Weierstraß–Institut

für Angewandte Analysis und Stochastik

im Forschungsverbund Berlin e.V.

Preprint ISSN 0946 – 8633

Asymptotic behaviour for a phase-field system with hysteresis

Pavel Krejčí^{1 ; 3 ; 4}, Jürgen Sprekels^{1 ; 4}, Songmu Zheng^{2 ; 5}

submitted: 6th October 1999

1 Weierstrass Institute for Applied Analysis and Stochastics, Mohrenstrasse 39 D–10117 Berlin, Germany E-Mail: krejci@wias-berlin.de

sprekels@wias-berlin.de

2 Institute of Mathematics Fudan University Shanghai 200433, China E-Mail: szheng@srcap.stc.sh.cn

3 On leave from the Mathematical Institute Academy of Sciences of the Czech Republic Žitná 25 CZ–11567 Praha 1, Czech Republic E-Mail: krejci@math.cas.cz

Preprint No. 520

Berlin 1999

WIAS

1991 Mathematics Subject Classification. 35 K 55, 47 H 30, 80 A 22.

Key words and phrases. Phase-field systems, phase transitions, hysteresis operators, asymptotic behaviour.

4 Supported by Deutsche Forschungsgemeinschaft (DFG).

5 Supported by the grant No. 19831060 from NSF of China, and the grant No. 96024603 from State Education Commission of China.

Edited by Weierstraß–Institut für Angewandte Analysis und Stochastik (WIAS) Mohrenstraße 39 D — 10117 Berlin Germany

Fax: + 49 30 2044975 E-Mail (X.400): c=de;a=d400-gw;p=WIAS-BERLIN;s=preprint E-Mail (Internet): preprint@wias-berlin.de World Wide Web: http://www.wias-berlin.de/

Abstract

The method of hysteresis operators in modelling phase transitions is applied here to the problem of asymptotic stabilization of solutions to a phase-field system with hysteresis. While it is known that a unique global strong solution exists for every initial data and that the evolution process described by this system is thermodynamically consistent in the sense that the absolute temperature remains positive for all times and the Clausius-Duhem inequality holds almost everywhere, we study here the asymptotic behaviour of the solution as t ! 1 .

1 Introduction

This paper is devoted to the study of asymptotic behaviour of the solution to the problem

μ(θ) w_t + f_1[w] + θ f_2[w] = 0 , (1.1)

(θ + F_1[w])_t − Δθ = 0 , (1.2)

in Ω× ]0, ∞[ , subject to the initial and boundary conditions

θ(x, 0) = θ^0(x) , w(x, 0) = w^0(x) in Ω , ∂θ ∂n = 0 on ∂Ω× ]0, ∞[ , (1.3)

where Ω ⊂ IR^N is an open bounded Lipschitzian domain, w^0 , θ^0 , μ are given functions and f_1 , f_2 , F_1 denote hysteresis operators fulfilling the hypotheses H3 – H5 below. Systems of the form (1.1) – (1.2) arise as phase-field equations from the mathematical study of phase transitions with hysteresis (see [KS1]–[KS3]) that include among others the relaxed Stefan problem introduced in [FV] and hysteretic analogues of the models due to Caginalp [C] and Penrose-Fife [PF] for nonconserved order parameters with zero interfacial energy.

It was shown in [KS1] – [KS3] in detail how the energy dissipation properties in hypothesis H5 ensure on the one hand the unique global solvability of the above system, and, on the other hand, the thermodynamic consistency of the model, that is, the positivity of the temperature field θ and the validity of the Clausius-Duhem inequality. Our objective here is to study the asymptotic behaviour of the solution to Eqs. (1.1) – (1.3) as t → ∞ , see Theorem 2.3 below.

Long time behaviour of solutions to phase-field systems has been studied in the literature, see e.g. [EZ], [BZ], [BCH], [L] for the Caginalp model, and [Z], [ShZ2], [KK] and the references cited there for the Penrose-Fife model. However, all these papers mentioned above deal with the case where Eq. (1.1) contains a term of the form −κ Δw with κ > 0 and no hysteresis operators are involved.

The result proved in this paper could be expected from the combined effects of dissipation due to thermal conductivity, relaxation and hysteresis; it turns out, however, that the result requires an additional concept related to the hysteresis dissipation, namely the ‘second order energy inequality’ introduced in [K1] and reformulated here as Proposition 5.2 below, which has been systematically used as the main tool for solving hyperbolic equations with hysteresis, see [K].

The paper is organized as follows. In Section 2 we recall the notion of hysteresis operators and state the main result (Theorem 2.3). In Section 3 we use a variant of the Moser iteration scheme for proving a global L^∞ -bound for solutions to a general nonlinear heat equation (Theorem 3.1) which is substantially used in the proof of Theorem 2.3 given in the subsequent Section 4. Finally, since hysteresis always implies lack of smoothness, we devote Section 5 to results from nonsmooth analysis that are used throughout the paper.

2 Preliminaries and statement of the main result

We first introduce some notation. By | · |_p , 1 ≤ p ≤ ∞ , we denote the norm in L^p(Ω) . Since we are interested in the large time behavior of solutions to the system (1.1) – (1.3), we define the spaces

C_{loc} = {u : [0, ∞[ → IR ; u|_{[0,T ]} ∈ C[0, T ] ∀T > 0} , (2.1) W^{k,p}_{loc} = {u ∈ C_{loc} ; u|_{[0,T ]} ∈ W^{k,p}(0, T ) ∀T > 0} , (2.2) for 1 ≤ p ≤ ∞ , k ∈ IN , endowed with the system of seminorms

‖u‖_{[0,t]} := max_{0≤τ ≤t} |u(τ )| , (2.3) |u|_W k,p_{(0,t)} := k−1∑ j=0 |u^{(j)}(0)| + |u^{(k)}|_Lp_{(0,t)} , (2.4)

respectively. We further define the spaces

L^p_{Ω,loc} := {u : Ω× ]0, ∞[ → IR ; u|_{Ω× ]0,T [} ∈ L^p(Ω× ]0, T [ ) ∀T > 0} . (2.5)

We consider hysteresis operators acting in the spaces C_{loc} and W^{1,1}_{loc} . Recall that a mapping f : C_{loc} → C_{loc} is called a hysteresis operator if it is causal , that is, if the implication

u(τ ) = v(τ ) ∀ τ ∈ [0, t] ⇒ f[u](t) = f[v](t) (2.6)

holds for every t ≥ 0 , and rate-independent , that is, if for every u ∈ C_{loc} , every t > 0 and every nondecreasing mapping α of [0, t] onto [0, t] we have

f[u ∘ α](τ ) = f[u](α(τ )) ∀τ ∈ [0, t] . (2.7)

The following easy result has been proved in [K], Proposition II.4.14.

Lemma 2.1 Let g : C_{loc} → C_{loc} be a rate-independent operator and let u ∈ C_{loc} be a function which is monotone (nondecreasing or nonincreasing) in an interval [t_1, t_2] ⊂

[0, ∞[ , u(t_i) = u_i , i = 1, 2 . Then there exists a continuous function Γ : Conv {u_1, u_2} → IR such that for every function v ∈ C_{loc} which is monotone in [t_1, t_2] and v(t) = u(t) for every t ∈ [0, ∞[ \ ]t_1, t_2[ we have g[v](t) = Γ(v(t)) ∀t ∈ [t_1, t_2] . (2.8)

Lemma 2.1 states that every rate-independent operator can be locally represented in each interval of monotonicity of the input function by a superposition operator. The functions Γ are called shape functions of the operator g .

Definition 2.2 A rate-independent operator g : C_{loc} → C_{loc} is said to be clockwise convex, if all shape functions Γ corresponding to nondecreasing inputs are concave and all shape functions corresponding to nonincreasing inputs are convex.

Clockwise convex rate-independent operators play a particular role in the theory (see the monograph [K]), since they admit an ‘energy-type’ inequality of the form w_{tt} g[w]_t − V[w]_t ≥ 0 in the sense of distributions (2.9) for every input function w ∈ W^{2,1}_{loc} , where

V[w](t) := 1 2 w_t(t) g[w]_t(t) . (2.10)

According to (2.9), V[w] can be interpreted as ‘potential energy’ corresponding to the ‘power’ w_{tt} g[w]_t .

Inequality (2.9) will be rigorously reformulated and proved below in Proposition 5.2. We now state the main result of this paper under the following hypotheses.

Hypotheses H1. The initial data are given in such a way that

(i) w^0 ∈ L^∞(Ω) , θ^0 ∈ W^{1,2}(Ω) ∩ L^∞(Ω) , (2.11) (ii) ∃δ > 0 : θ^0(x) ≥ δ for a. e. x ∈ Ω .

H2. The function μ : [0, ∞[ → ]0, ∞[ is continuously differentiable, μ(θ) ≥ μ_0 > 0 for every θ ≥ 0 .

H3. The operators f_1, f_2 map C_{loc} into C_{loc} , W^{1,1}_{loc} into W^{1,1}_{loc} , and there exist constants K_1 > 0 , K_2 > 0 such that the implications w_1, w_2 ∈ C_{loc} ⇒ |f_i[w_1](t) − f_i[w_2](t)| ≤ K_1 |w_1 − w_2|_{[0,t]} , (2.12) w ∈ W^{1,1}_{loc} ⇒ |f_i[w]_t(t)| ≤ K_1 |w_t(t)| , (2.13) w ∈ C_{loc} ⇒ |f_i[w](t)| ≤ K_2 (2.14) hold for i = 1, 2 and a. e. t > 0 .

H4. The operator F_1 maps W^{1,1}_{loc} into W^{1,1}_{loc} , and there exists a constant K_3 > 0 such that w ∈ W^{1,1}_{loc} ⇒ |F_1[w]_t (t)| ≤ K_3|w_t(t)| a. e. (2.15)

We moreover assume that the following implication holds for every t > 0 :

∀R > 0 ∃M_R > 0 : w_1, w_2 ∈ W^{1,1}_{loc} , |w_i|_W 1,1_{(0,t)} ≤ R , i = 1, 2, (2.16) ⇒ |F_1[w_1](t) − F_1[w_2](t)| ≤ M_R |w_1 − w_2|_W 1,1_{(0,t)} .

H5. There exist hysteresis operators F_2, g : C_{loc} → C_{loc} which map W^{1,1}_{loc} into W^{1,1}_{loc} such that g is clockwise convex, and there exists a constant K_4 > 0 such that for all w ∈ W^{1,1}_{loc} we have 1 K_4 (g[w]t)

2 ≤ w_t g[w]_t ≤ K_4 w^2_t a. e. , (2.17) F_i [w]_t ≤ g [w]_t f_i[w] a. e. , i = 1, 2 , (2.18) F_i[w](t) ≥ 0 ∀t ∈ [0, T ] , i = 1, 2 . (2.19)

In applications, we typically have either g[w] = w , or g[w] = s[w] , where s is the stop operator with thresholds 0 and 1 . In both cases, the operator g fulfils the conditions of hypothesis H5 whenever f_i , F_i are of the form f_i[w] = f̃_i[g[w]] , F_i[w] = F̃_i[g[w]] , i = 1, 2 , where, according to the terminology introduced in [BS], f̃_i are clockwise admissible hysteresis operators with potentials F̃_i .

According to Theorem 2.2 of [KS3], system (1.1) – (1.3) admits a unique solution (w, θ) ∈ L^∞_{Ω,loc} ×L^∞_{Ω,loc} such that w_t ∈ L^∞_{Ω,loc} , θ_t, Δθ ∈ L^2_{Ω,loc} , Eqs. (1.1) – (1.2) are satisfied almost everywhere and there exists κ > 0 such that θ(x, t) ≥ δ e^{−κt} . The main objective of this paper is to prove the following result.

Theorem 2.3 Let the hypotheses H1 – H5 hold. Then there exists a constant Ĉ > 0 such that the solution (w, θ) to the system (1.1) – (1.3) satisfies the conditions 0 < θ(x, t) ≤ Ĉ , |w_t(x, t)| ≤ Ĉ a. e. in Ω× ]0, ∞[ . (2.20) Moreover, if for t > 0 we put E_1(t) :=^1_2 ∫ Ω |∇θ(x, t)|^2dx , E_2(t) :=^1_2 ∫ Ω w_t(x, t) g[w]_t(x, t)dx , E(t) := E_1(t) + E_2(t) ,

(2.21)

then we have ∫_∞ 0 E(t) dt ≤ Ĉ , lim_{t→∞} E_1(t) = 0 , (2.22) and there exists a function E^∗_2 : [0, ∞[ → [0, ∞[ such that

E_2(t) = E^∗_2 (t) a. e. , lim_{t→∞} E^∗_2 (t) = 0 , Var_{[0,∞[} ( (E_1 + E^∗_2 )^2 ) ≤ Ĉ . (2.23)

In particular, the function E_2 satisfies the condition lim_{t→∞} sup ess {E_2(s) ; s > t} = 0 . (2.24)

3 An L^∞ -estimate

We use here a variant of the Moser iteration scheme, see e. g. [LSU], to prove Theorem 3.1 below which will be substantially exploited in the next section. We first recall the well-known interpolation inequality |v|_2 ≤ A ( δ |∇v|_2 + δ^{−N/2} |v|_1 ) , (3.1) which holds for every v ∈ W^{1,2}(Ω) and every δ ∈ ]0, 1[ with a constant A > 0 independent of v and δ . Let us note that it is equivalent to Gagliardo-Nirenberg’s inequality |v|_2 ≤ A^∗ ( |v|_1 + |v|^{2N+2}_1 |∇v|^{NN+2}_2 ) . (3.2)

Theorem 3.1 Let H : L^∞_{Ω,loc} → L^∞_{Ω,loc} be a mapping with the following property: ∃B > 0 ∀u ∈ L^∞_{Ω,loc} : | H[u](x, t)| ≤ B (1 + |u(x, t)|) a. e. (3.3) Let u^0 ∈ L^∞(Ω) be a given function and let u ∈ L^∞_{Ω,loc} ⋂ L^2(0, T ; H^1(Ω)) for any T > 0 be a solution of the problem u_t − Δu = H[u] in Ω× ]0, ∞[ , (3.4)

u(x, 0) = u^0(x) in Ω , ∂u ∂n = 0 on ∂Ω× ]0, ∞[ , (3.5) such that ∃E > 0 ∀t ≥ 0 : |u(t)|_1 ≤ E . (3.6) Then there exists a constant R > 0 depending only on A , B , E , N , |Ω| := meas Ω and U := |u^0|_∞ such that |u(t)|_∞ ≤ R for a. e. t > 0 . (3.7) Proof. For k ∈ IN put ψ_k := u |u|^{2k−1−1} (3.8) and test Eq. (3.4) with u |u|^{2k−2} . For a. e. t > 0 this yields 2^{−k} d dt ∫ Ω |u|^{2k} dx + (2^k − 1) ∫ Ω |∇u|^2 |u|^{2k−2} dx ≤ B ∫ Ω ( |u|^{2k−1} + |u|^{2k} ) dx , (3.9) where ∫ Ω |u|^{2k} (x, t) dx = |ψ_k(t)|^2 , (3.10) ∫ Ω |u|^{2k−1}(x, t) dx ≤ |Ω|^{2−k} (∫ Ω |u|^{2k} (x, t) dx )_{1−2}−k (3.11) ≤ 2^{−k} |Ω| + (1 − 2^{−k}) |ψ_k(t)|^2 , ∫ Ω |∇u|^2 |u|^{2k−2}(x, t) dx = ∫ Ω ( |∇u| |u|^{2k−1−1} )_2

(x, t) dx = 2^{2−2k} |∇ψ_k(t)|^2 . (3.12)

Inequality (3.9) can therefore be written as d dt |ψ_k(t)|^2 + 4 (1 − 2^{−k}) |∇ψ_k(t)|^2 ≤ B ( |Ω| + (2^{k+1} − 1) |ψ_k(t)|^2 ) (3.13) for every k ∈ IN and a. e. t > 0 . The interpolation inequality (3.1) for v = ψ_k(t) yields |ψ_1(t)|_2 ≤ A ( δ |∇ψ_1(t)|_2 + δ^{−N/2} E ) , (3.14) |ψ_k(t)|_2 ≤ A ( δ |∇ψ_k(t)|_2 + δ^{−N/2} |ψ_{k−1}(t)|^2 ) (3.15) for every k ≥ 2 , δ ∈ ]0, 1[ and a. e. t > 0 .

We now estimate the right-hand side of Ineq. (3.13) using (3.14) and (3.15) with an appropriately chosen δ .

Throughout this section, we denote by C_1, C_2, . . . any positive constants depending exclusively on A , B , E , N , U and |Ω| . We may indeed assume that min{A, B} ≥ 1 . Putting δ := (2^{1+(k/2)} A √ B)^{−1} in (3.14), (3.15), we infer from (3.13) that the inequalities d dt |ψ_1(t)|^2 + |∇ψ_1(t)|^2 ≤ C_1 , (3.16) d dt |ψ_k(t)|^2 + |∇ψ_k(t)|^2 ≤ C_1 ( 1 + 2^{β k} |ψ_{k−1}(t)|^4_2 ) (3.17) hold for every k ≥ 2 and a. e. t > 0 , with β := 1 + (N/2) . Using again Ineqs. (3.14), (3.15) for, say, δ := 1/(2A) , we obtain from (3.16), (3.17) the inequalities d dt |ψ_1(t)|^2 + |ψ_1(t)|^2 ≤ C_2 , (3.18) d dt |ψ_k(t)|^2 + |ψ_k(t)|^2 ≤ C_2 ( 1 + 2^{β k} |ψ_{k−1}(t)|^4_2 ) (3.19) for k ≥ 2 and a. e. t > 0 , hence |ψ_1(t)|^2 ≤ max { |ψ_1(0)|^2 , C_2 } , (3.20) |ψ_k(t)|^2 ≤ max { |ψ_k(0)|^2 , C_2 ( 1 + 2^{β k} max_{0≤τ ≤t} |ψ_{k−1}(τ )|^4_2 )} (3.21) for all k ≥ 2 and t ≥ 0 .

We have by definition |ψ_k(t)|^2 = |u(t)|^{2k}_{2k} for every k ∈ IN and t ≥ 0 , hence in particular |ψ_k(0)|^2 = |u^0|^{2k}_2k ≤ |Ω| U^{2k} ∀k ∈ IN . (3.22) Let us introduce the auxiliary functions z_k(t) := max_{0≤τ ≤t} |u(τ )|_2k (3.23) for k ∈ IN and t ≥ 0 . Ineqs. (3.20), (3.21) then read z_1(t) ≤ C_3 , (3.24) z^{2k}_k (t) ≤ C_3 max { U^{2k} , 1 + 2^{β k} z^{2k}_{k−1}(t) } (3.25) ≤ C_3 ( 1 + 2^{β k} ) ( max {U, 1, z_{k−1}(t)} )_2k

for k ≥ 2 and t ≥ 0 . Let us now fix any t ≥ 0 and for k ∈ IN put y_k := max{U, 1, z_k(t)} . Then

y_1 ≤ C_4 , (3.26) y_k ≤ ( C_3 ( 1 + 2^{β k} ))_2−k y_{k−1} for k ≥ 2 , (3.27)

and we easily obtain

y_k ≤ C_4 exp k∑ j=2 2^{−j} log ( C_3 ( 1 + 2^{β j} )) ≤ C_5 (3.28)

independently of k and t . We thus conclude that sup t≥0, k∈IN |u(t)|_2k ≤ C_5 , (3.29)

and to complete the proof of Theorem 3.1, it suffices to put R := C_5 .

4 Proof of Theorem 2.3

The proof of Theorem 2.3 is based on a series of estimates. Similarly as in the previous section, we denote by C_1, C_2, . . . any positive constant independent of x and t . Estimate 1.

Integrating Eq. (1.2) over Ω , we obtain

|θ(t)|_1 + |F_1[w](t)|_1 ≤ C_1 . (4.1)

From Eq. (1.1) and Hypothesis H3 it follows that

|w_t(x, t)| ≤ C_2 (1 + θ(x, t)) a. e. , (4.2)

and Hypothesis H4 yields that

|F_1[w]_t(x, t)| ≤ C_3 (1 + θ(x, t)) a. e. (4.3)

Theorem 3.1 enables us to conclude that θ(x, t) ≤ C_4 |w_t(x, t)| ≤ C_5 } a. e. (4.4)

Estimate 2.

Put λ(x, t) := log θ(x, t) . Then for a. e. (x, t) ∈ Ω× ]0, ∞[ we have

λ_t − Δ λ = 1 θ (θ_t − Δ θ) + | | | | | ∇θ θ | | | | | 2 , (4.5) where

θ_t − Δ θ = − F_1[w]_t ≥ − f_1[w] g[w]_t = μ(θ) w_t g[w]_t + θ f_2[w] g[w]_t (4.6) ≥ μ(θ) w_t g[w]_t + θ F_2[w]_t ,

hence λ_t − Δ λ ≥ F_2[w]_t + μ(θ) θ w_t g[w]_t + | | | | | ∇θ θ | | | | | 2 (4.7)

a.e. in Ω× ]0, ∞[ . Integrating Ineq. (4.7) with respect to x and t , we obtain for every t > 0 that ∫ t 0 ∫ Ω μ(θ) θ w_t g[w]_t + | | | | | ∇θ θ | | | | | 2 (x, τ ) dx dτ (4.8) ≤ ∫ Ω ( log θ(x, t) − log θ^0(x) + F_2[w](x, 0) ) dx ≤ C_6 , and from (4.4) it follows that ∫_t 0 E(τ ) dτ ≤ C_7 (4.9)

for every t > 0 .

Estimate 3.

Test Eq. (1.2) with θ_t . This yields for a. e. t that

|θ_t(t)|^2 + 1 2 d dt |∇θ(t)|^2 ≤ C_8 (1 + |θ_t(t)|_1) ≤ 1 2 ( |θ_t(t)|^2 + C_9 ) , (4.10)

hence |θ_t(t)|^2 + d dt |∇θ(t)|^2 ≤ C_9 a. e. (4.11)

Thus, combining (4.11) with (4.9) and applying Lemma 3.1 of [ShZ1] yields that E_1(t) = ∫ Ω |∇θ|^2(x, t) dx → 0 as t → ∞ . Estimate 4.

We differentiate the equation

w_t + 1 μ(θ) f_1[w] + θ μ(θ) f_2[w] = 0 (4.12)

with respect to t and test with g[w]_t . This yields

(w_{tt} g[w]_t)(x, t) ≤ C_{10} (1 + |θ_t(x, t)|) a. e. , (4.13)

hence ∫ Ω (w_{tt} g[w]_t)(x, t) dx ≤ 1 2 ( |θ_t(t)|^2 + C_{11} ) (4.14)

for a. e. t > 0 . Combining (4.11) with (4.14) we obtain ∫ Ω (w_{tt} g[w]_t)(x, t) dx + 1 2 d dt |∇θ(t)|^2 ≤ C_{12} a. e. (4.15)

For t > 0 put q(t) := C_{12}t − E(t) . (4.16)

We claim that for every T > 0 and every ϕ ∈^∘W^{1,1}(0, T ) such that ϕ(t) ≥ 0 for every t ∈ [0, T ] we have ∫_T 0 q(t) ϕ_t(t) dt ≤ 0 . (4.17)

Indeed, let T > 0 and ϕ ∈^∘W^{1,1}(0, T ) such that ϕ(t) ≥ 0 for every t ∈ [0, T ] be given. Then Ineq. (4.15) together with the Fubini theorem yield ∫ T 0 q(t) ϕ_t(t) dt = − ∫ T 0 (C_{12} ϕ(t) + E(t) ϕ_t(t)) dt (4.18) ≤ − ∫ T 0 ( d dt (1 2 ϕ(t) ∫ Ω |∇θ(x, t)|^2 dx )

+ ϕ(t) ∫ Ω (w_{tt} g[w]_t)(x, t) dx + 1 2 ϕ_t(t) ∫ Ω (w_t g[w]_t)(x, t) dx ) dt = − ∫ Ω ∫ T 0 ( ϕ(t) (w_{tt} g[w]_t)(x, t) + 1 2 ϕ_t(t) (w_t g[w]_t)(x, t) ) dt dx . By Proposition 5.2 we have for a. e. x ∈ Ω that ∫ T 0 ( ϕ(t) (w_{tt} g[w]_t)(x, t) + 1 2 ϕ_t(t) (w_t g[w]_t)(x, t) ) dt ≥ 0 , (4.19)

and Ineq. (4.17) follows. From Lemma 5.1 we conclude that there exists a nondecreasing function q_∗ : [0, ∞[ → IR such that q(t) = q_∗(t) a. e. For t ≥ 0 it now suffices to put E_∗(t) := C_{12}t − q_∗(t) . Proposition 5.4 with y = E_∗ , Y = C_7 , h ≡ 0 , f(u) ≡ C_{12} entails that the function (E_∗)^2 has bounded variation in [0, ∞[ and lim_{t→∞} E_∗(t) = 0 . It now suffices to put E^∗_2 := E_∗ − E_1 and the assertion follows from Ineqs. (4.4) and (4.9).

5 Monotonicity and convexity

The easy Lemma 5.1 below plays a crucial role in our analysis. For the reader’s convenience, we give here the proof taken from [K], Lemma II.4.16.

Lemma 5.1 Let [a, b] ⊂ IR be a compact interval and let u ∈ L^∞(a, b) be a given function. Then the following two conditions are equivalent.

(i) There exists a nondecreasing function u_∗ : [a, b] → IR such that u(t) = u_∗(t) a. e.

(ii) For every function ϕ ∈^∘W^{1,1}(a, b) such that ϕ(t) ≥ 0 for every t ∈ [a, b] we have ∫ b a u(t) ϕ_t(t) dt ≤ 0 . (5.1)

Proof.

(i) ⇒ (ii): Let ϕ with the above properties be given. For an arbitrary partition a = t_0 < t_1 < . . . < t_n = b we define the piecewise linear approximation

û(t) := u_∗(t_{j−1}) + t − t_{j−1} t_j − t_{j−1} (u_∗(t_j) − u_∗(t_{j−1})) for t ∈ [t_{j−1}, t_j[ , j = 1, . . . , n .

Obviously, Ineq. (5.1) holds for û(t) , and refining the partition we pass to the limit. (ii) ⇒ (i): Let (5.1) hold and let r, s ∈ ]a, b[ , r < s be arbitrary Lebesgue points of u . For 0 < ε < min{(s − r)/2, b − s, r − a} put

ϕ_t(t) := 1 2ε for t ∈ ]r − ε, r + ε[ , −1 2ε for t ∈ ]s − ε, s + ε[ , 0 otherwise .

Then Ineq. (5.1) yields 1 2ε ∫ r_+ε r−ε u(t) dt ≤ 1 2ε ∫ s_+ε s−ε u(t) dt , hence u(r) ≤ u(s) . The set Λ(u) of Lebesgue points of u has full measure, hence we may put u_∗(t) := u(t) for t ∈ Λ(u) , u_∗(t) := sup{u(s) ; s ∈ ]a, t[ ∩Λ(u)} for t ∈ ]a, b] \ Λ(u) , continuously extended to t = a , and the proof is complete. The ‘energy inequality’ (2.9) is stated in the following form.

Proposition 5.2 Let g : C_{loc} → C_{loc} be a clockwise convex rate-independent operator, and let w ∈ W^{2,1}_{loc} be a given function such that g[w] ∈ W^{1,∞}_{loc} . Then for every T > 0 and every ϕ ∈^∘W^{1,1}(0, T ) such that ϕ(t) ≥ 0 for every t ∈ [0, T ] we have ∫ T 0 ( ϕ(t) w_{tt}(t) g[w]_t(t) + 1 2 ϕ_t(t) w_t(t) g[w]_t(t) ) dt ≥ 0 . (5.2)

According to Lemma 5.1, Proposition 5.2 says that the function

P (t) := ∫ t 0 w_{tt}(τ ) g[w]_t(τ ) dτ − 1 2 w_t(t) g[w]_t(t) (5.3)

is equal to a nondecreasing function a. e. in ]0, ∞[ .

Proof. Let T > 0 and ϕ ∈^∘W^{1,1}(0, T ) such that ϕ(t) ≥ 0 for every t ∈ [0, T ] be given, and put A_0 := {t ∈ [0, T ] ; w_t(t) = 0} , A_1 := ]0, T [ \A_0 . Then g[w]_t(t) = 0 for a. e. t ∈ A_0 . By hypothesis, the function w_t is continuous, hence the set A_1 is open and can be written as a countable union of disjoint open intervals, that is,

A_1 = ∞∑ k=1 ]a_k, b_k[ , ]a_k, b_k[ ∩ ]a_ℓ, b_ℓ[ = ∅ for k ≠ ℓ . (5.4)

Let K ⊂ IN be the set of all indices k such that the interval ]a_k, b_k[ is nonempty. For each k ∈ K , the function w is strictly monotone in [a_k, b_k] ; let Γ_k denote the shape function of g in the interval [a_k, b_k] . We then have ∫ T 0 ( ϕ(t) w_{tt}(t) g[w]_t(t) + 1 2 ϕ_t(t) w_t(t) g[w]_t(t) ) dt (5.5) = ∑ k∈K ∫ b_k a_k Γ^′_k(w(t)) d dt (1 2 ϕ(t) w^2_t (t) ) dt . For each k ∈ K , we evaluate the above integral over [a_k, b_k] by substituting s := w(t) . This yields ∫ b_k a_k Γ^′_k(w(t)) d dt (1 2 ϕ(t) w^2_t (t) ) dt (5.6)

= ∫ w_(b_{k)} w(a_k) Γ^′_k(s) d ds (1 2 ϕ(w^{−1}(s)) w^2_t (w^{−1}(s)) ) ds if w is increasing in [a_k, b_k] , − ∫ w_(a_{k)} w(b_k) Γ^′_k(s) d ds ( 1 2 ϕ(w^{−1}(s)) w^2_t (w^{−1}(s)) ) ds if w is decreasing in [a_k, b_k] .

Put ϕ_k(s) := (1/2) ϕ(w^{−1}(s)) w^2_t (w^{−1}(s)) for s ∈ I_k := Conv {w(a_k), w(b_k)} . We have w_t(a_k) = w_t(b_k) = 0 for every a_k > 0 , b_k < T , and ϕ(0) = ϕ(T ) = 0 , hence ϕ_k ∈^∘W^{1,1}(I_k) for every k ∈ K , ϕ_k(s) ≥ 0 for every s ∈ I_k .

At this point, we make use of the convexity of the operator g : the function Γ^′_k is nonincreasing in I_k if w is increasing and nondecreasing if w is decreasing. We can therefore apply Lemma 5.1 to each of the integrals on the right-hand side of Eq. (5.6) and conclude that ∫_{bk} a_k Γ^′_k(w(t)) d dt ( 1 2 ϕ(t) w^2_t (t) ) dt ≥ 0 (5.7)

for every k ∈ K . The assertion now follows from Eq. (5.5). Proposition 5.2 is proved.

The rest of this section is devoted to a generalization of Lemma 3.1 of [ShZ1] and Theorem 9 of [KS4] which have been stated in the framework of continuous functions. Proposition 5.4 below extends them to the discontinuous case which is needed here. Its proof is based on the following auxiliary result.

Lemma 5.3 Let T > 0 , g ∈ C_{loc} , p ∈ L^1(0, T ) and y ∈ BV (0, T ) be given such that

(i) g(u) ≥ 0 , p(t) ≥ 0 , y(t) ≥ 0 for every u ≥ 0 and (almost) every t ∈ [0, T ] ,

(ii) the function q(t) := ∫ t 0 p(τ ) dτ − y(t) is nondecreasing in [0, T ] .

For v ≥ 0 put G(u) := ∫ u 0 g(v) dv . Then the function

Q(t) := ∫ t 0 g(y(τ )) p(τ ) dτ − G(y(t)) (5.8) is nondecreasing in [0, T ] .

Proof. For any n ∈ IN we construct the equidistant partition 0 = s_0 < s_1 < . . . < s_n = T of the interval [0, T ] , s_k := T k/n for k = 0, 1, . . . , n . We approximate the functions p , y by piecewise constant and piecewise linear interpolates, respectively, that is, p_n(t) := n T ∫ s_k s_{k−1} p(τ ) dτ , y_n(t) := y(s_{k−1}) + n T (t − s_{k−1}) (y(s_k) − y(s_{k−1})) for t ∈ [s_{k−1}, s_k[ , k = 1, . . . , n , continuously extended to t = T . Let Q_n : [0, T ] → IR be the function Q_n(t) := ∫ t 0 g(y_n(τ )) p_n(τ ) dτ − G(y_n(t)) . By hypothesis (ii), we have for t ∈ ]s_{k−1}, s_k[ ẏ_n(t) = n T (y(s_k) − y(s_{k−1})) ≤ n T ∫ s_k s_{k−1} p(τ ) dτ = p_n(t) , hence Q̇_n(t) = g(y_n(t)) (p_n(t) − ẏ_n(t)) ≥ 0 . We have p_n → p strongly in L^1(0, T ) as n → ∞ , y_n(t) → y(t) a. e., hence Q_n(t) → Q(t) a. e. Since Q_n are nondecreasing for every n , the function Q is also nondecreasing and Lemma 5.3 is proved.

Proposition 5.4 Let f ∈ C_{loc} , h ∈ L^1(0, ∞) and y ∈ BV_{loc} (0, ∞) ∩ L^1(0, ∞) be given such that

(i) f(u) ≥ 0 , h(t) ≥ 0 , y(t) ≥ 0 for every u ≥ 0 and (almost) every t ≥ 0 , (ii) ∫_∞ 0 h(t) dt =: H , ∫_∞ 0 y(t) dt =: Y , (iii) the function q_1(t) := ∫ t 0 (f(y(τ )) + h(τ )) dτ − y(t) is nondecreasing in [0, ∞[ .

Then we have lim_{t→∞} y(t) = 0 . (5.9) If moreover the function F (u) := ∫ u 0 (max{1, f(v)/v})^{−1} dv for u ≥ 0 satisfies the condition lim_{u→∞} F (u) = ∞ , (5.10) then y(t) ≤ Ȳ := F^{−1}(F (y(0)) + Y + H) ∀t ≥ 0 , (5.11) y(t) ≤ F^{−1}(2 Y + H) ∀t ≥ 1 , (5.12) Var_{[0,∞[} (y^2) ≤ y^2(0) + 4 ( Y ‖f‖_{[0,Ȳ ]} + H Ȳ ) . (5.13)

Remark. If we drop the condition (5.10), then we have no a priori bound for y(t) anymore. It suffices to consider any continuous function f(u) ≥ max{1, u} such that F_∞ := ∫_∞ 0 v/f(v) dv < ∞ , and to put Φ(u) := ∫ u 0 1/f(v) dv . We then have

Φ_∞ := ∫_∞ 0 1/f(v) dv ≤ ∫_1 0 1/f(v) dv + ∫_∞ 1 v/f(v) dv ≤ 1 + F_∞ − F (1) .

For an arbitrary ε ∈ ]0, Φ_∞[ we can find some R_ε > 0 such that Φ_∞ − Φ(R_ε) = ∫_∞ Rε 1/f(v) dv = ε and define the function

y_ε(t) := { Φ^{−1}(t) for t ∈ [0, Φ_∞ − ε] , 0 for t > Φ_∞ − ε .

Then y_ε(Φ_∞ − ε) = R_ε and ẏ_ε(t) = f(y_ε(t)) for t ∈ ]0, Φ_∞ − ε[ , hence ∫_∞ 0 y_ε(t) dt = ∫_{Φ∞−}ε 0 ẏ_ε(t) y_ε(t)/f(y_ε(t)) dt = F (R_ε) ≤ F_∞ and ∫ t 0 f(y_ε(τ )) dτ − y_ε(t) = { 0 for t ∈ [0, Φ_∞ − ε] , R_ε + t f(0) for t > Φ_∞ − ε .

Hence, the hypotheses (i) – (iii) of Proposition 5.4 hold with h ≡ 0 and Y = F_∞ independently of ε , while y_ε(Φ_∞ − ε) → ∞ as ε → 0 .

Proof of Proposition 5.4. Assume first that condition (5.10) holds, and for t > 0 put p(t) := f(y(t)) + h(t) . The hypotheses of Lemma 5.3 are satisfied for every T > 0 , and we can conclude that the function Q_1(t) := ∫ t 0 y(τ ) (f(y(τ )) + h(τ )) max{y(τ ), f(y(τ ))} dτ − F (y(t)) (5.14)

is nondecreasing in [0, ∞[ . In particular, we have for every t ≥ s ≥ 0 F (y(t)) − F (y(s)) ≤ ∫ t s y(τ ) f(y(τ )) + y(τ ) h(τ ) max{y(τ ), f(y(τ ))} dτ ≤ ∫ t s (y(τ ) + h(τ )) dτ ≤ Y + H , and Ineq. (5.11) follows for s = 0 . Assuming t ≥ 1 , we integrate ∫ t t−1 ds the inequality F (y(t)) ≤ F (y(s)) + Y + H ≤ y(s) + Y + H , and we obtain precisely Ineq. (5.12). We further put q_2(t) := ∫ t 0 (‖f‖_{[0,Ȳ ]} + h(τ )) dτ − y(t) . (5.15) By assumption (iii) and Ineq. (5.11), the function q_2 is nondecreasing, and Lemma 5.3 for g(u) = u and arbitrary T > 0 implies that the function Q_2(t) := ∫ t 0 y(τ )(‖f‖_{[0,Ȳ ]} + h(τ )) dτ − 1 2 y^2(t) (5.16) is nondecreasing in [0, ∞[ .

Let S := {t_j}^n_{j=0} , 0 = t_0 < t_1 < . . . < t_n be an arbitrary sequence, and put

V (S) := n∑ j=1 | | |y^2(t_j) − y^2(t_{j−1}) | | | . (5.17)

In the above definition of V (S) , we first eliminate monotone parts of the sequence {y^2(t_j)} . We put j_0 := 0 , and for k ≥ 1 we define by induction the sets M_k of all indices i ≥ j_{k−1} such that the sequence {y^2(t_j)}^i_{j=jk−1} is monotone. We then put j_k := max M_k until j_k = n for some k = n^′ . Then the sequence {y^2(t_{jk} )}^{n′}_{k=0} is alternating, that is, ( y^2(t_{jk+1} ) − y^2(t_{jk} ) ) ( y^2(t_{jk} ) − y^2(t_{jk−1} ) ) < 0 ∀ k = 1, . . . , n^′ − 1 , (5.18)

and the identity

V (S) = n^′∑ k=1 | | |y^2(t_{jk} ) − y^2(t_{jk−1} ) | | | (5.19)

holds. We now have for every k = 1, . . . , n^′ either (−1)^k(y^2(t_{jk} ) − y^2(t_{jk−1} )) > 0 and

V (S) = y^2(0) − y^2(t_n) + 2 k^′∑ i=1 ( y^2(t_{j2i} ) − y^2(t_{j2i−1} ) ) , k^′ = [ n^′ 2 ] , or (−1)^k(y^2(t_{jk} ) − y^2(t_{jk−1} )) < 0 and

V (S) = y^2(0) − y^2(t_n) + 2 k^{′′}∑ i=0 ( y^2(t_{j2i+1} ) − y^2(t_{j2i} ) ) , k^{′′} = [ n^′ − 1 2 ] . Using the fact that the function (5.16) is nondecreasing, we obtain in both cases

V (S) ≤ y^2(0) + 4 ∫ t_n 0 y(τ )(‖f‖_{[0,Ȳ ]} +h(τ )) dτ ≤ y^2(0) + 4 ( Y ‖f‖_{[0,Ȳ ]} + H Ȳ ) . (5.20)

Since the sequence S was arbitrary, the estimate (5.13) follows. Especially, the function y^2(t) tends to a finite limit as t → ∞ . Since y is integrable, this limit must be zero. Let now f be an arbitrary nonnegative continuous function. For u ≥ 0 put g(u) := max{0, min{1, 2 − u}} , G(u) := ∫ u 0 g(v) dv . By Lemma 5.3, the function

Q(t) := ∫ t 0 g(y(τ )) (f(y(τ )) + h(τ )) dτ − G(y(t)) is nondecreasing in [0, ∞[ . For t ≥ 0 put y^∗(t) := G(y(t)) ≤ y(t) , q^∗_1(t) := ∫ t 0 (F^∗ + h(τ )) dτ − y^∗(t) , where F^∗ := ‖f‖_{[0,2]} . Then for every t > s > 0 we have q^∗_1(t) − q^∗_1(s) ≥ Q(t) − Q(s) ≥ 0 , hence q^∗_1 is nondecreasing.

We are now in the previous situation, with y^∗(t) , q^∗_1(t) , f^∗(u) ≡ F^∗ instead of y(t) , q_1(t) , f(u) , respectively. This enables us to conclude that lim_{t→∞} y^∗(t) = 0 . In particular, there exists T > 0 such that y^∗(t) ≤ 1 for t ≥ T , hence y(t) = y^∗(t) for t ≥ T and Proposition 5.4 is proved.

References

[BZ] Bates, P., Zheng, S.: Inertial manifolds and inertial sets for the phase-field equations. Journal of Dynamics and Differential Equations 4 (1992), 375–398.

[BCH] Brochet, D., Chen, X., and Hilhorst, D.: Finite dimensional exponential attractor for the phase field model. Applicable Analysis 49 (1993), 197–212.

[BS] Brokate, M., Sprekels, J.: Hysteresis and Phase Transitions. Appl. Math. Sci.

Vol. 121, Springer-Verlag, New York, 1996.

[C] Caginalp, G.: An analysis of a phase field model of a free boundary. Arch. Rational Mech. Anal. 92 (1986), 205–245.

[DK] Damlamian, A., Kenmochi, N.: Asymptotic behavior and periodic forcing in time for the solutions of a nonlinear system representing a phase change with dissipation. Proceedings of the First World Congress of Nonlinear Analysts, Tampa’92 (V. Lakshmikantham Ed.), W. de Gruyter, Berlin – New York, 1996, 2281–2288.

[EZ] Elliott, C. M., Zheng, S.: Global existence and stability of solutions to the phase field equations, Free Boundary Problems (K. H. Hoffmann and J. Sprekels Eds.), International Series of Numerical Mathematics Vol. 95, Birkhäuser-Verlag, Basel, 1990, 46–58.

[FV] Frémond, M., Visintin, A.: Dissipation dans le changement de phase. Surfusion.

Changement de phase irréversible. C. R. Acad. Sci. Paris Sér. II Méc. Phys. Chim. Sci. Univers Sci. Terre 301 (1985), 1265–1268.

[Ke] Kenmochi, N.: Global attactor of the semigroup associated to a phase-field model with constraint. in Free Boundary Problems, Theory and Applications (M. Niezgódka and P. Strzelecki Eds.), Longman, London, 1996, 111–125.

[KK] Kenmochi, N., Kubo, M.: Weak solutions of nonlinear systems for non-isothermal phase transitions. Adv. Math. Sci. Appl. 9 (1999), 499–521.

[KP] Krasnosel’skii, M. A., Pokrovskii, A. V.: Systems with Hysteresis. Springer-Verlag, Heidelberg, 1989 (Russian edition: Nauka, Moscow, 1983).

[K] Krejčí, P.: Hysteresis, Convexity and Dissipation in Hyperbolic Equations. Gakuto Int. Series Math. Sci. & Appl., Vol. 8, Gakkōtosho, Tokyo, 1996.

[K1] Krejčí, P.: Hysteresis and periodic solutions of semilinear and quasilinear wave equations. Math. Z. 193 (1986), 247–264.

[KS1] Krejčí, P., Sprekels, J.: A hysteresis approach to phase-field models. Nonlinear Analysis TMA (to appear).

[KS2] Krejčí, P., Sprekels, J.: Hysteresis operators in phase-field models of Penrose-Fife type. Appl. Math. 43 (1998), 207–222.

[KS3] Krejčí, P., Sprekels, J.: Phase-field models with hysteresis. (to appear).

[KS4] Krejčí, P., Sprekels, J.: Weak stabilization of solutions to PDEs with hysteresis in thermovisco-elastoplasticity. In: EQUADIFF 9 – Proceedings (R. P. Agarwal, F. Neuman, J. Vosmanský eds.), Masaryk Univ., Brno 1998, 81–96.

[LSU] Ladyzhenskaya, O. A., Solonnikov, V. A., Ural’tseva, N. N.: Linear and Quasilinear Equations of Parabolic Type. American Mathematical Society, 1968. (Russian edition: Nauka, Moscow, 1967).

[L] Ph. Laurençot: Long-time behaviour for a model of phase-field type. Proc. Roy.

Soc. Edinburgh 126A (1996), 167–185.

[PF] Penrose, O., Fife, P. C.: Thermodynamically consistent models of phase field type for the kinetics of phase transitions. Physica D 43 (1990), 44–62.

[ShZ1] Shen, W., Zheng, S.: On the coupled Cahn-Hilliard equations. Comm. PDE 18 (1993), 701–727.

[ShZ2] Shen, W., Zheng, S.: Maximal attractor for the phase-field equations of Penrose- Fife type. Preprint, 1999.

[SpZ] Sprekels, J., Zheng, S.: Global smooth solutions to a thermodynamically consistent model of phase-field type in higher space dimensions. J. Math. Anal. Appl. 176 (1993), 200–223.

[V] Visintin, A.: Differential Models of Hysteresis. Springer-Verlag, New York, 1994.

[V1] Visintin, A.: Models of Phase Transitions. Progress in Nonlinear Differential Equations and Their Applications Vol. 28, Birkhäuser, Basel 1996.

[Z] Zheng, S.: Global smooth solutions to a thermodynamically consistent model of phase field type. Diff. Integral Equs. 5 (1992), 241–253.