A CYCLICALLY CATALYTIC SUPER-BROWNIAN MOTION

KLAUS FLEISCHMANN AND JIE XIONG

ABSTRACT. In generalization of the mutually catalytic super-Brownian motion
in R of Dawson/Perkins (1998) and Mytnik (1998), a function-valued cyclically
catalytic model X is constructed as a strong Markov solution to a martingale
problem. Starting with a finite population Xg, each pair of neighboring types
will globally segregate in the long-term limit (non-coexistence of neighboring
types). Also finer extinction/survival properties depending on Xg are studied
in the spirit of Mueller and Perkins (1999). In fact, Xo can be chosen in
such a way that all types survive for all finite times. On the other hand,
sufficient conditions on X are stated for the following situation: Given a type
k and a positive time ¢, the k*" subpopulation X* dies by time ¢ with a large
probability, provided that its initial value X(’)c was sufficiently small.

1. INTRODUCTION

1.1. Background and motivation. Recently Dawson and Perkins [11] and Myt-
nik [27] introduced and studied a mutually catalytic super-Brownian motion in R.
This is a function-valued diffusion of two types of materials (species) where the
small portions of mass (“particles”) move chaotically in R but additionally branch
(split or die) with a locally and temporally given rate proportional to the den-
sity of mass of the other type. Thus, each type serves as a catalyst for the other
type’s branching. This true interaction of types destroys the usual independence
assumption in branching theory, in particular, this model is not a superprocess in
its standard definition (for superprocesses, see, for instance, Dynkin [14]). For a
recent survey on catalytic and mutually catalytic branching models, we refer to
Dawson and Fleischmann [8, 9].

It is a natural desire to extend the mutually catalytic model to K > 2 types
A ..., AK=1 of materials (as a rule, we write the index referring to the type as an
upper index — please, do not misunderstand the index as a power). We restrict
to a cyclic situation, as often met in epidemics (see, for instance, Mollison [25]),
networks of neurons (see, e.g., Gravner and Griffeath [17]), or biological competition
models (see, for instance, Durrett and Levin [13]):

(1) Ak 4 AR AR keK,

where K = {0, ..., K—1} denotes the cyclic group of size K > 2 (the additive group
modulo K).

For treatments of cyclic reactions in terms of interacting particle systems, see
Bramson and Griffeath [2], and Durrett [12], related to noise-induced transport
phenomena, see Freund et al. [16], and in terms of deterministic equations, see
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Boerlijst and Hogeweg [1], Merino [22], Molina et al. [24], and Rujigrok and Rujigrok
[30] (for instance).

1.2. Rough description of the model. A bit more precisely, we consider the
following stochastic equation

) AxHa) = T AXH@)dt + o XE@XE T (@) AW (a),

t >0, (k,a) € KxR. Here the one-dimensional Laplacian A acts on the real-valued
variable a, and ‘T;A reflects the chaotic motion of particles with diffusion constant
o > 0. Moreover, the constants v* > 0 are the interaction rates, and dW denotes
a standard white noise on Ry x K x R.

The quantity X[ (a) can be interpreted as the density of mass of type k at time
t at site a. Intuitively, the subpopulation X* of X of type k evolves as a super-
Brownian motion in R but with branching rate ~* Xt’“l(a) changing with time ¢
and site a. Hence, the subpopulation X**! serves as a catalyst for the branching of
X*, for each k € K. Recall again that by this cyclic interaction over all the types,
the basic independence assumption in branching theory is violated, so that X is
not a superprocess according to the usual definition.

Of course, in the special case K = 2 we get the mutually catalytic branching
model in R of [11] and [27]. (For further results on mutually catalytic models, see
also Cox et al. [3] and [5], Cox and Klenke [4], Dawson et al. [6], [7], and [10], as
well as Mueller and Perkins [26].)

Intuitively, a solution to equation (2) should be a (time-homogeneous) Markov
process X. The first purpose of the paper is to establish that a weak solution X to
equation (2) exists which is a strong Markov process (see Theorem 3 below). Un-
fortunately, uniqueness of solutions remains open at this stage. The main obstacle
for this is that as opposed to the mutually catalytic model, for K > 3 a self-duality
([27]) does not hold, and we also have not been able to find any other dual (or
approximate dual) process for X. Nevertheless, each strong Markov solution X
to (2) we call a cyclically catalytic super-Brownian motion (SBM) in K x R (see
also Definition 2 below). Besides the construction, we start the investigation of
the survival/extinction behavior of cyclically catalytic SBMs in the case of finite
populations (Theorems 4 and 5).

One expects that also a strong Markov Z?-version of the cyclically catalytic
model exists just as in the mutually catalytic case of [11]. The long-time results
presented for the present cyclically catalytic SBMs in R should hold also for cycli-
cally catalytic simple super-random walks in Z¢ (for Theorem 4: restrict to d < 2).
The existence of a R?-version however remains open at this stage (note that for
K > 3, moment dual processes or moment equations for eZ2-approximations are
much more complicated compared with the K = 2 case, so that it is not clear how
methods from [6, 7] could be extended).

2. RESULTS

2.1. Preliminaries: notations. With ¢ we always denote a positive constant
which might vary from place to place. A ¢ with some additional mark (as ¢ or ¢;)
will however denote a specific constant. A constant of the form c(4) means, this
constant first occurred related to formula line (#).
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For A € R, introduce the reference function ¢y :

(3) da(a) == e M aeR,
(as usual, the colon attached to an equality sign “=" refers to the side of the
introduced notation). For f: K x R — R, put
(4) [flx = suw |f*a)|/¢r(a), AER
kEK, a€R

(Note that compared with [11] we reversed the sign in the definition of ¢y but we
kept it in the definition of |-|,, and, concerning this, we use the same conventions
as in Shiga [31].)

At some places we will need also a smoothed version gzNSA of ¢, . For this purpose,
introduce the mollifier

() p(a) == ¢y Loy exp [ - 1/(1—a®)], a€R,
with ¢(5) the normalizing constant such that Jda p(a) = 1. For X € R, set
(6) i@ = [Wapb-a,  aeR

Note that to each A € R and m > 0 there are positive constants ¢, ,, and €y
such that

(") eam (@) < |15 (@) € Bumdala),  acR,

(cf. Mitoma [23, (2.1)]).

For A € R, let C\, = Cx(K x R) denote the set of all continuous (real-valued)
functions f on K x R such that |f|x is finite, and such that f*(a)/éx(a) has a
finite limit as |a| 1 oo, for each k € K. Introduce the spaces

(8) Crem = Ciem(K X R) := [ C-x,  Crap = Ceap(Kx R) 1= [] C»
A>0 A>0

of tempered and rapidly decreasing functions, respectively. (Roughly speaking, the
functions in Ce, are allowed to have a subexponential growth, whereas the ones in
Crap decay faster than exponentially.) Write CU = Ci) (K x R) if we additionally
require that all partial derivatives f%—mm up to the order m > 1 belong to Crap -

For each A € R, the linear space Cy equipped with the norm ||, is a separable
Banach space. The spaces Ciem and Crap are topologized by the metrics

(9) dtem(fag) = 22771 (|f_g|71/n A 1)7 fag € Ctema
=1

(10) drap(fag) = 22711 (|f_g|1/n A 1)7 f;g € Crap;
n=1

making them to Polish spaces. Similarly, we also define in cr(;’;), m > 1, metrics
in the obvious way to make them Polish.

Write 0 := C(Ry, C;) for the set of all continuous paths ¢ — w; € Ciem -
Equipped with the metric

(11) do(w,w') = 22 ”( sup dgem (wi,w}) A 1), w,w' € Q,

n—1 0<t<n

2 is a Polish space. The o—field of all Borel subsets of (2 is denoted by F.
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If E is a topological space, a measure on E is meant to be a measure defined
on the o—field of all Borel subsets of E.

Let P denote the set of all probability measures on 2. Endowed with the Pro-
horov metric dp, we get a Polish space (Ethier and Kurtz [15, Theorem 3.1.7]).
Write com(P) for the collection of all compact subsets of P, equipped with the
metric

dcom(Kl,Kg) = iIlf{E >0: Kl g K; and K2 g Kls}, Kl,KQ S COHI(P),

where K¢ is the e—neighborhood of K (based on dp). Then the metric space
(com(P),dcom) is separable (Stroock and Varadhan [32, Lemma 12.1.1]).

As a rule, the processes X = {X;: ¢t > 0} considered in this paper are C,,—
valued, continuous, and presented in their canonical form. That is, we identify
each process X with a probability law P on Q = C(Ry, Cit,,,), in other words, with
the probability space (2, F, P). More precisely, we always consider (2, F, P) as a
filtered probability space, using the usual filtration {F; : t > 0}. Write F" for the
sub—o—field of F generated by the coordinate maps w +— wy, for ¢ > r.

Let dk denote the counting measure (Haar measure) on the cyclic group K
(that is, [ dk f(k) = > ek f(k) for all functions f : K — Ry). For functions
fsg on K x R or R, we write (f,g) for the integral of f - g with respect to dkda
or da, respectively, (if the integral makes sense). As opposed to the notation |- |,
introduced in (4), for functions f > 0 on K x R or R we define

(12) ||f||)\ = <f : (5,)\,]_>, A€ R7

[with the smoothed reference function ¢ from (6)]. Set ||f|| := || f]|o for the “total
mass” of the (density) function f.

Let p denote the heat kernel in R related to %ZA :

lal?

202t ]’

and {S;: t >0} the corresponding heat flow semigroup. Write { = (¢, 11,) for

the related Brownian motion in R, with II, denoting the law of £ if {, =a € R.
The (usually upper) index + on a set of real-valued functions will refer to the

collection of all non-negative members of this set, similarly to our notation Ry =

[0, 00). The Kronecker symbol is denoted by dy, ¢ .

(13) pe(a) := (2m0%t)™/? exp [— t>0, a€R,

2.2. Existence of X and basic properties of all solutions. A more precise
formulation of the stochastic equation (2) can be given in terms of the following
martingale problem MP, . Recall that K >2, ¢ >0, and +* >0, k € K.

Definition 1 (Martingale problem MP,). Fix = € Ct = C& (K x R). We say

tem tem

a stochastic process X = {X;: ¢ >0} with law P, on @ = C(Ry,Ct,) is a

tem
solution to the martingale problem MP, if P,(Xo = z) = 1 and, for test functions

pE Cr‘;i), = Cr(gl),(K x R), setting
t 0_2
(1) M) = (XN - (o) - [as (38 T agt),

t > 0, k € K, one has orthogonal continuous square-integrable martingales M* (¢*),
k € K, starting from Mg (oF) =0, and with square functions

(15) (MEGHY), = / s / da X* () X5 (a) [ (0)]
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t>0, kekK O
Now the definition of our basic object of interest follows:

Definition 2 (Cyclically catalytic SBM X). If (X, P, , z € (i) is a (time-homo-
geneous) strong Markov process such that (X, PI) is a solution to the martingale
problem MP, of Definition 1, for each z € C;\, then it is called a cyclically
catalytic super-Brownian motion (SBM) in K x R with diffusion constant ¢ and
interaction rate v = (7*)pek - &

Here is our first result:

Theorem 3 (Cyclically catalytic SBM X).

(a) (Existence of X): To each K >2, o >0, and vector v > 0, there ezists
a cyclically catalytic super-Brownian motion (X P,z €Cl,) in KxR with
diffusion constant o and interaction rate v according to Definition 2.

(b) (Finite moments): Each cyclically catalytic SBM X has finite moments
of all orders: For fized co,T,q >0 and X, A € R with g\ <\,

sup P, sup E ¢>\ < 0.
zECttm, lz|_xr < co 0<t< kEK

The expectation of X is given by
P, XF(a) = Siz* (a), zeCl.,, (tka) €RyxKxR,

and the covariance by

t1N\ta
Cova (Xt (@), Xfp (@) = 9 b [ ds [
0 R

X Ssmkl (b) Ssmkl—‘rl (b) ptl*S(al - b) thfs(GZ - b);
xr € Cttm? tl,tz Z 0, kl,k'g € K, ay, a2 € R.

Note that the covariance vanishes only if z = 0, k; # ks, or t1 Aty = 0. In
particular, the process X is non-degenerate.

Recall that the novelty of this theorem concerns the case K > 3, since K = 2 is
due to [11], and that uniqueness remains unsolved if K > 3.

The proof of Theorem 3 will be provided in Section 3 below. There we will start
from an approximating system of processes where on small time intervals we con-
sider K conditionally independent catalytic super-Brownian motions with frozen,
smoothed, and truncated branching rate functions (catalyst). Then tightness will
be shown by an adoption of a method used in [11] which was based on [31]. This
then yields the existence of solutions to the martingale problem MP, of Definition
1. Note that the existence of a weak solution to the stochastic equation (2) (on
an enlarged probability space) then follows from the standard martingale represen-
tation theorem (Walsh [35]). We mention also that the convolution form of (2) is
given in equation (57) below.

Since uniqueness in the martingale problem is not established, some more efforts
are needed to construct a Markov solution to the martingale problem. Moreover,
since the topic of continuous dependence on the initial data of constructed solutions
is also a delicate unsolved problem in the present model, we could not follow the
usual route to deduce the strong Markov property from a Feller property. Neverthe-
less, by an adoption of methods developed in [32] for finite-dimensional diffusions,
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we succeeded in selecting a time-homogeneous strong Markov process from the set
of all solutions of the family of martingale problems.

Part (a) of Theorem 3 is implied by Theorem 23 below, whereas (b) follows from
Corollary 16.

2.3. Global segregation of neighboring types. Now we restrict our attention
to any cyclically catalytic SBM X as introduced in Definition 2 (which exists by
Theorem 3), and fix its initial state Xj.

In the mutually catalytic model (in R), the self-duality is a powerful tool not only
for establishing the uniqueness in the martingale problem, but also to get results on
the long-term behavior ([11]). In fact, the total mass process t — (||X?|],[|X}]]) in
the case of finite initial masses || Xo|| = XJ(R)+Xa(R) is a non-negative martingale,
and its a.s. limit (|| X% ||, [|XL]]), say, can be identified in relatively simple terms.
Indeed, it coincides in law with the state B, of a Brownian motion B in Rﬁ_ in
its first hitting time 7 of the boundary OR% of R%, if B was started from By =
(1X31, IX31) (see the proof of Theorem 1.2 (a) in [11]). In particular, the limit
population is non-degenerate and has full expectation (persistence).

Of course, the present cyclically catalytic model also has that convergence prop-
erty:

(16) L (XY e X ) =2 (IXI s XY exists as.

provided that [|Xo|| < oco. But we have not been able to identify the limit (16).
An obstacle is, that the random time change argument of [11] is not as powerful,
since it leads to K Brownian motions which run with different clocks, as opposed
to the K = 2 case. In other words, in the terminology of Swart [33], the K > 3
case is an anisotropic situation, which is much more delicate than the isotropic
K = 2 case. Nevertheless, we are able to verify the following “global segregation”
(non-coexistence) of neighboring types in the limit, which in the K = 2 case is a
simple consequence of a property of the hitting state B, , namely that BYBL = 0.
Recall that K > 2.

Theorem 4 (Global segregation of neighboring types). Start any cyclically cataly-
tic super-Brownian motion X with a finite initial mass || Xo||. Then, for each k € K,

(17) lim IXEN- X = 0, as.

Consequently, for each pair of neighboring types, only one of them has the chance
to survive in the limit.

The proof of Theorem 4 will be given in Section 4. It will be based on a modifi-
cation of arguments of [11], adapted to the aforementioned case of different clocks
if K > 3. The strategy of proof is as follows. Set

(18) Ze == SO AFIXEIXET, e 0.

keK
Note that by (15), Z is the square function of the non-negative, hence converging
in Ry, martingale ¢t — || X¢||. Assuming now that

(19) tlI>1£ Zy > 0 with positive probability,
our task is to construct stopping times 77 ,7%,... such that Zr, - 0 as n 1t oo

on the event in (19). But this is an obvious contradiction. Then the almost sure
convergence of the martingales t — || X[||, k € K, will yield the claim (17).
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As opposed to the mutually catalytic case, Theorem 4 in particular leaves open,
whether for K > 3 the limit ([|[X3[],..., | X£~!||) in (16) is non-degenerate, and
whether it has full expectation (persistence).

2.4. Finite time survival/extinction. For the mutually catalytic model in Z?
(also established and investigated in [11]), the recent preprint [26] addresses the
following questions: Is it possible that depending on the finite initial state both
types survive all finite times a.s., or that one of the types dies in a given finite time
with high probability? The following results on our cyclic model are in that spirit.
Recall the reference function ¢, introduced in (3).

Theorem 5 (Finite time behavior). Fiz again any cyclically catalytic SBM X with
Xo € CL,, satisfying || Xo|| < oco.

(a) (Finite time survival of all types): Assume that [], .« [IX§]] >0, and
that there is a T > 0 such that

Si[XEP(a) S (X5 TP (a)

(20) max lim inf 7 =0, t>T.
keK |a|too [S’tXéC(a)]
Then
(21) H XK > 0 forallt>0, as.
keK

(b) (Finite time extinction of a type with high probability): Fiz a type
ko € K. For i =0,1,2, consider positive constants ¢;,\;, and ¢ ,\] with

(22) Ao > A > A1, 2M] <A1+ X, and  <ec.

Then the following statement holds. For ¢ € (0,1] and T > 0 fized, ¢y can be
chosen so small that if the initial state Xo = x € Ct,, is such that

(23) zf < coda,
as well as

(24) z[x, < e, 2" <y, and T > gy,
then

(25) P,;(Xt’“o —0 for tZT) > 1—¢.

The proof of Theorem 5 in Section 5 below uses ideas of [26]. Of course, the
condition (20) in Theorem 5 (a) looks a bit complicated, so we have to discuss it.
Roughly speaking, it is for instance satisfied, if the initial states of each pair of
neighboring types are separated in different half axes and have sufficiently large
tails. This will now be made more precise in the following example.

Example 6 (Starting from separated neighbors with large tails). Assume K > 2
is even and that

(26) Xg% = ¢11pg, and Xp'' o= ¢ 1g,, keK,

[with the reference function ¢; from (3)], ignoring the discontinuity at 0 € R, which
can simply be overcome by a smoothing procedure, for instance using the mollifier
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p from (5). Then the simultaneous finite time survival as claimed in (21) holds. In
fact,

(27a) S X2* (a) = N(% ) e tt/2,
(27h) SUXZ2 () = N(%‘tzt)e?mt,
(210) S (@) = N e

with A denoting the distribution function of the standard normal law on R. As
a } —oo, the N—expressions in (27a) and (27b) tend to 1, for fixed ¢ > 0. Therefore,
the ratio in assumption (20) with k replaced by 2k is of order N (a/Vt) /e*® as
a | —o0, hence converges to zero by L’Hopital’s rule. On the other hand, if we shift
the type by one, then we get the same order of decay if a 1 oo instead. Altogether,
assumption (20) is fulfilled, hence (21) holds. <&

The philosophy behind the proof of Theorem 5 (b) is as follows. Since 0 is an
absorbing state for the subprocess t — th", it suffices to consider X on a possibly
smaller time interval [0,T]. Moreover, because initially the catalyst X*o+2 for
X%+l is not too large by assumption, X**+1 should not be very small on [0, T],
and since X*ot1 serves as the catalyst for X*°, the latter should have some chance to
die by time 7'. Actually, we want to bound || X4°|| from above (for an appropriate
A and on a suitable new time scale) by a supercritical Feller’s branching diffusion,
which of course dies by a given time with a positive probability. Making then its
initial state ||z*°||y sufficiently small, this extinction probability can be forced to
be sufficiently close to one.

Remark 7 (Property of all solutions). As can be seen from the proof in Section 5,
Theorem 5 actually applies for any family {(X ,Py):x € Cj,;m} of processes such
that P, solves MP,, z € C . that is, without requiring the Markov property.<

tem »

Unfortunately, we do not have results on the long-time behavior of X for infinite
initial populations (for K > 3). Note that the study of the long-term behavior of the
mutually catalytic model in the case of infinite initial populations (see [3, 4, 5, 7, 11])
also relies heavily on the self-duality of the model. In fact, via self-duality, it is based
on the long-term behavior of the finite mass system.

3. CONSTRUCTION (PROOF OF THEOREM 3)

We will start with proving the existence of a solution X to the martingale prob-
lem MP, of Definition 1. Then a time-homogeneous strong Markov solution will
be selected from the set of all solutions to the family of martingale problems MP,
x € Ct,,, as needed for Theorem 3.

3.1. Counstruction of a solution to the martingale problem. In this subsec-
tion, we want to verify that the martingale problem MP, of Definition 1 has a
solution. To this aim, we will start from some approximations (Definition 10), and
will verify some properties of them (Lemmas 11—-13), which turn out to be owned
also by all solutions of the martingale problem MP, (see Lemma 14 in Subsection
3.2).

To prepare for the selection of a strong Markov solution, a time-inhomogeneous
point of view will be convenient to use: We start the process at times r > 0 (the
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model will still be time-homogeneous). On the other hand, for the sake of working
with a single path space, we formally extend the paths backwards by assuming that
they are constant in the interval [0, r].

Definition 8 (Martingale problem MP,.,). Fix (r,z) € Ry x C,,. We say a

tem -

stochastic process X = {X; : t > 0} withlaw P., on Q = C(Ry, Cih,.,) is a solution
to the martingale problem MP,. . if the following three conditions hold.
(1) P (Xy=xforall t<r)=1.

(ii) For test functions ¢ € Cr(ig, setting
t 2
Mf,t(tpk) = <th:90k> - <mk7<pk> - / ds <X§7 %A¢k>7
t > r, k € K, one has orthogonal continuous square-integrable martingales

t— MF,(o%), k € K, (after time r) starting from M}, (o*) = 0.
(iii) The square functions satisfy

ko k _ ok ts a X5 () X (a k(a 2
(ME(H, = /rd [ do Xt @ XS (@)t @)
t>r, kekK. <&

Proposition 9 (Existence of a solution to the martingale problem MP,. ;).  For
each (r,x) € Ry x C,, there exists a solution (X, P.,) to the martingale problem

MP,. . of Definition 8.

For the verification of this proposition, we partly borrow ideas from the proof
of Theorem 6.1 in [11] (starting from p.1133), which are in part based on [31, Ap-
pendix]. So first of all we will introduce in Definition 10 below an approximating
sequence {"X : n > 1} of continuous C;},, ~valued processes. "X has the property
that on small time periods [%,%), i > 0, given "X/, the single subpopula-
tions "X* behave as independent continuous catalytic super-Brownian motions in
R with frozen, smoothed, and bounded branching rate function (catalyst) given by
vk (Sl/nan/fll An) (see [11]). (The additional smoothing with Sy /, — recall that
S denotes the heat flow semigroup — will help us to make working a Gronwall’s
inequality argument in the proof of Lemma 12 below.). Then we pass to a point-
wise stochastic equation (Lemma 11) and use it to derive some moment estimates
(Lemmas 12 and 13). After these preparations, Proposition 9 then easily follows
by an application of [31, Lemma 6.3 (ii)].

We start with introducing the system {"X : n > 1} of approximating C; -
valued processes:

Definition 10 (Martingale problem MP} ). For n > 1, (r,z) € Ry x C,,, let
(”X , Pﬁx) denote the unique (in law) process with the following two properties.

First of all, "X; = x for ¢t < r. On the other hand, for ¢ € Cr‘;i),, setting
t 2
@9 i) = () - (R - [as (e, TAgt)
T
t > r, k € K, one has orthogonal continuous square-integrable martingales ¢ —
"M (%), k € K, starting from "M}, (¢*) = 0 and with square functions

2

@) (MM, = o [ ds [ @i (51,58, 00 An) [0
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t>r, kekK. <&

Note that the uniqueness in law can be proved via log-Laplace representations
of this system of “piecewise independent superprocesses”.

The family (28) of martingales extends ([35]) to orthogonal square-integrable
martingale measures "MF = "MF (d(s,b)) and to the usual class of predictable
integrands. Moreover, for t > r, and ¢ € Crap, as well as k € K fixed, the
function (s,a) — S;_s¢* (a) on [r,t] x R can be included as integrand of the
stochastic integrals. Then "X can be shown to satisfy the following stochastic
equation:

(30) ("XE, 00 = (2", S 9" + / MY (d(s,b)) S5 (),

[rt] xR
Pr,-as., for t > 1, k €K, ¢ € Crap. This, in particular, immediately implies the
following moment formulas:

(31) PR ko) = S et (@),
(32) P, "E(a) "X (a) = Si_pz*(a) Si_ 2 (a),

forallt > r, a € R, and k # £. Moreover, replacing ¢* by p.(- —a) in (30), where
0 <e<1,and a € R are fixed, gives

(33) S.XE (a) = Sepyrzf (a) + /[ | "MFE(d(s,b)) pese—s(b— a),
r,t]XR

P',—a.s. We want to let € | 0:

Lemma 11 (Pointwise equation for X). For n > 1, (r,z) € Ry x Cih,,, t >,
and (k,a) € Kx R fized,

34)  "E(a) = S,_,a* (a)+ / "LE(d(s,0)) pra(b— ), PPy-as.
[rt]xR

(reading the integral term as 0 if t =r).

Proof. Fix n,r,x,t,k,a as in the lemma. To check that the stochastic integrals in
equation (33) converge in L? as € | 0 to the one in (34), consider

(35) R&(%ﬂm%ﬁm@m»mﬁtAwﬂw—msw—@o

t
= Ak pr, / ds / db "X*(b) (51 aXEH (b) /\n)
r R

X [Pe+tfs(b_a) - pt*s(b_a)]z

(which holds by the well-known isometry properties of stochastic integration). By
the mixed moment formula (32) we may continue with

t
(36) < C/ dS/Rdb Sy ,az*(b) S[1+ns]/n_rmk“(b)

2
X [Peyt—s(b—a) —pis(b—a)]”.
By definition, for fixed = € Ct,, and A >0,

tem

(37) ¥ < cooy.
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On the other hand, for fixed T > 0 and A € R there are constants ¢ and € such
that

(38) Qd))\ S Ssd))\ S Ed))\; OSSST7

(cf. [31, Lemma 6.2 (ii)]). Hence, by Cauchy-Schwarz, the estimate (36) can be
continued with

@) <o [as [ @ om0 pt_s<b—a>]2)1/2

x ( / 'ds / ab [p240s(b— a) + pi_y (b — )] ¢_4A(b>) "

But the first term can be bounded by ce'/* (cf. [31, Lemma 6.2 (i)]), whereas for
the second term we use again (38) to get the bound

(40) c¢_2>\(a)</0tds [(6+t—s)_1/2+(t—s)_1/2]>1/2 < chan(a).

Altogether, (35) tends to zero as € | 0, for fixed k,r,¢,a and x, uniformly in n.
Thus (33) implies (34), finishing the proof of the lemma. |

Since for the later selection of a strong Markov solution we will need some mea-
surable dependence on the initial data (r,z), in the construction we will already
allow that the "X additionally depend on some varying initial data (r,, ), and
we will write "™"X instead of "X.

To be more precise, consider (r,,,z,) € Ry x C,, m > 1. Fix now m,n > 1,
hence (rpm,zm) € Ry x Cf, for the moment. By definition, (™"X, P ..)is
the unique solution to the martingale problem MP} . = of Definition 10, and for
the related martingale measures we write now "™"M} instead of "M}. Recall the
notation | - | from (4).

Lemma 12 (Uniformly bounded moments for ™"X). For fized co,T,q > 0 and
A, A € R with 2\ < A,

(41) sup D Pl en ((MXE63) < oo
mn>1, rmt€00,7] oy

Tm €CE, zm| 5 <co

Proof. Fix ¢q,T,q,\',\ as in the lemma, where without loss of generality we may
assume that ¢ > 5. We may also restrict our attention to r,, < t. In order to handle
later the imposed time-partitioning in a Gronwall’s inequality argument, we include
now the approximating equation (33) in our consideration. Let 0 < e < 1. Using
equations (33) and (34) as well as Burkholder-Davis-Gundy’s inequality applied to
the martingale

(42) t— mE (d(s,b)) peyer—s (b — a), rm <t <t
[Pm t]XR

gives the inequality

Pr o (St (a) < e (Sertr,ak, (a)™

(43) t ‘ q
+cPl . </ ds/db PZii_s(b—a)™"XE(b) (Sl/nm7nX§,:;]l/n(b) A n)> )
T R
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Using the presupposed bound ¢y ¢/ for z,,, and the heat flow estimate (38), the
first term at the right hand side of (43) has the bound c¢@_24x (a), which paired
with ¢, leads to a finite expression within (41), independent of m,n, k, 7y, t, Ty, -

Hence it remains to deal with the remaining second term at the right hand side
of (43). First of all, in the integrand of the double integral we may additionally
introduce ¢_/,(b) ¢x/q(b) = 1. Moreover, we decompose the square term by using
2=(2- %) + % Then by Holder’s inequality with p such that % + % =1, the ¢*"
power of the double integral in (43) can be estimated from above by

i (| m s [ @i, 0= 000 0) "

t q
(44b) / ds /R b p2 oy (b= @) oa(0) ("XED) (1™ XL (0) An) )

where we used that (2 — %)p = 2. In the double integral in (44a), we estimate one

of the p-factors by ¢ (t —s)~1/2

of that integral the bound

, and apply (38) in order to get for the %%h power

(43) o | as <t—s>1/2)m < céx(a)

with ¢ again independent of m,n, k, ry,,t, ,, , which cancels the ¢, (a) in (41). On
the other hand, in the double integral in (44b) we split p? as before, but use this
time that the remaining p can be paired with 1 in (41). Altogether we found

/da oa(a) P .. (ng’nth (a))2q <ec
(46)

q

t
+c / ds (e +t — 5)"1/2 / b A B)PE, ... ("XE®) Sy X (0)
Tm R

with the constants ¢ independent of m,n, k,rp,,t, z,, . The latter term can further
be estimated by using the elementary inequality

(47) (uwv)? < u?? + 0%, u,v>0, ¢>0.
Also, we may sum these inequalities over k € K. Setting (for fixed m,n, 7y, )
n m,1 2
(48) fil) = 3 [daon@Pr ., (5.7 @),
keK

0<e<1, ryp <t<T, we thus obtained the following two estimates

folt) < c+ g/:ds (t =772 [fo(s) + fiyu (nsl/m),

Jin ([nt]/n)

with the constant ¢ independent of m,n,ry,,t, T, . Using in the latter integral first
1/n + [nt]/n > t and then [nt]/n < t, we see that g(t) := fo(t) + fi/n ([nt]/n)
satisfies

IN

chef s nr it - )7 [ole) + g (sl

m

t
(49) g(t) < ¢+ g/ ds (t—s) "2 g(s), rm <t<T,



CYCLICALLY CATALYTIC SBM 13

with ¢ independent of m,n,r,,,t, z,, . Then Gronwall’s inequality implies g(t) < ¢,
0 <rp <t <T, with ¢ independent of m,n,r,,,t, z, (see Kallianpur and Xiong

[20, p.138]). Hence fo(t) < g(t) gives the claim (41), finishing the proof. |
Next we want to deal with moments of time increments of the integral part
mnyk(a) = / E (d(s,b)) peos(b—a),  t>r,, kEK, a€R,

[P t] XR

n (34).

Lemma 13 (Moments of increments). For constants co,T,p,q > 0 with % + % =
1 and ¢ > 5, and X', \ € R with 2¢g\' < X\, we have

sup SRR o V@) =M (@)
m,n>1, ry €[0,7] keK

(50) Zm €CF

2q

tem > |Zm|_xr <co

a/p
e (1t =t +1a = al) " 6 x(a),
whenever t,t' € [0,T], a,a’ €R, and |a—ad'| < 1.
Proof. We may assume that r,, <t <t'. Let
N, = / m’anm (d(s,b)) (per—s(b—a') — pi—s(b—a)), rm <7 <t
[P, XR
Then r — N, is a martingale with square function
r
(N), = / ds / ab [prr—o(b— @) = proeb — )] ™XED) Sy XE (1),
Tm R
Note that
(51) mayk(a') — mmyka) = Ny,
where we used the convention
(52) ps =0 if s<0.
Again by Burkholder-Davis-Gundy’s inequality, we will deal with
t' q
2
pr o < / ds / db [pr—s(b—a’) — pr—s(b —a)]” ™"XE(b) S ;™ ”X[’jj;]l/n(b)> :

As we derived (44a—44b), we get the bound

(/ dS/db e a0 ) pr_ s(b_aﬂ)“’

q
x / ds / db [}y (b —a') + pi_y (b~ )] B, ("EB) 81X, ()
By [31, Lemma 6.2 (i)],
/
(53) / ds/db [prr—s(b—a') — pr— S(b—a)]2 <ec (|t t|1/2 +|a’ — a|)q !
t,t' > 0, a,a’ € R. Therefore, the first double integral leads to the desired right

hand side in (50), except for the ¢_x(a). So it remains to show that the second
double integral can uniformly be bounded by c¢_y(a). For this purpose we may
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assume that ¢’ = ¢ [recall the convention (52)]. In the integrand we additionally
introduce ¢_(b) ¢A(b) = 1, and apply the Cauchy-Schwarz inequality to the db-
integral. This gives the bound

(542) 2 ( / abpt (b a) ¢_2A<b>) v
1/2

2
(54b)  x ( / db G2 ()P, o, (XE®) Sy 0) q)
R

for the db-integral. The factor in (54b) is uniformly bounded. In fact, use once
more (47) and (38), to get expressions of the type as in Lemma 12 with ¢, A replaced
by 2¢,2X. On the other hand, in the factor in (54a) we split p* = pp®, and use
pi_,(b—a) < c(t —s)~3/? which, after taking the 1/2 power, has a bounded ds-
integral. In fact, the db-integral of the remaining quantities gives ¢_(a) by (38),
uniformly in (¢ — s) and ry, , Z,, . Thus the proof of Lemma 13 is finished. ]
Completion of the proof of Proposition 9. Fix (ry,,z,,) converging in Ry x C;\_ to
(r,x) as m 1 o0, as well as p,¢ > 0 as in Lemma 13, implying ¢/p > 4. Since T, X', A
in Lemma 13 are arbitrary, from (50) and Lemma 6.3 (ii) in [31] ), we see that the
sequence of the laws of ™"} with respect to P! . is tight in P. So is that of the
laws of ™"™X [recall the definition of ™™ before Lemma 13, and equation (34)].
Let X denote any limit point (in law) of the ™"X as m 1 oo and n 1T co. Since
"X satisfies the martingale problem MP;: . of Definition 8, for each (m,n), it
follows from a standard limiting argument that X satisfies the martingale problem
MP,. . This finishes the proof of Proposition 9. [ |

3.2. Some properties of all martingale problem solutions (X, P, ;). After
we have constructed a solution to our basic martingale problem, we now want to
collect some properties of all the solutions (that is, not only of the constructed
ones).

For this purpose, we redefine (""X, P! . ) introduced before Lemma 12 as any
solutions to the martingale problem MP,. ., of Definition 8 [instead of MP,’ 1|,
for each n > 1. In particular, in the case (1, zm) = (r1,71) =: (r,x), we have a
whole sequence {17”X ="X:n> 1} of solutions to MP, , .

With that system {(m”’X, P o..)imn> 1} we now repeat all the construc-
tions in Subsection 3.1. Then, in particular, analogs of the Lemmas 11-13 are
true, and once more by tightness, any limit point (X, P, ;) of that new system
again satisfies the martingale problem MP,. , of Definition 8 :

Lemma 14 (Properties of all martingale problem solutions). For m,n > 1, take
(P, Tm) € Ry x Cf, - and let (™7X, P denote any solution to the martingale

tem xm)
problem MP,. . = of Definition 8. Then the following statements hold:

(a) (Pointwise equation): For t > r,,, and (k,a) € K xR fived, P . -
almost surely,

mxka) = S, xk (a) +/ ™K (d(s, b)) pe—s(b — a)

[P St] XR

1) Note that at the right hand side of the condition (6.5) in [31] the factor e**| has to be
added, and that the laws of the initial states "X € Ctem , » > 1, in Lemma 6.3 (ii) should be tight
by assumption.
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(with m”’M,’fm denoting the related martingale measure).
(b) (Uniformly bounded moments): For fized co,T,q > 0 and \N,\ €
R with 2q\ < ),

sup Z P . ((m’”Xf)2q,gz5>\> < oo.
m,n>1, rm,t€[0,7T) LeK

zm€C+

tem s |[Tm|_ar <co

(¢) (Moments of increments): For constants co,T,p,q > 0 with % + % =
1 and ¢ > 5, and N, A € R with 2g\ < X, we have (with the notation ™"Y
introduced before Lemma 13)

n m,ny k(! m,nyk
sup S PP o |mYE@) = )|
m,n>1, r, €[0,7) keK
Zm €CF

tem ?

2q

[Zm|_xr < co
a/p
< (=1 4o =al)" 6-r(0),

whenever t,t' € [0,T], a,a’ €R, and |a—ad'| < 1.
(d) (Limit points): Assume that (rp,, ) converges in Ry xCk, to (r,z) as
m 1 oco. Then any limit point (X, P, ;) of {(m”’X, P .. )imn> 1} as

m T oo and n 1T oo satisfies the martingale problem MP,. . of Definition 8.
We also need the following property.

Corollary 15 (Uniformly bounded moments for each solution X). Fiz c¢o,T,q >
0 and X', X in R with 2g\ < X\. Let (X, P.,) be any solution to the martingale
problem MP,. . of Definition 8. Then,

(55) sup P,, sup Z ((XF)*,¢)) < oo.
reo,T], zeCt,, 0<t<T ;g
[z]_xr <co

Proof. We specialize in Lemma 14 (c) to ™™ = LX =: X. Using the Banach
space L2¢ (R, 03\ (a)da) with ¢ sufficiently large, from the proof of Theorem 1.2.1
in Revuz and Yor [28], and Lemma 14 (c) we get (55) with X replaced by ¥ = ™"Y.
But by Lemma 14 (a) and the heat flow estimate (38), claim (55) also holds for X.
Finally, (55) is then true for all ¢ > 0, finishing the proof. |

The special case ™™ = X also gives the following result.

Corollary 16 (Pointwise equation for each solution). For each solution (X, P, )
to the martingale problem MP, , of Definition 8, the family of martingales extends
to orthogonal square-integrable martingale measures MF = MF (d(s, b)) such that,
for the usual predictable functions f:[r,o00] x KX R x Q — R in their domain,

{ /[r,.]xRM‘“ (d(s,1)) fs’“(b)>>t

t
_ yk/ds/da XE@XEH (@) [A0)]°, t2r ke
T R
Moreover, for t > r and (k,a) € K x R fized,

(57)  Xf(a) = S;_ 2" (a) +/ MF(d(s,b)) pr—s(b—a), Pr,-as.
[rt] xR
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In particular, the expectation formula
(58) P..X[(a) = S;,a¥ (), t>r, k€K, acR,
and the covariance formula

t1At2
Cov,y (thll (a1), th; (az)) = Y, 51«171«2/ ds/Rdb
r

x Sy pxht (b) Sy pahrtt (b) pt,—s(ar — b) pt,—s(az —b),

(59)

ti,to >1, ki,ks €K, ay,a2 € R, are valid.

Note that (55), (58), and (59) yield already the moment formulas in Theorem
3 (b).
3.3. The mapping (r,x) — P, . For (r,z) € Ry xCt,,, let P, , C P denote the
set of all solutions P, , to the martingale problem MP,. , of Definition 8. Note that
P,.. # 0 by Proposition 9. Recall the metric space (com(P), decom) introduced in
Subsection 2.1.

Lemma 17 (Set of all solutions). (r,z) — P, # 0 is a measurable mapping of
Ry x Cih, into com(P).

tem

Proof. From the special case (7, T,) = (r,x), that is ™™ = L"X in Lemma
14 (d) we see that the set P, , of all solutions to the martingale problem MP,. ;. of
Definition 8 is compact. On the other hand, the special case ™"X = "X shows
that the map (r,z) — P, , is measurable (see [32, Lemma 12.1.8]). This completes
the proof. |

We continue with a time-homogeneity property of the family

(60) {’Pr,x : (r,x) € Ry X Cttm}

of all solutions to the martingale problems of Definition 8. For this purpose, for
r > 0, we introduce the shift operator ®, on Q =C(Ry, C,)) by

(61) (@,&))t = W(t—r)vo > w e Q; t>0,
(producing a constant initial piece).

Lemma 18 (Time-homogeneity). The map (r,z) — P, is time-homogeneous,
that is,

(62) Pro = Powo®. ',  (rz) Ry xChy,
(with the obvious notation).

Proof. The proof is quite elementary and shows that there is a one-to-one corre-
spondence between the solution to the martingale problems MP,, and MP ,
(compare with [32, Lemma 6.5.1]). Fix (r,z) € Ry x ;5. and P € P.

Step 1° (constancy). By the notation (61),
(63) {(<I>TX)t =z, t< r} = {Xo ==z}.

Hence, the process with law P o &}

if P(Xo=ux)=1.

equals constantly x up to time r if and only
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Step 2° (martingale property). For p € Cr(ig, t > r,and k € K, again by definition
of the shift operator,

t 02
(64) <(<I>TX)£c ,<p’“> — (2", ") —/T ds <(<I>TX)’;, 7A<pk>
t—r 2
= <Xt’ir,<pk> — <:r;k,<pk> —/ ds <Xf, U_Agok>
; 2
= Méc,t—r(tpk)'

Thus, by the martingale problem MP,. , of Definition 8, the map ¢ — Mﬁt(wk)
with respect to the law P o ® ! is a martingale after time r starting from 0 if and
only if ¢ — M§, (") with respect to P is a martingale after 0 starting from 0.

Step 3° (square function). Similarly, by Definition 8 (iii),

t
63t D] - 0F [ ds [ da X@XFI@F@] = NE

r R
with respect to P o ® ! is a martingale after time r if and only if the same is true
for r = 0.
Step 4° (conclusion). Putting the steps 1°-3° together, the claim in the lemma
follows. |

We finish this section with an optional stopping argument which we need later
for an integrability statement in the proof of selection of a strong Markov solution.
By (7), for fixed A € R, there is a constant c(gg) such that for the smoothed reference

function ¢,

o® - ~
(66) ‘7A¢>\‘ < C66) Pa -
Recall also the notation || - || introduced in (12).

Lemma 19 (A conditional moment estimate). Let the law P,, belong to Py,
for (r,z) € Ry x Ct,. Consider T > r and [r,T]-valued stopping times n < 9.
Then

67)  Poa {IXEI"L | B} < €m0 T XER < oo, Pryeas,
forall keK, n>1, A>0.

Proof. Fix P, , k,n,and X. From the martingale problem MP,. , and It6’s formula,
fort > r,

2
68) e e XEIL) = ne et XET(xE, (A~ e )a) di

+ e XEPIE AMY (1)
Hence, by the definition (66) of ¢(gs), the process ¢ = e et | XE||™ is a P, .~

supermartingale after time r. Then the claim (67) immediately follows from Jacod
and Shiryaev [19, Theorem 1.1.39]. |
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3.4. Selection of a strong Markov solution. Here we now want to select a
time-homogeneous strong Markov version (r,z) — P., from (r,z) = P,.,. The
idea behind is an optimization procedure as in [32], which goes back to Krylov [21],
and which uses an extremal property which is well-behaved under conditioning and
weak convergence.

To make this precise, we first recall some notations taken from [32]. We stress
the fact, that all those results we quote from [32] are valid also in our present case
of the set Q = C(Ry, C;t,,) of paths in an infinite-dimensional space. Recall that
F" denotes the o—field generated by the coordinate process at times ¢ > r.

Notation 20 (Composition I). For fixed w € , r > 0, and a law P on (Q,F")
with the property that P (X, = w,) =1, let 0,®, P denote the unique law on
satisfying

(69) 6,9, P (X;=w for t<r) =1 and 6,®P =P on F"

(see [32, Lemma 6.1.1]). Roughly speaking, the irrelevant history of the process
(X, P) up to time r is replaced by the one of w yielding the process (X, d, ®, P).
For fixed 2 € (., , let the notation &, ®, P however refer to the special case
wr =« for t <r (constant initial piece). &

We also need the following notation.

Notation 21 (Composition II). For a given probability measure P on €2, a stop-
ping time 7 on (2, and a mapping w — @, of  into P satisfying

(a) w Q, is Fr—measurable,

(b) Q. (XT(w) = w.,.(w)) =1, forall we Q,
let P®,Q denote the unique probability measure on (2

(c¢) which equals P on F;,
(d) and such that w + 0,®,(,)Q. (recall Notation 20) is a regular conditional
probability distribution of P®,Q given F, (see [32, Theorem 6.1.2]). <

Roughly speaking, the process (X, P®, (@) has the law P until the random time
7, and its conditional law after time 7 is given by the family Q.

Definition 22 (Strong Markov solution). {P, . : (r,z) € Ry x i} C P is said

tem
to be a time-homogeneous strong Markov solution to the family

(70) MP := {MP,,: (r,z) € Ry xCt.}

of martingale problems of Definition 8, if (r,z) — P,, is a measurable map of
Ry x Ct,, into P, and if for each (r,z) € Ry x C;h,,,
(a) Pnz € ,Pnz )
(b) P, =PFy,o®, ! (time-homogeneity), and
(c) for each stopping time 7 > 7 on {2 and each regular conditional probability
distribution w — P, of P,, given F,, thereis a P, ,—null set N € F, such

that
Py = 00wy Pr(w)wryr @ EN,
(recall Notation 20). <&
In other words, solutions P, , of MP, , are selected in such a way that

(71) (X,P.,(r,2z) € Ry x Ch)
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is a time-homogeneous strong Markov process.
The existence statement on a cyclically catalytic SBM as claimed in Theorem
3 (a) can now be restated as follows.

Theorem 23 (Existence of a strong Markov solution). There exists a time-homo-
geneous strong Markov solution to the martingale problem MP according to Defi-
nition 22.

The verification of this theorem (in the end of this subsection) needs some further
preparation. Recall the second part of Notation 20, and Notation 21.

Lemma 24 (Compositions). Fiz = € CJ,
Ton Q=C(Ry,CE.).

tem

P € Py, and a finite stopping time

(a) (composition I): If ww— P, is a regular conditional probability distribu-
tion of P given F., then there is a P—null set N € F, such that

5WT(W)®T(M)PU_, € 'Pr(w) w g_f N.

Wr(w)?

(b) (composition II): If w — Q. is an Fr-measurable map of € into P
such that

60.).,_(“,)@7-((4)) Qw € ,PT(w),w.,.(w) , w € Q)
then P®,Q belongs to Py .

Proof. Fix x, P, 7 as in the lemma.

(a) Let w — P, be a regular conditional probability distribution of P given F;.

Denote by A a countable dense subset of cﬁi{,. Fix ¢ € A and k € K for a while.
First note that by Definition 8 (ii),

(72) Mf(w),t(sok) = Mg, (") - M&T(w)(‘ﬂk); t > 7(w).

Hence, by the last part of Theorem 1.2.10 in [32] (applied to 6(t) = Mg ,(¢"*) and
s = 0), there exists a P—null set N, € F; such that for all w ¢ N,

(73) t— Mf(w)vt(cpk) is a P,—martingale after time 7(w).

Recalling the notation N, (¢*) introduced in (65), by Definition 8 (iii) the following
identity holds:

(74) N o) = N3 (@) = Ny (0") =2 MF ) ((0F) Mg, ) (0").

Appealing again to the same theorem in [32], and combining with (73), we may
redefine the P—null set N, € F; such that for w ¢ N, additionally

(75) t— Nf(w)7t(<pk) is a P,-martingale after time 7(w).

Introduce the P-null set N := () N, € F,. We may additionally assume that

peA
N is independent of k € K. To ¢ € Cr(ig we now choose @, € A converging in Cr(sr),
to ¢. Then, from (73) and (75) we conclude that for w ¢ N,

(76)  MF ) (") and Nf(w)v,(npk) are P,—martingales after time 7(w).

(wv'

Since k and ¢ are arbitrary, and N does not depend on them, claim (a) is true.
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(b) Let w — @, be an F,—measurable map as presupposed in (b). First of all,
P®.@Q makes sense, according to Notation 21. Trivially, P®,Q has the right initial
state:

(77) P.Q(Xo=2) = P(Xo=1) = =.
Fix ¢ € Cr(ig and k£ € K. Next we want to show that
(78) {M&t(cpk) : t>0} is a P®,Q-martingale.

By the last part of Theorem 6.1.2 in [32] (again with () = M§ ,(¢*) and s = 0) is
suffices to show that

(79) M(it(cpk) is P®,(Q-integrable, t>0,

that

(80) {M§nr(©*): >0} is a P-martingale,

and that

(81) {Mé“vt(cpk) - M(it/\r(w)(npk) > 0} is a @}, —martingale, w € Q.

In order to check the integrability statement (79), we fix T'> ¢V 1, and A > 0,
as well as a constant c(g) > 0 such that

2
0' ~

(82) |<Pk| + 5 |A<Pk| < c(s2) Ha

[recall (7)]. Then by the martingale definition (14),

(83) P@:Q Mgy ()] < 2esn T sup PorQ X[l

[recall notation (12)]. Conditioning on F; in the latter expectation expression, by
Notation 21 we get

(34) P, QX |y = /Q P(Aw) 80 ®r o) Qo [1X M| -

First we restrict in the latter integral additionally to 7(w) > s. Then concerning
the internal expectation, || X¥||_, equals the deterministic value ||w¥||_», just by
notation (69). Hence, for the considered first part of (84) we found the bound

(85) /P(dw)IIWL“II—A = PlIXJ|l-n < el lzb]| oy,
Q
where we used Lemma 19.
Under the restriction 7(w) < s however, again by notation (69),
(86) 5w®r(w)Qw = Qu = 5w,(w)®r(w)Qw on fT(w)-

Since by assumption, dy, ., ®r(w)Qw satisfies the martingale problem MP (),

(except for w in the null set N, ), we may apply Lemma 19 to get
(87) 0@ () Qull X | n < €T flwf [l -x -
Thus, for the part of (84) under consideration, we got the bound

Wr(w)

(88) e /QP(dw)llwf(w)llfA = et PIXF[x < el lzf]|_y,

where in the last step we exploited once more our conditional moment estimate in
Lemma 19.
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Altogether we obtained
(89) sup P, Q || XE|| -\ < 2e*coT ||zF]|_\ < .
s<T
Thus, by (83), the integrability claim (79) is verified.

Statement (80) is immediately clear, and we turn to (81). Fix w € €. Since
0w, (i Pr(w)Qu € Pr(w),wrw, Py assumption,

(90) t— Mf(w)7t(<pk) is a 6y, @7 (v) Qu—martingale after time 7(w),

by definition. But Mf(w)7t(<pk) is F7(«@)_measurable, thus in (90) we may replace

0w, (w)®r(w)@uw by Qu . Hence, by the martingale identity (72),
(91) t— Mé“’t(cpk) - M&T(w)(cpk) is a Q,—martingale after time 7(w),

and (81) follows.
Exploiting again [32, Theorem 6.1.2], analogously to (78) it can be shown that

(92) {NG . (¢*): t >0} is a P®,Q-martingale.

Together with (78), the claim follows, finishing the proof of Lemma 24. [ ]
Now it will be convenient for us to consider the map (r, ) — Py, introduced in

the beginning of Subsection 3.3 also from a more general point of view:

Definition 25 (Nice family). A family {P,, #0: (r,z) € Ry x Ch,,} of subsets
of the set P of all probability laws on Q = C(Ry, C;'.) is said to be nice, if it is

tem
measurable of Ry x C;\  into com(P) as in Lemma 17, time-homogeneous as in
Lemma 18, and if it has the composition properties as in Lemma 24. <&

Now we are ready to verify the existence Theorem 23.

Proof of Theorem 23. By the Lemmas 17, 18, and 24, we already know that our
family (r,z) — P, , of all solutions to the martingale problem MP in (70) is nice
according to the previous definition. By a successive optimization procedure, we
would like to shrink down the sets P, to single point sets {P,,} .

Let Ai, Ay, and Az denote countable dense subsets of (0,00), Co, and Crap,
respectively, where Cp := Cp(R) is the separable Banach space of all functions
f : R = R vanishing at infinity, equipped with the supremum norm of uniform
convergence. Let {(0,,, fn,n) : n > 1} denote an enumeration of 4; x Az x Ajs.

Fix (r,z) € Ry x Ct,, for the moment. For P € P, , set

tem

(93) sz(P) = /000 dt e Ot an((Xrth,cpn)), n>1.

Define inductively

(94) PRt = {P €Ply: Ly, (P)= sup wa(P')}, n>1,
P'eP?,

where P}, := P, . Then, by [32, Lemma 12.2.2],
(95) P o= {Pl,: (r@) € Ry x Ch )}
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is again a nice family, for each n > 1. Moreover, as in the proof of Theorem 12.2.3
in [32], also the monotone limits

(96) P = () Pre,  (rz) €RLxCh,,
n>1

form a nice family.
Fix again (r,z) € Ry x Cf,, and consider P,P' € P7%,. In order to finish the

tem »
proof of the theorem, it remains to show that P = P’. By construction,

o [Tae i) = [ e P A0,

for all (0, f,p) € A1 x As X A3 . Since A; is dense in (0, 00) by assumption, by the
uniqueness theorem of Laplace transforms and by the integrands’ continuity in ¢,
we get

(98) Pf(<X7‘+t7(p>) = Plf(<XT‘+t7<p>)7 t >0, (f7 (P) € Ay x Az

But also A, and A3z are dense in Cyp and Crap, , respectively, and we conclude that
the martingale problem solutions (X, P) and (X, P’) have the same one-dimensional
distributions. Thus the laws P and P’ coincide (cf. [15, Theorem 4.4.2]), finishing
the proof of Theorem 23 |

4. GLOBAL SEGREGATION OF NEIGHBORING TYPES (PROOF OF THEOREM 4)

Fix Xo == € C,,, and suppose it has a finite total mass ||z||. In accordance
with (18), set

(99) Zr = Zr(x) = Y A IXHI-IXEL
keK

The strategy of the following proof of Theorem 4 is to construct a contradiction by
assuming that

(100) PZ(%ng Zr > 0) > 0.

Then Z7 — 0 P,—a.s. will follow [and therefore the claim (17)], since 0 is an absorb-
ing state for the process Z, and since for the continuous non-negative martingales
T + || Xk|| we have that

(101) |IXK|| =: || X% | existsin Ry, k€K

lim
T*1oo
The contradiction will arise when under the event in (100) we construct finite

stopping times T, 1 oo such that Z; — 0. This construction requires some
preparation.

Step 1°  First of all, for T > 0, we introduce the “global clock”

T
(102) Ar = / dt Zyk/da XFa) XFta) o~ some Ay, < oo.

0 keK R Ttoo

Indeed, A is finite P,—a.s., since by formula (15) and orthogonality, A is the
square function of the non-negative (hence convergent) martingale T' — || X7||. We
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want to decompose A by using the pointwise equation (57) (with » = 0). For this
purpose, put

T

(103a) U = / de Zyk/da S,z (a) S (a),
0 keK R
T

(103b) INp(T) = / dr 3" / da Siz* (a) N (£, a),
0 keK R
T

(103¢) 2Np(T) 1= / ar 3" / da N*(t, a) Szt (),
0 keK R
T

(103d) Np(T) 1= / dr 3" / da N¥(t, ) NF (¢, a),
0 keK R

where, for a € R,
(104) NE(t,a) = / M*(d(s,b)) pi—s(b —a), 0<r<t,
[0,7] xR

with the martingale measures M* := M} from Corollary 16. Note that all quan-
tities make sense by the uniform moment estimates Corollary 15. Then, by our
equation (57) (recall that there we have continuity in ¢,a), we get the decomposi-
tion

(105) A7 = A7 +Np(T) + *Nr(T) 4+ *N¢(T) =: °Ar + Np(T).

Step 2° In analyzing the fluctuating part Ny (T) of Ay, a little care has to be
taken since T +— Nr(T) [or the single terms T + ‘Np(T)] are not martingales.
Interchanging the order of integration in (103b) gives

T

(106)  Np(T) = 3o / M (d(s, b)) / dt Sor_sa® (b).
& [0,T]xR s
We generalize now the notation 7'+ 'Ny(T') by putting
T
(107) N,(T) := Z'yk/ M (d(s,b)) / dt Sop_sz* (D), 0<r<T.
L [0,7]xR s

As opposed to T +— Ny (T), for fixed T > 0, the process r — N,.(T), r € [0,T],

is a martingale. Analogously, we can define the martingale r — 2N,.(T').
Integrating by parts in the third fluctuation term (103d) gives

T
3 _ k a k(d(s r_o(b—a) N*'(t.a
No(T) = / Y K M]M (d(5,)) prs(b — a) N¥1 (8, a)

+ / MF(d(5,5)) pes (b — a) NE(t, @),
[0,t]xR

which we write as 3N7(T) + *>Nr(T) in the obvious correspondence. Interchang-
ing the order of integration yields

T
31 _ k k(d(s apr_s(b—a) N (¢, a).
109) "N (1) = 3 /[O,T]XRM (@) [ at [dep -0 N k0
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Put
T
(100) ON(T) = 304 [ Mt ) [ dt [ dapen(b- @ N a),
& [0,r] xR s R

0 < r < T, getting again a martingale ¢t ~ 3!N,(T). Similarly, we define the
martingale r — 32N,.(T).

Altogether, in generalization of the notations (103b)—(103d) and (105), for T' >
0 fixed, we defined the martingales ‘N.(T), i € {1,2,31,32}, and

(110)  r = Nu(T) :='N.(T) + °N,.(T) + 3'N,.(T) + 3*N,.(T), 0<r<T.

Step 3° Let us next mention the idea behind the following construction of a con-
tradiction. It is relatively easy to see that for the deterministic part %4 of A in
the decomposition (105) we have

(111) %7 > cZy forlarge T
[see (127) below]. On the other hand, the martingale
(112) r = N.(T) from (110) has a square function bounded by Ar

[see (123) below]. Since B; =~ +/t for Brownian motion in R, the martingale
representation theorem “yields”

(113) |Nz(T)| < sup |N.(T)| < ¢VAr,

0<r<T
hence
(114) Np(T) > —c+/Ar for large T.
Combining with the decomposition (105) and the estimate (111) gives
(115) Ar + e JAr > ¢Zy for alarge Ty .

Hence, there is a continuous function h with h(0) =0 such that h(Ar,) > Zo. By
our assumption (100), Zz, is different from 0 with positive probability. Starting at
time 77 anew, we will find T5 > T such that h(Agp, — Ap,) > Zp,, as so on. But
Ar,., — A7, =0 as n T oo by (102) [provided that T}, 1 oo], therefore Z7, — 0,
which contradicts (100), as desired.

Step 4° In order to make precise the previous ideas, we will control the random
expressions ‘N7(T) in terms of A7, as needed for (112). By orthogonality, for the
square function of the martingale 'N(T') as defined in (107) we get

(‘N = Ek:v’“ /0 "ds /R db AR+ X EHL(p) X§+2(b)[ / "t s%_sxk(b)r.

Setting

t
(116) qe(a) == /ds ps(a), t>0, a€R,
0

for each constant 0 < 6 < 1 we obtain

T
1
. ¢ < = k.
(117) /s dt Sap—s—9sXg5(b) < 5 da27(0) ek g 1 X5 ]
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Applying this for # = 0, and denoting by 7 the maximum of the v*, we find

1 2 2 k)2
18 (NN, < 7TE0) max _ IXEPAr,  0sr<T

The same estimate is true for ((>N(T))). -
The square function value ((*'N(T')))  of the martingale 3'N(T) of (109) equals

(119) ;yk /0 "as /R db +* X% () Xf“(b)[ / i /R da pe_s(b — a) N¥1(t, a)

But
(120) Nkt a) = S;_ N¥ (s, ) (a), 0<s<t,

2

hence, by equation (57),
(121) INEFH (¢ a)| < Si—s X (a) + S X§H (a).

Thus, the expression under the square brackets in (119) can in absolute value be
bounded from above by

T
k+1 k+1
(122) / [y o XEB) + S XEP O] < () _max (X,

where in the last step we used (117) (for # = 1 and 6 = 0). Hence, for ((3'N(T')))  we
get the same bound as in (118), except for the factor ;. Moreover, for ((**N(T')))
we get the same bound as for ((*'N(T))) .

Altogether, by the Kunita-Watanabe inequality, for the martingale N(T') as
defined in (110) we get — as announced in (112) — the square function estimate

(123)  (N(D))), < caosT dar(0) Ar redNEX IXEPP,  o0<r<T,

”

where c(123) is a (universal) constant.

Step 5° Now we want to derive a lower estimate for the deterministic term %Ap
from (103a), as announced in (111). For this purpose, for the fixed initial state z,
choose a constant L = L(z) > 1 such that

1
(124) <.’I,’k,1[,L/2’L/2]> Z 5 ||.'L'k||, k E K
Also, there is a (universal) constant c(125) such that
(125) dar(L) > c(125) q27(0), T>L*=T(z)>1
Then in the identity
1

(126) Ur = 3 > oAk / da / db z*(a) ¥ (b) qar (b — a)

P’ R R
we first restrict the integration domains in order to use (125), getting

0(125) L/2 L/2
Oy > Z / do [ dbat(a) e () qur(0), T > Ti(x).
L/2 ~-L/2

Then (124) yields the estimate

C C
(12)  Ur > g (©) 307 el -l = L2 421(0) Zo
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for T > T (z), with Zy = Zp(z) from (99).

Now we modify our definition of T} (z) from (125): If Zy = 0, we set T} (z) := oo.
Otherwise we may enlarge T} (z) from the former definition (125) to a finite value
by requiring that additionally

(128) D () 2022, T2Ti).
Assume T € [T'(z),00) for a while. From (127) and (128) we already know that
(129) %Ap > ) a2 (0) Zo > 2.

Step 6° Next we want to bound below the probability P, (A7 > 1). Recall that
T (z) < T < oo. If we assume for the moment that Ay < 1, then (129) and (105)
imply that

_cax)

(130) N¢(T) < 16 a27(0) Zo .
Consequently,
Cl1
(18)  Pe(dr<1) = Po(4r <1 Np(D) < =2 qr(0) % ).
Let

= > k1.
(132) R = R(x) > max |+*]
Distinguishing between
(133) max {[|X/]|: k€K, 0<t<T}>2R

and the opposite, identity (131) can be continued with
k
< Y Po(Ar <1, max |XF| > 2R)
(134) C12s)
16

+Pz(ATs1, Nr(T) <~ 82 ,00) 2, mas ||XZ“||§2R>.

0<I<T
For the first term in (134) we use that by (57) the process t — || X[|| —||z*|| equals
in law to a one-dimensional standard Brownian motion (B,Il) (starting from 0)

running with a clock bounded by ¢ — A: . Hence, for the first term in (134) we get
the bound

’“ >21) < Kho( > )
(135) %:HO(HJ; |+ max, Be>2R) < Kllo( max B, > R),

where in the last step we used the definition (132) of R. By the reflection principle
of Brownian motion, and an elementary estimate for the normal law,
2 2
1 H( B>)<2H(B>)<——R/2.
(136) ol ax Bi2R) < 2lo(Bi2R) < pe
Consequently, for the first term in (134) we got the bound 2£ e~ R/

For the second term in (134) we use the square function estimate (123) to obtain
the bound

(137) P, <NT(T) < - c(i—? a21(0) Zo, (N(T)))p < 4c123)7 dor(0) R2>-
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But the law of 7 +— N,.(T) coincides with the distribution of B running with the
clock r— ((N(T) >>r (for a finite time). Hence, (137) is bounded from above by

C1-
H0<min {Bt 0 0<t < 4o dp(0) 32} < - (i—? d27(0) Zo)
(138) 1
= H0<min{B L 0<t<1) < —L_)
¢ 32 w/C(123) Y R

where in the last step we used Brownian scaling. Changing from B to —B, again
by the first part of (136) we may continue with

C(125) Zo €(139) Zo
(139) 31—Ho<|Bl|s—_ ) <1
32\/ca23)7 R R
where the constant ¢(;39) does not depend on z and 7.
Altogether
2K Z
(140) P (Ar >1) > Bz S L@

= R(z) R(z)
provided that T € [T} (z), ).

Step 7° Now we will make more precise our choice of R(z) in (132). In fact, for
the x considered in this proof, set

k M >
2log2K Vv max [EAE if c(139) Zo(z) > 2,
(141)  R(z) = o
2 log ————— V max ||z¥||, otherwise.
¢(139) Zo(x) ~ keK

Note that then

c(139) Zo(T)
(142) flz) = T2R@) >

Moreover, setting
(143) Voo = {m: Zy(z) >4, max [l SC’}, 0<d<C <oo,

our choice (141) of R yields
(144) R (Vs,c) is a relatively compact subset of (0, 00), 0<d<C <o

Step 8° Setting Ty := 0, and recalling the definition of T; around (128), define
inductively the stopping times

(145) ooy { T, + T\ (Xr,), if T, < 00,
00, otherwise,
n > 1. Note that T,, > n for all n. Recalling that almost surely
(146) 0 =A) < 41 A < 0 as t1 o0,
by the strong Markov property we have

Pm {ATnJrl _ATn Z 1 | ‘7:Tn}

147, <00} Pxy, (A1, > 1)

(147) Lir, <oy f(X1,)-

v
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Hence, by the conditional version of Borel-Cantelli (see Williams [36, 12.15]),

(148) {ATHH — Az, > 1 infinitely often} > { S 1ir <o) £ (X1,) = oo},
n=1

P,-a.s. But by (146), the left hand side of (148) must be a null set. Hence,

(149) Z 1{Tn<oo} f (XTn) < oo, P,-as.
n=1

Since f > 0, on the set {T}, <oco: n > 1} we have (P,—a.s.)

VA
(150) lim f(X7,) = 0, hence lim I — o,
ntoo

ntoo R(XTH)
the latter by (142).

Step 9°  Suppose now that (100) is valid, and we want to derive a contradiction.
By (100), there exist constants § > 0 and € € (0, ) such that for our fixed ,

(151) Pw(%gfo Zr > 6) > 2.

On the other hand, from the martingale convergence (101) we conclude for the
existence of a constant C' > ¢ such that

(152) P s |XEI<C) > 1-e
keK, T>0

Introduce the event

153 Q = qw: inf Zy >4, su Xk < .
(153) so = {os ul Zr 20 sw X < C}

Then from (151) and (152),
(154) PI(ngc) > €.

Note that for w € Q5 ¢ we have T}, < oo for all n, hence, by (150),

. ZT,
(155) P, <w€Q(5,C, TILITII.L RXr) — 0) > e > 0.
But X, € V5,c for each n on the event Qs ¢, implying Z7, -+ 0 as n T oo by
the relative compactness in (144), which contradicts infr>9 Zy > 6 > 0 in the
definition of Qs ¢ . Therefore the statement (100) cannot be true, and the claim in
Theorem 4 follows as already explained in the beginning of this subsection. This
finishes the proof of Theorem 4. |

5. FINITE TIME BEHAVIOR (PROOF OF THEOREM 5)

Finally, the finite time behavior Theorem 5 will be proved in the following two
subsections.
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5.1. Finite time survival of all types [proof of (a)]. As a preparation for the
proof, for convenience we give the following variance estimate.

Lemma 26 (Variance estimate). For z € C;, and (t,k,a) € Ry x K x R,

tem

(156) Var, Xi(a) < 7 \/% \/St[w’“]Z(a) Si[z¥1]* (a) .

Proof. By the covariance formula in Theorem 3 (b), X} (a) has the following vari-
ance:

t
(157) Var, XF(a) = +F / ds / db Syz* (b) Sz* 1 (b) p?_,(a — D).
0 R

Estimate one of the p—factors by p:—s(0) = 1/4/27(t — s), and use Cauchy-Schwarz
to get the upper bound

(158) / ds ——— m H </dbpt o(a — b) [Sea+i(D)] >1/2.

By Jensen’s inequality, [Ss:z:k(b)]2 < Ss[z*]%(b), and altogether we get the desired
variance estimate (156). [ ]

Completion of the proof of Theorem 5 (a). Fix Xo = x, and ¢t > T > 0 as in the
theorem, and let P, be any solution to the martingale problem MP, (that is, the
Markov property is not needed for this proof). Let k € K and £ > 0. Then by our
assumption (20), there is an a € R such that

1 VE SR S P
v Sk (@)

Fix this a. By the continuity of states, || XF|| = 0 implies that X}(a) = 0. Hence,

(159)

1
(160)  P(IXAI=0) < Po(]Sit (@) - XE(@)] > 5 S (@).

By the expectation formula in Theorem 3 (b), Chebychev’s inequality, and the
variance estimate in Lemma 26,

145V /S E(@) Sl (o)
v [Stw’“( 5

the latter by our choice (159) of a. Since ¢ is arbitrary, we arrive at

(161)  P(IXFI=0) < <e

(162) P (IXfll=0)=0, t>T.

Denote by 7 < oo the hitting time of 0 of the non-negative continuous martin-
gale t — || X}||. Assume for the moment that P,(7 < oo) > 0 is true. Then also
P,(r < t) > 0 holds for some ¢ > T. But the state 0 is a trap of that martin-
gale, and we get P, (||Xf||=0) > 0 for that ¢, which contradicts (162). Hence,
P, (T < o) =0, and since k is arbitrary, the claim (21) follows, finishing the proof
of Theorem 5 (a). |
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5.2. Finite time extinction of a type [proof of (b)]. Recall that ky € K is
fixed, where we may assume without loss of generality that ky = 0. Recall also that
we have positive constants ¢; and \;, 0 <i < 2, as well as ¢} , A] which are related
by assumption (22). Additionally, fix positive constants «, 8, 8,7 such that

(163) X>a>A, A >8, X>v, and 2\ <28 <B+17.

Once and for all, fix ¢ € (0,1], and a constant p > 9. Without loss of generality,
we may consider a terminal time T" € (0, 1].

Let I., denote the set of all initial states = € C;t, with ||z|| < oo and which
satisfy (23) and (24). We may assume that c¢o < 1, implying I., C I .

Fix for the moment ¢y and « € I.,. Let P, be any solution to the martingale
problem MP, (that is, the Markov property will again not be used).

Recall the smooth reference functions @, introduced in (6), and the related

notation || - ||x from (12). Introduce the stopping times

(164) PN = inf {t >0 |(Xf)P||, > L},  L>0, A>0,
and

(165) () = t A PR A gAY t<T.

Recall the martingales r — NF(t,a), r < t, from (104), for each (k,a) € K x R.
Set
(166) NF(a) := Nf(t,a).

Since the claim of Theorem 5 (b) highly depends on the interplay of “sizes” of
the different types, some efforts are needed to control them. Here is our first result
in this direction.

Lemma 27 (A moment estimate for some fluctuation increments). For 0 < ¢’ <
t<T, a,a' €R, and L >0, there is a constant c(167) Such that

sup P, |Nt1 (a) — N} (a’)|2p 1 {t < Ti’4p’4p5 A 73’4”’4’”}
(167) zely
-1
< cier) VL (Ja—a'| + |t — t’|1/2)p T/ (6p(5+) (@) + Sp(a4+) (@)
Proof. By the definition (104) of N¥(t,a), the moment expression in (167) can be
written as

2p
/ Ml(d(s, b)) [pt,s(b —a) —py_s(b— a')] l{t < Ti’4p74pﬂ/\Tz’4p’4m}
[0,t] xR

P,

Under the restriction as in the indicator, for the upper integration bound we may
use that ¢ = 71 (t), by definition (165). Hence, the latter moment expression can
be estimated from above by

2p

(168) P,

/ M (d(s,1) [pr_s(b—a) — pur_(b — a")]
[0,7(B)] xR

In virtue of the Burkholder-Davis-Gundy inequality, this can further be bounded
by

TL(t) 9
169)  er [T ds [ @b [0 @) = pe 6 - 00 XEOXED)
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Writing 2 = (2 — %) + %, by Holder’s inequality the latter double integral can be
estimated from above by

(170a) ‘/OTL(t) ds/Rdb [pr—s(b—a) = pr—s(b — a')]

p—1
2

TL(t) 5 » ) »
(170b)  x /0 ds /R db [pr_o(b— a) — pr—s(b— a)]* [X2 ()] [X2(B)]” .

For the first factor (170a) we use 71 (t) <t and then the heat kernel estimate (53)
to get the bound

—1
(171) c(|a—a'|+|t—t'|1/2)p .

On the other hand, in the second factor (170b) we introduce J),,(BJW)(IJ) qE,p(3+w) ©)
[which is bounded away from 0, recall (7)], and use Cauchy-Schwarz to get for the
internal integral in (170b) the bound

1/2

(172a) ‘ /Rdb [pe—s(b—a) + pr—s(b— a')]4 €52p(ﬂ+7) Q)

1/2
(172b) X

/R db [X1(5)]* [X20)]7 bsp(ian (D)

In the new first factor (172a), estimate three of the p—factor pairs by 2py_4(0),
and use the heat kernel estimate (38) to get the bound

(173) ¢ pf,/fs(O) [¢p(ﬂ+v) (@) + Dp(s+) (al)]

for (172a). In the second new factor (172b) apply once more Cauchy-Schwarz to
get

ar) s (7 ehs) (X b)) S VE

where in the last step we used s < 77,(t) < 7,7 A 72407 [recall (165))].
Consequently, for (172a)/(172b) we have the bound

(175) ¢ p?/—zs(o) [$p(54+) (@) + Bp(54+) (a)] VL.
Inserting (171) and (175) into (170a)/(170b), gives the bound

APp—1 t .
(176) VI (Jo—a'|+ 1t = #2)" " [Bya1)(@) + dp(a) ()] /0 ds p}/”,(0),

since 77,(t) < t. This is clearly bounded by the right hand side of (167), finishing
the proof of Lemma 27. |

We continue with the proof of Theorem 5 (b). For the purpose of establishing
a further control of the states of our process, for each n > 1, we consider the
equidistant grid
(177) G, = {(tn7i,an,j); tni = 27T, an; =42, 0<i<2", jeZ}
partitioning [0,77] x R.

The idea is now to show that X} (a) is “not too small”. As

(178) X} (a) = Siz' (a) + N} (a)
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[recall (57), (104), and (166)], we first will show that for the fluctuation part N!
with a large probability

1
(179) |N{ (a)] < 3 Szt (a), 0<t<T, a€R,

[see (192) below]. In fact, using Lemma 27, we can estimate the increments of
N} (a) for (t,a) in the union G = U, G, of grids with a large probability. Thus, for
any (t,a) € [0,T]x R, we can approximate N} (a) by the sum of the aforementioned
increments towards the boundary {0} x R in order to obtain (179). Then by (178),

(180) X} (a) > %St:rl (@), 0<t<T, a€R

with a large probability [see (193)].

Here are the details. Let n > 1. Two points g = (¢,b) and ¢’ = (¢/,b') in the
grid G, are called neighboring points, if one of their coordinates coincide and the
other one are neighbors in the obvious meaning. For 0 < ¢; < 1, and neighboring
points g,¢' € G, with g > ¢', introduce the event
(181)  AZ7 = {|N}(a) = N} (a')] > 27 "/P216 (), t <y P Ao,

€1,

and denote by A., the union of A%9 | with all these g,¢' € G, and n > 1. By

1,7
Markov’s inequality and Lemma 27,

sup P, (Ag’gl )

£1,Nn
el

< 22 ?Pg o o5i(a) sup Py |Nt1 (a) — Nj(a") |2p 1 {t < Ti’4p74pﬂ A T£’4p74m}
€l

IN

n_.— —n -1
227 b_sp (a) caory VL (272)P T T (¢y54) (') + Sp(s1m) (@)

= con VLTV 27202020 o0 5i(a) (p(a4m) (@) + p(aiq) (@)-
Using our assumption (163) on #', 3,7, having in mind o' =a — 277,
(182) > boap(a) (¢p(/3+v) (@ —=27") + dp(s4v) (a)) < e2,
a€GR(t)

where G, (t) denotes the section of G, with a fixed ¢ from the grid. Hence, since
there are 2™ + 1 different ¢ in G, ,

supP,(4;,) < Z cVLTY* 2 np=5)/2. 2P (9n 4 1) c2n
zel n>1

(183) < cass) VLT 7%,

since we assumed p > 9. Similarly to Tribe [34, p.295], forall 0 <¢ < T and a € R
we then obtain

(184) [N} (0)] < caspyer 1 +T) dg(a) on {T <o) *P'o AP} G AL

for some constant c(1g4) only depending on p and 3. Recalling (24) and (38),
1 1
(185) 3 Siz' > 3 ) Sedn, > corn > ciss) b -

Make €1 > 0 now so small that

(186) cass) > casayer (1+7)
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implying
(187) % St > cusayer (1+T) dar .
Then, by (184),
P, (|Nt1(a)| < %St:r;l(a), 0<t<T, a€ R)

(188)

v

P (INH@)| < casyer 1+ T)dp(a), 0T, a€R)

v

1= P (T > 7p47) = (T > 72 047) — Py(AL,).
By the definition (164) of Ti74pv4pf3,

(189) PI(T>Ti74p’4pB) < Lt sup P, sup [[(XH*¥] .,

z€CH [z|x; <c1 0<¢<1

tem ?

since T' < 1. Hence, because we assumed A; > (3, by the uniform moment bounds
in Corollary 15,

(190) sup P, (T> Tg""”‘“’ﬂ) <eL ' < 2

zely 6
where for the latter estimate we made finally L sufficiently large (recall that we
fixed € in the beginning of the proof). Similarly, we may assume that also

(191) sup P, (T > Ti’4p’4m) < =

xzely 6
Now we further redefine our T' € (0,1] by making it additionally so small that
the right hand side in (183) gets smaller than €/6. Then from the chain (188) of
inequalities, from (190), (191), and (183) we obtain

1
(192) inf P, < N} (@)] < 5Sw'(@), 0<E<T, ae R> > 1—¢/2
[ASES]
[as announced in (179)]. Then by (178),
1
(193) 1g§ Px(th(a) > iStxl(a), 0<t<T, aER) > 1—¢/2
z€l;

[as announced in (180)].

As X' is now seen to be not too small with a high probability, and since it is
the catalyst for X©, it will kill X° by time T with a large probability. This idea
we want to make precise by comparing t — || X?||,, after an appropriate random
time change, with a supercritical Feller’s branching diffusion [see (216) below].

Let

1
(194) k := inf {t >0: X/(a) < 3 St (a) for some a € R} .

Then from (193) we already know that
(195) inIf P.(k>T) > 1—¢/2.
el

By Corollary 16 [recall our notation (12)], for ¢ > 0,

t 2 5 5
(196) X800 = %o+ [ ds (X2, 5000 ) + M(G-a)
0
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with the stochastic integral

(197) M) = [ M(A(sD) 6-al0)
[0,t] xR
satisfying
(198) A(MOG-a))), = " (XPXL,(6-0)?) dt.
But for ¢ < k we have by the definition (194) of &,
1
(199) X! > B Szt > con

[as in (185)]. Moreover,

(200) b bon > c
since a > A} by assumption. Hence,
(201) d((M?(gzNS,a)»t > C(201) ||X?||adt on [0, k],

uniformly for x € I .

Note that || X?|lo = 0 if and only if || X|| = 0, and recall that the state 0 is
absorbing for the continuous martingale ¢ — || X?||. Thus, for our further proof we
may assume that [|z°||, > 0.

Set

t
~ 1

(202) A = / UMD, e (S 00),  tE[0,00].
0 X7 o

We introduce the new time scale

(203) t = 9 = inf{r>0: 4, >t}

(on which A grows linearly), and the process

(204) Up = ||X3,],, t<Aw-

This U we want to bound by a supercritical Feller’s branching diffusion.
By (196), we have

0 2
(205) Ur = ||l2°lla +/0 ds <X§, %A&_a> + M, t<A,
where
(206) t= Moo= My ($-a), t<Ay,
is a continuous local martingale such that
(207) d{(M), = U.dt.
In fact, from (202),
(208) A(M2(0-a))), = IX7lladAr,

hence, by (206), and a change of variables (see, e.g., [28, Proposition (0.4.9)]),

It t t
@9 ), =[x = /0 ds || X3, |, = /0 ds U,
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By (205)-(207), and the martingale representation theorem (see, for instance,
Tkeda and Watanabe [18, Theorem 2.7.1]), passing to an enlarged probability space
(', F',P), there is a (standard) Brownian motion B in R such that

191 2 ~ t
(210) Ut=||m°|la+/ dS<XE,%A¢fa>+/stst, t< Ag.
0 0

Again by a change of variables,
2

(211) /:t ds <X2, %2A<5,a> - /Ot a9, <X33 : %A&,a)

Recall from (66) that
2

(212) TAa < cha,
and from (201) and (202) that

(213) dA; > cpo1ydt on [0, K]
implying

(214) dds < cds on [0,Ag].

Inserting (211), (212), and (214) into (210), we get

t t
(215) Ut S ||$0||a+0(215)/ ds Us+/ st vV Us, OStSAN,
0 0

with ¢(215) uniform in = € I . Thus, by comparison (see Roger and Williams [29,
V.43.1)),
(216) U < U on|0,A4]

where U is the pathwise unique solution to

t t
(217) Ut = ||$0||a + 0(215) / ds Us +/ st V Us, t Z 0.
0 0

In other words, U is a certain supercritical Feller’s branching diffusion.
Now

(218) P (X)=0,t>T) > P ([|X2]la =0, s >T).

But T = 94, by the definitions (202) and (203). Hence, by definition (204) of U,
we may continue inequality (218) with

(219) > Po(Uap =0, k> 7) > P (Oay =0 | To = ll2°lla) = Pl < T),
where we also used (216). But Ar > c(213) T by (213), and by assumption (23),

(220) [2°0la < collpnolla = Co C(220)

[recall (163)]. Thus, by the branching property of Feller’s branching diffusion and
the estimate (195), we may continue (219) with

. N €0 C(220)
(221) > <7> (Tt 7 =0 ‘ o = 1)) — /2.

But the latter probability expression is positive, thus the right hand side in (221)
can be made greater than or equal to 1 — ¢ by choosing ¢y > 0 sufficiently small.
This completes the proof of Theorem 5 (b). |
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