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Abstract

Modelling reaction kinetics in a homogeneous medium usually leads to stiff
systems of ordinary differential equations the dimension of which can be large.
A well-known approach to reduce the dimension of such systems is the quasi-
steady state assumption (QSSA): the derivative of fast variables is assumed to
be zero. This procedure requires some knowledge of the underlying chemistry,
moreover the corresponding differential system must be explicitly given. In
this paper we shall describe and justify a procedure for a local reduction of
the dimension of state space which does not require chemical insight as well
as an explicit knowledge of the system in a singularly perturbed form. The
mathematical justification is based on the theory of invariant manifolds.

1 Introduction.

Modelling reaction kinetics in a homogeneous medium usually leads to stiff systems
of ordinary differential equations the dimension of which can be quite large. We
assume that the underlying model can be written in the form

% = h(z,t) (1.1)
where z is an n-vector. A well-known approach to reduce the number of differential
equations of system (1.1) is the quasi-steady state assumption (QSSA): the derivative
of fast variables is assumed to be zero [8, 12, 13]|. Consequently, we get a differential-
algebraic system which represents under some additional conditions a dynamical
system on the constrained manifold. This procedure requires some knowledge of the
underlying chemistry telling us which variables are slow and which are fast. At the
same time we need an explicit knowledge of the corresponding differential system.

In case that system (1.1) can be rewritten as a singularly perturbed system

dz

E = f(x)y)tas))
W (1.2)
€ dt - g x)y) aE

where z € R™,y € R¥. n = m +k, and ¢ is a small positive parameter, the problem
of distinguishing fast and slow variables can be solved easily. Under the assumption
that the Jacobian g,(z,y,t,0) is invertible on a solution of g(z,y,t,0) = 0, the
vector y represents the fast variables near that solution for small e. If we set € =0
then we get from (1.2) the differential-algebraic system

dz
= = t,0
dt f(:L.’y’ ) )’

0 = g(z,y9,t,0)

(1.3)



which is called the degenerate system to (1.2). If we are able to solve the second
equation with respect to y, 1 y = ¢(z,t), then we can substitute y by ¢(z,t) in the
first equation and get the differential system

dz

- = f(z, p(z,t),t,0) (1.4)

which is said to be the reduced degenerate system to (1.2) and whose state space
has the dimension m = n — k. The claim that for sufficiently small positive ¢ the
qualitative behaviour of system (1.2) near the surface y = ¢(z,t) is determined by
the behaviour of system (1.4) can be justified under some conditions by means of
the theory of invariant manifolds for singularly perturbed systems [4, 14].

One important problem in studying (1.1) is to find out which variables are fast at
the point z = z; and at the time ¢ = ¢,. To treat this problem we consider first
the spectrum o° of the Jacobian J of the right hand side of (1.1) with respect to
z at (z9,t).- A crucial step is to divide o° into two disjoint parts, 0 = ¢°, U 0?,
where the real parts of all eigenvalues of o are less than —v, v > 0. Then we
look for a transformation such that J° is equivalent to a matrix diag(SY,, S9,) with
o(S9,) = 0% . The main goal of this paper is to derive conditions guaranteeing that
the splitting of the spectrum o into 0, and ¢ implies a splitting of the variables
into fast and slow. To this end we prove the existence of a locally invariant manifold
of system (1.1) near (zy, %) which is exponentially attracting.

The approach to use the spectrum of the Jacobian J° in order to find out which
variables are fast has been applied also by U. Maas [6, 7] and by P. Deuflhard and J.
Heroth [2] in case of an autonomous system. Deuflhard and Heroth use the method
of asymptotic expansion of the solution to an initial value problem of a singularly
perturbed system to get information on the local error of the approximation of
(1.2) by the differential-algebraic system (1.3), whereas Maas gives no mathematical
justification for the introduction of his so-called ’intrinsic manifolds’.

The paper is organized as follows. In section 2 we prove a modification of Gronwall’s
Lemma and recall some basic facts about the real Schur decomposition. In section
3 we prove a theorem about the existence of an integral manifold for a singularly
perturbed system with a special structure. Here, particular emphasis is devoted
to the estimate of the e-interval for which the manifold exists. Our algorithm to
characterize the points in the (z,t)-space where the dimension of the state space
of the reaction system (1.1) can be reduced is represented in section 4. In the last
section we illustrate our approach by some examples. The first example is a reaction
scheme due to P. Duchéne and P. Rouchon [3|, the second represents the famous
Oregonator. Principally, our local analysis can be also used to derive an algorithm
for a dynamic reduction of the dimension of the state space for systems with multiple
time-scales, additionally it can be applied to approximate an invariant manifold for
such systems.



2 Preliminaries

In this section we prove a modification of Gronwall’s lemma and recall some basic
facts about the block diagonalization of a matrix by means of a real Schur decom-
position which will be used to derive a singularly perturbed system with a special
structure.

The following lemma is known as Gronwall’s lemma.

Lemma 2.1 Let k; be a positive constant, let ks and k3 be nonnegative constants.
Let f be a continuous nonnegative function defined on the interval o < t < (8
satisfying for all ¢ the inequality

t

() < k1/ £(5)ds + ka(t — @) + ks. (2.1)

o]

Then we have for a <t <

Under the assumptions of this lemma, the right hand side of (2.1) is monotone
increasing in t. The following lemma is concerned with a similar inequality but
under the assumption that the right hand side is monotone decreasing.

Lemma 2.2 Let the constants ki, ks, ks and the function f as above where f now
satisfies

Then we have for a <t < f3
ft) < (:—j + k3> ek B=t) _ ';—i (2.3)

Proof. We introduce the nonnegative function x by x(t) := f(t) + ko/k1, and the
nonnegative constant ko := ko/k; + k3. Then, from (2.2) we get that x satisfies

B
Mﬂéhlx@%+%- (2.4)

From (2.4) we derive

x(t)
ky [P x(s)ds + ko —

Multiplication by k; and integration yields

3



A kix(§) s
/t k1 ffﬂ x(s)ds + kg < kl/t dé

which is equivalent to

I¢]
kl/ x(s)ds + ko < koeF =),

t

Using (2.4) we get

x(t) < koef (B0,

Taking into account the definition of x we have

ks k- _ ko
< (2 gt _ 22
f(t) < (k2 + k3> e .

O

To prove the existence of an attracting invariant manifold y = 7(z,t,¢) for system
(1.2) we need that g, has eigenvalues with sufficiently large negative real parts. The
following procedure aims to find at a given point (2y,%y) in the space of motion of
system (1.1) a coordinate transformation such that in the new coordinates h,(zo, to)
has a block-diagonal structure where one block has only eigenvalues with negative
real parts. This transformation contributes also to find out the fast variables in
(1.1). The first step of this procedure is the so-called real Schur decomposition.
According to [5] Chapt. 7.4.1 we have:

Proposition 2.1 To any real n X n-matriz M there exists an orthogonal n X n-
matriz Q such that QT MQ has the structure

Rll R12 Rll
QT M Q — — 0 R22 RZl
0 0 T

where each Ry; is either a (1x1)—-matriz or a (2X2)—matriz having complex conjugate
eigenvalues.

The matrix R represents a real Schur decomposition. To get an ordering of the
eigenvalues of R according to the magnitude of their real parts we can apply the
so-called Givens- rotations (c.f. [5] Chapt. 7.6.2). Hence, without loss of generality,
we may assume the ordering Re o(R;;) > Re 0(R;11 i+1) fori=1,...,01 — 1.



Now we split the spectrum o(R) of R by means of the splitting parameter v > 0
into two disjoint sets

o, = {A€o(R): Rel < —v},
o, = {A€o(R): ReX > —v}.

Then R may be written in the form
[ S Si
= ( 0 Sw )’
where Sy; and Sy, are upper triangular matrices with possible non-vanishing entries

on the first sub-diagonal related to complex conjugate eigenvalue pairs such that
o, =0(S11) and o_, = 0(Ss2).

The transformation of R into a block-diagonal matrix can be performed as follows:
We determine the sub-matrix Z in the n X n-matrix Y,

Iz
(0 7)

S 0
~1 _ 11
Y RY_( 0 522>'

—1 _ I —Z 511 Slz I Z
YORY = (0 I 0 Sy 0 I

_ (511 511Z—ZS22+512>:<511 0 )

in such a way that we have

From

0 ng 0 S22
we obtain the following matrix equation for 7

S11 4 — Z Sy = —S1s.

If we set
T=QY

then we have

S =T MT=Y"'Q"MQY =vy—'Ry = o1 0
0 So

which is the block-diagonal structure we are looking for.



3 Existence of an integral manifold of a singularly
perturbed system

In this section we prove a theorem on the existence of an integral manifold for a
singularly perturbed system with a special structure which plays a fundamental role
in our approach. The method to establish this result is basically the same as in
[14] but our main goal is to give an estimate of the e-interval for which the integral
manifold exists.

We consider the singularly perturbed system

du
dtl - f(ulau2at))
du (3.1)
2
€ — Bus + eg(uy, us, t)

for 0 < e < &* under the following assumptions:

(A1). f:G:=R™xR*xR — R™and g: G — RF are continuous and continuously
differentiable with respect to all variables.

(As). Let |.| be the Euclidean norm. There are positive constants ci, 3, €41, Ca2, C51, C52
such that f and g satisfy in G the conditions

| f(ur,uz,t)| < c

|9(u1, uz, t)| < c2, (3.2)
|f (w1, ug,t) — f(Uy, b2, t)| < ca1|ur — 1| + cao|us — Gol, (3.3)
|g(u1, uz,t) — g(t, G2, t)| < es1fur — @] + csalug — s, (3.4)

for all (ul,U2,t), (ﬁl,ﬁz,t) €.

(As). Bis a constant k x k-matrix whose eigenvalues A; have negative real parts that
is, there is a positive number v such that Re \; < —y < 0 V.

For ¢ = 0, (3.1) has the integral manifold uy = 0. It is natural to expect that, for
sufficiently small €, (3.1) has an integral manifold M, near us = 0. Hence, our goal
is to prove the existence of an integral manifold of (3.1) for 0 < e < &* with the
representation

uy = n*(uy,t,€) == ep(uy, t) + O(e?)

where n* depends continuously on its variables. We are especially interested to
estimate €* from below.

The underlying idea of the corresponding proof is to find the function n* as fixed
point of an appropriate operator in some complete metric space. To this end we
introduce the function space C(d,[), where d and [ are positive constants, which



consists of all functions  mapping D := R™ x R x [0,Z] continuously into R* (2 is
some positive number) and having the properties

In(uy, t,e)| <d  V(uy,t,e) €D, (3.5)
In(u1,t,e) —n(Gy,t,e)| <1 |uy — a4y V(uq,t,¢€), (41,t,€) € D. (3.6)
If we endow C(d, 1) with the norm

Inll = sup |n(ui,t,€)| (3.7)
(ul,t,E)ED

we get a complete metric space.
For n € C(d,l) we consider the initial value problem

d’U,l

E - f(u].) 77(“1, t) 8))t)) ul(tO) - u[l] (38)

where u! is any given point in R™. From (A;) and (A) it follows that f(uy, n(uy,t,€),t)
is continuous and uniformly bounded, moreover we have

|f(ula 77(“1, ta E)) t)_f(lalﬁ 77('17'1) ta 8)) t)| S (c41+c42l)|u1_'afl| v (ula ta 8)) ('al) ta E) €D.

(3.9)

Thus, (3.8) has a unique solution u; = "(t,e,u?) defined for t € R and satisfying

©"(to, ,u?) = u?. Substituting ¢"(¢,e,u?) into the second equation of (3.1) we get

dU2 0

€= Bus +eg(¢"(t,e,u7), us, t). (3.10)

In the same way as above we can conclude that under our assumptions the Cauchy
problem to (3.10) has a unique global solution.

Let X (¢, 7€) be the fundamental matrix of the linear system

—*—RB
g dt U2

satisfying X (7, 7,¢) = I that is

X(t,7,e) =exp (Bt;T).

Let |.| be the matrix norm induced by the Euclidean vector norm that is |A| =
\/0(AT A) where g denotes the spectral radius.

According to assumption (Ajz) there is a constant ¢ > 1 such that (see [1])

y(t —7)

| X (t,1,e)| <ec exp(—
€

) for t>7ande>0. (3.11)



If we assume that uy = n*(uy,t,e) with n* € C(d,l) is an integral manifold M
of (3.1) then n*(p" (t,&,u?),t,€) is a solution of (3.10) which is uniformly bounded.
Under our assumptions it is easy to prove that a global solution of (3.10) which is
uniformly bounded satisfies the integral equation

t
uz(t,s,u(l)) :/ X(t,T,E)g(gOn(T,E,u(l)),U,g(T,E,U(l)),T)dT. (3.12)

Thus, n*(o" (t,€,u?), t,€) satisfies (3.12). Therefore, we introduce the operator T
defined on C(d,[) by

to

(Tn)(ul, to, €) ::/ X (to, 7,€)g(@"(1,e,u)), n("(1,€,u)), 7,€), T)dr.  (3.13)

— 00

Lemma 3.1 Let d and [ be given positive numbers. Under the assumptions (A1) —
(A3) and under the additional conditions

ECCy

2 < g, (3.14)
N
[
ec(cs1 + csl) L (3.15)
Y — 8(641 + C42l)

E(C41+C42l) < v (316)

the operator T maps the complete metric space C(d,l) into itself.
Proof. Under our assumptions it is easy to show that 77 is continuous for

n € C(d,l). Next we prove that 7 is uniformly bounded. From (3.13), (3.11), and
(3.2) we get

to

(Tm @t to,e) < [

CCoE

tOiT)/ECsz = —.
Y

ce

oo

Now we show that (77)(u}, ¢y, ) is lipschitzian in u{. From (3.8) it follows

@(7e,u) = m+/’ "(0,6,u), (9" (0, , ), 0,), 0)do,

\ (3.17)

QOTI(T’ g, 'H’(l)) = ul + f(QO (U € ul) 77(‘10"(0-’ &€, ﬂ(l))’ g, E)’ O')dO'.

to

Using (3.3), (3.6), (3.9) we have
|§0"(7—)8) u[l]) o QDT](T’g’ 'U’[l])| < |u(1) - 'U’[l]|

+ [ (ca1 + caal)|@"(o, €, U?) —¢"(o,¢, ﬂ?)|d‘7-

to

By means of Gronwall’s inequality (Lemma 2.1) we obtain for 7 > ¢,

|g071(7—’ €, u?) - QDTI (T, g, ’U,?)| S |u(1) _ ﬂ’l |e(C41+C4zl)(T7t0).



In case 7 < ty we get from (3.17)

" (1,e,4)) — "(1,6,a))] < |ub—al

to
+ [ (e +eable"(0,5,u}) — (0, 5, ) do-

According to (2.3) (Lemma 2.2) we have

(1 e,u]) — ¢(r,6,4))] < Juf — @l e, (3.18)

From (3.13), (3.11), (3.4), (3.6), (3.14), (3.16) and (3.18) we obtain

|(TT]) (u[l]a to, 5) - (T’ﬂ) (a(l]) to, 8)|

o (t 0 0
< [ e g (r, e ul), (e (7,6 ul), 7 ), 7)
—g(go"(’]’, £, ﬂ(l))a 77(‘10"(7_’ 2 77’(1))’ T, E)’ T) |dT
to
< eles+ewl) [ [@7(re,ul) = @(r, s, @)]e @ dr
CE(C51 + ngl) _

< l _ / ’y € C41+C421))(t0 T)/Ed 0 _ 0 .
< cfest + csol)|uf — @) v — e(ca + cal) |uy — @]

Hence, under the assumption of Lemma 3.1 the operator 7 maps C(d, 1) into itself.
|

Lemma 3.2 Under the assumptions of Lemma 3.1 the mapping T : C(d,l) — C(d, 1)
is lipschitzian in 7.

Proof. From (3.13), (3.11), (3.6) and (3.4) we get

|(TT]) (u[l]a to, 5) - (Tﬁ) (u(l]) to, €)|

to
/ ce V(to— T/€|g( (T,&,’u[l]),T](QD"(T,E,U,(I)),T,E),T)

—g(QOﬁ(T, g, ,u’(l))) ﬁ(@ﬁ (th &, u(l))a T, E)) T) |d7—

to _
C/ G_V(tO_T)/E (051 |Q0n(7—a g, U’(l)) - QOTI(Ta g, U’(l))|

— 00

IN

IN

+es2(In(" (1, e, u), 7, €) — n("(7,,4)), T, €)] (3.19)

Hi(@(r,e,u8),7,€) — (¢"(r,€,u3), 7,€)|)dr
t _
clesi + cxal) [ eV 2, ud) — (e, ) dr

CECs2 _
|l — 7.

IN




From (3.17), (3.3), and (3.7) it follows

|Q0n(7—757 u[l)) - QOFI(Ta €, u(1))|
to _ _
/ |f(§0n(8757 u[l))a 7](1@”(3757 u[l))a 375)7 S) - f(go”(s, €, u(l))a 77(%07](3757 u[l))a 375)7

IN

s)|ds

to _ _
< / (c4l|¢n(s767 u[l)) - QOW(S’ g, u(1))| + C42(|7'](g017(8, €, u(l))a S, E) - 77(@"(3, €, u(l))a S, E)|

H(e"(s,€,43), 5,€) = 1(@"(s, £, u), 5, €))ds

to
< / ((041 +cal)|¢"(s,6,u) — ¢7(s,€ u1)|)d3 + caalln — 7l (to — 7).
According to Lemma 2.2 we have

n 0 _ T_] 0 < C42||’I'] T]|| C41+lC42)(t0*T) _ 1 . 320
@7(re,u1) = @(r, e u)| < 2T (e ) (320)

Substituting (3.20) into (3.19) and taking into account (3.16) we get

|(7'77)(u[1),t0, ) (Tﬁ)(u[l)ato’ )|

clesy + e cec
( 51 52 C42||7] 77|| / Y(to—T /E (C41+IC42)(t0*T) o l)dT + 52 ||77 . 77||
ca1 + lean v
e2¢(csy + less)e cac cs1 + lesg)e _
( ( 51 52) 42 52) || _|| _ ( ( 51 52) 42 052)”77_77”_
’)’(’)’ — 8(641 + lC42)) (041 + C42l)

O

From Lemma 3.1 and Lemma 3.2 and by applying Banach’s fixed point theorem we
obtain the result:

Lemma 3.3 Under the assumptions of Lemma 3.1 and under the additional condi-
tion

ce ( 5(051 + lC52)C42
Y

+c <g<l1 3.21
Y — 8(641 + C42l) 52) =1 ( )

the operator T has a unique fized point n* in C(d,1).

Since it can be easily checked that us = n*(uy,t,€) represents an integral manifold
of (3.1), we obtain from Lemma 3.3:

Theorem 3.1 Under the assumptions of Lemma 3.1 and under the additional con-
dition (3.21) the singularly perturbed system (3.1) has an integral manifold M3 .=
{(uy,uz) € R™™* : uy = n*(uq, t,€)} where n* belongs to the class C(d,1).

Remark 3.2 It is obvious that the inequalities (3.14), (3.15), (3.16), and (3.21)
are fulfilled for sufficiently small €. Hence, Theorem 3.1 can be formulated as

10



Theorem 3.3 Under the assumptions (A1) — (As) and for sufficiently small € the
singularly perturbed system (3.1) has an integral manifold M3 := {(uy,uy) € R™* .
us = n*(u1,t,€)} where n* belongs to the class C(d,1).

To given d and [, the inequalities (3.14), (3.15), (3.16), and (3.21) determine a
maximal positive number ¢*(d,[) such that (3.1) has an integral manifold M%' for
0 < e < €*. With respect to applications we want to maximize €*. Since we are
more interested to prescribe a small neighborhood of the origin (measured by d)
than a small Lipschitz constant, we shall use [ to maximize €*.

If ¢41 = c42 = ¢51 = 52 = 0 then the inequalities (3.15), (3.16) and (3.21) are
satisfied trivially. Now we assume that at least one of these constants is positive.

From (3.16) and (3.15) we get the inequalities

v
E < — =€ l,
C41+C4gl 1()

Iy
< =:e5(1).
€= C(C51 + C52l) + l(C41 + C42l) 62( )

It is obvious that
e1(l) > ey(l) for 1>0.

Under the condition (3.15), the inequality (3.21) is equivalent to

520(051042 — cpaca1) + €¥(Cs2c + €a1 + Canl) < ’)’2- (3.22)

Let us introduce the notation

K = c(CcaaCs1 — Ca1C52), b= CCs2 + Ca1 + Caol.

In case k = 0, (3.22) reads

Y
e < = e3(1).
Cs2C + Cq1 + C4gl 3( )
It is easy to verify that e5(l) < e3(1) for all I > 0.
The case kK < 0 can be reduced to the case K = 0. Now we assume « > 0. In that

case, (3.22) is equivalent to

2
e el o (3.23)
K K

It is obvious that (3.23) is satisfied for
2y

€< %(—M—FVMZ‘F‘“{) :m =: g4(0).

11



To prove e5(1) < e4(l) for [ > 0 is equivalent to establish

l 2
< .
ces1 +Hlp T P4k + p
This inequality holds if we have

Pk < ¢, + cesilp. (3.24)
The validity of (3.24) follows from the obvious inequality
Ik < cesip.

Consequently, to maximize €* as a function of [ we have to look for the maximum
of e5(l). Tt is easy to verify that e5(l) takes its maximum

v/ (ces2 + 2+/cCsicag + ca1)

at
[ =1 — 1/ CC42C51
Cq2
Thus, we have:

Lemma 3.4 Under the assumptions
Cs1 > 0, Cq9 > 0

e* takes its maximum for | = [*.

4 Local state space reduction

Let us return to our original n-dimensional system

% “h(st)  (st)€R* xR (4.1)
and assume that h is twice continuously differentiable with respect to z and t.
The goal of our investigations is to derive conditions which ensure that we can
approximate a solution of (4.1) in some regions of the (z,t)-space by a solution of
a system of differential equations whose dimension of the state space is less than
n. To justify such a reduction we will exploit the existence of an attracting locally
invariant manifold (a.l.i.m.) of (4.1) near the point (zy,%y). For these purposes we
transform system (4.1) into a form to which we can apply Theorem 3.1.

Let (29,%0) be a given point. We use the upper index ° in order to indicate that we
consider some expression at the point (zg,%). Under our differentiability assump-
tions, (4.1) is equivalent to the system

dz

% = ho + JO(Z - Z[]) + ;Z(Z, t, 20, t[]) (42)

12



where

h(z,t, 20, t0) = h(z,t) — h° — J°(z — 20), J° = h.(20, to).

Near (zo,ty) we have
h(z,t, 20, t0) = O(|z — 2|2 + |t — to)).

Now we compute the spectrum ¢° of J° and decompose it into the disjoint sets o,
and o? where the real parts of all eigenvalues of ¢°, are less than —v,v > 0. From
the method of block diagonalization it follows that there is a regular matrix 7" such
that

T-1JT = §° = diag (S%,, 5%,) (4.3)

where SY, and S9, are upper triangular matrices with possible non-vanishing entries
on the first sub-diagonal related to complex conjugate eigenvalues and such that
a(SY,) = o2, o(S%) = o ,. Applying the coordinate transformation z = zy + Tu
we get from (4.2)
du ~120 0 —17,

= =T7h" + S u+ T "h(zp + Tu,t, 29, to). (4.4)
Taking into account the block diagonal structure (4.3) we may represent (4.4) in the
form

du - 7
d_tl = hg + S](_)l'uq + hl (U, t) 20 t()),

: A ) (4.5)
% = hg + ng'UIZ + hZ(u) t) 20 tO)

Now we multiply the second equation with €,, €, := v !, and denote by 332 the
matrix defined by Sy, := €,.5%. Then (4.5) reads

du - 7
d_tl — h'[l] —+ Sflul + hl(u; t) 20, to),
du 20, o 7
€y d—t2 = Euhg + SgZUQ + 5uh2(u) L, Zo, to)

where all eigenvalues of ?gz have real parts less than —1. In what follows we consider
the singularly perturbed system

du 2 7

d—tl = Sflul +h(1) +h1(uata ZU)tU)’

dus —=0 70 7 40
g E = 522u2+€h2+5h2(uata antO)
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for 0 < e <e, which has the same structure as system (3.1) with

flur,ug,t) = S?ﬁh+il?+7l1(u1,uzat,20,to)),
g(ur,us,t) = h3+ ho(us, us,t, 20, to).

For € = 0, (4.6) has the invariant manifold uy = 0. If we are able to prove that
(4.6) has an a.l.im. uy = n*(uy,t,e) = ep(uy,t) + O(e?) for 0 < e < ¢, passing a
d-neighborhood of (u = 0,¢ = ¢;) then we can conclude that also (4.1) has a locally
invariant exponentially attracting manifold near (zo,%). If additionally (2o, ) lies
in the region of attraction of this invariant manifold and d is small then we can
approximate the orbit of (4.1) through (2, y) by an orbit of the reduced differential
system .

iy = SYup + hY + hy(ug,e0(ur, t),t, 20, to). (4.7)

Now we describe our procedure to reduce the dimension of the state space of system
(4.1) near (2o,ty) by means of Theorem 3.1.

S1. We compute the spectrum o° of J°. If ¢ has no eigenvalue with negative real
part, then we replace (zy, %) by another point (which we get, for example, by
numerical integration starting at (2o, %o)).

S2. We assume o has eigenvalues with negative real parts —A\y < ... < —A; <0
(It suffices to have at least one). We choose a negative number —v, the so-
called splitting parameter, such that we have —); < —v < —\;_; for some j
and compute the real Schur decomposition S° = diag (SY;, S9,) to the splitting
parameter —v, that is

Re O'(ng)
Re U(Sfl)

(AVARVAN

In case that the eigenvalues of S5, with the real part —\; are simple, we can
put v = ); in all other cases we assume v < \;. Now we set ¢, :=v 1, v=1.

S3. We transform (4.1) into the form (4.6).

S4. Let Y, be the ball in RI* x RE x R with radius o centered at (0,%,). We
choose a (small) number d (c.f. (3.5)) and derive estimates for the constants
C1, C2, Ca1, C42, C51, Cs2 introduced in assumption (As) with respect to Y-, .

S5. We compute the constant ¢ to estimate eZ(¢-7)/e.

S6. We calculate [* and check the inequalities (3.14) — (3.16) and (3.21) with v =
1,e = ¢,. If the inequalities are satisfied then we can state the existence of a
local integral manifold of (1.2) in >4 by means of Theorem 3.1 and system (4.1)
can be reduced to (4.7). If the inequalities are not satisfied we go back to S2
and choose a splitting parameter v with larger modulus, i.e., the corresponding
€, becomes smaller.
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S7. In case we cannot further increase the modulus of v we replace (zy,ty) by
another point and go back to S1.

In case that d is sufficiently small we can approximate the constants cs, ..., c50 as
follows
o AO Y 0 Y o o
C2 = |h2|, Cq1 =~ |S11|a ca2 =0, c51 = 0, c52 = 0.

If we use these approximations we call the corresponding algorithm as simplified
algorithm. In case of the simplified algorithm we have &,(I) = e3(l) = e3(l) =
e4(l) = ||SY,||7*. Thus, the Lipschitz constant [ has no influence on £*. To prove
that (4.6) has an invariant manifold for ¢ = £, we have to verify the inequalities
(3.14) — (3.16) and (3.21) which are equivalent under our assumptions to

|55 | clh3|

il <,
v

< d. (4.8)

We note that in case that all eigenvalues of J° have negative real parts then the first
of the inequalities (4.8) is always satisfied.

5 Examples

The following examples of chemical reactions will be used to illustrate our simplified
algorithm to determine fast and slow variables by localizing an invariant manifold,
and therefore to give a local reduction of the dimension of the state space. All
necessary calculations were performed by MAPLE.

5.1 Example by Duchéne/Rouchon

The following simple reaction scheme has been considered in [3]:
X Xy, XXy, X+ X B X 4 X,

where X1, Xy, X3 are chemical species, and k1, k2, and dkq are kinetic constants. The
small parameter § > 0 is used to indicate that the third reaction is slow with respect
to the other two reactions. This reaction scheme can be described by the system of
ordinary differential equations

d

dt

dz

d—t2 = kliL‘l - k2$2a
dz

d—t3 = Okozi2o

where z; is the concentration of X;,7 = 1, 2, 3. It is obvious that the third equation is
a linear combination of the first and the second one so that we can restrict ourselves
to the system

15



d
% = —l{;l.'L'l + k2$2 - 6k0x1$2)

%—km—kx (5:1)
. an 2T2.

Before we apply our (simplified) algorithm (5.1) we shall prove the existence of an
invariant manifold for (5.1) and derive an asymptotic approximation of it.

By means of the coordinate transformation
=21+ Ty, Ty=7Ty

we get from (5.1)

% = —dko (§—$2) T2,
(5.2)
% = l{?l (f-(L‘z)-k)giEg.

By rescaling the time ¢, ¢ = § ! 7, and introducing the notation £(6 ' 7) = y1(7), z2(6 1 7)
y2(7) we obtain from (5.2)

d
% = —koyr1y2+ ko yi,

s _ ky + k 53)
0 M 1 — (k1 + k2) yo

which represents a singularly perturbed system. The corresponding degenerate equa-
tion
0=Fkiyr — (k1 +k2) y2 == 9(y1, %2)

has the unique solution

k
Y2 = ho(yl) = ey _: ko Y1,
moreover it holds
0
T(y1, ho(y1)) = 8—9 = (ky + k2) < 0.
Y2 |ys=ho(y1)
By the transformation
1
y2:’w2+k1+k2y1

we obtain from (5.3) the system
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% kokiks 2 ko(kl—k2)

= _ kow?
dT (kl + kg)zyl + kl + kg St + 02 (5 4)
dws 0k kokiky o ko(ki — ko) 2\
522 (ko ky)ws — - Folhn = %2) k
dr (ks + haue = = kit k)2t T Ttk 2T o3}

possessing the form (3.1). It is easy to verify that in a compact region of the phase
plane all conditions of Theorem 3.1 are fulfilled for sufficiently small §. Thus, (5.4)
has an invariant manifold of M the form

wy = 01 (y1) + O(6%).

A straightforward computation yields

kok2k
€01(y1) = ﬁyi
hence we have
koksz 9

+ O0(6%).

Wo = (k]_ + k2)4y1

In the original coordinates M has the implicit representation

kg + ko

kokiks
(k1 + k)3

(w1 +22) (140 (w1 + 22) + O(6%)). (5.5)

T2

In what follows we apply the simplified algorithm to system (5.1) in order to decide
whether near a given point z° the dimension of the phase space can be reduced. To
this end we fix the parameters as

k[) - 10, kl - 2, kz - 3, 5 - 001

such that (5.1) reads

d

% — —21‘1 -+ 31‘2 - 0,]_.'[;11'2,
d

% 20

Table 1 contains the points (29, z3) to be considered.

To ITo IITo IVo
33(1) 2.0000 | 0.5000 | 3.0000 | 0.0000
338 5.0000 | 2.0000 | 0.5000 | 0.0000

Table 1
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Now we test by using our simplified approach whether these points are near an
exponentially attracting integral manifold of system (5.1) such that the dimension
of the phase space may be reduced.

By means of the coordinate transformation described in section 4 we get from (5.1)
for each initial point the following systems in the form (4.5).

Case I
duq 2 2
=& = —11889 - 0.3704u; — 0.0335u} — 0.0073uru; +0.0356u3
d
% = —14.8091 — 5.1296u, + 0.0292u? + 0.0064u;us — 0.0311u2,
case Il
duq 2 2
—% = —0.1803 - 0.1383u; — 0.0333u} — 0.0115u1u; + 0.0368u3
d
% = —6.9053 — 5.061Tuy + 0.0269u2 + 0.0093uus — 0.029722,
case III,
duq 2 2
—1 = —0.2803 — 0.1532u; — 0.0345u} — 0.014Tuyuz + 0.037403
d
% = —6.3552 — 4.8968uy + 0.0270u2 + 0.0115uus — 0.0293u2
case IV
d
% —  0.0333u? — 0.0144u,uy + 0.0375u2
d’U,g . 2 2
=2 = —5.0000u; +0.0256u7 + 0.0111uyu; — 0.0288u3.

As neighborhood 34 of the origin we choose a disc with radius d = 0.3 that is
Y3 :={u € R?: |u| < 0.3}. From z — 2° = T'u we get

|z —2°| < |T|d = ro.

Since the eigenvalues are simple, we set €' = v = |\;| such that we have vy = 1.
Obviously it holds ¢ = 1, and we obtain the results represented in Table 2.
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Io Ilo IIIo IVo
A1 —0.3704 | —0.1383 | —0.1532 0
Ay =—v | —5.1296 | —5.0617 | —4.8968 -5
EA 0.3704 0.1383 0.1532 0
|SY,|/v 0.0722 0.0273 0.0313 0
124 14.8091 6.9053 6.3552 0
|Bg|/y 2.8870 1.3642 1.2978 0
|T| 1.0876 1.1011 1.0765 | 1.1049
|T|d = rg 0.3263 0.3303 0.3229 | 0.3315

Table 2

Since all eigenvalues are negative the condition [Sf;|/» < 1 is fulfilled in all cases,
but the condition |hY|/v < d = 0.3 does not hold in the cases Io-IIlo.

5 @Io

3 la
X2
M

llla

b llo

Mo "
RN 1 2 3 4

x1

Figure 1

Figure 1 shows the invariant manifold M (dotted line) and the solutions of (5.1)
to the start points Iy - IVy. It can be seen that corresponding trajectories tends
to the curve M which is the zeroth-order approximation of the attracting invariant
manifold My, and that the origin is located on M. The balls centered at the
corresponding points have the radius rp = |T'|d. We should note that 7', and hence
also ry, depends on the given point. If the inequalities (4.8) are satisfied for some
points, then the corresponding balls contain an a.l.i.m. of (5.1).

It is obvious that in the cases Io-IIlo the initial points have a distance to M which
is larger than ry.
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Now we compute the trajectory to the initial points Io - IIlo for some time steps
and get the new points described in Table 3

Ia ITa ITb ITIa
) | 3.6247 | 1.2147 | 1.3204 | 2.2301
Ty | 2.7154 | 1.3286 | 1.1027 | 1.2067

Table 3

If we repeat the calculations above we obtain the following results represented in
Table 4

Ia ITa ITb Ia
AL —0.3084 | —0.1262 | —0.1182 | —0.1613
A= —v | —4.9616 | —5.0079 | —4.9916 | —4.9631
EA 0.3084 | 0.1262 | 0.1182 | 0.1613
1S, /v 0.0622 | 0.0252 | 0.0237 | 0.0325
|hY)] 0.6745 | 1.9989 | 0.8927 | 1.2668
R /v 0.1369 | 0.3995 | 0.1788 | 0.2555
T 1.0711 | 1.0943| 1.0933| 1.0846
Tld=ry | 0.3213| 03283 0.3279| 0.3254

Table 4

We see that the inequality |h3| /v < 0.3 is not satisfied only in the case ITa. Moreover,
Figure 1 shows that the computed points Ia, IIb, IIla have a distance to M which is
smaller than ry that is, the corresponding balls contain an a.l.i.m., but in the case
[Ta this distance is larger than ry. Consequently, in the cases Ia, IIb and Illa the
phase space can be reduced.

5.2 Oregonator

The following differential system describes the basic mechanism of the oxidation of
malonic acid in an acid medium by bromate ions catalyzed by cerium, of the so-
called Belousov-Zhabotinskii reaction. It represents the Field - Noyes model also
known as Oregonator. We consider it in the form [9]

d
51% = x1+qm2—$1$2_x%a
d
% = 6, (—qz2+2 fz3 — 1 22), (5.6)
d
r

where 61, do, and g are small positive constants, f is assumed to be near 0.5. System
(5.6) has two biochemically relevant equilibrium points
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pP* = (0,0,0),
pP* = (21,75, 73)
where

B =121 —2f —q)+[(1 -2/ —qf +4q(L+2 )12, 23— 210

g+

s __ 8
Ty = T7.

The equilibrium point P* = (0,0, 0) is unstable, the Jacobi matrix of (5.6) at P*
has at least one eigenvalue with negative real part [9]. By a suitable choice of the
constants d1, s, g, the equilibrium point P® can be made asymptotically stable. It
can be shown that to given ds, g, f, system (5.6) has for sufficiently small §; an
invariant manifold M, [10, 11|. In what follows we set

61=10"° 6, =101, ¢g=10"" f=0.5.

Then, the zeroth order approximation of Mj can be obtained by setting §; = 0 in
the first equation of (5.6)

1+ 1072y — 2929 — 23 =0 (5.7)

and solving this equation with respect to z;. It is obvious that the branch & of the
solution set of (5.7) is located in the positive orthant of the zs,z; - plane and can
be approximated by the straight lines z; = 1 — 25 for 0 < zo < 1 and by z; = 0
for z5 > 1. The projection of the zeroth order approximation of My into the x5, ;-
plane coincides with the curve k. This curve is represented in Figure 2 as dotted
line.

Now we consider the points described in Table 5

Io IIo IIlo
z{ | 1.1000 | 0.3000 | 0.0141
zy | 1.2000 | 0.5000 | 0.9929
z3 | 1.1000 | 0.4000 | 0.0141

Table 5

and ask whether near these points there is an attracting locally invariant manifold
(a.li.m.) such that we can reduce the dimension of the phase space. There exists a
coordinate transformation z — z° = T'u such that system (5.6) takes the form (4.5).
In case Io we obtain

% = —2.5559u; + 11.1917 + 2.6319u] + 11.6813u3 + 192.09u3
—11.4474u us + 44.9696u;us — 97.7963usus

% = —3.9455uy — 1.9696 — 0.6516u] — 2.1624u; — 47.5535u;
+2.5652uus — 11.1326u1us + 21.9149u5u, (5.8)

% = —240005u;3 + 130897 — 17521u? + 109257u2 — 127917912

+7326.14u1us — 299466u u3 4+ 62583 usus.
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Analogous systems we get in the other cases. Our goal is to show that near some
points u = u® there is an attracting locally invariant manifold of (5.8). We note
that the coefficients of the higher order terms in (5.8) are large. In order to be able
to apply our simplified algorithm we have to choose the radius d sufficiently small.
In our case we set d = 1073, The corresponding radius in the original coordinates
can then be estimated by 7y = |T'|d. The results of our simplified algorithm are
summarized in Table 6.

Ia Ib ITo IIIo
A1 —2.5559 | —2.5559 +2.0016 +0.0345
Ao —3.9455 —3.9455 +8.9775 +5.3791
A3 —240005 | —240005 —10014 —2120
v Az ] |As] |As] |As]
EA 2.5559 | 240005 8.9775 5.3791
1S0,[/v | 0.6478 | 1.64-107° | 8.9649-10~* | 2.5368 - 103
IR 130807 | 130897 1903.9 0
IRO|/v 33176 | 0.5445 0.1901 0
|T| 8.4057 8.4057 5.1049 2.8256
|T|d=ry| 0.0083 0.0083 0.0051 0.0028

Table 6

Since in case lo three different negative eigenvalues exist we can use two essentially
different scaling parameters (v = |A;| in case Ia and v = |A3] in case Ib), but the
fact that the initial point in case I is far from the invariant manifold implies that no
scaling is successful. The inequalities (4.8) can be verified only in case IIlo which
represents a stable equilibrium point. In that case, our algorith says that in a ball
with radius 0.003 centered at the equlibrium point an a.li.m. of (5.6) is located.
This fits into the theory that the equilibrium point is located on the invariant man-
ifold.

Now we use numerical integration to get new points in the cases Io and Ilo repre-
sented in Table 7.

Ic IIa
29 | 0.0002 | 0.4623
ry | 1.4300 | 0.5414
3 | 0.0002 | 0.4623

Table 7

Table 8 contains the corresponding data as well as the results of the simplified
algorithm applied to these new points
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Ic IIa
A —0.0020 —0.1010 + 3.03134
A2 —0.9975 —0.1010 — 3.0313
A3 —40040.0 —46005.4
v 40040.0 46005.4
EA 0.9975 0.1010
1S9 |/v [ 2.4912-10°° | 2.1959 - 10 ©
Y] 5.9959 5.4394
h3| /v 1.4975-10* | 1.1823 . 10~*
T 10.1441 2.6543
IT[d =r, | 0.0101 0.0027

Table 8

Now, in both cases the conditions (4.8) are fulfilled and we can justify the existence
of an a.l.im. of system (5.6) in a sphere with radius 0.01 in case Ia and 0.003 in
case Ila. In Fig. 2 these points are represented together with the curve k. The
corresponding balls cannot be represented since the radius is too small).
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