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ABSTRACT. We study a Hopfield model whose number of patterns M grows to
infinity with the system size N, in such a way that M (N)?log M(N)/N tends to
zero. In this model the unbiased Gibbs state in volume N can essentially be de-
composed into M(N) pairs of disjoint measures. We investigate the distributions
of the corresponding weights, and show, in particular, that these weights concen-
trate for any given N very closely to one of the pairs, with probability tending to
one. Our analysis is based upon a new result on the asymptotic distribution of
order statistics of certain correlated exchangeable random variables.

1. INTRODUCTION AND STATEMENTS OF MAIN RESULTS.

In recent work, initiated mainly by Newman and Stein [21, 24, 22, 23, 20, 25|, it has
emerged that in the analysis of disordered systems in statistical mechanics an im-
portant aspect is the probabilistic nature of the convergence of finite volume Gibbs
states to the infinite volume limit. Most of the previous work in the field has tended
to treat a disordered system, for a fixed realization of the disorder, like a particular
deterministic system, ignoring the fact that the Gibbs states are actually measure
valued random variables. In simple situations (dilute Ising model, random field
Ising model, etc.) with only a few infinite volume Gibbs states, this approach was
sufficient, since by fixing suitable boundary conditions, deterministic sequences of
infinite volume Gibbs states could be constructed that converge almost surely to
some infinite volume state. Newman and Stein have pointed out, however, that this
naive approach could be inadequate to understand the basic features in systems with
a highly complex phase structure, such as spin glasses. In particular, they argued
that a suitable probabilistic description in terms of random measures (“metastates”
in their terminology) could be helpful in obtaining some a priori information from
basic principles, such as symmetries, to classify possible scenarios in different situ-
ations. On this basis they argued against the direct applicability of the mean-field
picture in the Sherrington-Kirkpatrick model [26] to short-range lattice spin glasses
and proposed alternative pictures.

Whenever there is some new conceptual framework, it is always important to have
some concrete examples at hand that have been worked out in detail. This has been
done in a number of examples, typically taken from mean field models [16, 17, 5, 7],
over the last two years. They cover models with finitely many [16, 17| and infinitely
many [5, 7] pure states. In the present paper we will consider the case of the
standard Hopfield-model with a (not too rapidly) growing number of patterns, that
is we will deal with a model with countably many pure states. The construction of
the pure states, using symmetry breaking magnetic fields has been achieved some
years ago in [1, 2] and many more refined results have been obtained in recent years
[5, 3, 6, 4, 12, 13, 28, 29]. However, the question of the convergence of the Gibbs
state without a symmetry breaking field has remained unanswered so far. As we
will see, this issue is tied to the study of the order statistics of a class of dependent
exchangeable random variables whose asymptotic distribution is not covered by
known results in extreme value theory. The main technical tool of this paper is a
powerful Gaussian distributional approximation result of Zaitsev 30, 31].



¥We shall begin by briefly describing the model we study (for more details and motiva-
tion, see e.g. [3]). Let Sy := {—1,1}" denote the set of functions o : {1,..., N} —
{—1,1}. We call o a spin configuration and denote by o; the value of o at i. Let
(Q, F, P) be an abstract probability space and let £, 4, u € IN, denote a family of in-
dependent identically distributed random variables on this space. For the purposes
of this paper we will assume that the £ are Rademacher random variables, namely,
P =+1} =3
We define random maps mf, : Sy — [—1, 1] through

1 N
(1.1) mk (o) == N;g;‘ai.

Naturally, these maps ‘compare’ the configuration o globally to the random config-
uration

(1.2) &= (&1, - E)-
A Hamiltonian is now defined as the simple negative function of these variables given
by

M(N)
(1.3 Hy(o) =~ 3 (mly(0))? =~ Imu (o)},

where M(N) is some, generally increasing, function that will be seen to influence
crucially the properties of the model. We let |- |, denote the Euclidean norm in IR,
and the vector my (o) is always understood to be the M (N)-dimensional vector with
components mh; (o). We will always use the abbreviation

M(N)
N

Through this Hamiltonian we define in a natural way finite volume Gibbs measures
on Sy via

(1.4) a:=a(N):=

6_IBHN (J)
(15) dﬂNﬁ(O’) = poa,
N.B
where P, = (%6,1 + %61)®N and the probability distribution on IR™ of the overlap
parameters given by

(1.6) Qn,g = g oMy,

where the normalizing factor Zy g, given by

(1.7) Zng=2"N Z e PHN() . [ o=PHN ()
O'ESN

is called the partition function. We are interested in the large N behavior of these
measures. Note that all the objects defined above are random objects. It has been
shown first in [1], and later in [3, 28], with more precise estimates, that the measure
Q@np is concentrated on the union of 2M disjoint balls of radius ~ /a. More
precisely, set

By(z) == {y € R : |z — y|» < p},



denote by e, the u — th unit-vector in R™ and let m* := m*(5) be the largest
solution of the equation m = tanh(fm). In [3| the following result was obtained:
Fact 1.1. There exist 0 < ¢y, C,y, < oo such that for all 8 > 1, v/a < v,(m*)?,

and all p satisfying cO(ﬁ AN~V < p < m*/\/2, we have, with probability one, for
all but a finite number of indices N,

(1.8) Qnp (Uﬂ/[:l Usz1 By(sm*efy)) > 1 —e” C(MAN?)

Since the balls B,(sm*ef,) are disjoint, this result implies that the measure Qg v
has the asymptotic decomposition

(1.9) QNﬁ—ZQNﬂ () Qs + Qu ) + Oe CUINTD),

where Q;Vﬁ S = il, denote the conditional measures

Qnp,o() = @upl-lz € By(sm™ely)).

What we want to control are the relative weights of these measures, i.e. Qu g(B,(m*eh,)).
In [2, 3] upper bounds on the relative fluctuations of these weights were proven us-

ing concentration of measures techniques which show that the relative weights differ

by no more than a factor of order exp(v/N). However, this method gives no lower
bounds on the fluctuations. Thus we must try to get some more explicit control

on the form of these weights. This was done, for instance, by Gentz [12, 13] in the
course of the proof of a central limit theorem. The following theorem follows easily
from the estimates in Section 4.2 of 3] and is also implicit in the proof of Theorem

2.6 of [12], resp. Theorem 2.5 in [13]

Fact 1.2. With the notation and assumptions of Fact 1.1, for some C(3) > 0 we
have, with probability one, for all but a finite number of indices N, for any p =
1,...,M(N),

(1.10) | log(ZnsQns(B,(m"e"))) — BNG(m*) — h(m*, 8) > ( fZ£ ey

vEp
M3
where
¢(m) :==m?/2 — B3~ log cosh(Bm)
and

m2

201 = (1 —m?)]

(Note that the condition M3/N — 0 in the statement of the theorems in [12, 13]
is necessary only to assure that the right-hand side in (1.10) vanishes, which we do
not require here).




Fact 1.2 tells us that the fluctuations of the weights are governed by the explicitly
given random variables (we normalize the variables appearing in (1.10) to have mean
zero and variance 1)

(1.11) BN, M) = =37 (j—ﬁ Z&f&é‘) -
vEp i=1

provided that their relative fluctuations are large compared to MTz We will in fact
establish that the spacing of the largest (smallest) of the B, (N, M) is actually on

the scale 1/4/log M, provided M — oc.

To state our first main result, let us denote the standard normal distribution function
by

(1.12) d(u) := \/LZ_W /u e 2dr

and its upper tail by

(1.13) O(u) :=1— d(u).
Define forx € IR and M > 1
(1.14) uy(z) == @ (exp(—z)/M) .

It is well known that ([18], page 15)

(1.15) wnt(z) = ia () + 0 <ﬁ> |

where
_ x loglog M + log(4m)
1.16 = ————— + (2log M)'/? — :
( ) () v2log M + (2log M) 2y/2log M
In fact, all the results we state based upon us(z), also hold with uy(z) replaced

Define the point process on IR by

M(N)
Uy = Z Ouiy 3 (B (N, M))
p=1

Theorem 1.1. Whenever M(N) < N satisfies M(N) — oo, the sequence of point
processes {Ily }n>1 converges weakly with respect to the vague topology to the Poisson
point process 11 on IR with intensity measure e *dzx.

Set for z € IR
(1.17) ma(z) = #{B1(N, M), ..., By (N, M) > up(z)}.

Corollary 1.1. Whenever M(N) < N satisfies M(N) — oo, we have for all real x
and k>0

exp(—kz)

(118)  P{mu(z) =k} = —

exp(—exp(—z)) as N 1 oo.



Also, as more or less a corollary of Theorem 1.1 we obtain the next result, whicRk
asserts that the weights in the decomposition (1.9) are indeed concentrated on a
single (random) value of p with probability tending to one.

Theorem 1.2. Assume M(N) < N satisfies M(N) — oo and

M(N)?log M (N
(1.19) ( ) 0g ( ) 0.
N
Then with p as in Fact 1.1
1 VAYS
(120) A}lm P {E‘l}/ . QN”g(Bp(m*eétw)) Z 5 — elogj\l/{/f} =1.
—» 00

Remark Note that it will not be true, with positive probability, that concentration
on a single pair will hold for all N large enough. Rather, occasionally there will be
random values of N for which the decomposition (1.9) will give positive weight to
several pairs of balls.

Moreover, the estimates used in the proof of Corollary 1.1 together with a law of
the iterated logarithm for B,(N, M (N)) will allow us to derive (at least for M (V)
growing fast enough) that the sequence of indices vy of the pairs of balls on which
the measure () g concentrates is transient. This is our next result.

Theorem 1.3. Assume that M(N) < N satisfies (1.19);

(1.21) M(N) > (log N)'*7,

for some T > 0;

(1.22) M(2N) < 2M(N)

for all large N; and

(1.23) M(N)—M(N—-1)< A, N >2

for some A > 0. Then for all B > 1 there is a d(8) > 0 such that for any fized
p=1,

(1.24) P{Qnp(B,(£m*ek,)) > e PUAIVMg M 51 .

Remark This result might at first sight look puzzling. Obviously, for any value of
N, the probability that the pair of balls with index p has maximal weight is 1/M(N).
Thus one might be tempted to believe that the maximum-process is recurrent if the
sequence 1/M(N) is not summable. But note that the weights for different N are
far from independent, which invalidates this argument. Indeed what happens is that
the weight of a given ball changes very slowly with N, while the “fresh” patterns
that are added as M increases produce almost independent weights which have a
good chance to be larger than all previous ones. This explains heuristically the
phenomenon described by Theorem 1.3.

Finally we observe that Theorem 1.1 gives a simple corollary on the fluctuations of
the free energy, which, as will not come as a surprise, are governed by the Gumbel
distribution.



€Corollary 1.2. Under the assumptions of Theorem 1.2, with

log M
an = 4/
M

M—1 loglog M log(4m)
———V M+ 2logM — —
Jogar v T ee 2 2

the sequence of random variables

(log Znp — NBo(m")
" h(m*, B)
where Y is a Gumbel random variable with distribution function G(z) = exp(— exp(—z)),
z € R.

and

b, =

(1.25) ) — b, —qY,

The remainder of the paper is organized as follows. In the next section we provide
the analogues of Theorem 1.1 and Corollary 1.1 in an abstract setting for dependent
random variables with permutation invariant joint distributions under certain as-
ymptotic assumptions. In Section 3 we apply these results to the random variables
B, (N, M). The main task is to show that the appropriate factorization assumptions
hold in this case. This is done using some distributional estimates due to Zaitsev
[30, 31]. In Section 3.3 we prepare for the proof of Theorem 1.3 by proving a law
of the iterated logarithm for the sequence of random variables B, (N, M), as well as
an almost sure upper bound on the max, B,(N, M). In the final Section 4 we show
that these results imply Theorems 1.2, 1.3 and Corollary 1.2.

2. SOME USEFUL CONVERGENCE TO POISSON PROCESS RESULTS

We consider the following setting. Let {XiN}i:l,___,N be a family of random variables
defined on an abstract probability space such that for any fixed N the distribution of
the random variables X¥,..., X¥ is invariant under the action of the permutation
group acting on the lower indices. Our aim in this section is to establish a number
of Poisson convergence results which we need to prove the results stated in the
Introduction. Towards this end, consider the following sequence of point processes
defined on IR

N
My =) bzrpery N> 1,
=1
where ¢y is a sequence of strictly increasing measurable functions from IR onto IR.

Theorem 2.1. Assume that for any integer k > 1 and any (z1, ..., z;) € IRF,

k
(21) NP{X) > tn(z1),..., X5 > tw(zr)} — exp (—le> , as N — oo.
i=1

Then the sequence of points processes Iy converges weakly to the Poisson-point
process 11 on IR with intensity measure e~ “dx.

Let my(u) denote the number of the variables X}V that are greater than w.



Theorem 2.2. Assume that for all x € R and positive integers k > 1
(2.2) N*P{XY > ty(z),..., XY > ty(z)} — exp(—zk), as N — oc.

Then for allz € R and k > 0,

e—zk

exp(—e 7).
Remark. This theorem is completely analogous to standard theorems on order

statistics in the case of stationary sequences. Assumption 2.2 replaces the usual
mixing conditions. For closely related results see [11].

2.1. Proof of Theorems 2.1 and 2.2. The proof of Theorem 2.1 will follow
from Kallenberg’s theorem [15] (see also [18]) on the weak convergence of a point
process Iy to the Poisson process II. Applying his theorem in our situation, weak
convergence holds whenever

(i) for all intervals (¢,d] C IR

E[lly((c,d])] = E[II((c,d])] = e — e, as N — oo,

and

(ii) for all B C R that are finite unions of disjoint (half-open) intervals,
P{lly(B) =0} — P{II(B) =0} = exp (—/ e”dx) , as N — oo.
B

To verify (i), observe, trivially, that by (2.1), as N — oo,

Eln((c, d])] = ZP{tN(Xi) € (¢, d]} = NP{X; € (in(c), tn(d)]}

= NP{X; >ty(c)} = NP{X; > ty(d)} - e —e™

To prove (ii), consider first the case when B is a single interval, B = (¢, d], ¢ < d.
Clearly, then, for any integer p > 1 and all N > p

P{liy(B) = 0} = P {my(c) = my(d)}

(2.3) = ZP{mN(c) =my(d) =k} + P{mpy(c) = my(d) > p}.

But using the permutation invariance,

P{mny(c) =my(d) = k}

_ < N ) PAXY > ty(d), ..., X2 > ty(d), XYy < tn(c)r..., XN < tw(@)}.



#'he Bonferroni-inequalities (or the inclusion-exclusion principle)[10] provide the fol-
lowing sequence of alternating upper and lower bounds on this probability, namely
for any n > 1,

2n

S (=) ( Nk )p{x{v > tn(d)y . XN > ty(d), Xy > tn(0), ..., XV > ty(e)}

=0

> P{X) >ty(d),..., X3 >tn(d), Xily <tn(e),..., Xy <in(c)} >

2n+1
N —k
Z(—1)’ ( ] ) P{X] > ty(d),..., X3 > tx(d), X0\, > ta(e), ..., Xpy > ta(c)}

=0

Now by (2.1) for each fixed [

N N —k
<k>< l )p{va>tN(d),...,X,§V>tN(d),X,gVH>tN(c),...,X,gv+,>tN(c)}

— ( iv ) ( Nz_ k > e FANTF1 4 0(1)),

which as N — oo converges to

L ke
[N
Since n can be chosen arbitrarily large we readily argue that for each fixed k

N
( k ) P{X{" > tn(d),..., X3 > tw(d), Xiy1 < tw(e), ..., Xy <tn(c)}

efdk

(2.4) = o exp(—e ¢), as N — oo.

Furthermore, notice that for each fixed p > 1
P{mny(c) = my(d) > p} < P{mpy(d) > p}

< (;v)P{X{V>tN(d),...,XIJ,V>tN(d)},

which by (2.1) converges to

e Pd
(25) —', as N — oo.
p!

Thus we readily conclude from (2.3) (2.4) and (2.5) (letting p — oo) that
d
A}im P{lIy(B) =0} =exp(e ® — e °) = exp(—/ e “dx).
—00 c

The general case where B is a finite union of disjoint intervals is treated in much the
same way and presents, apart from notational complexity, no further difficulties and
requires no further conditions. We therefore leave the details to the reader. This
completes the proof of Theorem 2.1. Theorem 2.2 has also been proved.



3. ORDER STATISTICS FOR B, (N, M). 9

It is easy to see that the random variables B,(N, M) defined in (1.11) converge
individually and even with respect to the product topology to independent normal
variables, provided that M(N) — oo. However, this is not sufficient to derive the
asymptotic distribution of their extremes. One of the main problems is that to study
the extreme value behavior one requires control of the convergence in the tails of
the distribution, which conventional central limit theorems, and even Berry-Esséen
theorems do not provide. The main tool that will give us the required uniform
control on the convergence is a Gaussian distributional approximation result that
we now describe.

3.1. Gaussian distributional approximation under Bernstein conditions.
For probability measures P and Q on the Borel subsets of R*, k£ > 1, and § > 0, let

(3.1) AP, Q,6) :=sup{P(A) — Q(A%), Q(A) — P(A°) : A C R*, Borel},
where A° denotes the closed d—neighborhood of A,

A® = {mERk:;g£|x—y|2§6}
with | - | as above being the Euclidean norm on IR*. We shall denote (s,t) to be

the usual inner product for vectors s,t € IR*. Further, let Xy,..., Xy, M > 1, be
independent mean zero random k—vectors satisfying for some 7 > 0

(3.2) |E(s, X)2(t, X))™ 2| < 27 'mlr™ 2|52 E (s, X;)?, 1 < i < M,
for every m = 3,4, ..., and for all s,¢ € IR¥.

Denote the distribution of X; + ...+ X by Py and let @, be the k—dimensional
normal distribution with mean zero and covariance matrix

cov(X1) + ...+ cov(Xn).
The following inequality is contained in Theorem 1.1 of Zaitsev [30] as improved in

[31].

Fact 3.1. For all integers M > 1 and 6 > 0
(3.3) AP, Qur, 6) < erpexp(—0/(c2)),

where ¢; 1, < c;k? with c;, co being universal finite positive constants.

3.2. Application to B,(N, M). We want to use Fact 3.1 for random vectors con-
structed from a finite collection of the variables B,(N, M). Let us fix I C N with
cardinality K (and assume that M is so large that I C {1,...,M}). Then let us
write, for p € I,

(3.4) B.(N, M) = B,(N, M) + A, (K, N),



vgIl i=1
and
1 1 & i
3.6 Au(K,N) = —— — N erer| -1

We will denote by B;(N, M), B;(N, M), and A;(N, M), the K-dimensional vectors,
whose components are given in (3.4) to (3.6), respectively.

First we shall control the contribution of A;(K, N). To do this we will need here as
well as elsewhere the following special case of Hoeffding’s inequality [14] applied to
sums of i.i.d. Rademacher random variables: for all z > 0

N
1
(3.7) P{—— Y mi>zp <exp(—2%/2),
D
where 1y, ...,y are i.i.d. Rademacher random variables.

Lemma 3.1.

~ 6v2M
(3.8) P{|A/(K,N)|s > 6} < 4e 2K exp (_721(3/2 ) :

Proof. Without loss of generality we may assume that I = {1,..., K}. Note that

P{IAL(K, N)]> > 6} = P {Z(AH(K, N > 52}

pel

1 SvV2M 62 M
2 - k ovea —1/2 v e
(3.9) <4K*P N E & > 32 +1p <4e /K exp ( S/ ) ,

where we use (3.7) to get the last inequality.

We will see that we can use Lemma 3.1 with § = M~/ to reduce the verification
of the hypothesis of Theorem 2.1 to probabilities involving B;(N, M) only. We will
now show that the random variables EI(N, M) are suitable for the application of
Fact 3.1. In particular, conditioned on the variables &F, i € {1,...,N}, k € I, the



summands indexed by v ¢ I, in (3.5) are independent. It remains to establish thit
they satisfy the Bernstein conditions (3.2).

To simplify the notations we introduce i.i.d. Rademacher random variables 7; and
er,ie{l,...,N}and k € {1,..., K}, and the K-dimensional random vectors X (e)
with components

1/2 1 = k :
(3.10) Xi(e) .= (2M)~Y (\/—N;en> —-1

We denote by P¢, E€ the conditional law and expectation given the random variables

k

¢;. Note that the random vectors X (e) have the same distribution as the vector

summands in (3.5), i.e.

1 1 : 1 1k :
(3.11) NG (W;&) -1 NI (ﬁ;é &) -1

Lemma 3.2. For any t,s € R¥ and positive integer m > 2,
2 2 K \™"? 2 2
312 B XQP X" <miee” (53] Bl

Proof. Obviously for any vector z, (s, z)?(t, z)™ 2 < |s|3|t|5*|z|3, so that
(3.13) E*(s, X(€))*(t, X (€))™* < |sl3ltl3 T E*| X (e) 5"

Let us define
N 2
1 1
Vy i= — | — il
= ()

Observe that under P¢, each of the K components of X (e) has the same marginal
distribution as Vy — 1/(2M)'/2. Therefore, using Jensen’s inequality, we see that
form > 2

(3.14) EE| X ()| < K™2E¢| Xy (€)|™ < K™/29m/2"Y BV + (2M)~™/?),

Now by Khintchine’s inequality (see Theorem 1 on page 254 of [8]) and Stirling’s
formula, we have for any positive integer m > 2

(3.15) EV™ < (2M)™™2m™ < (2M)~™/?mle™.
Notice also that by a trivial computation
(3.16) EV2 = (2M)™*(3 —2/N).

Combining these estimates gives (3.12).

Next we need a lower bound for E¢(s, X (€))%
Lemma 3.3. Define for integers K > 1 and N > 1, the event

1 & S
3.17 C = sup — 6?6?1 < —= 7,
(3.17) K 1@#«K(Nil ~



then
(3.18) P{Cxn}>1-2K% %

and conditioned on the event Ck y, for all s € RE,

(3.19) (s, X () > 7 |sB(~ K/VA).

Proof. By a simple computation

N 2
1 ,
(3.20) 2ME(s, X (€))* = 2 § Si+2) sisw (N § efei.“) :

k£k!

But on Ck n we have

N 2

1 ' 1
3.21 SkSk kek —— ) sil|sy| < K]ls|?,
b2 [T (3 ) | < g S i < i

e
from which we get (3.19).
To prove (3.18), just note that

2 N
, 1
3.22) ke | S 1/VN Y =2P{ — ;> NV < 9o VN2
( ( E ) / ~ ;1 n <

where we used (3.7) for the last step, from which (3.18) follows easily.

Putting everything together, from (3.12) and (3.19) we get:

Proposition 3.1. Whenever \/—KN < %, conditioned on the event Ck n, the random

variables X (€) satisfy the Bernstein conditions, i.e. for all m > 3

2¢°K

B, X (06 X < mi (2]

m—2
) It|5 24 K E*(s, X (€))?

|
(3.23) < %T"‘”Itlé"’?EE(s,X(e))Z,

with

128eS K3
3.24 =\ —
(3.24) =

Let G¢ denote the Gaussian probability distribution on IR¥, with mean zero and
covariance matrix

M-K|[1g& :
(325) COU(ZI)k,k’ = T [N - 6?6?’] .
Combining Proposition 3.1 with Fact 3.1, and computing the conditional covariance
matrix of X (€), we get by setting I = {u1,...,ux} and identifying €f = £/* the
following corollary.



Corollary 3.1. Whenever \/LN < %, on the event Ck v, for the Gaussian probability

distribution G¢ on R* as above, Borel set A ¢ R, and § > 0,

5v/'M

€ ) 2 . € ®
(3.26) GH(A) + 1K exp(—" ) > P {B,(N, M) eA}
and
(3.27) P {BI(N, M) e A‘5} > G¢(A) — e K? exp(—iKMz),
&)

where ¢y, co are finite constants.

Proof. Under the conditional distributution P¢, the random variable B;(N, M) has
the same distribution as

M-K
> X9,
i=1

where XU (¢), ..., X(M=K)(¢) are i.i.d. random K —vectors with the same distribution
as X (€). Thus Proposition 3.1 allows us to apply Fact 3.1 to construct M — K inde-
pendent Gaussian K —vectors Wi, I € {1,..., M} \ I with mean zero and covariance
cov(W;) equal to the covariance of X (€) under the law P¢. A simple computation
shows that the matrix elements of this covariance matrix are given by

N 2
1|1 P
Now by setting

Zp = Z 4%

le{l,.M}—TI

and using Fact 3.1 with the Bernstein conditions from Proposition 3.1, we readily
obtain (3.26) and (3.27).

We want to apply this result to Borel sets A(%’) of the form
A(@) ={z e R¥ :z; > u;, forz=1,.., K},

where @ := (uy, ..., ug). Notice that A(%)° C A(% —6) and A(W +6) C A(W)°.
Hence we get from (3.26) and (3.27) that

5V M
02K2

G(A(T — 8)) + c1 K% exp (- ) > p {BI(N, M) e A(ﬁ)}

5V M
02K2

(3.28) > G(A(T +6)) — e1 K? exp(—

),

where W +a := (u; +a,...,ux + a) for any a € R.



it will be convenient to approximate the correlated Gaussian K —vector Z; by an
uncorrelated Gaussian K —vector Y;. In fact, for any 0 < v < 1 such that v2I +
(cov(Zr) — I) is positive definite, we can write

(3.29) Zr=p Y1+ AZ;
where Y7 and AZ; are independent Gaussian K —vectors with covariances
(3.30) cov(Yr) = (1 =), cov(AZ;) = v*1 + (cov(Z;) — I).
Since on Ck n,

K K
3.31 7)) =1 < —= + —
(3.31) ||cov(Z7) ||—\/N+M’

we may choose y2 \/— + Ve
We recall the tail bound for a standard normal random variable Z : for all z > 0,
(3.32) P{|Z] > 2} < 2exp(—2*/2)
and the elementary inequalities

P{X;+Y;>uforallic I}
(3.33) <P{X;>u-—dforalliel}+» P{Y]> 6}

icl

and

P{X;+Y;>uforallic I}

(3.34) > P{X;>u+6forallicl}— ) P{|yi>6}.
icl
Thus using (3.29), (3.32), (3.33), (3.34) we easily get that for any @ and § > 0,
2

G0< w —8)/\/1— ) + 2K exp —%) > G(A(T))

2

0
(3.35) ZG[)( T +68)/y/1— 2 )—ZKexp -3)

’Y
where Gy denotes the K —dimensional standard normal distribution.

Combining these bounds with (3.18), (3.26) and (3.27), we have of course that
P {BI(N, M) e A(ﬁ)} < Gy (A(ﬁ> —8)/\/1— 72))

g 5V M
(3.36) —|—2Kexp(—2—’yz) + ¢, K% exp(— ‘/;) +2K2exp(—VN/2)

C2
and

P {BI(N, M) € A(W)J} > G (A(ﬁ + Wﬂ))

&2 VM
(3.37) —2K exp(—z—,yZ) — c1 K% exp(— o

) - 2K2 eXp(_\/N/2)7

Co



where := *= + +-. Furthermore, we obtaln from (3.9), (3. an .
here v* := 2% + {1, Furth btain from (3.9), (3.33) and (3.34) 15

~ V2M
(3.38) P{B;(N,M)c A(@)} <P {BI(N, M) e A(w — 5)} e 2 e

and
(3.39) P{B;(N,M) € A(@)} > P{BI(N M) e A(®w +5)} o122 S0
Now write
52 (5\/M
(3.40) pym(7?,8) = 2K xp(—53) + e B exp(~ okt

_8v2M
2K? exp(—VN/2) + 4e V2 K% w3/

Collecting the estimates (3.36), (3.37), (3.38) and (3.39), (3.40), we get the following
proposition.

Proposition 3.2. For all integers 1 < K, M < N, satisfying K/v/N < 1/2, W €
R¥X and 6 > 0

(341)  P{Bi(N, M) € A(®)} < Gy (A(T - 20)/v/T— 1)) + pwuu(+%,9)
and

(842)  P{Bi(N,M) € A(@)} > Go (A(T +26)/V1— 7)) = P (7%,6),

where 72 \/— —|— T

Of course we have
(3.43) GO(A(W)) =(1—®(uy))...(1 — ®(uk))-

The following elementary lemma allows us to finally do away with the different
arguments in the upper and lower bounds % 4 24 in (3.41) and (3.42).

Lemma 3.4. Let Z be a standard normal variable. There ezists a finite positive
constant ¢ such that for all v >0, § > 0 and u > 0 satisfying /1 — 2 > 1/2,

P{\/l —-v2Z > u—l—d} —P{Z > u}‘ < (6 + uy?)e v/

and whenever u —§ > 0 and ud <1
(3.45) ‘P {\/ 1—=92Z>u-— 5} - P{Z > u}‘ < (8 +uy)e /2,

Proof. We have

(3.44)

‘P{MZ>'LL+5}—P{Z>U}‘

(3.46) :‘P{Z>u+(u(1—\/7 +5/\/1—7} P{Z > u)

Now since /1 — 72> 1/2 and 1 — /1 — 72 <2,
(3.47) (w(l = /1 =92) +68)/V1—7% < 2uy’ +26.



Bhus (3.46) is

u+2uy?+2§ 2/ \/5 ) 2/
3.48 e " e < A/ —(6+uy)e "/
(3.49 <=/ 26+

Similarly we can argue that

1 u+2ury? )
P{\/1—72Z>u—5}—P{Z>u}|S—/ e ™ /%dx
V27T u—a0

1 2
<( 7%) Wors
2 2\ ,—(u—0)%/2
(3.49) < ;(6 + uy“)e :
Next observe that by ud < 1 we have
(u —9) u? &2 u?

3.50 - S S L
( ) 9 5 +u 5 5 +
Therefore

2 2
(3.51) \/i((g +uy?)e 2 < e\/j((S +uy?)e /2,

& s

Setting ¢ = e\/% completes the proof of the lemma.

Recalling that the random variables Yj; are mean zero Gaussian random variables
with variance 1 — 2, we have under the conditions in Lemma, 3.4,

(3.52) IP{Yp>u+0} — ®(u)| < (6 + uy?)e™/?
and
(3.53) 1P {Ye>u—0} — D(u)] < (6 + uy?)e ™ /?,

where ®(u) is as in (1.13).

Recall from (1.14) the definition of up(z). By (1.15) and (1.16), we get for some
C >0,

(3.54) upy(z) = O(y/log M), for |z| < C+/log M.

Lemma 3.4 allows us to conclude that with uy (2) := (ups(z1), ..., ups(Tx)),

6o (Aluse(@) 5)/ V1~ )

(3.55) = ﬁ HI ({5+ [\2/5 %] uM(xi)} e—u%@)ﬂ)] .

Now it is well-known that for v > 0,

(3.56)



and thus for all large M 17
(3.57) e U (@)/2 < 2ups(z;)e " /M.

Inserting this bound into (3.55), taking into account the estimate in (3.54), and
choosing § = M ~'/4 we get that for some D > 0,

‘MKPE {Bi(N, M) € Aun(@))} - T[] < M pya(,9)

=1

(3.58) + é e <D {Ml/‘* + /log M(# + %)} M) ,

which after a little analysis is easily shown to converge to zero as M(N) — oo,
where we use the inequality

K K K
Hai_Hbi §Z|ai—bi|
i=1 =1 i=1

holding for all 0 < a;,b; < 1.

Clearly this shows that the hypotheses of Theorem 2.1 are satisfied for any Z € R¥.
Thus Theorem 1.1 follows immediately.

Theorem 1.1 permits us derive the asymptotic distribution of the gap between the
largest and second largest order statistic of the B, (N, M). Let

(3.59) By(N, M) > By(N, M) > ... >

denote the order statistics of the variables B, (N, M).

Proposition 3.3. Under the hypotheses of Theorem 1.1, for any § > 0,

(3.60) Jlim P {]§1(N, M) — By(N, M) < uM(5)} S1-e

Proof. This is a corollary of Theorem 1.1. Namely, the weak convergence of the
point process implies, in particular, that for any z,y € R,

Nliggop {El(N, M) < up(z), Bo(N, M) < uM(y)}

(3.61) = P{ll((z,00)) = 0,1I((y, z]) < 1},
and a simple computation shows that for any =z > v,
(3.62) P{l((x,00)) = 0,T1((y,z]) <1} =e® (e ¥ —e " +1).

In particular, the joint distribution of uz’wl]?l(N, M) and uy; Bs(N, M) converges to
that of a random 2-vector with joint density

—e7Y _—p—y

p(z,y)=¢e° e
and therefore

N—oo

0o z—9
lim P {Bl(N, M) — By(N, M) > uM(a)} - / dz / dye" eV — ¢~

o0 o0



#¥hich proves the proposition.

3.3. Some almost sure behavior of B, (N, M(N)). We shall show that for each
fixed p, the sequence of random variables B, (N, M (N)) satisfies a law of the iterated
logarithm (LIL), more precisely,

Proposition 3.4. Assume M(N) < N is monotone increasing satisfying
(3.63) (log N)?*™ < M(N),

for some 7 > 0 and all large N, and (1.22),and (1.23) hold. Then for any fized
index

B,(N,M
(3.64) limsup+ u(N, M)
Noso  +/2loglog N2M(N)

=1, a.s.

Proof. The proof is based upon a martingale version of the Kolmogorov LIL due
to Stout [27] (see also [9]). It states that if {(X;, F})}i>o is a martingale difference
sequence satisfying

(1)
2 = ZE[XﬂFi_l] — 00 a.s.,

i=1

(ii)
| Xn| < 6nsn/+/loglog s2 a.s.,

for 4,, > 0, with §,, — 0, as n — oo, then

e
(3.65) lim sup £ Lii

e e "
nsoo  4/82loglogs2

We will apply this result to the following sequence of random variables, which we
will soon prove to be a martingale. Define (for a fixed nonincreasing function M (N))

M(N) N 2
(3.66) Syi= ) (Zq) - N

v=2 =1

a.s.

where ¢ arei.i.d. Rademacherr.v.’s. (Set Sy =0 and Sy = 0if M(N) < 2.) Clearly

(3.67) {Sx}ys1 =p { VZM(N)N?B,(N, M(N)) }

N>1

We will first show that {Sy}y-, is a martingale with respect to the filtration

{Fn}n>0 where Fiy, N > 1, denotes the sigma algebra generated by the random
variables

{e7:1<i<N,1<v<M(N)}



and Fy = {,Q}. A straightforward computation shows that 19

SNi1— SN

N 2 M(N) N
(3.68) = > (Z e;> “N| 42 ) > &= Iy
v=2 =1

M(N)<v<M(N+1) | \i=1
(Empty sums are defined to be 0.) From this one readily checks that E[Iy.1|Fx] =0,
implying that Sy is a martingale.
Next

N

sy = E[I2|F, ]

n=1

N M(n-1) /n-1 2
(3.69) => [202(1—1/n)(M(n) = M(n—1))+4 ) (Z 4) :

from which one sees immediately that condition (i) holds. To show that condition
(ii) is also satisfied, we will first show that as N — oo,

32
__ SN
2M (N)N?

Now it is obvious that Es% = ES% = 2M(N)N?2. Thus (3.70) will follow, if we can
show that as N — oo,

(3.70) — 1, a.s.

s3 — Esy

SN TN as.
oM(N)N2 P

(3.71)

This is the content of the next lemma.

Lemma 3.5. Let {M(N)}n>1 be a nondecreasing positive sequence satisfying (1.22)
and (3.63) for some v > 0. Then (3.71) holds.

Proof. Write

Bsy —sh _ 43, 550,05 M(C &)’ — (n - 1)]
M(N)N2 M(N)N2

(3.72) = 74]\%"]\[)1]\?2"

We claim that with probability 1

|Sn|

(3.73) NI

— 0, as N — oo.



Bt N, = 2%, for k = 1,2, ..., and choose any § > 0. Now M (N) nondecreasing and
assumption (1.22)

(3.74)
p{ max |SN|/(NM(N))>46}§P{ max |SN|>6NkM(Nk)},

Np_1<N<Ng Ni_1<N<Ng
which by Doob’s inequality and (3.63) is
ES}, 2 2

3.75 < < < .
(8.75) — O2NZM?(Ng) — 02M(Ng) — 0%2k*t7(log 2)2+7
Since

- 2

3.76 <
(3.76) kzzl 62k%+7 (log 2)2+7 oo
we conclude (3.73) by the Borel-Cantelli lemma and the arbitrary choice of § > 0.
Now set

Sy

3.77 YN = —F= =4NM(N d Ay = N>M(N).
( ) N NM(N) ) an ( ) an N ( )
We see that expression (3.72) has the form

N-1

(3.78) AV anYn,

n=1
where
N-1

(3.79) 0< A ) an <2

n=1

Since by (3.73), the Yy converge almost surely to zero, and for each fixed Ny > 1,

No
(3.80) Ay ZanYn —0,as N — o0,

n=1

it is easy now to conclude (3.71).

Clearly now, condition (ii) will be verified if we can show that for any € > 0, almost
surely, for all large enough N,
[Iy| < ex/M(N)N2/+/loglog (M(N)N?) =: eLy.

By assumption (1.23), it sufficient to prove that almost surely, as N — oo,

(3.81) (i e;> — N|/Ly =0

i=1

and

(3.82) /Ly — 0.

S

v=2 =1




Clearly we can apply inequality (3.7) to show that for some ¢; > 0 and ¢, > 0, 2!

N 2
(3.83) P ( e,."> NI > 6Ly b < pemtery/MTTogton (N
=1

)

Further, since
M N N(M-1)
Zeﬁﬂ (Z e;-’) =p Z Mi,
v=2 i=1 i=1

we can also apply inequality (3.7) to get for some c3 > 0,

i (50)

v=2 i=1

(3.84) P {

> 6LN} < 26—62C3N/10g10g(MN2)‘

Since we are assuming that M(N) > (log M)?*7, clearly now, using these bounds,
we can find § = §,, | 0 such that both probabilities are summable in N, which
implies that condition (ii) holds. Therefore we get that with probability 1

SN

limsup + =1
Nooo  y/4M(N)N2loglog N2M(N)

The proposition now follows from (3.67).

Now Corollary 1.1 certainly suggests that max, B,(N, M(N)) > /log M, for all
large N, almost surely. We can, however, only prove the following, somewhat weaker
result.

Proposition 3.5. Assume that for some T > 0, M(N) < N satisfies (3.68). Then
there exists a p > 0 such that

(3.85) P{ max B,(N,M) < +/plogM, i.o.} =0.

1<p<M

Proof. By the Borelli-Cantelli lemma, it suffices to show that

(3.86) iP{ max B,(N,M) < \/plogM} < oo0.

1<p<M

Now, for any function K(N) < (M(N) A+/N)/8, we have

(3.87) P{ max B,(N, M) < \/m} < P{ max B, (N, M) < \/m}.

1<p<M 1<p<K

Let Zi,...,Zk be i.i.d. standard normal random variables. Arguing just as in the
proof of Proposition 3.2, we can show for any 0 < § < 1/4, with 4®> = 2K/v/N +
K/M,

P{ max B,(N,M) < \/plogM}

1<pu<K



vplog M + 26
max /, <

22
- {km<K o /1—42

K(N)
(3.88) — (P{Zg ”plogM+25}> +pr (77, 6).

Notice that for all large enough M, using 1 —~% > 1/2,

P{Zg ”plogM”‘s} gP{Zg \/4plogM}.

} +pN,M(’Y2, )

1—72
Next using the simple inequality holding for all large enough z
P{Z > z} > (2m2) 'exp(—2%/2),

we obtain

K(N) exp(—2plog M) KN)
P{Z<\/4l M}) <(1- ,
( - P28 - < 2m+/4plog M

which for all large M is
< (1 — exp(—4plog M)XK < exp(—K(N)M~*).

Putting everything together we get that for all large M

P{ max B,(N,M) < \/plogM}

1<u<K

(3.89) < exp(=K(N)M **) + py m(?, 6).

Choosing 0 < 4p < 1/16 and letting K(N) = M(N)Y/*+% we see after some
analysis that the right hand side of (3.89) is for all large M

< 2exp(—M(N)").

Since our assumption on M (N) implies that

S exp(—MN)1) < o,
N=1

we have shown (3.86) and thus (3.85).

4. Applications to the Hopfield model

In this last section we apply the results obtained for the random variables B, (N, M)
to prove, with the help of Facts 1.1 and 1.2, Theorems 1.2, 1.3 and Corollary 1.2.



4.1. Proof of Theorem 1.2. Let us denote u* := p} to be any index for which??
B, (N, M) = Bi(N, M).

Fact 1.2 implies that, with probability one, for all N large enough, uniformly in
1 <p<M(N),

log Qs (B,(m"ely)) — log Qn s (Bp(m*e‘](;))

= c(B)VM [Bu(N, M) — B, (N, M)] + O (v/MF/N)
where h(8) = h(m*,ﬂ). But by (1.8) and (1.9), we get that

ZQNﬂ (k) = 5 +0 (e M)
which implies
1 + O ( M/\Nl/2)>

Qn,3(B,(m*ely}))
1 —A{
2t Qs e

1
i 1+ Me_h(ﬁ)m[ﬁl(N,I\j)—Ez(N,M)H_O(\/M:,,—/N) +0 (e C(MANY )) _
Now if
uy' (Bi(N, M) — ! (Bo(N, M)) > 6,
then

d —o(1)
V2Iog M

Therefore, by Proposition 3.3, the probability that

Bi(N, M) — By(N, M) >

. + 0 (e-cunw)

Quyg (Bo(m*ely)) >
Nﬁ’( P(m eM)> |+ Me- /210g ( MB/N)

is greater than or equal to e, as N — oco. Further, by the assumption, M?log M <
N, it follows that for any § > 0,

1 M _
lirnian{QNﬁ ( ,(m” eM)> P Tlog 37 (ﬂ)/Z} > 0

N—o0

Now, since for any arbitrary § > 0,

M _s /v Nsvi
—e J 210th(ﬂ)/2 S eilogM7

for all sufficiently large M, this, in turn, implies that

. 1
lim inf P {QN,[; (B,,(m*e’&)) > 3 eﬂ} >e7?,

N—o0

for all § > 0, which yields (1.20).



412, Proof of Theorem 1.3. As above, letting u* := uj% to be any index for

which By: (N, M) = El(N, M), we have, almost surely for all large enough N, for
any pu > 1 fixed,

log Qs (B,(m"ely)) — log Qn s (Bp(m*e‘](;))

M3
= h(B)VM(B,(N, M) ~ By (N, M)] + O ( W) .
Now by Propositions 3.4 and 3.5, almost surely, the inequality for any € > 0
Bu(N, M) = By (N, M) < /(21 2) loglog(N? ) — /plog M
is violated only for finitely many values of N. But since
logN < M and M?/logM < N,

we have for all large N the bound
log Q.3 (B,(m"ehy)) — log Qu,s ( By(m*ely)) < —
Exponentiating gives
* ph(B) S .
Qs (By(mel) VI < Q. (By(mek)) < 1,

which finishes the proof of Theorem 1.3.

4.3. Proof of Corollary 1.2. Finally we prove Corollary 1.2. By (1.9) we have
that

M
(4.1) Znp =Y 27N Qs (By(m'ely)) + Zys0(e CHN),
p=1
Bounding the sum over p by its maximal term from below and M times its maximal
term from above, and using the monotonicity of the logarithm, this implies
log M

N

1 1
——log Znyp < —— max log(ZnpQnps (B,(m"eh,))) +

VM /M 1<p<M

(4 2) 1 | . O(e—C(M/\Nl/z))
. +—=1lo +
VT 2M maxicu<m @n g (Bo(m*ey,))
and
1 1 .
a1 08 Zme = T max 108 (ZnQuis (By(m'ely)))
1 O(e—C(M/\Nl/2))
4.3 +——Ilog |1+
(43) Vi ® ( 2maxi<u<y Qn,g (Bo(m*ely))

On the other hand, (1.9) also implies that

(4.4) 2 max Qg (B,(mrel)) > —

S —C(MANY/?) ]
1<p<M - M 1- 0O )|



so that in fact 25

1
——log Zng =
VAT
lOgZM _ 1/2
% 1 C(MAN'/2)
(4.5) 1I<I}La<)§l\/710g(ZNﬁQNﬂ( (meM)))—i—()( i VvV Me )

By Fact 1.2 and definition (1.11),

log (ZnsQnp (By(m*ely)))

(4.6) = BNp(m*) + h(m*,B8) |M — 1+ vV2MB,(N, M)] +0 ( MW3> :
Combining this with (4.5) gives
\/LMlOgZN’ﬂ
N M—-1
= [Botm) 4w, 5)2 2| b, BV ma BV, M)
M2 log M AN
(4.7) +O<\/vav\/ﬂe C(MAN )

Next by (1.19), we have

o ((08Ta N0
" h(m*, ) "

[M2log M (log M)3/? C(MANY?)
Uy, 1I<Illla<)](v[B(N M)—l—O( NV Wi V y/Mlog Me

= 1, max B,(N, M)+ o(1).

1<u<M

Now (1.18) of Corollary 1.1 with £ = 0 and u(z) replaced by uys(z) implies for all
T

N—oo 1<u<M

(4.8) lim P{uM1 max B,(N,M) < }: e .

(Refer to the comment following (1.16).) This proves Corollary 1.2.
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