w; z,t) = m exp {—ﬁ(u — pw)? — ;Ti}
X ! exp{—v—Z}, (2.13)
V2ra, 202
where AL -
Tufw =~ P = o2 A = apoy, — (ww)?,
and o2, 02, 02 are the variances of the z-, y- and 2- velocity components, respectively.

Using the result given in Section 2.1 we obtain (see Appendix A) the following expres-

sions: 5 5o )
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Note that in the stationary case these expressions can be simplified to
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3 Comparison with other models and measurements

3.1 Comparison with measurements in ideally-neutral surface

layer (INSL)

In this section we analyse some quantities in the case of turbulent dispersion in a sta-
tionary, horizontally homogeneous, ideally-neutral surface layer (i.e., the Obukhov-Monin
length L equals to infinity).

We have calculated the following dimensionless Lagrangian characteristics:

A(t) = w B(t) = <Z(t)>, O@t) = 2> exp {MX(t» n 1}, (3.1)

Uyl Uyl

and the ratio pr(z) = k,(2)/k.(z), where & is the von Karman constant, k, = Ku.z is the
molecular diffusivity, and k, is the vertical eddy diffusivity coefficient defined through the

Boussinesque hypothesis:
S 0¢(z)
W (2) = —k,(2) 2. 3.2
w(z) = —ki(2) (32)

Importance of the characteristics A(t), B(t) and C(t) is that these functions tend, as
t — 00, to some universal constant values a, b and c, respectively, provided hy and z, are
much less than u,t (e.g., see Bysova et al., 1991, p.77). Here h, is the height at which
the Lagrangian trajectory starts. As to the ratio pr(z), for values z much larger than the
source height, it tends to the Prandtl constant Pr; its universal character is well known
and is in the literature often approximately taken equal to unity (e.g., see Monin and
Yaglom, 1971, Section 8.2).

Since all the four quantities A(t), B(t), C(t), and pr(z) do not depend on the crosswind
dispersion, we use the 2D stochastic models to simulate the dispersion:

dX = (U +u(Z,t))dt, dZ = W'dt,
dU" = al (Z,U',W")dt + \/Coe dBy(t), (3.3)
dW' = al (Z,U',W")dt + \/Coe dBy(t),
where for the ISNL, the vertical profiles of ¢ and % can be taken as follows (e.g., see
Monin and Yaglom, 1971)
ud Uy
e(z) = K—;, a(z) = ;ln (z/zo),

and zj is the roughness height. The calculations were carried out by Thomson’s, Reynolds’,
Flesch and Wilson’s, and ours models. Thomson’s 2D model in this case is specified by

Coe(z)

C
U/;(Z, u, U)) = _T(O—iu + UE’LU), a;u(za U, w) = - 02522) (O’ZU) + U’iu)a
where o, and o, are given by o, = byUs, 0w = byu, with u? = —uw = const; A =

o202 —uw?, b, and b, are universal constants. Following Panofsky and Dutton (1984),

and Stull (1988) we have taken b, = 2.5, b,, = 1.25. These parameters enter all the models
specified below.



The drift terms of the model due to Flesch and Wilson (1992) can be written in the
case of INSL as follows

 Coe(z) 0lnpy  Coe(2)

! _ _ —
au(za ’U,, w) - 2 8U - 20_5/1” (U’ Pw),
Coe(z) dlnpy  Coe(2)p Coe(z)
aiu(Z,U,w) = - 9 Sw = 205/1” (u — pw) — W w,

where 0,/, = VA/0y, p=TW/02.
The model of Reynolds (1998) in our case of ideally-neutral surface layer is specified

Coe du\ o2u + vlw
! - _ U= O 277 w *
al (z,u,w) < 5 Lul dz) X ,
Coe(2) o dio2u + viw

a,(z,u,w) = — (aiw + ufu) + Cio (3.4)

2A de A
with C; = 3 chosen by Reynolds (1998) to fit the experimental results of Legg (1983).

Our model (2.14 )-(2.15) (in what follows we call it a KS model) in the case of INSL
is specified by

Coe(2)(1 + p?) p Coe(z)
! — — -
a’u(za u, w) - Zoi/w (U p’l.U) + 20_121) w,
Coe(z)
! = —
Ay, (2, w) = 5y W (3.5)

w

Note that if we choose the parameter C; in (3.4 ) as C; = Cy/2b%, then it reduces to
our model (3.5) (see Appendix B). Reynolds however suggests in his model C; = 3, and
in all comparisons below, when referring to Reynolds’ model, we take C; = 3.

In all models, the calculations were carried out for zy = 0.01 m, the trajectories started
at hy, = 0.02 m, u, = 0.4 m s !, the number of trajectories was N = 10° in the case of
a,b and c calculations, and N = 10° for the constant Pr. The vertical eddy diffusivity
k., was calculated from the relation (3.2 ) where a finite-difference approximation of the
calculated mean concentartion was used to find the mean concentration derivative. A
stationary source was uniformly distributed on the plane z = z, = 0.02 m.

The stochastic differential equations were solved by the explicit Euler scheme, with
the varying time step At = ar(z), where 7,(2) = 20,/Cye(z) is the Lagrangian time
scale; to reach stable numerical results, we found that o = 0.02 was sufficient. At the
boundary, a perfect reflection is made after the trajectory hits the layer {z < 2y}, 2o being
the roughness height.

The results of calculations and experimental data are presented in Table 1. The
calculations were carried out for different values of Cy since the constant Cj is known
to be scattered in the interval (2,8), (e.g., see Pope, 1994). The results for all four
constants a,b,c and Pr show that our model is in a good agreement with Thomson’s,
Flesch and Wilson’s models and experimental results, but in a poor agreement with the
results obtained by Reynolds’ model. As to the best fit to the experimental data, our
model reaches it at Cy = 4 while Thomson’s and Flesch and Wilson’s models fit best at



Cy = 5. Concerning the Reynolds model, it should be mentioned that as Cj becomes
larger, the discrepancy between the results obtained by his model and measurements
slightly decreases, but even for Cy = 7 it remains too large. Calculations for Cy = 10 (in
the Table not shown) gave almost the same results as for Cy = 7.

Table 3.1. Universal constants a,b,c and Pr calculated by different Lagrangian models,
compared against experimental results.

‘Model ‘Co‘a ‘b ‘c ‘Pr ‘

Thomson (1987) 3. | 0.85 0.65 0.25 0.47
4. | 0.71 0.54 0.22 0.6
5. | 0.61 0.46 0.2 0.74
7. 1048 0.35 0.16 1.

Flesch & Wilson (1992) 3. | 0.85 0.65 0.26 0.45
5. | 0.61 0.46 0.2 0.8
7. 1048 0.35 0.16 0.9

KS (see (3.5), Section 3.1) 3. 10.73 0.55 0.17 | 0.64
4. | 0.59 0.44 0.15 0.82
5. | 0.5 0.36 0.14 1.
7. 1 0.37 0.27 0.11 1.43

Reynolds (1997) 3. | 0.13 0.09 0.04 5.26
5. | 0.18 0.13 0.06 3.3
7. 10.21 0.15 0.07 2.86

MEASUREMENTS

Garger & Zhukov (1986) 0.58 0.44 0.19

Chandhry & Meroney (1973) 0.4

Rider (1954) 0.83

Gurvich (1965) 1.25

3.2 Comparison with wind-tunnel experiment by Raupach and
Legg (1983)

In this section we present a comparison of the same models analysed in the previous
section against the data of the wind-tunnel experiment by Raupach and Legg (1983).
The vertical profiles of the mean concentration ¢, the streamwise and vertical fluxes of
concentraion c'u/, c'w’ were analysed.

A stationary line source at the height h, = 0.06 m directed along the y-axis was
considered, and all the profiles were calculated at the downwind distance x = 7.5 h,.

The problem is governed by 2D equations used in the previous subsection.

In Figure 1 the scaled mean concenrtaion ¢(z, z)/c, and temperature (z, z)/0, profiles
are shown for Cy = 3, where

c. = Q/(hsu(hs)), 0. = Q/(pcphst(hs)) -

Here @ is the line source strength per unit length, p the air density and ¢, the specific
heat of air at constant pressure. The temperature profiles were taken from the paper by
Raupach and Legg (1983).
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34
Raupach & Legg experiment — ® —
2.5 Thomson’s model — 0 — 1
Reynolds’ model — o —
KS model — % —

0 0.2 0.4 0.6 0.8 1

dimensionless concentration E/C*

Figure 1. A comparison of three model predictions of vertical profile of mean concentrtaion
with Raupach and Legg’s measurement, for Cy = 3.

z/hs
3
Raupach & Legg experiment — ® —
2.5 Thomson’s model — 0 — 1
Reynolds’ model — o —
KS model — % —

0 0.2 0.4 0.6 0.8 1 1.2
dimensionless concentration E/c*

Figure 2. The same as in Figure 1, but for Cy = 7.
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z/hs

3
2.5 _
2+ _
1.5 - _
1+ _
Raupach & Legg experiment — @ —
Thomson’s model — 0 —
0.5 |- Reynolds’ model — o —
KS model — % —
0 \ ' \ \
-0.4 -0.2 0 0.2 0.4 0.6

dimensionless vertical flux w'e /uyc,

Figure 3. A comparison of three model predictions of the vertical profile of mean vertical
flux with Raupach and Legg’s measurement, for Cy = 3.

z/hs
3
2.5 - .
2 o
1.5 - .
1 o
Raupach & Legg experiment — ® —
0.5 Thomson’s model — 00— |
' Reynolds’ model — o —
KS model — k% —
D
0 | | | | | | | |

-04 -03 -02 -0.1 0 01 02 03 04 05

dimensionless vertical flux w'e /uyc,

Figure 4. The same as in Figure 3, but for Cy = 7.
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z/hs

3 \ \
g Raupach & Legg experiment — ® —
25 L 2 Thomson’s model — o — |
. Reynolds’ model -0 —
KS model — % —

0 ! \ \ \
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dimensionless horizontal flux u/c’ /uc

Figure 5. A comparison of three model predictions of the vertical profile of mean streamwise
flux with Raupach and Legg’s measurement, for Cy = 3.

z/hs
3 \ \
Raupach & Legg experiment — @ —
9 Thomson’s model — 0 —
D Reynolds’ model — O — |
KS model — k% —

0 | | P | |

-1 -0.5 0 0.5 1 1.5
dimensionless horizontal flux W/u*c*

Figure 6. The same as in Figure 5, but for Cy = 7.
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All the models predict the experimental results qualitatively well. We mention that
the results obtained by Flesch and Wilson’s model are very close to the results obtained
by Thomson’s model, therefore, we do not plot them in our Figures. Above the height
z = 1.75h, all three models agree well with the experimental results.

Below the height 1.5h; Thomson’s and KS models give results close to the measure-
ments, while Reynolds’s model overestimates the maximum concentration and underes-
timates the concentration near the ground. As to the sensitivity to the constant Cj, we
have made calculations also for Cy = 2.,4.,5., and 7. The best fit of Thomson’s and KS
models was found at C, = 3.

For larger values of Cy (see Figure 2 for Cy = 7.) all the models overestimate the
values at the maximum, and underestimate at small and large heights. In Figure 3 the
vertical profile of the vertical flux of concentration is shown for Cy = 3. From this curves,
it is clearly seen that at the height z < 2z, Thomson’s and KS models underestimates, and
Reynolds’ model overestimates the experimental results. Above the height z = 1.5z, all
three models are in a good agreement with the measurements.

Note that for Cy = 7. the picture is different (see Figure 4): the models give slightly
better predictions for heights z < 1.5z, In Figures 5 and 6 the vertical profiles of the
streamwise flux of concentrtaion are presented for Cy = 3. and Cy, = 7., respectively. Here
the Reynolds’ model significantly overpredicts the maximum and underpredicts the min-
imum values. Thomson’s and KS models show better agreement with the measurements.
Note however, that the agreement between Thomson’s and KS models in this case is not
so perfect as in the Figures 1-4. Calculations of the vertical and horizontal fluxes by
our model with different values of C\y have shown that the best fit with the experimental
results was around Cy = 3.5+ 0.5 (e.g., see Figures 3-6).

4 Convective case

In this section we consider a horizontally homogeneous boundary layer under strong con-
vective conditions, at sufficiently large heights compared to |L|. In this case, the velocity
fluctuations can be considered as horizontally isotropic (e.g., see Monin and Yaglom,
1971). Therefore, the mean velocity is zero, and the correlation between the vertical and
horizontal velocities is zero.

In this section we show that the horizontal isotropy and the dependence supposed in
(i) of the Assumption ensure the unique choice of the Lagrangian stochastic model for the
convective layer.

To construct the Lagrangian one-particle model in the convective case, we have to
specify the Eulerian velocity pdf. For simplicity, we will treat the case when the Eulerian
pdf has the form

pi(u, v, w; 2,t) = ply(w; 2, )P (uL; 2, 1), (4.1)

where u, = vu? + v2, p% is the pdf of the vertical velocity component, and p3 is the pdf
of the horizontal velocity components satisfying the relation:

/ du / dvpg(Vu? + v 2, t) = 27r/duL wipg(u;z,t) = 1.
A 0

—00
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Note that in the convective case, the assumption (4.1 ) is quite reasonable, because
the vertical and horizontal velocity fluctuations can be considered as approximately inde-
pendent.

Under the horizontally isotropy and assuming that the vertical velocity component is
governed as assumed in the Assumption, point (i), the model (2.1) takes the form

dX = Udt, dY =Vdt, dZ =Wt
dU = Ug(t, Z,U,, W)dt + \/CoedBa(t) ,

dV = Vg(t, Z, U, W)dt 4+ \/ChedB,(t) , (4.2)
AW = a,(t, Z,W)dt + /CoedB,(t) .

Thomson’s well-mixed condition implies in our case that

pE(uJ_) w; z, ) + — (’LUULpE') + —(Uing) + —('U:L (o7 pE)

UL Bt B2 E Bw
Coc( 0 , 0 52
=5 {ur (w25,7) + gz (wps)} (4.3)

This relation follows from (1.7 ) and from the following simple equalities

) ) 1 9
%(UQPE) + %(UQPE) = Z%(U’LQPE%

pg  Fpg Fpp 1 0 ( apE) pg

Ou? + Ov? ow?  u, Ou, “LauL ow?

The well-mixed condition (4.3 ) can be simplified as follows. Integrate (4.3 ) over u

and use the relation 27 [° pp(u,, w; z,H)u du, = pUE (w; z,t). This yields (assuming u? pg

and ulg% tend to zero as u; — 00)

oy 9, 9 I
5t + a(wa) + %(awa)

~ Coe sz‘ltJ
2 dw?’

(4.4)

This is the one-dimensional well-mixed condition (2.4 ). As in the case (2.4 ), we can find
from (4.4) the coefficient a, (¢, z,w) :

I
1 F;
ay(t, z,w) = ” {COE P — <af1E + 9 1E> } , (4.5)

w

fip(w; z,t) = /p',';(w';z,t) dw’,

where

To find the function g, we substitute (4.1) in (4.3 ), which in view of (4.4 ) yields
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0 Che O OpL
(il gpp) = 2 (u o E). (4.6)

8PE 9 1L
* oz (w’UILpE) + 8UJ_ 2 6’U,L 6’U,L

S ot 0z

Integrating (4.6 ) over u, from 0 to co we get, under the condition u% gpz — 0 as u; — 0,
that

8PE 8PE C()S apL
W‘HUE‘HHQU Z,uL,w)py = TuLﬁ, (4.7)
where
U
Pg(u,;z,t) = /upf%;(u; z,t)du.
0

This defines the function g if pg is given.
For example, if

1 u? 1 u?
L L 1
- S N = (1— I
P5(t) 2m02(t, 2) exp { 202(t, 2) }’ () 27 ( oxp { 202(t, 2) })’
then,
0P  Odlnoy, 5, | 0P  Olnoy, 5 | opg  ui |
92 02 (u1pE), ot ot (u1pE), ou, U¢pE7
and we get

1 {C[)S 6p§ 6PE_ 6PE}__C0€ 61H0’L 61110'J_

— — . 4.8
u? ps 202 ot " o2 (48)

2 “ou, ot Vo

g:

As to the coefficient a,(t, z,w), it is suggested in Luhar and Britter (1989) for the
stationary convective boundary layer.

Remark. We have assumed here the factorization (4.1 ), which simplifies the form of
g. Generally, when (4.1 ) is not true, the function g can be found analogously but its
structure is more complicated.

5 Boundary conditions

Note that to complete the description of the Lagrangian stochastic model, we need to
define the behaviour of (X (¢),Y (t), Z(¢),U(t),V (t), W (t)), the solution to

(1.2) in the neighbourhood of the boundary I' = {(z,y,2) : z = 0}. We assume that
the boundary is impenetrable, i.e., that w = 0 at the boundary of I'. This implies that
the true Lagrangian trajectories never reach I'. Therefore it is reasonable to require that
the same property holds for X (¢),Y (¢), Z(t), the solutions to (1.2). This can be done by
special choice of the function £(z,t). Indeed, in the neighbourhood of T, it is reasonable to
consider the flow as ideally neutral stratified. Therefore, pg(w) is Gaussian, with constant
0w, and the vertical profile of £(z) is given by (e.g., see Monin and Yaglom, 1971):

e(z)=—, k~04, z>z. (5.1)
Here k is the Karman constant, and z; is the roughness height.
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The equation of vertical motion then is

dZ =Wdt, dw(t) = —%W(t)dt + % dB(t), (5.2)

where

ul Coud\ 1L
= — b= (—=)°.
¢ 202’ ( K )

If we assume that the formula (5.1) is true for all z > 0, then all the solutions to

(5.2) do not reach the boundary I'. Indeed, let 7 be a random variable (wich depends on

the trajectory Z(t)) defined by
t

B ds
= 205

Then, the vertical velocity in new variable W (7) satisfies the equation

7()

dW (1) = —aW (1)dr + bdB(r).

Therefore, from

dZ dZ dt
e ddr W(r)Z(T)

we have

Z() = Z(0) exp{S(r)}, S(7)= / W (r') dr'.

The function W () is an Uhlenbeck-Ornstein process with continuous samples. Therefore,
|S(7)| < oo for all 7 > 0 with probability one. This implies that Z(7) > 0 provided that
Z(0) > 0. Thus the function Z(7) never reaches the boundary I'. The same is true for
Z(t). To show this, it is sufficient to note that ¢(7) — oo as 7 — oco. Let us show this
property. We have

T T T

Z(0) / exp{S(')} dr'.

0 0 0

o~
)
3
~
I
—
3]
\]\
U
\]\
I
—
N
—~~
\]\
~
IS
\]\
I

In Kurbanmuradov (1995) it is shown that with probablity one,
/exp{S(T)} dr = 0.
0

This implies that with probability one ¢(7) — oo as 7 — oc.

6 Conclusion

A uniquely defined Lagrangian stochastic model in the class of well-mixed models is con-
structed from physically plausible assumptions: (i) in the neutrally stratified horizontally
homogeneous surface layer, the vertical motion is mainly controlled by eddies whose size
is of order of the current height, and (ii), the streamwise drift term is independent of
the crosswind velocity fluctuations. The supposition (i) is motivated by the well known
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property that the vertical motion of vortices whose size is much larger than the current
height is damped by the ground surface. Therefore, it is reasonable to assume that the
vertical drift term is the same as in the isotropic case: al, = al (¢, z,w). As to the point
(ii), it comes from the assumption that in the special coordinate system where the X-
axis is oriented along the mean velocity vector, the crosswind velocity fluctuations are
symmetrically distributed with respect to the plane X Z.

In the free convective layer the mean velocity vector vanishes, and the horizontal
motion is isotropic. This property is used to define uniquely the model using only the
point (i) of the Assumption.

In the model presented the Eulerian pdf pg may be not Gaussian, as, for instance, in
the forest canopy (Wilson and Flesch, 1992). The Gaussian case is analysed in details.
The model is compared against the wind-tunnel experiment of Raupach and Legg (1983)
and models due to Thomson (1987), Flesch and Wislon (1992) and Reynolds (1998).
Numerical experiments have shown a good agreement of our model with the models of
Thomson (1987), Flesch and Wilson (1992), and with experimental measurements as well.
However there is a large discrepancy of these results with the results obtained by Reynolds’
model. Our model shows the best fit to the measurements for Cy = 3.5 £+ 0.5; namely, at
C = 4., we found the best agreement between the calculated and measured values of the
universal constants a,b,c and Pr; at Cy = 3., the best agreement with the wind-tunnel
experiments by Raupach and Legg (1983) was achieved. It is interesting to note that our
model, also being quadratic in velocity (in the Gaussian case), does not belong to the
general two-parametric class of models suggested by Reynolds (1997); it is also not in the
family of “zero-spin” models introduced by Wilson and Flesch (1997).

It is beleived that the model proposed is well suited for the case of neutrally (or close
to) stratified surface layer. For the whole boundary layer with the mean velocity vector
varying with height the generalization might be possible, but requires a special study. The
same is true for the generalization to compressible flows which is important for studying
a stably stratified surface layer.
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Appendix A. Derivation of the coefficients in the Gaussian case.

Here we derive the coefficients (2.14 )-(2.16 ) from (2.8 )-(2.10 ) in the case of Gaussian
pdf (2.13). First we remark that from (2.5) and (2.7) it follows

1e(w; 2, 1) ! e w’
2 = X 59 (>
DiE /27'('0'“) p 20_12”
w

1 1 , W
Pog(u, w; z,t) = WEXP {—F(U — pw)” — E} .

u/w
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Consequently,

7w 1

fim(w; 2, 8) = [; T (£/2) = @ (%)

Fip(w; z,t) = —o5pi g(w; 2, 1).

Note that
1 0pf 1 OF 1 do?
. plE:_%’ - 1E:_(w2+1)&’
Pig Ow o2 pip 0z 2 0z
and of 3
1E W OOy
__—(I) w)s
ot oz ot (w/ow)
where . b
P :/ — —t2/2)dt, (1) = —.
)= [ e (/2 ) =

From (2.8 ) we find
’(t )—_ %_i_’” _|_1_’2” _2_|_1
a,(t,z,w) = wt o5, > .

Note that this coincides with Thomson’s relevant expression in his 1D model.
By the definition

U — pw
for(u,w, z,t) :p'lE(w;z,t)q)( P )
Ou/w

To find a!, from (2.9 ) we need the expressions for

0far 0fak 0far 317'215 82f2E
ot ’ 0z  Ow’' Ou’ Ow?’

By definition we get

0Py (u — pw) 6f23 1 002 o€
_— - Y ) 1w
ou O_Z/w PaE f2E 2% 2 6t 0_121) + (g) ot )

ang . 1 80' 85
9z fZE{2 2 9y (U_2_1>+\I!(£)$}’
0

gfj = sz{—% —‘I’(f)n},

0? 1 :
L — el [ & - v - i),

where 4 4U(7)
T U — pw uw
U =—1In® U = = =
(7) = g, ¥r) = T €= PP g B

Substituting these expressions in (2.9 ) yields
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a, _ CQE (u_ w)+ 1 afgg_wasz_f 8@211_&, 8f2E+C’05 a2f2E
“T 02, TP S T 0z Pow “ow | 2 ou?
Coe foE 1 902 [w? o0&
— _ " B R TN
202, (w=pu)+ { 202 ot (ofu ©)%
1 002 [w? of]  od w
| P (Y ) pue) | % gy |y
[20,2” 0z (05 ) + () 62:] ow [ o2 (5)77]

+95K—%—W@0.7%+ﬁm4}. (A1)

Since I
= Tuw (O = (€ + (),
2E
find fi Al
we I1n rom,(t ) B _006(1+p2) B L c %
au( ,z,u,w) - 20_2/ ( p’U)) + 202 0€ + ot w
pdo% (w? ¢ o
PZw (2 41 — el il
N (ag, * ) Tufw <6t T,
Coe(1 + p?) oo p 0ot (w?
= _ - (c w Pw [ 2
203/w (u—=puw)+ 202 et ot * 2 0z 012”—1_

Since for the case considered the condition (2.11) is satisfied, we use here the expression
(2.12). Substituting

1 0peg v 10fg  wvdo, 1 0fig v 0oy

Por OV __0_3’va o o, Ot 'pyg 0z o, 0z

into (2.12), we get

Coe 1 600) 1802 vw
U —

a (t, z,u,v,w)=— [ — — — —.
o ) (203 o, Ot 2 0z o2

Appendix B. Relation to other models.

Two-parametric class of models due to Reynolds.

Here we analyse Reynolds’ two-parametric class of models in the case of horizontal-
ly homogeneous turbulence with the mean velocity direction not varying with height.
It is also assumed that the X-axis is oriented along the mean velocity vector, and the
crosswind velocity fluctuations are symmetric with respect to the plane X Z. Then the
two-parametric class of models quadratic in velocity, which satisfies the well-mixed con-
dition for Gaussian pg, considered by Reynolds (1997), reads

dX, = (U] + a(Xs,1))dt, dX, = Uydt, dX3 = Uzdt,
U] = d}(t, X3, U}, Uy, Ug)dt + \/Coe dBy (1),
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dUL = al(t, X5, UL, Ub, Ub)dt + \/Coe dBa(t), (B1)

dU; = ay(t, X3, Uy, Uy, Ug)dt + 1/ Coe dBs(t) ,

where
Coe 1 60’5 1 aai oA m
a;(t, 2, U1, Ug, Ug) = —TO)\ijuj + 2 62:3 + 502(6—2:3 + Ui30km6—I;)
1 OAim o1 o1 1 Ok
—EO'ima—]t’Ulj + Cl (O’Ba)\jl - (51i(53j—z)uj - 5020'i38—;u]"u,k
1 O em .
—5 (1= Ca)oim 82 usup, i=1,2,3. (B2)

Here we adopt the summation convention, hence the notation (X,Y, Z) = (X, X, X3)
and (U, V,W) = (Uy, Uy, Us) is used; d;; is the Kronecker symbol, o;; = (A71);; are the
velocity covariances which in the case considered have the form:

2 2 2 AT
011 =0y, 022 =0,, 03 =0,, 012 =021 =023 =032 = 0,013 = 031 = UW;

2 2 —
A= S, A = % Mg = 2, A2 = Doy = Doy = Ao = 0, g = Aoy = ——,
where 02, 6%, and o2 are the variances of velocity components, A = ¢202 — (uw)?.

Thus the model includes two free parameters C; and C,. Reynolds (1998) has sug-
gested C; = +£3, and Cy = 0 to fit the experimental results for wind-tunnel boundary
layer by Legg (1983).

It is interesting to find if there are some values of Cy, Cy such that the model (B2)
reduces to our model (2.14)-(2.16 ). To this end, it is sufficient to check if the model (B2)
satisfies the Assumption of our model (see Section 2.1). It is clear that the point (ii) of
the Assumption is satisfied iff C, = 0, since in the expression for a}, the dependence on
up can be eliminated only if Co = 0. Thus taking Cy = 0, we analyse the point (i) of
the Assumption. In the expression for a}(t, z, u1, us, us) we are interested in the terms

depending on u; and us, therefore we write it as

o0t 1 1 O\
ah ={...} + Cios3—A1u; — =Coeds1U — = O3 ———U3U
s={..} 10335 Ants — 5 CogAs1Us — S 0sm =g —Usts
where {...} stands for the terms not depending on u; and us. From this we see that if
the term 62% is not equal to zero, then the point (i) cannot be satisfied. Note that this
term iz zero in the ideally-neutral stratification (L = oo). In this case (i) is satisfied, iff

Cl = C()’U,:%/(20'3))
From this we conclude that only in the case of ideally-neutral stratification our model
belongs to the class of models (B1)-(B2) if Cy = 0, and C; = Cyut/(202).

The “zero-spin” property.

Here we show that in our model (for simplicity we consider the stationary turbulence)
the average increment (df;z) to the orientation § = arctan(w’/u’) of the Lagrangian
velocity fluctuation vector in 2D case is negative, and hence it does not belong to the
“zero-spin” class of models.
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Wilson and Flesch (1997) showed that

[ [ ud —wd,

—0o0 —0O0

where . . . .
&:,_%Blan qﬁ_w:,_%alan
Py * 2 Ou T opyp Y 2 Ow
For our model (see (2.18)) we find
o ,dp ldo Coep? Coep pdo? w?
Tu 220 2 _ _ _ Pw (4 2
Py v dz+adzw(u pw) 202 (u=pw)+ 202}w+2 dz ( +U§))’
¢, 1ldo? w? Coep
Tw w0 _
Py 2 dz ( * 03)) 20? (u = pw),

where we use the notation o = 0y/,,. After some algebra we can find that

L Coep o p}; u? p2w2 2
(9;.2) = — dt =% _/_/ (et fr o) dudw <0
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