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1

Let n-dimensional Gaussian random vector x = & + v be observed where ¢ is a
standard n-dimensional Gaussian vector with zero mean and identity covariance
matrix and v € R"™ is the unknown mean. In the papers [3, 5] the asymptotically
minimax hypothesis testing problems have been studied: to test null-hypothesis

Abstract

Let n-dimensional Gaussian random vector z = £ + v be observed where
¢ is a standard n-dimensional Gaussian vector and v € R™ is the unknown
mean. In the papers [3, 5] there were studied minimax hypothesis testing
problems: to test null - hypothesis Hy : v = 0 against two types of alternatives
Hy = H1(0,) : v € V,(0,). The first one corresponds to multi-channels signal
detection problem for given value b of a signal and number k& of channels
containing a signal, 6, = (b,k). The second one corresponds to lg-ball of
radius Ry, with the lg—ball of radius Ry, removed, 0, = (Ri 5, R2n,p,q) €
Ri. It was shown in [3, 5] that often there are essential dependences of
the structure of asymptotically minimax tests and of the asymptotics of the
minimax second kind errors on parameters 6,,. These imply the problem:
to construct adaptive tests having good minimax property for large enough
regions O,, of parameters 6,,.

This problem is studied here. We describe the sets ©,, such that adap-
tation is possible without loss of efficiency. For other sets we present wide
enough class of asymptotically exact bounds of adaptive efficiency and con-
struct asymptotically minimax test procedures.

Statement of the problems

Hy : v = 0 against two type of alternatives Hy = Hy(6,) : v € V,,(0,) C R,.

The first type we call as multi-channels problem (MCP). Here the set V,,(6,,) is

finite collection of vectors

The component v; is an signal in i-th channel, the case v; = 4+b corresponds to a
signal of level b, the value k£, 1 < k < n is the number of channels containing a

v=(v1,...,0n) 1 v; =0 or v; = £b; Z|vl| =kb; k =kpn, b="0,, 0, = (b k).

signal. Denote

©r ={(bk): 0<b, 1 <k<mn, kisan integer}.



The second type we call as balls-problem (BP). Here the set V,,(6,) is the I7-ball
of radius R;, with the [7-ball of radius R, , removed:

n n
Vn(gn) = {’U = ('Ul, .. .,'Un) e R": Z |’Ui|p 2 R;in, Z |’Ui|q S Rgm},
i=1 i=1
where 6,, = (Ry n, Ron, D, q); the values p,q are define a “shape” of the balls, values
Rypn > 0,Ry, > 0 are the radii. It is assumed

Ry, <Ry, for p>g; Rl,nn_l/p < Rg,nn_l/q for p<g, (1.1)

which imply that the sets V,, are nonempty. Sometimes it is more convenient to
assume some stronger constraints: for some ¢ € (0, 1)

Rin/Ryn <c for p>gq, Rin/Ren< en'/P=Ye  for p <gq. (1.2)

Denote as ©} the set 6, € R} satisfying to (1.1) or (1.2). !
There are some points that motivate our interest in BP.

1. There are many practical problems, where data and unknown parameters are
of large dimension. The problem under consideration seems to be the most natural
minimax hypothesis testing problem of increasing dimension.

2. This problem is related to infinite-dimensional hypothesis testing prob-
lems about a signal in a white Gaussian noise or about the mean of an infinite-
dimensional Gaussian random vector.

We deal with asymptotically minimax hypothesis testing problem. Let ¥, , be
the set of level « tests, a € (0, 1), i.e. the set of measurable functions ¢ : R* —
[0,1] such that a(y) < «, where a(¢) = E, o9 is the first kind error. Here and
below E, , means the expectation with respect to the Gaussian measure P, , with
mean v and identity covariance matrix.

Let Bn(¢,v) = E,,(1 — ¢) be the second kind error and let §,(¢,V,) =
SUPycv;, Bn (¥, v) be its maximum value for test 9. Let

Bul0) = Bl Vo) = il Balip,V2) (13)

be the minimax second kind error. It is clear that 0 < 8,(a) <1 — a.

The problem is to study sharp asymptotics of G,(c, V,(6,)) on 6, ? for any
a € (0,1) and the structure of asymptotically minimax tests ¥, g, o such that

U (Ynp,0) S a@t0(l),  Bu(¥ns.a) < Bula, Val(0a)) + o(1).

'We use the same notations for both problems. Below it will be clear from context what
problem is considered.

It was assumed in [5] that p,q are fixed. However the results of [5] are uniform on any
compacts. K = {(p,q)} C R3 In fact, the main point using any specific relationship between p, g
is the proofs of Lemmas 5.2, 6.1 — 6.3 where p > ¢ is assumed. However small modification of the
proofs given in the proof of Lemmas 3.1 and 5.3 below provides estimations which are uniform
on 0 < g < p < p, for any p, = o(logn).




Also it is of interest to study distinguishability conditions: 3,(«a, V,(0,)) — 1 — «
or Bu(a, Vu(6,)) — 0; n — oo and to construct minimax consistent tests ¥y, o
such that 5, (¢¥ne,.a) — 0, if it is possible.

These problems were studied in [3, 5]. Following to [3] consider Bayesian hy-
pothesis testing problem H, : P = P, versus H;» : P = Py~ on a distribution P of
observed random vector z € R". Let (,(c, Pr») is minimum second kind error in
Bayesian problem. Consider product-priors 7™ = «"(b, h) on (R", B):

n

" =7n"(dv;b,h) = Hw(dvi;b, h). (1.4)
Here
w(b,h) = w(dt; b, h) = (1 — h)do(dt) + g(&b(dt) + d_p(dt)) (1.5)

where §, is Dirac mass at the point ¢ € R'. These priors correspond to random
binomially distributed number & of channels containing a signal in MCP.

It was shown in [3] that the priors 7"(b,h), h = k/n are asymptotically least
favorable in MCP with £ — oo:

Br(a, Va(bn)) = Bula, Prn) + o(1) (1.6)

Moreover, it was shown in [5] that by the special choose of the sequences b =
b, = b,(0,) >0, h = h,, = h,(0,,) we obtain the priors of the type (1.4), (1.5) which
are asymptotically least favorable for BP (it means that (1.6) holds as h, — 0).
The choose is the following. Define the sequences

A=A = A(0,) = Rnyl/nl/”, V="V, =1p(0) = Rn,g/nl/q

and the sequences b = b, = b,(0,) > 0, h = hy, = hy,(0,,). In view of (1.1) we have:
either A > v or p > q. There are three possible equalities:

i) h=1 b=Ax
(p

(i) h=(\/b

) bzb(p) (for p>2);
(i) AP = AP, hb?

Here b(p) > 0 for p > 2 is the root of equation: ptanh(b?/2) = b%. The value
b(p) minimizes the function b7 sinh(b?/2).

The relations between p, g, A, v and (i), (ii), (iii) are described by the following.

Lemma 1.1 ([10] ).
1. Let p < 2 and p < q. Then the relation (i) holds.
2. Let p<2andp>q . Then (i) holds if A < v and (iii) holds if A > v.



3. Let oo >p > 2 and p < q. Then (i) holds if A > b(p), (ii) holds if A < b(p) <
(v1/ NP @=P) for p < q or A < b(p) for p = q, and (iii) holds if A < b(p), p < g,
(v1/ XYM/ a=P) < b(p).

4. Let co > p > 2 and p > q. Then (i) holds if b(p) < A < v, (ii) holds if A > v
and (A/b(p))? < (v/b(p))? or v > X and A < b(p), and (iil) holds if A > v and

(A/b(p))? > (v/b(p))?.

The asymptotics of the values f,(c, Pyn) have been studied in [3]. Particularly,
if b, are bounded or b} — b, — oo (here and below we denote b = /(logn)/2 ),
then the log-likelihood ratio are asymptotically Gaussian: log(dPrn s, 1,)/dPno) —*
N(—u2/2,u2) under P,-probability, and log(dPrn b, k.)/dPno) — N(u2/2,u?)
under Pyrn-probability; here the function u, = u,(bn, hy) is defined by

dP, 2
u? = nEy (M - 1) = 2nh2 sinh?(b? /2). (1.7)

These yield the asymptotics
Bn(at, Prn) = ®(to — uyn) + o(1). (1.8)

Here and below ® stands for the standard normal distribution function and ¢, for
its (1 — a)-quantile. The relations (1.6) and (1.8) imply the rates:

Bn(a, Vo(0n)) = 1 —a iff u, — 0; Bu(a, Va(0,)) — 0 iff u, — oo. (1.9)

However if b,, are closed to b} or more than b}, then either we have Gaussian
asymptotics, but with differ u,,, or we have asymptotics of differ types defined by
special functions ¢, = ¢,(bn, hy) or Ay, = Ap(bn, hy) (see the next section). The
asymptotically minimax tests were constructed in [5] for BP. Usually these depend
on 6.

The object of interest in the paper is unknown 6,, in the problems. In fact, often
the number of channels containing a signal and a level of signal are unknown in
MCP. It is prefer to have tests which are good for wide enough sets of these values.
Also in many practical problems an statistician can not choose justified enough
constraints on an alternatives. He would like to have test procedures which have
good properties for wide enough collections of constraints.

From mathematical point of view it means that we need to study an alternatives

type
Va(©n) = U Va(0n)

for wide enough sets ©,, = {6,,} C ©%.

Following to Spokoiny [8] we call this problem as adaptive. We will consider
“sharp” and “rate” adaptive problems. Sharp problem is to study sharp asymptotics
of the values 8,(a, V,(0,)) and to construct asymptotically minimax tests. Rate

4



problem is to study distinguishability conditions in the problem and to construct
minimax consistent tests.

The first question in adaptive problem is following: is it possible to construct
tests without loss of asymptotic efficiency (with the same asymptotics of second
kind errors of with the same distinguishability conditions)? It was shown in [8] that
it is impossible for some infinite-dimensional adaptive hypothesis testing problems:
the losses are of loglog-type. For wide class of infinite-dimensional adaptive hy-
pothesis testing problems analogous results were obtain in [4, 6, 9|; the rate and
sharp adaptive asymptotics have been studied in these papers.

In problems under consideration here we show that adaptation without loss of
efficiency is possible for “small” or “large” enough b by using simple enough tests.
In the most interesting cases we obtain rate and sharp adaptive asymptotics under
general enough conditions. More difficult test procedures are required in these
cases.

In the section 2 we remind the main results of [3, 5] which are the basis to study
adaptive problems. In the section 3 we formulate main results. In the section
3.4 we consider the example BP with R, = An® a > 0 and we are interesting:
what is 12, 1 to obtain distinguishability ? The results show that distinguishability
conditions may be very accurate for p > ¢q, aq < 1/2.

The proofs and test procedures are given Sections 4 — 5. Adaptive lower bounds
are proved in Section 4. Adaptive test procedures are constructed and proved in
Section 5. The most technical elements of proofs are replaced in Appendix.

We denote as B positive values which do not depend on n and, may be, different.

2 Previous results

Denote
£(t,b) = exp(—b®/2) coshbt — 1, t € R".

The likelihood ratio L, = dP;»/dP, and log-likelihood ratios {,, = log L,, are
of the form:

n n

La(z) = [[(1 + Zn(2)), ln(2) = la(%; b0, he) = > Wa(as) (2.1)

i—=1 =1

where

Zn(z) = hpé(z,by,), Wi(x) = W, (z;b,, hy) = log(14+ Z,(2)); z = (21, ..., z,) € R™.

It was shown in [3|, that there are three different types of asymptotics of the
second kind error probabilities 3,(a, Pe) = Bn(a, Vi) + o(1). They are defined by
different types of limit distributions of log-likelihood ratio (2.1). To describe these
types define the following sequences.



If b, — oo and h,, — 0, let T,, = T;,(b,, h,,) > 0 be such that

h.&(T,, b,) = 1. (2.2)

Note that 2
T,, — 00, hy, ~ 2exp (5" — Tnbn) = h, (2.3)

(more exactly, h, = h,(1 4+ O(h,)) and

b log2h !
+ Ogin

T, = — O(hnb,Y).

Put T, 1 log2ht
Tn:Tn(gn):_n:_+Og L

by 2 b2

and assume without loss of generality that 7, — 7 € [1/2,00]. If b, = O(1) or
h, =< 1, then put 7 = oo.

+ O(hyb,?)

Let l~n be the sum of 7,,-truncated items:

Tn="Tply o1 = ZiMdhv%():my1+zm (2.4)

(z) = I (z; by, hn) ZW’ (2.5)

Different types of asymptotics correspond to the intervals: 7 € [2,00] (Gaussian
type), 7€ (1,2) (infinitely-divisible type) and 7 € [1/2,1] (degenerate type).

2.1 Gaussian case: T € [2, 00]

Put 3
u?(0,) = u?(bn, hn) = nE1 g Z2. (2.6)

n

Denote d,, = 2b, — T,, and observe (see [3, 5] and sec. 6.2 below) that
nh2bt /2, it b, =0,
u? = 2nh2(sinh(b2/2))?®(—d,) + o(1) ~ { 2nhZ(sinh(b2/2))?, if T € (2,00],
Luh2eh®(—dy),  if by, — 00 .
(2.7)

Then (1.6), (1.8) hold with u,, defined by (2.7). Asymptotically minimax se-
quence of tests is of the form

wr(zilg’bn) = 1{ln>Tn,a}U{maxi |z;|>Hn}- (28)



Here H, is a sequence such that n®(—H,) — 0, Tho = tou, —u2/2 ; I, are
statistics of the form (2.1) with, possible, small modification of parameters by, h,,.
It follows from the proof in [5] that one can replace test procedures (2.8) onto

wn,a (bna hn) — 1{/\n(bn,hn)>ta}u{maxi |zi|>Hn}

which is based on the statistics

n

An(bay ) = 5™ € (s, bu) = (20D (T — 25,) sinh®(82/2))~? Z £(zi,bn). (2.9)

n =1
These test procedures do not depend on h,, for 7 > 2.

Moreover, for BP, if p < 2, p < g, then we can replace the values u? onto
@2 = nb* /2 and distinguishability are defined by b,,:

ﬁn(a; Vn(en)) —1—-a iff bnn1/4 N 0,
ﬁn(aa Vn(en)) — 0 lﬁ bnn1/4 — Q.

In this case we can construct asymptotically minimax tests which are based on x?
statistics:

n

P2 = 1(x, 1510}, Where Ao = (20) /23" (2? — 1). (2.10)
=1

In BP denote k, = (Ron,D,q); 0n = (Rin,kn). Analogously with [1], we can
define critical radii R} ,, = R}, (kn) by the relation: u,(R],, kn) < 1.
Example 1: bounded b, (see [5].)

Let R,2 = An®* a > 0, A > 0. Assume (1.1) and let (1.2) holds if p > ¢ or
2 < p <gq. Note that 8,(a) > 0fora<1/g—1/4,p<gq,p<2o0ra<1/2q 2<
p < q. Therefore assume a > 1/g — 1/4if p < g and a > 1/2q if p > q. Denote
n = (p,q,a, A,C) and define the sets

1 1 1 1
0= {n:p<2a>-—corg2pp<2org<p<2a=--—-,A>C}
q q
1 1
Hy = T p>2,a> — >2,a=—,CP < Al(p)P 1
2 {n:p>2a gq TP Ha=5, 0" < (p)"},
= { > >21 < <1 2>p> 1< <1 !
=3 = : , ———-—<a< _—orz-> , —<a< ———
3 n:-q->p g 4 2% p q2q g 4
1 1 1
0rq>p>2,a:2—,C”>Aqb(p)”_qor22p>q,a:——Z,ASC}.
q q

Let R,; = C,n? C, — C € (0,00), where

1/p—1/4, if nez,
d= ]_/2p, if T]EEQ,
(p—q+2aq(2—p))/2p(2—q), if neEs.



Then, using the Lemma 1.1 we obtain

by =Cpon V4 h, =1, ifnek,;
bn = b(p), hn = (Cu/b(p))n 2, if 7 € Ep
b, = n°(CP/ANY P~ b, =nI"L(A/C,)PYP-D  ifnc E,

where for n € =3

4a —1 2aq — 1
:ME[O,H, 5:L20’
2(2—q) 2(2—q)
and we get the asymptotics (1.8) with
04/2, if nec El,
2} 2(C/b(p))* sinh®(b(p)*/2), if ne =,
U ™~ C2p(2—q)/(p—q)A—2q(2—p)/(p—q)/2, if n€=3,a#1/2q,

2(A/C)%/(P=a) sinh?(CP /A9)2/P=0) /2) if n € =3, a=1/2q.

Here critical radii are of the form R}, = nd. Furthermore, we get the distinguisha-
bility conditions of the rate form:

Bn(a) = 1 —aiff Rin/Ry,, =Cp — 0, Bu(a) = 0iff Ry n/R;, = C, — o0.

Example 2: 7> 23

Let R,2 = An® and p > ¢, 1/4 < ag < 1/2. More exactly, denote §,, =
1 —2aq, n, = 1 —4aq and assume V,, = §, logn — oo, U, = n,v/logn — —oc0. We
would like to obtain R, such that u,(6,) = H, + o(1). We are interesting in the
case H, < 1, however for examples below we assume H,, is bounded away from 0
and H,, = o(V,,/logV,), log H, < cUZ, 0 < c < 1/4.

Take a sequence b?> — oo, b2 = O(logn), which is concreted below and put
R, 1 = AYPpl-1/Ppaa/p, (2.11)

Then b = b,, corresponds to the relation (7iz) and

hp = n® A%, (2.12)
Let b,, satisfy
B2 =V, + X, = %(1ogn+Un\/1oE)+Xn, (2.13)
where
X,=z+y, z=qlogh? —2qlogA, y=1log(2H?2) + o(H"), (2.14)

which corresponds to the relation

nh2e’ = 2H? + o(H,,).

3Examples 2 - 3 contain in [5] for fixed a or U,,. Uniform versions presented here have been
studied by I. Suslina.



Assume below 2qlog A = o(logV,,), as V;, — oco. Then the solution of (2.13) is of
the form

b2 =V, + X, = L(logn + U,y/Togn) + X, (2.15)
X,=&+y+o(H"), #=qlogV, —2qlog A (2.16)
and
U, + Y,/
T, — 2b, = — + Yo/ vlogn > Z,/v/2 = 0o (2.17)

(2 +2U,,//Togn + 4X,,/ logn)'/?
where Y,, = 2z + 3y — log4 + o(1), Z, = —U, — Y,/+/logn. These imply
®(T, — 2b,) =1 — o(exp(—Z2/4)) =1 — o(H "),

by U, — —o0, X,,Y, = o(y/logn), Z2 ~ U2 > (log H,)/c. Here and below we use
the well known relations: as z — oo, § = o(1)

O(—z) = Mu +0(z7?%)), ®(—z +6) = ®(—2)e™ (1 + O((z* + 6)?)).

Ty 2T
(2.18)

Therefore we get:

22 = nh2e®®(T, — 2b,) + o(1) = 2H? + o(H,); (2.19)

Let H, < 1. Then we obtain the critical radii of the form (2.11) with
b2 = 6, logn + q(loglog n + logd,, — 2log A) + B,; B, =O(1).  (2.20)

If B, — —o0, then gB,(a) — 1 — a, if B, — 00, then f,(a) — 0.
Example 3: 7 =2. .

Consider the case a is close to 1/4q, p > q. More exactly, assume 1, = 1—4aq =
o((loglog n)~2), H, = o(loglog n). Denote, as above, U, = n,4/logn. Take a
sequence b, 2b2 ~ logn which is concreted below and put

R, , = An® = An1/4qun/4q\/10gn, R, = Aq/pb;fq/pnl/4p7Un/4p\/logn, (2.21)

which correspond to (2.11) and imply (2.12).
Assume U, = o((logn)*/%). Let b, is defined by (2.13), (2.14) with

z = g(loglog n — log 24%) — log ®(—U,/v/2) + o(1/H,). (2.22)

Then, using (2.17) with Y, = Y, — log ®(—U,/+/2) in place of Y, and (2.18), we
get
Ty — 2b, = —Un V2 + €, Unen = o(1/H,) (2.23)

which imply (2.19).



Assume U, > +/loglog n. To choose b, such that (2.19) hold we obtain the
equation:
logn + log h2 + b2 + log ®(T,, — 2b,) = log(2H?2) + o( H*). (2.24)

n

By using (2.18) and in view of relation

T, — 9b, = ~2 b, + b 10g(26;") = ~Un/VE+ O(Uri)
we obtain bi-quadratic equation on b,:
bl —2Pb2 +Q =0,
where

P = 4logn+logh? —4loglU, —4log2H? — 2log(m/8) + o(H; '),
Q = (1—4log2)logh? + (log4)* + O(h,logn).

Therefore
1
v = 5(5 — N, — 44y/1 —n,) logn + qloglogn — 2qlog A
1
+ logU, +log(2H2) + ) logm — qlog2 + o(H,Y). (2.25)

Let H, < 1. Then we obtain critical radii of the form (2.11), where if U? =
O((logn)'/®, then:

1
b2 = 5(1 + 1) logn + qloglog n — 2qlog A — log ®(—U, /v2) + B,;  (2.26)

and if U, — oo, loglog n < U2 = o(log n(loglog n)™*), then

1
b2 = 5(5—17”—4,/1 — 1) logn+(q+1/2) loglog n—2qlog A+logn, +B,. (2.27)

Here B, = O(1). If B, — —o0, then 8,(a) = 1 — «, if B,, — oo, then (,(a) — 0.

2.2 Infinitely divisible case: 7 € (1,2)

Put ¢, = ¢,(6,) = 2n®(—T,,). It was shown in [3, 5] that

/Bn(aa Vn(en)) = /Bn(aa Pﬂ'") + 0(1)

If ¢,(0,) — ¢ € (0,00), then the sharp asymptotics of these values are defined
by special infinitely divisible distributions which depend on the (7,¢), see [3, 5].
However the rate are simple enough:

Bn(a,Vo(6,)) — 1—aiff e, =0,

Bnla, Va(6n)) — 0iff ¢, — o0.

10



Moreover if ¢, (#,) — 0o, then there exist minimax consistent test procedure which
does not depend on 6, and on 7,, — 7 € (1,2). This is based on thresholding:

Vrothoe = Limaxs oil> Hna ) (2.28)

here H, o, = v/2logn + o(1) is such that (1 — 2®(—H,,))" = 1 — « (this implies
a(wn,a) = a).

Remark 2.1  Distinguishability conditions are defined by the asymptotics of the
values u, not only for T > 2 but for T > 1 also.

In fact, if 1 < 7 < 2, then T,, — 2b,, = b,(7, — 2) — —o0 and by (2.3), (2.18) we
get:
u? ~ Then/(2 — ) X cp.

Example 4: 7 € (1,2) (see [5].)
As in Example 2, put R, = An®. Consider 0 < a < 1/4q and let R, are
defined by (2.11) with b2 = C,, logn. Denote = = (aq)'/?, C = C(z) = 2(1 — z)?,

logl H, 1—z)?+q(1—
Com s yBlBn T (12F el —2)
ogn logn x

Then we get (2.12) and

q(loglogn + log(C,,/A?%)) + log 4 1
T, = Dpy/1 2.29
ogn+ 24/C,logn o Vlogn (2.29)
where 12
C, 1—aq

If H, = o(logn), then using (2.29), (2.30) we get:
Tw=Tn/bp = 7= (1—2)"" €(1,2).
If H, = O(1), then we obtain critical radii (2.11) and
en = 200(~T,) ~ \/2/m(AT) T2 70D exp(Hor(r — 1)/2),

It H, — —oo, then 6,(a) = 1 — a, if H, = oo, then fa) 0.

2.3 Degenerate case: 7 € [1/2,1]
Let k = nh,, — oo,7 = 1. Put A, = A\,(6,) = nh,®(b, — T,,). Then (see [3, 5])
Bn(a, Va(0n)) = Bule, Pr,) +0(1) = (1 — &) exp(—An(6,)).
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Let k = nh, = O(1), 7 =1 and k is an integer. Then

Bula, Vi (6,)) = (1 — a)(®(y/2logn — b,))™™ + o(1).

Let 7 < 1. Then B,(a, V,(0,)) — 0. Asymptotically minimax test procedure are
based on the thresholding (2.28).

Example 5: 7 =1 (see [5].)
Consider the case of small a = d/logn. Let R,» = A(logn)?. Put

R, = Aq/pcrll/%q/Zp(log n)l/qu/Zerdq/p_ (2.31)

which correspond to (2.11). We get

bi = Cplogn, h, =
vC loglogn
T, = y/lo 0 2.33
( n Viogn ( )
Assume d > 1/2 4 1/2q (this implies nh,,//lognloglogn — co). Put
C. =22, loglogn N 2logloglogn N H, ,
logn zy/lognloglogn  +/lognloglogn

where z = /2q(2d — 1). Let H, = o(y/log nloglogn). Then 7 = 1. Let H,, = O(1).
Then we obtain critical radii (2.31) and

(log n)q(dfl/Z)(AQ/Cn)Q/Q, T, =

SEES

Bu(a) = (1 —a)e™ +o(1), A\p ~ exp (zH,/4) .

A1
24/m24/2

If H, — —o0, then G,(a) —» 1 — «, if H, — 00, then §,(a) — 0.

Remark 2.2  First, observe that if T,, — b, — 0o, then ¢, ~ (1, — 1)\, /T, which
implies ¢, < A\, for 7 > 1 and u? < \, for 2> 1 > 1. Next, put

b, = \/(logn) /2, X, = X;(0,) = nh, ®(b, — H.,),

where H, = 2b% +o0(1) be such values that n®(—H,) < 1. We can replace the values
An onto AL in the asymptotics of Bn(a, V,(0,)) for the case 1, — 1.

In fact, it was noted in [5], Lemma 5.4, that if A, < 1, then A\* = X, + o(1) and if
T < oo and A, — 0o, then A} — oco. Analogously one can check that if A, = o(1),
then A} = o(1).

Using Remarks 2.1, 2.2 we can express distinguishability conditions in the terms
not of the values 7,, = 7,(0,,) and u,, = u,(6,), ¢n = cn(0n), An = An(6,) but in the
terms of the values b, = b,(6,) and u,, = u,(6,).
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Proposition 2.1 For any a € (0,1):
1) If b, — 2b% — oo, then B,(a, V,(0,)) — 0; if b, ~ 2b%, nh, — oo, then

Bn(e, Va(0n)) = (1 — @) exp(=A3) + o(1).

The tests (2.28) are asymptotically minimaz in these cases.

2) Let liminfb,(0,)/b; < 2, nh, — co. Ifu,(0,) — oo, then B,(a, V,(6,)) — 0.
If u,(6,) = 0, then B,(a, V,(6,)) — 1 — a.

Proof. The statement 1) follows the properties of supremum-tests (2.28), see
[5], Lemma 5.3. Consider the statement 2). If 7,, — 7 > 2, then it follows from the
results for Gaussian case. If 7, — 7 < 2, then v2 < ¢, = 2n®(-T,,). If u, — 0,
then ¢, — 0 which implies 7;, > 2b% + o(1) and 7,, — 7 > 1; therefore it follows
from the results for infinite-divisible case. Let u,, — oo. If 7, — 7 # 1, then the
statement is evident. If 7, — 7 = 1, then either A\, > ¢, — oo for T,, — b, — o0,
or, evidently, A, — oo for T,, — b, /4 oo. 0

3 Main results

To study adaptive setting observe evident inequality

Bn(e, Va(On)) = inf Bu(c, Va(6n)) (3.1)

n €O,

In view of (3.1) necessary condition for adaptive distinguishability is uniform dis-
tinguishability on 6, € O,:

in(f) Bn(a, Vo (0,)) — 0. (3.2)

n n

The first problem is the following: what are sets ©,, such that asymptotic equality
in (3.1) or the relation (3.2) are sufficient for adaptive distinguishability ?

The results above and the considerations below show that these hold for the sets
©,, with small enough or with large enough values b,.

3.1 The case of small b,
For BP denote ©2 = {6, : p < 2, p < ¢}, in usual case put
02 = {0, : b,(0,) < a}; a>0. (3.3)

For subset ©,, C ©; put u,(0,) = infy, ce, un(fy). The results above show that
for any ©,, C ©9
B, Va(©n)) = @(ta — un(©4)) +0(1)
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and test procedures (2.10) are asymptotically minimax in BP:
Bu($Zh, Va(©n)) = (ta — un(On)) + o(1).

This result is extended on the sets ©,, C ©2" with a, = o(1) and a,, = O(1) for
MCP and BP.

Theorem 3.1 1) Let a,, = o(1). Then
Bn(, Va(077)) = B(ta — un(©7")) + o(1).

Asymptotically minimaz tests Y o(an) are of the form:

n

¢n,a(an) = 1{/\n,z>ta}u{>\n(an)>ta}§ )‘n(an) = 21/277'71/2&7:2 Zf(xza an)' (3'4)
i=1

2) Let a, = O(1). If u,(©%) — oo, then Bp(a, V,(0%)) — 0, and if u,(©) —
0, then By(a, Vo(08r)) — 1 —a. Minimaz consistence tests P¥n(an) = VYn.an (an) are
of the form (3.4) with some sequences o, — 0.

The lower bound of the Theorem 3.1 follow directly from the results [3, 5| noted
above. The properties of tests procedures provided upper bounds in Theorem 3.1
are studied in the proof of Theorem 3.4 below.

Remark 3.1 In BP assume b =1b, > ¢ > 0. If h = h, = 1 (this corresponds to
the relation (i) in Lemma 1.1), then u,, — 0o and we can distinguish the hypothesis
and alternative by using the combination of x?-tests and supremum-tests:

Y = anastajugmaxs joul>Ha); Ha < \/logn, n®(—Hy,) = 0 (3.5)
with t, — oo but the rate of t,, is small enough. The same holds for
WPh,n?’* — oo, if p < 2; (logn)n2h, (b2 /logn)P/? — oo, if p > 2.
Therefore in BP we can exclude in consideration below cases (i) with large enough

b=b, >c>0 and cases with b> < logn, liminfnh? > 0.

Proof. One easily has (see [1], for example) that

a(Prr) =0, BY2, v,) — 0
if
max |v;| > CH,, C >1 orn /2 > vl >ty — 0.
1<i<n -
o 1<i<n
It follows from Lemma 1.1 that 35, <;<, [v;[? > R. | = nh,b%. Let 0 < p < 2. Then
(07t 30 o)) P> (0T 3 )P > T PRy = b/,

1<i<n 1<i<n

14



which implies
n_1/4( Z 111-2)1/2 > n1/4h,1/”bn > t:L/Q,

if BPh,nP/* > tP/2 — co. Let p > 2 and max;<i<, |v;| < CH,,. Then

Z Uz‘2 = (CHn)2 Z (U,‘/CHH)Q > (CHn)2 Z |Ui/CHn|P —

1<i<n 1<i<n 1<i<n

(CH,)*™ > |uilP > (CH,)* Pnh,b, > n''?t,,

1<i<n

if (logn)n'/2h,(b2/logn)?/2 >t, — 0. [

3.2 The case of large b,

Fix a positive sequence é, — 0 ( in BP fix a sequence p, — oo, p, = o(logn)
also) and a value § > 0. Assume below § < min(p, q); p < p, in BP. Denote

O = {0,: by(0,) > (2 —6,)b); nhy(6,) > 6;1} (3.6)
@;’f”l = {0,: b,(0,) > (14 6)b}; nh,(0,) > 6;1}. (3.7)
Put
Ar(©,) = inf A(6,).

Theorem 3.2 1) Let ©,, C ©%. Then
Bn(e, Va(On)) = (1 — @) exp(=A;(O)) + o(1)

and tests (3.5) with H,, = H, o are asymptotically minimaz:
a5 ) = o, B Va(O4)) = (1 — @) exp(—X;(0,)) + o(1).

2) Let ©, C 0755 If un(0,)) — 0, then Bn(a, Va(On)) = 1 — . If un(0,)) —
00, then test procedure (2.28) is minimaz consistence: ﬁn(@bt(s’oﬁla, Vo(0,)) — 0.

Proof. The lower bounds of Theorem 3.2 follow from Remarks 2.1, 2.2 and
Proposition 2.1.

In view of Remark 3.1 to proof the upper bounds in BP we can exclude the
cases p < q because h,, = 1 here (it follows from Lemma 1.1; it is the only point
that we use x2-test in this proof). Next part of the proof is based on the study of
minimax properties of the tests (2.28). It was shown in [3], sec. 6 (see also sec. 5.3
below) that uniformly on v, € R"

Bn(ng)a,vn) — 0, as max (Vni — Hpa) — 00
) <iln
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(UTL, Hn,a)) + 0(]‘),
where

Z é(vi, H); ¢(v,H) = ®(v — H) + ®(—v — H).
In MCP this implies

B2, Va(b, k) < (1— @) exp(—k(b, Hna)) +0(1) = (1—a) exp(=A;(0a)) +o(1)
which implies the statement of Theorem. In BP denote
V(0n,@n) = {v € V() : max|v;| <@n}, @n=Cby
and put
Fo(v,H) = F,(v, H) — 2n®(—H), ¢(v, H) = (v, H) — 2&(—H). (3.8)

Lemma 3.1 For any C; > Cy > 1 there exist such B > 0, ¢ > 0 (which do not
depending on n,p,q) that if

Cib>H>Cb>B, b<Q<Cib, p<eb?, p>gq
(here b = b,(0,)), then

inf  F, (v, H) > nho(b, H 3.9
et o) (v, H) > nho(b, H) (3.9)

which imply

inf F (v, H) > nho(b, H).
et n(v, H) > nho(b, H)

Proof of Lemma 3.1 is given in Appendix, sec. 6.5.2. It is modification of the
proof of Lemma 6.1 in [5]. Using (3.9) we get

ﬁn(zpna ,V(0,)) < (1 — a)exp(—nh,®(b, — Hna)) + o(1)

uniformly on 6, with b, — oo, p < p, = o(logn), 6 > 0. By Remarks 2.1, 2.2
these imply the upper bounds of Theorem 3.2. 0

The main results of the paper correspond to the case of moderate b,: b,(60,) —
00, b, (0,) < (2 —6)br.

3.3 The case of moderate b,

Introduce semi-logarithmic scale. Namely, introduce variables z = z,(b,) = 2,(0,)
and sets O,,(z1, z2):

b ith< b 41,
z = zn(b) {b:; +1+log(b—by), ifb>bi+1, (3.10)
On(z1,20) = {0€0]: 2 <2,(0,) < 22} (3.11)
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Here z; = 2,1, [ = 1,2,
0<2z <z <z =b,+1+Ilog(b;). (3.12)
These correspond to the inequalities on b = b(z):

Here and below we denote as b(z) = b,(z) the inverse values: z,(b,(2)) = z.
Observe that by the inequality ¢” > 1 4+ x one has
|20(bn,1) = 2n(bn,2)| < [bn,y = bnjol- (3.13)

For a set ©,, C ©F denote Z,(0,) = {z(0,) : 0, € ©,}.

Let us consider a sequence of functions w,(z) > 0, z € [21, 25] which will define
possible adaptive bounds. Introduce the assumptions

W1. The functions w?(z), z € [21, 22| are uniform Lipschitzian: there exists
B >0
lw2(z) —w?(2)| < BlzZ — 2| forall 2,2 €[z, z).

W2.

w, = inf w,(z) = co.
z€[z1, 22]

/ O(—w(2))dz = 1.

1

Note that it follows from (3.12), W1 and W3

sup wn(z) = O((logn)Y4). (3.14)

z1<z<z3

Theorem 3.3 Lower bounds. Assume W1, W2, W3. Let there exist ©,, C O,

such that [z1, 22] C Zn(©y) and

sup (un(0n) — wn(2n(0n)) < R, + 0(1).

0,0,

Then
Bn(a, Vo(0,)) > (1 — a)®(—R,) + o(1).

Theorem 3.4 Upper bounds. Let ©, C ©,(z1,22), 22 <zt — B, B> 0 and

in(g (un(On) — Wi (2,(0n)) > R,.

n n

Assume W1, W2, W3. Then

Bn(a, Vo(0,)) < (1 — a)®(—R,) + o(1).
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Corollary 3.1 Let
O, ={0, €0} :2(0,) € |21, 22]; un(0rn) > wn(2,(0,)) + Ry, + 0(1)}.

Then
Bn(a, Vo(0,)) = (1 — a)®(—R,) + o(1).

Remark 3.2 First, note that the assumption zo < 2z} — B, B > 0 is equivalent to
b, (0) < (2—96)b:, 6 > 0. Also the assumption W2 in Theorem 3.4 may be replaced
onto R,, — o0.

Next, we can replace the assumption W3 onto one of the following:

W3a 2
/ exp(—w?(2)/2)dz < 1,

1

W3b There exist such By € R', | = 1,2, B, > B, that

/Z2 exp(—w?(2)/2)wP (2)dz — oo, /: exp(—w?(2)/2)w??(z)dz — 0.

21

In fact, under assumptions W2 and either W3a or W3b one can find such sequence
0n — O that the sequence Wn(z) = w,(2) + 0, satisfies W3. This implies the upper
and lower bounds with R, = R,, + 6, which are equivalent to original bounds.

In view of Remark 3.2 we can apply Theorems 3.3, 3.4 and Corollary 3.1, par-
ticularly, to the functions

wp(2) =/2logz, 21 > 00, 23/21 > C >1 (3.15)
wy(2) = y/2log(zx — 2), 2z — 29 — 00, 20/20 > C > 1. (3.16)

Note the case of constant functions w(z). Let

2y — 21 — 00, w(z) = w, = /2log(zs — 21). (3.17)

Corollary 3.2 Let

or

20 < b, 2o < b), 21 =0(b)), w, = \/2 log(za — 21) = \/loglogn +o(1). (3.18)
[f ®n - @n(zlaZZ)); then
Bn(a, Vo(0,)) < (1 — a)®(w, — un(0,)) + o(1) (3.19)

where, as above, un(0,) = infy, co, un(0,). If there exist O, C O, such that
(21, 23] C Zn(©,), then

Bn(a, Vn(0,)) > (1 — @)®(w, — ut(6,)) + o(1). (3.20)

where u;(0,) = SUPy 6, Un(0n).
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3.4 Examples

In this section we consider adaptive version of examples 2 and 3 above. Let R, » =
An® a >0, A > 0. Assume A,p,q be fixed to simplicity and consider the case of
unknown a € A. Denote u,(0,) = un(a, Rn1), bn(6rn) = bn(a, Rp1). Our arm here
is to describe the asymptotics of adaptive critical radii R,1(a) = Rn1(a, 4,p,q)
such that uniformly on a € A

Un(a, Rn1) = wn(zn(a)) + C +0(1), C, <1 (3.21)
for wide enough sets A and for functions w,(z) type of (3.15) — (3.18); here z,(a) =
zn(bn(ay Rn,l ((J,, A; D, q)))

Example 6: 7 > 2.

Analogously with Example 2, let p > ¢ and consider sets A = ((1+n5)/4q, (1+
6%)/2q). Assume 6} logn — oo, c(n:)? > logloglogn/logn, 0 < ¢ < 1/4. Denote,
as above, V,, = (1 — 2aq) logn, U, = (1 — 4aq)+/logn. Assuming

wn(2n(a)) = o(V,,/logV,), log(w,(z,(a))) < cUZ, (3.22)

we can use estimations of Example 2 for H,, = w,(z,(a)) + C,, uniformly on a € A.
By taken b, = b,(a, A,p, q), define R,,1 = R, 1(a, A, p, q) according to (2.11). Then
we get (2.12). Let b, satisfy (2.13), (2.14) which implies (2.19) and correspond to
(2.15), (2.16). Under assumptions above ®(7;, —2b,) > 1—o0(1//logb?) and (3.21)
holds. Note that b, = 2z, = 2,(a) in this case. Thus we go to critical radii (2.11)
with

b2 = Vi + q(log Vi, — 21log A) + log(2w? (b)) + Cn/wn(by). (3.23)
If C,, - —o0, then 8,(a) = 1 — a, if C}, — o0, then ,(a) — 0.

Let w?(b) = logb?, b < b%. Then w2(b,) ~ logV,, and (3.22) hold. The relation
(3.23) is of the form

b2 = 6,logn + qlog(d, A %logn) + log(2logV,) + Cy/1/log V.

Let w?(b) = loglog n. Then (3.22) hold under additional assumption: &, >
(loglog n)*/?logloglogn/logn. The relation (3.23) is of the form

b2 = 6, logn + qlog(d,A %logn) + log(2loglogn) + C,/4/loglog n.

Example 7: 7 =2.

Analogously with Example 3, consider the case a = a,, is closed to 1/4q. Let
A= ((1—1n2)/4q, (1 —1n,1)/4q). Assume

0 < M1 < M2 = 0((loglog n)~?), Nn1y/logn — oo, Q, =1og(nn2/Mm1) — 0.
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Put R,2, R,: according to (2.21) and let b, is defined by (2.25) with H, =
wWn(2n(a)) + C,. Then we get (3.21). Particularly, one has the relations for z, =

Zn(ay):

zy — zn = —log(n./2) + o(1/loglog n), N1 < Mn =1 —4aq < Ny
21 =0, +1—lognne, 22 ="5;+1—logn,:.

We can rewrite (2.25) in the form:
1
2 _
b, = 5(5 — N — 4y/1 — ) logn + (¢ + 1/2) loglog n — 2qlog A
1
+ logm, + 5 logm — qlog 2 + log(2w?(2,)) + Cpn/wn(2y). (3.24)

Let w2(z) =1og Q2. Then we get: log(2w2(z,)) = log2 + log log Q2.
Let w2(z) = log(z} — 2)?, z > b:. Then

log(2w?2(2,)) = log2 + 2(loglogn,* + log2/logn,*).

As above, if C,, = —o0, then g,(a) = 1 — «a, if C,, — oo, then G,(a) — 0.

4 Lower bounds

4.1 Methods of constructions

We use methods of [1, 6] based on Bayesian approach. It is enough to construct
priors 7" = 7"*(dv)

™ (Va(0,)) — 1, B(a, Pe) > (1 — a)®(—R,) + o(1); n — oo

We consider priors 7™ which are finite mixtures of collections of particular priors
m, 1 <1< M:

M M
T = Paafly Prg =0, D Pug=1; M = M, — co. (4.1)
=1 =1

Denote likelihood ratio statistics:

Ly = dPpn [dPy = anl ananz, lny = log (de,n/dPo)

dPO

Let there are given sequences of collections u,; > 0, w,; >0, 1 <[ < M, and
values R,, such that

< = .
1r<rl1g]1v[wnl—>oo Ung < Wny + Ry +0(1 Zexp nl/2 1. (4.2)
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Put
-1

Png = eXp w, l/2 (Z eXp wy, l/2 ) ' (43)
Let there are given statistics ln,l such that
M = n,O{ 31 ln,l 7£ [n,la 1 S l S M} - 0(1) (44)

and uniformly on 1 <[ < M

Mg = Eno(lnt) = —ul /2 + 0(1), 05, = Varng(lng) = u; + o(1). (4.5)
Consider centred and normalized statistics l~n,l:

S\n,l - ([n,l - mn,l)/an,l-

Denote An; = sup,ep: |Pno(Ans < ) — ®(x)| and assume

> Ang=o(1). (4.6)

1<I<M

Let I:n,l,w = exp(fn,l)l;\ be truncated statistics f/n,l = exp([n,l). Assume

n,l<wl,n

C, = 1<rlri%)<(M Covp, o (Lnjgw, Lngw) < o(1). (4.7)

The following Lemma is an extension of Theorem 4.2 in [1] and is analogous
with Lemma 3.2 in [6].

Lemma 4.1 Under the assumptions (4.2)—(4.7) for any a € (0,1)
B(a, Pen) > (1 — a)®(—R,) + o(1). (4.8)

Proof of the Lemma is given in Appendix, section 6.1.

Let as go to the proof of Theorem 3.3. First, note that under assumptions W1,
W2, W3 we can assume that for any b > 0

Z1 — 00, 2t — 2y — 00, sup w3(z)exp(b(z — 2)) = o(1). (4.9)
21<z<z3

The first relations in (4.9) correspond to the inequalities on b = b(z):

b(z1) — 00, b(z2) < by (14 0(1)). (4.10)

In fact, let us consider W3a to simplicity. Put

21 =21+ Bn,la 22 = 29 — Bnyg, Bn,l — 00, Bn,l = 0(6Xp(’d}3/2)), [ = 1, 2.

21



Then

[ exp(—w(2)/2))dz < Buy exp(—u?/2) = o(1),

Z1

[ exp(—u}(2)/2))dz < Buy exp(—u2/2) = o{1)

z2

and we can consider Z; in place of z;. Moreover, put 6, = B;;/Q — 0 and
% = max{z € [71, %] : w2(2) < 6, exp(b(z — 2))}.

If z € 22, %3], then w?(2) > 6, exp(b(z* — 2)) > bd,(2* — z) and

/~z2 exp(—w?(2)/2))dz < [22 exp(bd,(z — 23)dz < exp(bd, (22 — 2))/bd, — 0O

22

Therefore we can replace Z; onto 2, and if z € [21, 23], then by W1

w?(z) < wl(3) + Blss — 2); w2(3) = G exp(b(zh — 52)) < b exp(b(z; — 2)),

n

B(%y — z) < (B/b) exp(b(22 — 2)) = o(exp(b(z;; — 2)).

Thus (4.9) and W1 — W3 satisfies after replacing z;, zo onto Z;, 2.
Let us choose such collections ©Y = {0,,1,...,0, 1} C ©,, C ©,, that the values

Zng = 2(0n1) € [21, 2], Wng = Wn(2n1); Ung = Un(0ny)
satisfy (4.2). First, we choose Z,;, [ =1,...,2M + 1 such that uniformly on [
Znit1 = Zng + 0nty Ong X Wn(Zny), 1 =1,..,2M 4+ 1; Z,1 = 21, Znomi1 = 22
and consider intervals I,,; = (21, Zngt1), { =1,...,2M. Let
M M
i = /I | B(wnl@)dz, Au =Y s, Ba = Y

Under assumption W3 we have: either A, <1 or B, < 1. Let A, < 1. By using
mean-value theorem we find z,; € I, 21, { =1,..., M such that

Jn,2l—1 — (D(_wn(zn,l))dn,l = (D(_wn(zn,l))wn(zn,ﬂ—l)-

Denote a = Z, 211, b = z,; and observe that under the assumptions W1, W2 one
has

W) —wie) _ plb-al o
(0) = ()] = TR O < B = 0(d) = ofwaa)

Therefore
wn(zn,Zlfl) ~ wn(zn,l)a Jn,2l71 = (I)(_wn(zn,l))wn(zn,l) = exp(_wi(zn,l)/Q)
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and we have:

M

Zexp(—wi(zn,l)ﬂ) =15 Zngt1 — 2ng > Ong X Wa(2) V 2 € [2ny, Zngr1].  (4.11)
-1

Other relations in (4.2) follow from the assumption of Theorem.
Denote b, ; = b,(0,;), analogously hy,;, T, ; and so on.

We consider product priors of the type (1.4), (1.5) and put

! ! ! !

n,l hn,l)’ b’n,l = bn(e;z,l)’ hn,l = hn(en,l)

were primes correspond to small changing 6 such that uniformly on [

m =a"(b

!

Un by 1 hry) = tUng +0(1); 7' (Va(0n1)) = 1 — o(1). (4.12)

The constructions are described in [3, 5]. To simplicity of notation we omit primes
below. In view of (4.12) one has

7" (Va(On)) 2 Zl:pn,lﬂln(vn(en,l)) >1—o(1)

which implies 8(a, Pr») < B(a, V,(©y,)). Thus, it is enough to check the assump-
tions of Lemma 4.1.

The statistics I,,; and [,; are defined by (2.1), (2.4), (2.5) in the case. Using
(3.14) assume without loss of generality

R, < B, b<u,; < B(logn)'/*, 1<1<M (4.13)

by in other case lower bounds of Theorem 3.3 are obvious. Put

Tn,lk

Trgk = L0 o(ZniZngk); Pk = o
nlUnk

Denote T,y = min(7,, T, x). Then, using the relation (6.13) below one has: as
bn,l — 00, bn,k — 0Q, T;: — bn,l — bn,k — 00

Togk ~ My Ry g €Xp by by k(T — by — brk), (4.14)
(L7 — bug — bak)

Pnik ~ 2€Xp(—(bn’l _bn,k)2/2) : (415)
VP (—n 1) B(—dn 1)
Lemma 4.2 Assume (4.13) and
max cny =o0(1), Y cngfus; =o(1). (4.16)

Ot 1<I<M

where (remind) c,; = 2n®(—T,,;). Then the relations (4.4), (4.5) and (4.6) hold.
Moreover, assume

i L o(1). (4.17)

Then (4.7) holds.

23



Proof of the Lemma is given in Appendix, section 6.3.

To obtain lower bounds we use estimations of ¢, = ¢,(0,) and p, i = pn (61, )
in terms of z, = 2,,(6,.) and zn; = 2,(0n1), Znk = 20 (Onk)-

Proposition 4.1 Let b, = b,(6,) — 0o, u, = u,(0,) = o(logn). Then there exist
B >0, b > 0 such that for large enough n one has:

cn < Bulexp(b(z, — 2})). (4.18)
Proof of Proposition is given in sec. 6.2

Proposition 4.2 Let b, 1, b, — 00. Then there exist B > 0, b > 0 such that for
large enough n one has:

Pnik < Bexp(—b|zni — znil). (4.19)

Proof of Proposition is given in sec. 6.6.1

4.2 Proof of the lower bounds of Theorem 3.3

We need to check the assumptions (4.16) and (4.17). The first relation in (4.16)
follows directly from (4.18) and (4.9). The second relation in (4.16) follows from
(4.18), (4.11), (4.13) and from estimations:

25— Zng =25 — 22+ 20 — 2ng > (25 — 22) + O(M — 1 + L)w,,
Z cn,l/uil < B Z exp(—b(z;, — zn1)) <
1<I<M 1<I<M
Bexp(—b(z, — 22) — biwy,) = o(1).
The relation in (4.17) follows from (4.19), (4.11) by

|Zn,l - zn,k| Z b(wn,l + wn,k)7

otk = Un Un kPnik < BWn Wy i exp(—b(wn + wn ) = o(1).

5 Upper bounds

5.1 Test procedures

We will use the assumption W3a in place of W3 without loss of generality.
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Let us describe the test procedures which provide the upper bounds of Theo-
rem 3.4. We need to provide such families of tests ¢, = 9, o that

a(¥na) < a+0(1); B(¥na, Va(On)) < (1 —)@(—Ry) +o(1) (5.1)
It is enough to find such family 1, that

a(¥n) = 0; B(vn, Va(On)) < ®(—R,) +o(1) (5.2)
by the relations (5.2) implies (5.1) for tests ¢, o = a + (1 — @)y,

We assume below R, = R + o(1) by if R, — —oo, then the upper bounds are
trivial, and if R, — oo, then we will obtain (5.2) for any R, = R + o(1) which
imply the statement of Theorem.

The constructed families are based on collections of tests

Yn(@) = maxus(e), L = {0} U Ly, (53)

Let 9n0 = ¢t(3°;3 be tests defined by (3.5) with ¢, — oo, t, = o(w,) and

¢t = 2n®(—H,) < (log(w,)) ' = o(1), H, = /2logn + o(1). (5.4)

To describe tests v, , | € L, let us consider the functions u,(b) = w,(2,(b)) + R,
and let h(b) = h,(b) be such values that u,(b) = u,(b, h); the values u2(b, h) are
defined by (2.6). Let us consider the collections

. - —2/3 —
0< 21 = Zn,1 <...< Zn,M = 22, Z2nl+1 = Zn,l+5n,l7 5n,l ~ (wn,l) / y Wnl = wn(zn,l)-

Denote b,,; = b,(2n1), ni = cn(bng, Any), Ung = un(bn;) and so on.
Fix x € (0,2/3) and consider the set L = L,, = {l : ¢,y < uy,;}. For any | € L
we consider the tests ¢, ; = 1,(b,,;) of the type

V(D) = Lin, s >wn(®)+wn}; Wn(b) = wn(zn(b)), (5.5)

where statistics A, are defined by (2.9), values w, = o(1) are concreted below.

Note that if b, = o(n"'/4(logn)~!), then the test v, (b,) is asymptotical equiva-
lent to x2-test (2.10). This easily follows from Tailor expansion of statistics £(z, b)
for small b.

5.2 The first kind errors

For the tests (5.3) one has

a(yhn) < Z (%hn,1) (5.6)
€Ly
It is clear that
a(tn0) = 0, (5.7)
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and to obtain the first relation in (5.2) it is enough to show that

> Poo(Ang > way) = o(1). (5.8)

€Ly

Fix small 6 > 0,m: k <n < 2/3 and put b}, ; = /logn/10, b} , = b},(1 —0). If
b > b, then let us consider thresholds

n,1

T = { o) ), 05 007 Where Go0) = 1log(un(6)/T,(6) = o),

Introduce 7, (b)-truncated statistics

Sosl2) = S Eulw ) €@ b) = €@ gy (59)

£
3
—~
(=
~
S
Il
—

Denote S\n,l = in,bn,,, Tni = T, (bn,) and so on and observe that

P, o(Ani(z) # Any(z) for any [ € L) < 2n max (—Tp,) = o(1) (5.10)

because if b < b}, ,, then d, — —oo, 7, > 2 and 2n<I>(—Tn,l) = ¢,y — 0, (this
follows from the relations (6.18) and (3.14)); if b > b}, ,, then by (2.18)

2n®(—Tp,) ~ cnyexp(—Thnilny) < ugjf") = o(1).

In view of (5.10) we can replace the statistics \,; onto A, in (5.8). Put

~ ~ ~ 9 ~
>\nl = (>\n,l - mn,l)/an,l; Mnp, = En,O)‘n,l; O-n,l = Va‘rn,O)‘n,l-

)

Denote, as in Lemma 4.1,

~

Ap(b) = sup |Pro(Anp < z) — O(z)].

zER!

Proposition 5.1 For some § > 0, B > 0, 1 —3n/2 < o < 1— 3k/2 and any
l € L, one has:

nits) Zfb < b:z,l;
Ang < B cuud+n70,  ifbh, <b<bi,,
Cn’l(’u,n’l)_2_g, lf b > b;’Q.
Moreover, uniformly onl € L
Mt <0, Mpy =0(1); 0py <1+ wny, woy =o0(u, ;). (5.11)

n,l
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Proof of Proposition 5.1 is given in Appendix, section 6.3.

To estimate first find errors, first, let us show that

A= Ay(bag) = o(1). (5.12)

leL

In fact, because M, = O((logn)?), the sum of n~? is o(1). It follows from (4.18),
from the choose d,,; and from W1 that

My
> An(byy) <B Zu,ﬁ exp(—b(2} — 2zn,)) <

Lib, >0 | =1

Bexp(—bz,’;)/ e w23 ¢(2)dz < Bw?3 Cexp(—b(z — 22)) = o(1)

Z1

in view of W2. Next, let as show that

B, _Z<I> —w,,;) = o(1). (5.13)

In fact, using W1, W2, W3a one easily has

My Mn
> O(—wng) X 3w, exp(—wy/2)
=1 =1
= / Cw, V() exp(—w (2)/2)dz = O(w, %) = o(1)
Put w,, = maxjer, wny. Using (5.7), (5.10), (5.11), (5.12) and (5.13) we get (5.8):

> Puo(Mng > wnitwn) < A+ Y O(—(Wng—mMng+ws)/ong) < An+ B, = o(1).
I€L, I€L,

Let us consider the tests 9, o(an) from Theorem 3.1. Using (6.7) one can easily
see that, as a, — 0,

EnoMn2 = EnoAn(a,) =0, En,o)\i,z =1, Eno(An(an))? = 4sinh®(a2/2)/at ~ 1,
B Oona(n) = 0,2 (o, (87 — 1) + By, (87 — 1))/2 = Byofe? — 1) = 1

which imply
Eno(An2 — Mn(an))? — 0. (5.14)

It follows easily from Central Limit Theorem that the statistics An2, An(an)
are asymptotical (0, 1)-Gaussian under P, o-probability and by (5.14) this implies
a(ypr,) — a. If a, = O(1), then one has:

a(Yn.a,(an)) < 20— 0, as a — 0.
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5.3 The second kind errors
For the tests (5.3) one has

B(¥n,v) < min B(Yny,v), v €l (5.15)

0<I<M

and to obtain the second relation in (5.2) it is enough to construct such collections
of sets

®n,l C @n, U Gn,l =0

0<I<M
that uniformly on 0 <[ < M

min B(n, Va(Ons)) < B(—R) +o(1) (5.16)

0<j<M

(we will consider no more than two tests ¥y, ¥ 41 in this minimum).
We will consider subsets ©,,; C ©,, such that b,(0,) € [bni—1, bny]-
First, let us consider tests 1, . Observe

n

B(Wno,v) < Pn,'u(mla*x lz;| < Hp) = H(1 — ®(|vi| — Hyp) — ®(—|vi| — Hy)

=1

{exp (= X1 (@(vi| = Hn) + @(—|vi| — Hn)))
max; ®(H, — |v;|) '

Therefore we need consider below only such v = v,, € V,, that for B > —log ®(—R)

n

Sn(v) = Z( (lvi| = Hp) + ®(—|vi| — Hy)) < B, rnax|vl| <H,+R (5.17)
i=1
Before to consider consider the tests ¥n; = ¥n(bny), | € L, observe, that

@(wn L) < B(¢n 1, V), where the tests ¢n,l are based on on T, ;-truncated statistics
An; analogous with (5.9). Therefore we will used the tests v, for b,; > b;’l and
omit tilde to simplicity of notation.

Lemma 5.1 Uniformly on v € R" under the constraints (5.17)

B(Yn1,v) < ®(wny — Fy(v,b,1)) + o(1).

Here the functional F(v,a) is of the form

F(v,a) (v,a)/\/Fn(a,a) ngn Vi, G (5.18)

where

2sinh?(av/2), if a<bj,,

#nlv,a) = {25inh2(av/2) B(Tu(a) —a—|ol), if a> by (5.19)
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Proof of Lemma 5.1 is given in Appendix, section 6.4.

In view of Lemma 5.1 we need to estimate the values

Fo.(0,,a) = Ue‘i/n(fa )Fn(v, a), with a = by .

First, let b,; < b}, . Denote b = b,(0,), h = h,(6,), and for BP p = p(0,), ¢ =
q(6,). Remind that by Lemma 1.1 there are three possible relations (i), (ii) and
(iii) for parameters b, h in BP. We show that in BP the following inequalities are
possible:

F,(0n,a) > F1(0,,0) = 2nhsinh®(ab/2), (5.20)
F(0n,0) > Fp5(0,,0) = 2nhsinh®(b%(p)/2)(ab/b*(p))?, (5.21)
F,(0,,0) > Fu3(0n,0) = 2nsinh?(abh'/?/2). (5.22)

Observe that in MCP the relation (5.20) holds. For BP introduce the assumptions
(we assume b(p) = 0 for p < 2):

. for p>q ab>P()
4 {Or p < g, ab < b*(p); (5.23)
or p>gq, ab<b*(p);
7 {Or p<q, ab> b(p) > h'/Pab, (5.24)
O mmsro) (5.25)
D - RhYPab> bZ(p)_ (5.26)

Lemma 5.2
1. Assume: {(iii) and A}. Then (5.20) holds true.
2. Assume: either Bor {C and either (i) or (ii)}. Then (5.21) holds true.

3. Assume: D and either {(iii) and p < q}, or {either (i) or (ii)}. Then (5.22)
holds true.

Proof of Lemma 5.2 is given in Appendix, section 6.5.1.

Remark 5.1
First, observe that if p < 2, then B,C are empty and D holds.

Next, if h = 1 (this means (i) holds), then F,, 1(0n,a) = F,3(0,,a). Therefore
using Lemmas 1.1 and 5.2 one can easily see that if p < 2, then (5.20) holds.
Moreover, (5.20) does not holds for p > 2, if either b < b(p) < a, or b > b(p) > a.

Denote M* = max{[ : b,; < b2,1}- Using Lemmas 5.1, 5.2 we get for 1 <[ < M*:
ﬂn(lpn,la Vn(en)) S q)(wn,l - pn(ena bn,l)un(en)) + O(I)a (527)
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where under (5.20) (this holds for MCP)

B B sinh?(ab/2) _
puns @) = Pra(6n @) = s 73y b (22/2) (5.28)
under (5.21)
e BB sn(?/2)
Pn(bn,a) = Pn,z(em ) = (a)gp( ) 9p (b) = bP (5.29)
(remind that the value b(p) minimizes g,(b) on b > 0) and under (5.22)
pul00) = puol0,,0) = (IR 2) (5:30)

hsinh(b2/2) sinh(a?/2)’
Let us estimate the values p,, 1(6,,a).

Proposition 5.2 1). Let a = a, < b}, b="b,(0,) < b}, |a— b =O0(w,;?3(a)).

)
Then pp1(0n,a) > 1 — O(w;*3(a)), and if b = b(p) < a, then pni(0,,a) >
1 - O(w;*3(a)), 1 =2,3.

2) If a,b — 0, then pp1(0n,a) — 1, and if a,b = O(1), then pp1(6n,a) < 1. If
b=0b(p) < a, then analogous relations hold for pn;(0n,a), | =2,3.

Proof of Proposition 5.2 is given in Appendix, section 6.6.2.

Return to estimations of B(¢n, V(0n)). Let 6 € Ony, by < by . It means
bn(0r) € [bng, bnir1]. Observe that [,l+ 1 € L because ¢, , ¢ny41 = 0(1) in view of
(6.18). In BP let us divide the set ©,; onto

0., ={0€6,;:b, (9 ) >b(p(0n))}, O,y =1{0 € O,y :b,(0n) <b(p(0n))},
nl - {9 € Gnl b (en) = b(p(en))}

We use the test 1,; with a = b,,; for the sets @;, and the test vy, ;41 with a = b, 111
for the set ©,,,00 ;. By using Remark 5.1 we see that the relation (5.20) holds for

n,l»

0 e @i, and b = b( ) < a for 6 € O . Using the choose of z,; and Proposition
5.2, we obtain for [ < M*

Tn = Pt Oy @)tun(6n) > Un(6n) — Bua(8)w, %, 1=1,2,3.

If u,(6,) < w;{lﬁ, then r, > u,(6,)+o0(1), and if u,(6,) > w7/ , then r, —w,,; — oo.
This implies

B(n, Va(br)) < (wng — ua(bn)) +0(1) < D(—R) + o(1).

The study for MCP are analogous. Thus (5.16) is proved for ©,,; = {0, € ©, :
b(0n) < b1}
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Let us study the tests ¢, o(a,) from Theorem 3.1. First, observe, that we need
consider b, > a, for any positive sequence an g ~n°, § > 1/4 by u,(bn, hn) — 0
if b, = o(n_1/4). Using Tailor expansion one can easily replace the y2-statistics
An2 onto A,(ano). By Proposition 5.2 we get: pni(0n,a) ~ 1, if [ =1, b,(0,) =
o(1), a = o(1) or b = b(p) < a = o(1) and pp(On,a) < 1if I = 1,b,(6,) =
0(1), a = O(1) or b = b(p) < a = O(1). Therefore using similar arguments
uniformly on v € V,(0,), ano < bn(6,) < a, one has:
(A

/Bn(wn,a(a'ny ) < mln{an (an 0) ); Pn,v(An(a/n) < ta)} S

D(to — un(bn)) +o(1).
The same estimations show that G, (¢¥n.a(an), v) = 0 as u,(b,) — 0o uniformly on
v € Vo(0rn), anp < b,(6,) < a, =0(1).

Consider the cases b,; > b;‘hl. Remind that we use Tn,l—truncated statistics j\n,l
in these cases.

Proposition 5.3 Let v, € V,.(0,) : b, > b}, dn > Bw,°b;, — o0; 0 <c < 2.

Then Sy (v,) — oo (the values Sy(v,) are defined by (5.17)).

Proof of Proposition 5.3 is given in Appendix, section 6.2.

In view of Proposition 5.3 we can consider below alternatives v € V,(6,) with
such 0, € ©, that d, = o(b,) by in opposite case they are rejected by the tests
Yno. The considerations below follow to the scheme above. By Lemma 5.1 and
Remark 3.1 we need to estimate the values

— 1 = . ; <
F,(0,,a) UEan(r(}f’Qn)Fn(v,a), Vo(0n, Qn) = {v € V,(6,) ml_ax|vl| < Qn}

assuming in BP: p > ¢, a = b,; — 00, b, = b,(0,) — o00. In fact, if p < ¢, p <
p% = o(logn), then b(p) < p'/? < b* ; < b,. By Lemma 1.1 it is possible under the
relation (i). This case was excluded before.

Lemma 5.3 . In BP for any 0 < C; <1 < Oy, 0 < C3 < 1 there exist such
B>0,6>0, €¢>0 that if b = b,(0,) > B, C1b < a < Cyb, d = d,(a,b) =
a+b—T <éa, p<eb®, b<Q <C3(4a+3b—2T), where T =T,(a), then

F,(0,,a) > 2nh, sinh®(ab/2)®(—d,(a,b)).

Proof of Lemma 5.3 is given in Appendix, section 6.5.2.

Note that same relation holds for MCP. Using Lemma 5.1 and Lemma 5.3 we
get for M* <[ < M:

Bn(¢n,l, Vn(en)) S Q(wn,l - pn(ena bn,l)un(en)) + 0(1)’ (5'31)

where

on(On @) = poa(fny @) = — 00 (ba/2)  B(=(dn(a) + dn(bn))/2 +00/2)

sinh(a®/2)sinh(b3/2) | /®(—d,(a))®(—dn (bn))
and d,,(b) = 2b, — T,,(b), 6, = Ty(a) — T, (b).
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Proposition 5.4 . Let b, < a,b = b,(0r), [2n(a) — 2.(0)] = O((wa(a))=%?).
Then
pua(0n, @) > 1= O((wn(a)) ™). (5.32)

Proof of Proposition 5.4 is given in Appendix, section 6.6.3.

Consider subsets ©,,; C ©,, such that b,(0,) € [bns, bnit1], bug > by, flel,
then we used the test 1, here. Using (5.31), the choose of z,; and Proposition
5.4 analogously with above we obtain the relation

B(Wni, Val0n)) < P(wng — un(fn)) + o(1) < ®(—R) + o(1).
Let [ ¢ L, it means c,; > uy; — oco. We use the test ¢, here. It is enough to
show S, (v) — oo for any v = v, € V,(0,), O, € Oy

To proof this, first, observe that d, = d,.(6,,) > dn; + o(1). In fact, it is clear,
if T, = T,.(0,) < Tny. If T, > Ty, then it follows from 7,, — T,,; = o(1) (the
last is shown in the proof of Proposition 5.4). By c¢,; > uj,, using (6.19) we get
dn/bf < dny/Thy > ul > w.® ¢=2—k > 0. This implies d,,/b} > Bw_°. Using
Proposition 5.3 we obtaln required relation. The study for MCP are analogous.

The upper bounds of Theorem 3.4 are proved. 0

6 Appendix

6.1 Proof of Lemma 4.1

It is enough to show that under P, o-probability
M
=1
By the assumption (4.4) we can replace L, ; onto En,z,w- In fact, let
L - ananl; n,w anan,l,w
=1

(a tilde corresponds to the replacement [,; onto l~n,l, an index w corresponds to
Wy -truncation). Then we get

pn,O(Ln 7£ fJn,w) S pn,O(Ln 7£ I:n) + pn,O(I:n 7£ fjn,w); Pn,O(Ln 7£ f/n) = Tn,

M M
Pn,O(Ln 7& Ln,w) S ZPn,O(Ln,l 7£ Ln,l,w) S An + Z (I)(_wn,l) - 0(1)

M
> B(—wny) Zexp w2 ,/2)/wny < Bw,' — 0.
=1
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To obtain (6.1) with this replacement it is enough to check that

M M
> PuiBuoLngw > ®(—R,) +0(1), > pi,,En,OLi,,,w = o(1). (6.2)

In fact, using (6.2) and the assumption (4.7) we get:
En,OEn,w Z (I)(_Rn) + 0(1)a Va’rn,()(fin,w) S

M
Zpi,lEn,OLi,l,w +2 Y paipnkCoVao(Lntws Lngw) = 0(1)
=1 1<I<k<M

and using Chebyshev inequality we get (6.1).

To check (6.2) we use the equality for the moments of bounded random variables
0 < X < H with distribution functions F(z) = P(X < z):

/OH 2dF(z) = /OH(I _ F(z))de

which imply the inequalities for differences of moments of bounded random vari-
ables 0 < X, Xy < H with distribution functions F(z), Fa(z):

|[EX; — EXy| < Hsupl|Fi(z) — Fa(z)|, k=1,2; (6.3)

|EX? — EX3| < HZ?sup|Fi(z) — Fy(z)). (6.4)

Let v be standard Gaussian random variable. Put

X1 = exp(Mng+ onv) = e’

mtexp(—ol /24 o), Xiw = Xiljycw, 1}
H,; = exp(Mn+ 0nWny) ~ exp(—ai,,/Z + On Wny).
where 6,; — 0 uniformly on 1 <[ < M and are nonrandom by (4.5). Using (6.3),
(6.4) we get:
EnoLnw = EXtw + O(HaiAny);
EnoLl, v = EXD, + O(H2 Avy).
Note that
PriHny < exp(—(ong — wny)?/2) < 1
which implies that sums of remainder terms are O(A,,) = o(1). At last, for Gaussian
variable one has

EXl’w ~ P(V + Oni < wn,l) = (I)(U)n’l — Upy + 0(1)) > (I)(—Rn) + 0(1),

which implies the first relation in (6.2). To obtain the second relation it is enough
to show that uniformly on [

pn,lEXZw = exp(o-r%,l - wTZL,l/2)(b(wn,l - 20n,l) = 0(]-)

Consider differently the cases w,; > 30,,;/2; and wy; < 30,;/2. We get in these
cases respectively:
> 9 exp(oy; — wy./2) < exp(—wy,;/18)  =o(1),
exp(os, —w:,;/2)®(w,; — 20,1) < 0 ’ '
p( n,l n,l/ )®( il ,l) > {Bwn} eXp(—(wn,l —Un,l)Q) —o(1),
O
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6.2 Some properties of likelihood ratio
Remind some properties of the statistics &(z,b) and truncated ones &,(z,b) =
&(x, b)1yj4/<7,) under null-hypothesis.
If z is a standard Gaussian variable, then we have the representation:
&(2,6) = (n(z,b) +n(w, =b))/2 = 1; n(x,b) = e />, (6.5)
n(z, b)n(z, ba) = ez, by +ba); En(z,b) = 1. (6.6)
Using (6.5), (6.6) we get:

2

b b1b
Ef(xa b) = 0) ESZ(:E’ b) = 2Sinh2 Ea E(S(.’E, bl)f(xa bZ)) = 2Sinh2 %a (67)
Also for an integer k£ > 1 one has

BE™(z,b) < Ci(k) exp(Ca(k)b?) (EE*(z,b))* (6.8)

where C4(k) > 0, Cy(k) > 0 are constants (see the Lemma 1 in [2] ). Particularly,
one can check that Cy(2) = 4.

Let there are sequences b, — oo, T, — b, — oo. Denote én(x,bn) =
(2, by)1yjz)<T,}- Direct calculation analogous to [6] gives:

Eén(z,by) ~ —®(by —Th), (6.9)
EE(z,b,) = (2sinh? % +1)®(T,, — 2b,) — 1+ o(1), (6.10)
B(éu(z,b)* ~ iexp(3bi) (T, — 3by). (6.11)

Observe that if nh2 — 0 (this holds under assumption of Theorems 3.3, 3.4), then
using (6.9), (6.10) we get:

nh2Vary oén(z, by) = u2 + o(1). (6.12)
If we have two sequences b,; — 00,b,2 — oo and a sequence 7T, such that
T, — bn,l — bn,g — 00, then

bn,lbn,Z

E&n (2, bp1)én(2, by o) = 2sinh? (T, — bpy — buo) +O(1).  (6.13)

Assume
b, — 00, logu,/logn =o(1), 7, > 2 —o(1). (6.14)

Then using (2.3), (2.7), (2.18), one can easily see that

logn o (Tn—2)?

o~ 2 ~ 7 6.15

n Y o 1) T o0, —1) 8 (6.15)
2logn logn

T? ~ 22" >2logn; log(nh?) ~ —————. 6.16
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Below we use the asymptotics which follow from the relations (2.3), (2.18):

u2 exp(—d?/2)

Cp ™~ 6.17

V21T, ®(—d,) (6.17)
where (remind) ¢, = 2n®(—1,,). This implies

cn < ulexp(—d2/2)/T,, if d, < B; (6.18)

cn = uld,/T.(1+0(d;?), if d, — oo. (6.19)

Proof of Proposition 4.1. Let 7, — 7 > 2. Then, by (6.14) holds under
assumption (4.13), the relation (4.18) follows from (6.15), (6.18) because b, <
b:, d2/2 < (b, — b5)* > b — b, — 1. Therefore

exp(—d2/2)/T, < Bexpb(1 + b, — b%) /b5 = Bexpb(z, — 2.).
Let 7,, — 2. Using the relations (6.15), (6.16) we get:

T, =/2logn(1+0(1)), b, =T,/T ~ b. (6.20)
Note that 7,, < 2+ o(1) if and only if b, < b%(1 + o(1)).

Put df = 2(b, — b%) = 2b, —t* (it does not depend on T,,, h,). Here and below
t* = 4/2log(n). Using the relation (6.19) we can see that if d, — oo, d,(0) = o(t}),
then the difference

d —dn =6, = 6,(0) = T,.(0) — t;, = O(logty /tr). (6.21)
In fact, using (2.18) and (6.19) we get:

(tfl)*1 =< n®(—t)) ~ n®(—T,) exp(t6, + 55/2) < ¢, exp(th o, + 55/2);
21 n+ logd, + B
ogu +t*0g + = o(logt) /tr).

exp(—t:6, — 02/2) < uid,, [0,] <

Here we use 0, = o(t}), u, = o(logn). Therefore we can replace d, onto d, in
(6.19). Then (4.18) follows from (6.19) by d}/T,, < exp(z, — 2,).

If d, < B, b, < b} + 1, then by using (6.18) and arguments analogous with
what given for 7 > 2, we get (4.18).

If b, > b}, + 1, then exp(z, — 2) = (b, — b})/b% > 1/b%, and by using (6.18) we
get: ¢, < Bu2/bi < Bulexp(z, — 25). QO

Proof of Proposition 5.3. First, observe that u,(6,) > w, + R+ o(1) — oc.

Denote
Op = Hy, — T,y X = nh,®(b, — Hy,), A\ = nh,®(b, — T,),

where H, is defined by (5.4). In view of Lemma 3.1 it is enough to show that
Ay — 00.
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It follows from (6.19) that ¢, > Bw2? ¢ which implies §, > 0. By A\, ~
enTn/(Th —1) > ¢p, if by — T, — o0 (1, > 1) and A, = nh,®(b, — T,,) >
nexp(—T2/2)®(—B) > ¢y, if b, — T, > —B, then using (2.18) we get: if
T, > H, + 2(loglog w,)/b, = H, + o(1), then

An = nh,®(b, — H, + 6,) < X exp((H,, — bp)dn — 02/2) > Bep <
n®(—H, + 6,) < c exp(H,6, — 62/2)

which imply (by b, > b}, ;)

cn/ct < exp(H,6, — 62/2) < exp(H,6,); A: > Bc:exp(bnd,) >
Bcz(cn/c;)bn/Hn > BC;/10\/§+0(1)(02)1_1/10\/§+a(1) >

Bw@ ¢ oMV / 166(4) — o0.
by the choose of ¢. If T,, < H, + 2(loglog wy,) /by, then
Ar < ¢ exp(bn(Hn — Tp)) < exp(b,(H, — Ty))/ log w, > logw, — oc.

a
Remind some properties of the statistics £(z, b) under alternatives.

If z is a standard Gaussian variable, then using (6.5), for any v € R! we get:

£z +v,b) = (e"n(z,b) +e Pz, —b))/2 — 1; (6.22)
Elz+v,b)— BE(z+vb) = %(eb”(n(x, b) — 1) + e (n(z, —b) — 1)). (6.23)

Using (6.6), (6.22), (6.23) we get:

E¢(z + v,b) = 2sinh? %” (6.24)
2

Varé(z +v,b) = 2sinh? % + (€ — 1) sinh? bu; (6.25)

El¢(z +v,b)]> <2+ E(&(z +v,b))° <

2 + Beltlv+3v, (6.26)

6.3 Proof of Lemma 4.2

To check (4.4) note, that

Poo{ 31l #lay, 1<I< M} = Pn,o(lnsl%ﬁ |z;| > lrgrllg]len,z) <

nPio(lz| > min T.;) = 2n®(= min T,)) = max e,y = o(1)

by the assumption (4.16).
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Proposition 6.1 Under (6.14) for some 6 >0, B > 0 one has:

nEy o Zn|* < Blen +n7°). (6.27)

Proof of Proposition 6.1. First, let us establish analogous relation for non-
absolute moments: }
nE;o(Z3) < Blen +n7%). (6.28)

Note that by —1 < &(z, b,,), then the difference between absolute and non-absolute
moments of &, is no more then 2. Therefore a difference between left-hand sides of
(6.27) and (6.28) is bounded by the values of the rate

21, + 1
h3 =O(n™ "™ o~ —— >0

(we use (2.3), (6.16)). Therefore (6.28) implies (6.27).

Let us check (6.28). Let 7, > 5/2. Then using (2.3), (6.15), (6.16), (6.11) we
get:

~ 21, — 5
nEo(23) < nh3e®n < nexp(3b2(3/2 — 1)) < n ™, n, ~ h > 0.
Ty —

Let 7, < 5/2. Then T,, — 3b,, ~ b, (7, —3) — —oco and using (2.3), (2.18),(6.11) we
get:

nky o(Z3) = nh3e &(T, — 3b,) =<
nT; " exp((9b2 — 6b,T,, — (T,, — 3b,)%)/2) = nT., ' exp(—172/2) < cn.

Thus (6.27) is proved.

Proof of (4.5), (4.6). First, estimate means and variances of statistics Ini
under P, o-probability. By —h,; < Z,; <1 and h,; — 0, one has

Wit — Zna + ZZ,;/2I < B|Zn,. (6.29)

Using (6.9) we have:

’I’LE’LOZHJ ~ —’I’Lhn,lq)(bn’l — Tn,l) ~ —Cp,l ’ 1 = —Cp,. (630)
Tn,l —

’

The relations (6.27), (6.29), (6.30) imply

. . . 1 . .
Enplng = nE1oWyh =n(E10Zn; — §E1,0(ZZ,1) + O(El,0(|Zn,l|3)

= —u2,/24+O(cpi+n"?), (6.31)
Varn,gin,l = nVarl,OWn,l = nELO(Wi,) — n_l(nEl,OI/AI'/'n,l)2
ul |+ O(cng +n7°). (6.32)
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The estimations above imply (4.5). Denote Wr?,l = Wn,l — EI,OWn,l- Note that
by (6.29) analogous to (6.27) relation holds:

nEo|Woil* < B(eag +n7°). (6.33)

The relation (4.6) follows directly from the assumption (4.16), from (6.33) and
from Bahr-Essen inequality because M = o((logn)'/?) and

BnE1,0|W£’l|3

= O((ens +n7")/tny)-

RO UZRDRE
O
Proof of (4.7). Let us establish the inequality:
COVn,O(I:n,l,wan,k,w) S exp(rn,lk) -1+ 0(1) (634)

which implies (4.7). Denote 71 = Tn, Pnik = Pn = Tn/Un kUn, to simplicity.

Proposition 6.2 Under the assumptions of the Lemma

Erno(Lniw) = ®(wny — uny) + o(1), (6.35)
En,O(Ln,l,wLn,k,w) S eXp(’rn)(Dpn (wn,l = Un,l — PnlUnk, Wnk — Unk — pnun,l)
(1+0(1)) + o(1) (6.36)

where ®,(z,y) stands for the joint distribution function of standard Gaussian ran-
dom variables X,Y with E(X,Y) =

Proof of Proposition 6.2. We give the proof (6.36) only, because (6.35) is
proved by analogous way (in particular, E, ¢(L,;) = 1+ o(1) in view (6.30)).

First, note the equality
En,O(I:n,l,wan,k,w) = En,U(in,lI:n,k)Pn(fJn,l S Hn,la I:n,k S Hn,k)a (637)

where Hy,; = exp(—u? ;/2+wn uny) and P* = P is the measure on (R", B,) with
likelihood ratio

dP" I:n’l($) (1 + an $,))( + Zn,k(xz))
(1) = ——=——— H
AP Epo(Ln, an k

, ¢ = (z1,...,z,) € R".

ot Bio(L+ Zo) (1 + Zug)
By the equality (6.37) it is enough to show
Eno(LngLng) = (Bro(1 4 Zng) (14 Zyp))™ < et*(1 4+ o(1)) (6.38)

and that under P"-distribution the statistics (S\n,l, Xnk) are asymptotical Gaussian
with

Epn, 1 = Upi+ Polngx +o(1),
Epa), k = Unk + Prlng+o(1),
Varpn( 1) = 1+0(1),
Varpn(Ang) = 14 0(1),
Coan(~nl \, %) pn + 0(1).
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The last follows from asymptotical normality of the statistics (l~nl,l~nk) under
P"-distribution with

Epnly; = u2 /2 +rn + o(1),

Epulngy = uli/2+1, +0(1), (6.39)

Varpn (l,;) = uz; +o(1),
Varpn(lng) = u?  +o(1), (6.40)
Covpn(lnt, lng) = 7o+ o(1). (6.41)

To obtain (6.38) observe that

(Bro(1+ Zn)) (A + Zop))" = (1 + Er0Zni + E10Zn g + E10Zn 1 Zm )"
< exp(n(E1,0Zn1 + E1,0Znx + E1,0(ZniZnk))) = €™ (1 +0(1))

because it follows from (4.16), (6.30) that
’I’LE’l,OZn,l = 0(1), nEl,OZn,k = 0(1), nEl,O(Zn,lZn,k) =Tn.
The items Wnl(:z:l) in the sum l~n,l are i.i.d. under P,-distribution where P, =
P, is the measure on (R, B;) with likelihood ratio

dp, ~ ~ - ~
(@) = (Lt Zug(@) + Zap(&) + Zna®) Zua(@))(1 — 0+ O(82), @ € R
1,0

and
6n = El,OZn,l + El’ozn,k + EI,O(Zn,lZn,k) = o(l/n)

Therefore we have:

EP"[n,l = nEl,O(Wn,l + I/T/n,lZn,l + I/T/n,lZn,k + I/AI'/n,lZn,lZn,k)
(1 +o(1/n)), (6.42)
Varpn([n,l) = nVarp (Wn l) = ’I’LEP (WQ ) — _1(Epnl~n 1)2
— nElO(W21+W21an+W lan+W lanan)
(14 0(1/n)) — n~Y(Epnin))?, (6.43)
Covpn (ln,la ln,k) = nCovp, (Wn Iy Wn k) =nkp, (Wnan k) -n EPnlnl EPnln k
= nEl,O(Wnank+Wnan anl+Wnan ank+
Wn,an,an,lZn,k)( (1/”)) o [ lEPnln,l Epnln,k. (644)

The relation (6.29) and estimations analogous to (6.30) - (6.32) imply:

nE1o(Wa) = _Ui,l/2 +o(1), nEl o(WhiZ
nELO(WnJZn,k) = r,+o0(1), nEl,O( W &)
nEo(We,) = ui;+o(1), nk (W2 2 =

)—Unz+ o(1), (6.45)

= rn +o(1), (6.46)
ul +o(1) (6.47)
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Moreover, Proposition 6.1 and boundness of Zn,l, Wn,l imply that the moments of
the order 3, 4 are of the rate o(1/n). These and the relations (6.42) - (6.47) imply
(6.39) - (6.41).

The asymptotical normality of the statistics ({, 4, {, ) follows from (6.39) - (6.41)
and from two-dimensional Bahr-Essen inequality:

sup | P" (b + v 1/2 < @t g, I + Ul /2 < Yt ) —
z,y

(I)pn (‘/E —Un,l — PnlUnk) Y — Unk — pnun,l)
< Bn(E170|Wn,l|3 + E1,0|Wn,k|3) < B(Cn’l + Cn,k + n_‘s) _ 0(1)
T (L= ) (n(Er oW |? 4 E1o|Wak[?)*2 — ud  +ud

O

The relation (6.34) follows from Proposition 6.2 by (we omit index n here)

Covp,(Liw, Lkw) = Eo(Liwliw) — Bo(Liw)Fo(Liw) <
(" — 1)®,(w — u — pug, w, — ux — pug)(1+ o(1)) + o(1)
+®,(w; — w — pug, W, — Uk, — pU) — EU(El,w)EO(Ek,w));
1P, (W — wp — pug, wi — ur — pwr) — P(w; — w) P (w; — ug)|
< B([pl(1 + uw + up))

for some B > 0 (the last relation follows from estimation of Hellinger distance),

max 14+u,; +u <B max r =0(1
1Sk<l§Mpn,lk( n,l nk) =B X n,lk ( )

and in view on (6.35), Eno(Lnjw) = ®(wWng — tng) + o(1).
Lemma 4.2 is proved.

Proof of of Proposition 5.1 If b,; < by, 2, then estimations are the same as
in the proof of Proposition 6.1 and (4.5), (4.6). If b,; > b}, ,, then using analogous
estimations we get:

Mn,1 ~ _nh'n,lq)(bn,l - Tn,l)/un,l < 0;
_mn,l = Cn,l exp(_(Tn,l - bn,l)Cn,l)/un,l < Cn,luy_l,} = 0(1))
0121,1 = nhi,lebi”q)(gn,l - dn,l)/zui,l + 0(“;,%%
BGi = o(u,), if dpy < B
editnt — 1 =o(u,}), ifd,;> B

n,l

o2 =1+o(u,7)+ { =1+ o(upy),

which imply (5.11). Here we use (6.19) and definition of the set L to obtain the
relation: exp(d, (ny) = 1+ o(u, ;). The estimation of A,; are based on the

n,l
estimation of Lyupunov ratio. It is bounded by

nhi,lEl,ngg(x)/ui,l = Cn,l exp((gbn,l - Tn,l)Cn,l)/ugL,l
< Ben exp(n(3 + Tn1) /Ty — 3) log un) < Bu,ﬁf‘)
because 2+§ > 7,; > 2—o0(1) which follows from the constraints on ¢, ; and (6.19).
O
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6.4 Proof of Lemma 5.1

To prove Lemma 5.1 for b < b ; observe that by (6.25), (6.26) for any § > 0 and
max; |v;] < Q = (1 + 6)t, and using the equality sinh(b?/2) = (e?” — 1)/2¢"*/* we
get:

2

V2nsinh(6?2/2) ;

b2 b2 /2+bQ
e’ —1 26
- - - h2by, < —
2nsinh?(b2/2) = Zsm = (71/2)1/2

(the last relation holds for small enough § > 0, n > 0 by b < b} ; = y/logn/10).
Using Chebyshev inequality we get for E, ,A,p > 2w, (b) > 2w, — oo:

EnpAnp = Zsth (bv;/2) = F(v,b),

Varn,v)‘n,b —1= En,v>\n,b S n_nEn,v)‘n,b

5(1%1( )) < pn 'u( n,b < wn(b ) < pn 'u(|)\nb En,'u)\n,b| > En,v)\n,b — wn(b)) S
Var, , Anb/ (EnpAns — wa(b))? = o(1). (6.48)

Let E, »Anp < 2wy, (b). Then by Bahr-Essen inequality and (6.26)
|Prw(Anp < wi(b)) — @(wn(b) — EnyAng)| < BeAtQ+)p=1/2 | o(1) = o(1)

(the last relation holds for small enough § > 0, n > 0 by b < b} ; = y/logn/10).
These imply the statement of Lemma for [ < M*.

Let us consider the case b > b}, ;. Here and below in the proof we denote

~

fn(xa bn) = gn(xa bn) - El,Ogn(xa bn)a gn(xa bn) = S(xa bn)l\zKTn
Replace A, onto statistics

~ ~

)\n - )\n - En,OS\n -

Un

hy, <~ »

(it is possible by En’gj\n = o(1) for T,-truncated statistics A and by remark before
Lemma).

Proposition 6.3 Let
b > by 1, Tp > by(1+9), |v] <Tn(1+6); 6> 0. (6.49)
Then

mp(v) = El,vén(x:b ) = 2sinh?(b,v/2)®(T, — b, — |v)(1 +0o(n %)), (6.50)
AG2(v) = Vary &, (2, by) — Vary on(z, b,) + m2(v) = O(Rn(v) + n°my (v));
R.(v) = € sinh?(b,v/2)e™ " (T, — 2b,, — |v]). (6.51)
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Proof of Proposition 6.3. Direct calculation analogous with [3]| gives (we
omit index n):

m(v) = E,&(z,b) — Eo&(z,b) = Eoé(,b)€(,v)

= ST b v) ~ B(-T — b))

—l—%eb”(@(T —b4v) —®(-T —b+v))

—®(T —b)+ (-T —b) + (-7 —v) + ®(—T + v) — 2®(-T). (6.52)
If blv| = o(1) or blv| = O(1), then using Tailor expansion and (2.18) one can get

m(v) = 2sinh?(bv/2)®(T — b — |v])(1 + o(n ")), & > 0;

if blv| — o0, |v| < 82(T —b), 0 < §y < 1, then using (2.18) we get

Im(v) — 2sinh?(bv/2)®(T — b — |v])| = o(n %), &5 > 0,
and if 8o(T — b) < |v| < Ty, + 841/b(2T — b), 0 < 84 < 1, then

Im(v) — 2sinh?(bv/2)®(T — b — |v|)| = O(1),
2sinh?(bv/2)®(T — b — |v]) > n%, 65 > 0,
which implies (6.50).
Analogously, using direct calculation we can get:

Varl,vgn(x, b~n) — Varl,oén(fv, b,) = El,,,(~§~2(x, by) — El,(l(?(x, bn)) — m2(v) —
2 (V) By o€ (2, bn); By (E2(2,b) — Eo(E2(,b)) = Eo(€%(z,b)é(z,v)) <
< BR,(v), F1o€n(x,by) ~ —®(b, — T,) = o(n™%), g > 0,

which implies (6.51). [

Proposition 6.4 Assume (6.49). Then
hpRn(v) < Cp1(v)my(v) (6.53)
where Cp, 1(v) = O(1) and if |v] < T,, — b(1 — u, '), then Cp1(v) = o(1). Also
B (V) = 0(1); hpymp(v) < Bun(b,)®(Jv] —Ty), if [v| > Tp —bu(1—u,t). (6.54)

Proof of Proposition 6.4. In view of (2.3) the relation (6.53) follows from
exp(3b2/2 — T,b, + b |v))® (T — 2b, — |v]) < Cr 1 ®(Ty, — by, — |v)). (6.55)
To check (6.55) consider differently cases
(@) : |v| <Tn—3b,/2—9,

(b) : T,—3b,/2-6<|v|<T,—b,+ B,
() : Tn—by+B<|v<T,—b,(1—u;"),
(d) lv] > Ty, — b (1 —u ).
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In the cases (a) (6.55) holds by the argument of the function ®(-) in right-hand
side tends to oo and the argument of exponent is bounded by —b,6 — —o0. In the
case (b) the argument of the function ®(-) in right-hand side is bounded away from
—00, the argument of the function ®(-) in left-hand side tends to —oo and using
(2.18) we get that left-hand side is bounded by B exp(—(T;, —b, —|v])?/2)/(B+b,).
This implies (6.55) with C,,1 = o(1). In the case (¢) and (d) using (2.18) we get
that left-hand is of the rate exp(—(7,, — b,, — |v|)?/2)/(B + b, + z) and right-hand
side is of the rate exp(— (T, — b, — [v])?/2)/(B+ ), © = |v| — T +b,— B > 0. Also
in the case (c) we have: (B +z)/(B + b, + ) < (un(b,))™ = o(1). This implies
(6.55) with C,,; = O(1).

Analogously in view of (2.3) the relations (6.54) follow from

exp(b2/2 — (T, — |v])bn) = o(1), if |v| < Ty, — bp(1 — u,t);

S(v) = exp(bn/2 — (T — [v])ba) ®(T;, — b — |v]) <

exp(— (T, — [v])?/2)(Jv] + b, — T0) ™" < un/bp = 0(1), if |v|| € L1 U L;
Tl @ (Jv] — To) < un(bn)®(|v| — Tp), if [ € Iy

ﬂMZB{M“””

v|—Th . )
e < ®(|o] - To), if [v] € I,

where I,; = [T, — B,Tn — b,(1 — u, )], Ins = [T, — B,T,(1 + 4)], which are
established by using (2.18).

It follows from Proposition 6.3 that

) h, > h(byv; /2 B — )
Env)\n: Zmn(vz)zzz ISIH ( U/ ) ( |U |)(1+0(n 6))
Un(bn) sinh(b2 /2) \/nq) n— 2b,)/2
= F(v,b,)(1 + o(n™"))
Proposition 6.5 Under constraints (5.17), (6.49)
Var, oA, = 1+ o(F* (v, by) /tn (by) + 1). (6.56)

Proof of Proposition 6.5. Using (6.12) we get: VarpoA, = 1+ o(1). Using
Propositions 6.3, 6.4 we get:

Zh2 ”Zh M (v:)) = o(Fy; (v, b) /i (bn))-
i=1
Therefore
. R Rz
Var, ,An — Var, g\, = ?L(zn) ;(Aai(vi) —m2(v;)) <
Rz
B oy 30 Fnl00) + 0(F5 (0, ) 1 01)
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and it is enough to check that

hZ zj:l R,(v;) =0 (22 hpmp, (V) + ui(bn)> : (6.57)

Denote I,(v) = {i : |vi| > T, — b(1 — (un(b,))1)}. It follows from Proposition
6.4 that

he > Ra(vi) <nn Y, hama(vi), mn = o0(1);

i#1(v) ig1a (v)
h2 S Ru(v) < Bu, S huma(vi) < B Z (lvi] = Tw) = unSn ().
i€l (v) i€l (v) €ln

Observe that if T}, > H,,, then S,,(v) < S,(v) = O(1) by (5.17) which implies (6.56).
Let T,, < Hy; 6, = H,—T, = o(1). If |v;| > T,,— B, then ®(|v;|-T,,) ~ ®(|v;| — H,)
Note that

cn = 2n®(=T,) = 2n®(—H, + §,) =< 2n®(—H,)e’ ™ = cte’ T < " [ log(w,).

In view of (6.19) this implies e’T» =< ¢, log(w,) < uf(b,)log(w,). Therefore if

Tn —bp(1 —u, (by)) < |vs| < T, — B, Ty, > b,(1+ ), then:

O(lvi| - Tn)
O (|vi| — Hy)

Therefore u, (bn)Sn(v) < 0(Sn(v)ul(b,)) = o(u2(b,)). This implies (6.56). [

n

~ eBn(Hn—loil) < Onbn(1—uz") < B(u" lOg(wn))(17u;1)/(1+5) = o(u).

n

The relation (6.54) and estimations above imply the statement of Lemma. In
fact, using Proposition 6.5 and Chebyshev inequality analogously to (6.48) we get
for B, yAnp > 2un(b):

~

Var, s Anp B
(En,v j‘n,b — Wy (b))2

If Epydnps < 2un(b), then by C, = SUD|4|<T,, |Z,(b)| = 1 and using Bahr-Essen
inequality, we get

ﬁ(%,z(v)) < Pn,v(j‘n,b < wy(b)) <

Epwhnp = Fi(v,0) + 0(1), Var,yhnp, = 14 o(1),
|1 Prn(Any < wn (D)) — ®(wn (D) — Enyins)| < O(Cr/un(b)) + o(1) = o(1).

6.5 Extreme problems

Let =, = EP9(Ry, Ry, Q) be the set of collections of probability measures 7 =
(r1,...,rn) on the real line supported on the interval [—Q, Q] subject to constraints

F Z/¢1 7",d’U)>H1, FZ Z/(bg Tzd’U <H2
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where

$1(v) = [vf, ¢o(v) = |v]*, Hy= Ry, Hy =Ry,
We assume ) = oo under assumptions of Lemma 5.2. Let

n

o(r) = [ p(o)r(dv), F(7) = Y ()
i=1
where the functions ¢(v) = ¢, (v, a) is defined by (5.19) or ¢(v) = ¢(v, H) is defined

in (3.8). Consider linear convex minimization problems:

F=inf F(7); F(r)=Y / (v)ri(dv). (6.58)
s i=1

It is clear that F' < F,(6,) = inf F(v), where F(v) = ¥, ¢(v;) and infimum is

taken over v € V,,(0,,) : max; |v;|] < Q. It is enough to study the problem (6.58).

Note that for the types (i) and (ii) we can put R, 5 = co. This corresponds to
widest case and does not affect on the values h,b and u = u,(6,).

By symmetry of the problems the infimum is attained on collections 7 =
(r*,...,r*) € E, of equal symmetric measures r*. Furthermore, using the method
of sub-differentials and the theorem by Kuhn and Tucker (see, for example, IToffe
and Tikhomirov [7], pp. 76-77) one gets sufficient conditions for infimum: there
exist A=AX, >0, u=pu, >0, n=mn, such that

Y(v) = ¢(v) — Ag1(v) + pea(v) = n for all v € [-Q, Q) (6.59)
(note that n < 0 by ¢(0) = 0) and
r*({v: o(v) — Ap1(v) + puga(v) = n}) = 1. (6.60)

Moreover, if Fy(7%) > Hy, then A = 0, and if F5(7%) < Ha, then p = 0 (this implies
p =0 for Hy = 00).

6.5.1 Proof of Lemma 5.2

Let ¢(v) = 2sinh?(av/2), b = b,(0,), h = hyn(6,). Consider the measures

* * * 7k * b2(p) * ab g * T 7
rp=m(bh); vy =w(" ), b ==, BT =h 20) . ri =m(b,1), b= bh'/P

(note that h* < 1 under assumptions of n. 2.). It is clear that F(7; ;) =
Fri(0,a), I =1,2,3 (see (5.20) - (5.22)). We show that measures ri — rj attain
the minimum for extreme problem (6.58) under assumptions 1) — 3) of Lemma.

Let us observe that 7, € Z, under assumptions 1) — 3). Using Lemma 1.1 can
easily check that Fy(7;,;) = nht? = Hy, | = 1,2,3. To check Fy(7;,;) < Hy, if (iii),
then observe Fy(7; ;) = nhb? = H, by Lemma 1.1. Also

Fo(F,.,) = nhb* (5 (p) /ab)? * < H,
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if B or either (i) or (ii) (by Hs = 00). At last, if ¢ > p or h = 1 or either (i) or (ii),
then
Fy(7;, 5) = nb? = nh?/?6? < nhb? < H,.
Let us consider 7, ; under assumptions A and (iii). By Lemma 1.1 this corre-
spond the equality Fy(7y,,) = Hz and either p > ¢q, p<2orp>2, p>gq, ab>
b*(p) or p > 2, p<gq, ab < b*(p). Put n =0 and

_b'(0) —qg(b) o 08'(0) — po(b)
o bp—q) = ulab) bi(p—q)

The relations (6.61) imply the required equalities for v = 0 and v = b in (6.60).
Moreover, these imply that the line w = 0 on the half-plane {(v,w); v > 0} is
tangent to ¥ (v) at the point v = b.

We need to check the inequalities A > 0, p > 0 and (6.59). Note that

A= A(a, b) (6.61)

__ 4zxsinhzcoshz — 2¢ sinh? z

A = Aa,b) = , (6.62)
(p—q)tr
4z sinh z cosh z — 2psinh?
w = wula,b) = , £ =ab/2. 6.63
(a,0) S / (6.63)
The relation x> 0 implies A > 0. The inequality u > 0 is equivalent to

ptanhz < 2z, if p > g, (6.64)

ptanhz > 2z, ifp <gq. (6.65)

These relations are equivalent to: 2z = ab > b?(p), if p > q and 2z = ab < b?(p), if
p < q. These hold under assumptions A.

The inequality (6.59) is equivalent to
P (v) = p(v) /P — A+ pv?? >0 forall v >0 (6.66)

and the tangent property observed above holds for 1 (v).

Observe the following convex property.

Proposition 6.6 The function f?(u) = sinh®(u?)/u is convex on R™ = {u > 0}
for 3>1/2, p>2and for 3 <0, p<2.

Proof of Proposition 6.6 is given in [10].

Let p > 2 and either p > g or ¢ > p+ 1. Then the inequality (6.66) follows from
convexity of the functions ¢,(v) = ¢(v)/v? and v?? for v > 0.

Let either p > 2, 1 >¢g—p>0,or¢g<p<2. Putu=v"? g=1/(q—p).
The inequality (6.66) is equivalent to

Yo (u) = d(uP) /uPP — X\ + pu
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from convexity of the function 1,(u) by Proposition 6.6.

Assume C or B (remind that this is possible for p > 2 only). Consider the
measure ;. Put

w=0, A=Aab) = 220D b = 667 - MG = 9(67) — %6 (6°)/p

p(b*)P’
(6.67)
and note that A > 0 and

pn = —4xsinh z cosh z + 2psinh®z = 0, by 2z = ab* = b(p)>.

The inequality (6.59) follows from the line w = 0 is tangent to ¢ (v) at the point
v = b* and from the convexity of the function ¢, (v) = ¢(v)/vP — A.
Assume D. Consider the measure rj. Put analogously with (6.67)

p=0, A= A(a,b) = ”‘;ﬂf’), n=n(a,5) = 6(6) — X = 6(5) — b6 B)/p. (6.68)

Note that A > 0. This implies
pn = —4z sinh z cosh  + 2psinh?z < 0

by 2z = ab > b*(p) which is D.

The relation (6.67) implies that the line w = 0 is tangent to P(v) = (v) — AP+
€, £ = —n >0 at the point v = b. The inequality (6.59) is equivalent to

i (v) = d(v)/vP — A+ &P >0
and follows from the convexity 1;1 (v) for p > 2, and from convexity
da(u) = 9(u)/u — At €u, u=v", f=—1/p

by Proposition 6.6 for p < 2. Lemma 5.2 is proved. 0

6.5.2 Proof of Lemmas 3.1 and 5.3

Lemmas 3.1 and 5.3 correspond to extreme problems (6.58) for the functions

o(v) = ¢(v,a,T) = 2sinh?(av/2)®(T — a — |v])), T = T,(a), (6.69)
¢(v) = ¢(v,H)=P(v—H)+P(—v—H)—-2®(—H), H=H,. (6.70)
We show that r* = 7(b,h) is extreme measure in the problem (6.58): F =

F(m(b, h)). It is enough to check that r* satisfies (6.60) and (6.59) holds for some
A>0, up>0, n=0.

Relation (6.60) implies the equality in (6.59) for v =0, v = b and v = —b. We
choose A, p by (6.61) which implies (6.60) and the line w = 0 is tangent ¥ (v) at
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the point v = b. By p > ¢ the inequality A > 0 follows from p > 0 which is the
same that

b (b)/9(b) —p > 0. (6.71)
Denote below 7 = b¢ (b)/$(b) — p and put
$p(v) = d(v) /v, 2 =0/b, v>0; Y(v) = Y(v) /v = ¢p(v) — A+ pv® P
The inequality (6.59) is equivalent: ,(v) > 0 for 0 < v < Q. This may be rewrite

in the form ¢p
ZEZ; - n(zp_—zq) S hosv=e o)

By (1—227)/(p—q) < log z, the inequality (6.72) holds forn > 1, 2 <1—1/n.
Analogously, the inequality also (6.72) holds, if

$p(v)/dp(b) = 1+ nlogC; 1<c<2<Q/b=C. (6.73)

The inequality (6.73) follows from
d(v)/o(b)) > CP(1+nlogC), 1<c<z<C. (6.74)
At last, (6.72) holds, if
¢;(v) >0,1-1/n<z<c (6.75)
This follows from convexity ,(v) in this case.

Therefore we need to check the relations (6.71) and to choose such ¢ > 1 that
(6.74), (6.75) hold under assumptions of Lemmas for the functions (6.69), (6.70).

Under assumption of Lemma 3.1 the inequality (6.71) follows from (2.18):
n~b(H—b) = ocoasbx (H—b)— oo, p=o(b?).
Analogously, under assumption of Lemma 5.3, it follows from the limit relations:
as a,b — 0o, p = o(ab), d = o(a)
b¢'(b) = absinh(ab)®(—d) — 2bsinh®(ab/2) exp(—d?/2) /v 2w ~
(ab/2) exp(ab)®(—d), ¢(b) ~ exp(ab)®(—d)/2, n(b) ~ ab.

To check (6.74) under assumption of Lemma 3.1 put ¢ = (b+ H)/2b, 1+
Co <2c<14+Cy.Let x = H—b, y=H — cb. Tt is enough to show that if
Txyxz—yxb-— oo, p=o(b?), then b=2log(¢(ch)/p(b)) < 1 which easily
follow from (2.18).

To check (6.74) under assumption of Lemma 5.3 let a < b — o0, d < o(a), p =
o(b?). We have for u = v — b > d + b*/2 = o(b):
bv)  exp(ula—d)— (42 + &)/2)
#(b)) V271 ®(—d)(u + d)

exp(—(u — a 2 a—d?2/2): A= exp(—d?/2)
Aol FAR ey ) A V2r(d+b(CL — 1))
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Therefore the inequality (6.74) follows from
(u—a+d)? < (a—d)?—2log(A/B); B=CP(1+nlogC)=o0(a®). (6.76)

Because log(A/B) = o(a?), the inequality (6.76) implies (6.74) for lager enough
a,b, any fixed £ € (0,1)and c=1+¢, Q =C1b< (b+2(a —d))(1—=¢).

To check (6.75) it is enough to show that
f(v) = "¢, (v) = v*¢" (v) — 2pvg (v) + p(p + 1)(v) > 0, 1= 1/n <z <c.

Under assumption of Lemma 3.1 it follows from asymptitic relation: for any fixed
0<cp<e<lasbxH-b—oo, ctb<v<cH

F(v) ~ ¢) ((v(H —))? = pv(H = v) + p(p + 1) + o(1 + p?)) =
6(v) (v(H —v) = p)? +p + o(1 +p?)) < $(v)b* > 0.

Under assumption of Lemma 5.3 the same relations hold with replacing H on 7.
O

6.6 Correlations properties

6.6.1 Proof of Proposition 4.2

If dp g, dny < B, then, by b, ;, b, — 0o, we have:

Pnik = exp(—(bn,l - bn,k)z/z)

which implies (4.19). Let dng,dn; > B. Let T = T,; < Tnx. Denote d,p =
2bnk — T,f > dp k. Using (4.15), (2.18), we get:

P~ bt = 12 TS o) ()

VO(—dnp)/®(~dns) = \duse/du exp (24/4 — &2 /4) < \/dys/ s ;

(I)( (nl+dnk)/) ex o i . .
\/cp )/\2 p(A \/ndn/n—i-dn

where, by definitions dn,l, dn,k,

1
Aw=7 ((2bng = T3)? + (2bng — T3)? = 2(bug + bug — T)?) = (bug — bup)?/2-

Therefore (assume d, ; < d, )

< Pt [ Byt Bfls_ e

- dnl+dnk nk nl+dnk - dnl+dnk

We can replace d,, = 2b, — T,, on d}, = 2(b,, — b};) in this relation which implies:

pngk < By/d;, k/dnl = Bexp(—|zn; — )-

The cases type of dn,k < B, d,; > B are considered by similar way. 0
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6.6.2 Proof of Proposition 5.2

First, consider the case (5.28). Let a,b < Bw_?(a). Using the relation
sinh(z) =z +23/6 + O(z°) as  — 0 (6.77)

we get:
1 — p(0n,a) = O(a* +b* + (ab)?) = O(w;*(a)).

n

Let a,b > Bw_?(a). Introduce the function g(¢) = logsinh(e!/2). Put =z =
2loga, y = 2logb and note that

log p(0n,a) = —(g(z) + g(y) —29((z +y)/2) = —g"(t)(z — y)?, t € [z,y].

Observe (sinh(u) — )

" u(sinh(u) — w .
t = —

g'(t) 4sinh2(u/2) = 2 u=es

for some B > 0 and all w > 0. Then by (b —a)/a = o(1) we get:

—log p(0n,a) < Bbi’,(log(bn,l/bn,l,l)2 < B(b—a)? = O(w,*(a)).

Consider the cases (5.29), (5.30). By b(p) minimizes g,(b) = sinh(b?/2)/0?,

sinh((abh'/?)?/2) _ _ gy(a) _  gp(b(p))
hsinh(b?/2) sinh(a?/2)  gp(a)gp(b) ~ gp(a)gp(b)
Therefore it is enough to consider the case (5.29) with b = b(p).
Using the relation (6.77) and by

. = = abh!/P.

cosh(z) = 1 +2?/3 4+ O(z*), = — 0; tanh(z) = 1 + O(e™**), z — o0
one can easily get
b (p) ~6(p—2)asp— 2, p>2; b*(p) ~pasp— oco. (6.78)
Let b =b(p) < a < Bw,*3(a). By (6.78), (p — 2) = O(b} ,) and one easily get:
1 < g,(a)/95(b(p)) < (b(p)/a)?~? (1 + O(a?)) < 1+ 0(a”)

which imply the required relation.

Let b = b(p) € [a — w,%3(a),a], a > Bw_;**(a), B > 2. Introduce the function

fp(u) = log g,(a) = logsinh(u) — (p/2) log(2u), u = u(a) = a®/2, u, = u(b(p)).

Observe

"

log(g,(a)/gs(b(P))) = f, (v)(u — u)*/2, v € [, u)]
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and

" "

£, (w) = p/(2v®) —sinh ?(u) < p/(2u®); f,(u) < B(p—2)u 2+ 0(1), if u=O(1).
By (6.78) we get: for bounded p, b(p), a:
log(gy(a)/g,(b(p))) < B(p — 2)b"*(p)(a’ — 0*(p))* = O(w,**(a)),

and if p — oo, then, analogously,
log(g5(a)/95(b(p))) < Bpb~*(p)(a® — b*(p))* < (a — b(p))* = O(w,**(a)).

The statement 2) follows from estimation above.

6.6.3 Proof of Proposition 5.4

Denote
O(—(dn(a) + dn(bn))/2 + 6,/2)
V/(—dn(a))D(—d, (by))
Re(ab,) = 2E(n() +dn(6n))/2)
V@ (—dn(a))B(—d, (by))

sinh?(aby, /2) i B )
sinh(a2?/2) sinh(b2 /2)’ Qn(a;bn) = exp(—(a — b,)"/2).

Rn(aa bn) =

Qn(a,by) =

By a,b, > by, ; one easily see:
Qn(a,b,) = Q(a,b,) +0o(n™"), n > 0.

It is well known that the function log ®(z) is concave. Therefore R*(a,b,) > 1.
If §, = Tn(a) — T,(b,) > 0, then R,(a,b,) > R (a,b,). This implies
Pna = Qn(a,b,)Ru(a,b,) > exp(—(a—b,)?/2) +0o(n™") > 1— (a—b,)?/2+0(n"")

which implies (5.32). Therefore we need to consider the case T,(b,) > T,,(a) which
implies d,,(b) < d,(a) + |a — by

First, observe, that if d,,(a) < —4logwy,(a), then
H, = —(d.(a) + dn(bn))/2 + 6,/2) = —dn(a) + a — b > 4log w,(a) + o(1)

and
R.(a,by) > ®(H,) =1—®(—H,) > 1 —w,*(a)
which implies (5.32).
Let —4logw,(a) < d,.(a) < B. Then d,(b,) < B + o(1). Denote @, = u,(0,).
Using (6.18) we get:
0 < T, (bn) — T, (a) = 2log(up(a) /i) + dp(bn) — dy(a) + O(D).
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un(a) /iy < up(a)/un(bn) < 1+ Jun(a) — up(bn)l/un(bn) <
L+ B(|za(a) = 2a(bn)|w} (ba) < 1+ Bw, *(ba)

this yields

Ta(bn) — Tn(a) = b, (21og(uy(a) /i) + (b — a)dn(a) + (b — a)* + O(1))
= 0(1); Tu(bn) — Tu(a) = O(b,") = O(w;*(a)),
®(—(dn(a) + dn(bn))/2 + 0n/2) = (—(dn(a) + dn(bs))/2)(1 — O(w;*(a))

which implies (5.32) in this case.

By using analogous estimation one can see that if d,,(a) — oo, then d,,(b) — oc.
Let d,(a) — oo, dp(b,) — oco. Using (6.19) we get:

0 < T2(bn) — T2(>—2log(u(>/u>+log( 2(a)/dn (b))
+0(d;" () + dy ' (5.)); du(a) — du(bi) = o(L); )
1) T (a)  21OB A/ Hzio(g(c)l()/fa)(b ) + 0(d;'(a))

= O((dn(a)by)™h),
which analogously implies
O(—(dn(a) + dn(bn))/2 + 8,/2) = ®(—(dn(a) + dn(ba))/2)(1 — O(w,*(a)).
Therefore we need to estimate
ﬁn,4 = Q;(aa bn)R;(a” bn) = EXp(—A) >1-A,
where
A = (U(dn(a)) + ¥ (dn(bn))/2 — ¥((dn(a) + dn(bn))/2), ¥(z) = log(e™*"/*®(~z)).

:_1ogx—|—a1/x+a2/x + ...,  — oo we get U (z) ~
), dn(bn)] one has:
(a

) = dn(bn))*/2 ~ (1 = dn(bn)/dn(a))*/2.

n)
Usmg the expansions ¥(z)
22, and for some d € [d,(a

dn,

A =" (d)(
Therefore by

T.(a) =2b; +0(1), d.(a) ~2(a—10}), du(a) — dn(b,) = 2(a — b,) + o(1/b)
one has:

1= fna < B(1 = dn(bn)/dn(a))® < (exp(2n(a) — zn(bn) +0(1/})) — 1)%) =
(z0(a) = 2a(bn) + 0(1/8}))* = O(w;*(a)).

This implies (5.32).
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