CATALYTIC AND MUTUALLY CATALYTIC BRANCHING

DONALD A. DAWSON^{� )} KLAUS FLEISCHMANN^{y )}

WIAS Preprint No. 510 of July 7, 1999

Donald A. Dawson The Fields Institute 222 College Street Toronto Ontario, Canada M5T 3J1 E-mail: ddawson@fields.utoronto.ca URL: http://www.fields.utoronto.ca/dawson.html

Klaus Fleischmann Weierstrass Institute for Applied Analysis and Stochastics Mohrenstr. 39 D–10117 Berlin, Germany E-mail: fleischmann@wias-berlin.de URL: http://www.wias-berlin.de/~fleischm

1991 Mathematical Subject Classification: Primary 60 K 35; Secondary 60 G57, 60 J 80.

Keywords and phrases: Catalytic super-Brownian motion, catalytic super-random walk, catalyst, reactant, superprocess, measure-valued branching, absolute continuity, self-similarity, collision local time, glycolysis, martingale problem, segregation of types, coexistence of types, self-duality.

�) Supported by an NSERC grant and a Max Planck Award. y) Supported by the DFG.

Abstract

In this paper we present an overview of recent work on lattice and measure-valued models of catalytic reactions and in particular catalytic branching systems. The main phenomena exhibited by nearly critical branching systems are dimension-dependent clumping in small and large space and time scales. Special emphasis is given to the effects which occur when the catalyst is highly clumped and in particular when in the continuum models the catalyst is a time-dependent singular measure. Finally, the interactive model of mutually catalytic branching is described and some recent results are reviewed. – The basic tools include log-Laplace functionals, measure-valued martingale problems, collision local times, and duality.

1 Introduction: Catalytic reaction-diffusion systems

Reaction-diffusion partial differential equations have been studied for many years and one of the applications is to model catalytic reactions. A catalytic reaction requires the presence of a catalyst which determines the rate of the reaction. For example, a single type catalytic reaction-diffusion is given by the partial differential equation: ∂u(t, x) ∂t = 1 2 Δu(t, x) − 1 2 Γ_t(x) R ( u(t, x) ) , u_{|t=0+} = φ ≥ 0, (1)

where Δ is the d-dimensional Laplacian, R : R_+ → R_+ is a locally Lipschitzcontinuous function, the initial function φ is continuous, and (t, x) → Γ_t(x) ≥ 0 is also a continuous function representing the density of a catalyst at time t at x. However there are some catalytic reactions in which the catalyst is concentrated on a set of zero Lebesgue measure and this equation must be replaced by one with a irregular coefficient Γ. To illustrate this we consider an important example.

Example 1 (glycolysis) Glycolysis is a cellular reaction in which glucose is broken down into pyruvate, and energy is released. This is achieved by a chain of reactions taking place inside a cell which can be described by a system of reaction-diffusion equations. Each reaction in the chain is initiated by an enzyme catalyst. However these enzyme catalysts may not be spatially distributed in a homogeneous way. Within the cell there is a network of “filamentous actin”, and enzyme molecules can bind to filaments leading to highly concentrated catalytic regions (see [PT88]). 3

The example of glycolysis and other catalytic reactions (cf. [Sap96]) lead to a study in which the catalyst is not given by a regular density function but rather by a measure-valued process:

Γ_t(dx) = catalytic mass at time t in the volume element dx.

In this case it is useful to reformulate the reaction-diffusion equation (1) by the corresponding mild form u(t, x) = ∫ R^{d pt(y − x) φ(y) dy} − 1 2 ∫_t 0 ∫ R^{d pt−s(y − x) R} ( u(s, y) ) Γ_s(dy) ds, (2)

with the (standard) heat kernel p_t(x) := (2πt)^{−d/2} exp [ −^{|x|2}_{2t} ] . Such partial differential equations have been studied when Γ_t(dx) ≡ Γ(dx) is a deterministic measure concentrated on an open set ([CY94]) or on a hypersurface ([DF95]). However the example of glycolysis suggests generalizing this to catalytic measures concentrated on fractal-like sets and also varying in time.

The study of reaction-diffusion equations with irregular reaction rates and their relation to catalytic branching models had been initiated in [DF91, DFR91, DF92]. Subsequently there has been a considerable development and literature in the mathematical theory. For earlier surveys, see [Fle90, Fle94, DFL95], [DP99, Section 6.3], and [Kle99]. For catalytic branching models in a discrete time setting, see [DF83, DF85, GdH91, GdH92, BCGdH93, CMP98].

Before returning to describe probabilistic models which are related to equations of this type, we begin with models of catalytic reactions in discrete spaces.

2 Lattice models of catalytic branching

Catalytic reactions such as glycolysis take place at the molecular level. The goal of this research is to develop a class of mezoscopic models of these reaction-diffusions which include the spatial heterogeneities in the “geographical structure” of catalysts and reactants and temporal fluctuations which occur. Moreover, the heterogeneous distribution of catalysts and reactants has a profound effect on the rate of product formation – how can this be quantified?

In order to address these problems we begin at the microscopic (molecular) level and with the simplifying assumption of a spatially discretized system. In this setting a chain of reactions such as occurs in glycolysis can be viewed as a kind of a multitype branching process

R_1^{Γ1}−→ R_2^{Γ2}−→ R_3^{Γ3}−→ . . .^{Γn}�^1−→ R_n

where R_1, . . . , R_n are a sequence of reactants, and Γ_1, . . . , Γ_{n−1} are catalysts. In a typical biochemical system such as glycolysis, molecules of reactant R_1 enter the system as a constant rate Poisson process, each molecule of reactant R_{i−1} is replaced by a random number of molecules of reactant R_i at a rate proportional to the time spent in the presence of a molecule of the catalyst Γ_{i−1} .

In order to simplify we consider primarily the case of a single reactant type and the catalytic reaction R_1^{Γ1}−→ R_1. The mathematical methods developed for the analysis of the latter system can be extended to the former multitype case.

2.1 Catalytic reactions of particle systems in Z^d

We begin with a particle system on Z^d. In general, a particle of mass m located at a point x will be described by a point measure mδ_x . A particle system in Z^d (with varying masses) is then simply a measure μ on Z^d. On the other hand, we will often identify a measure μ on Z^d with its density function μ : Z^d → R_+ with respect to the counting measure ℓ := ∑ x∈Z^{d δ}x^, μ(B) = ∑ x∈B μ(x) = ∫ B μ(x) ℓ(dx), B ⊂ Z^d. (3)

(Then μ(x) is the mass in x and, at the same time, the density of mass at x.)

Given N(t) reactant particles of mass m at time t located at w^1_t , . . . , w^{N(t)}_t , we consider the point measure:

X_t := m N(t)∑

i=1 δ_wi_t (4)

describing the state of the reactant at time t. To serve as a discrete space model of a reaction-diffusion system we assume that the system dynamics involves spatial dispersion and the reactant particles undergo catalytic branching. To model the spatial dispersion we assume first of all that the reactant particles undergo independent simple random walks w_i in Z^d. Additionally, in the presence of the catalyst, a reactant particle can either produce a new reactant particle (of the same type) or die (critical binary branching). Splitting or death for a reactant particle with trajectory w will occur according to a Poisson process run with a clock A^Γ_w(t), say, which measures the time spent in the presence of the catalyst. Here we assume that the catalyst at time t is given by a measure Γ_t on Z^d. Then, by definition,

A^Γ_w(t) := ∫_t 0 ∑ y∈Z^{d δw(s)(y) Γs(y)ds, t ≥ 0. (5)} A^Γ_w is called the collision (local) time between the intrinsic random walk path w and the catalyst Γ. (Note that by our convention (3) there is no difference between the notions of collision time and collision local time in the present Z^d case.) Examples of Γ and the related collision time A^Γ_w are listed below. Note that A^Γ_w is a continuous additive functional of the Markov process w.

We then have the catalytized reactive transitions:

catalytic reproduction: δ_x −→ δ_x + δ_x with clock 1 2 A^Γ_w ,

catalytic killing: δ_x −→ 0 with clock 1 2 A^Γ_w .

Example 2 (catalysts and their collision time) (i) (uniform catalyst) In this case Γ_t(y) ≡ γ, hence A^Γ_w(t) ≡ γt, and the reactant process X = X^Γ is a classical branching random walk with branching rate γ.

(ii) (single point catalyst) Here Γ_t ≡ δ_0 , thus A^Γ_w(t) = occupation time (or density) at 0 for w by time t.

(iii) (constant number of catalytic random walk particles) In the case Γ_t = ∑_M i=1 δ_γi_t where γ^1, . . . , γ^M are independent simple random walks in Z^d also independent of the intrinsic reactant path w, then

A^Γ_w(t) = M∑ i=1 ℓ(t, γ^i, w) (6) where ℓ(t, γ^i, w) is occupation time at 0 by time t for the random walk w − γ^i.

(iv) (autonomous branching random walk catalyst) In this case the catalytic particles are assumed to perform autonomously a critical binary branching simple random walk in Z^d. In low dimensions branching particle systems exhibit spatial clumping, and they provide an example in which we can study the effect of a random heterogeneous catalytic medium on the distribution of reactant mass. Such a study has recently been carried out in [GKW99].

2.2 Mutually catalytic branching particle systems

In a catalytic reactant cycle the reactant R_{j−1} serves as the catalyst for the production of the reactant R_j , j = 2, . . . , M, and R_M serves as the catalyst for the production of R_1 .

R_1 −→ R_2 ↗ ↘ R_8 R_3 ↑ ↓ R_7 R_4 ↖ ↙ R_6 ←− R_5 Figure: Catalytic reaction cycle (M = 8)

In the special case M = 2, we have two mutually catalytic reactants. At the particle level, letting the two reactant types be called “Red” and “Blue”, and let them move in the lattice Z^d as simple random walks, we have in the case of critical branching

Red+Blue → Blue offspring with clock 1 4 A_{RB}

Red+Blue → Red offspring with clock 1 4 A_{RB}

Red+Blue → Blue death with clock 1 4 A_{RB}

Red+Blue → Red death with clock 1 4 A_{RB}

where A_{RB} = A_{RB}(dt) should refer to the collision time between a red and a blue particle.

2.3 Continuous-state catalytic branching in Z^d

The particle models introduced above are intuitively appealing and are used in simulation experiments (cf. http://www.mi.uni-erlangen.de/~klenke). However the continuous-state processes which arise in the limit of a large number of particles of small mass have the advantage that they can be studied by powerful tools of stochastic calculus.

We next introduce the continuous-state analogs of the particle systems discussed above. Recall that X_t(x) and Γ_t(x) denote the amount of reactant, respectively catalyst, at site x ∈ Z^d at time t. Then {X_t : t ≥ 0} satisfies the following system of Itô stochastic differential equations

X_t(x) = X_0(x) + ∫_t 0 1 2 ΔX_s(x) ds + ∫_t 0 √ Γ_s(x) X_s(x) dB_s(x), (7)

t ≥ 0, x ∈ Z^d, where Δ is the discrete Laplacian (note that^1_2 Δ is the generator of a simple random walk on Z^d), and {B(x) : x ∈ Z^d} is a system of independent onedimensional (standard) Brownian motions. This system is also referred to as simple super-random walk X = X^Γ in Z^d with catalyst Γ. In the special case of Example 2 (i) of a uniform catalyst Γ_t(x) ≡ γ, the process X = X^Γ is the well-understood simple super-random walk with constant branching rate γ. On the other hand, analogously to the Example 2 (iv), one can take an autonomous simple super-random walk with branching rate γ as catalyst Γ. Then, given this Γ, the solution X = X^Γ to (7) is called the simple super-random walk with simple super-random walk catalyst Γ.

2.4 Continuous-state mutually catalytic branching in Z^d

In this case we let the pair of mutually catalytic reactants be denoted by X = ( X^1, X^2 ) . By definition, they satisfy the following system of stochastic differential equations:

X^i_t (x) = X^i_0(x) + ∫_t 0 1 2 ΔX^i_s(x) ds + ∫_t 0 √ γ X^1_s (x) X^2_s (x) dB^i_s(x) (8)

i = 1, 2, t ≥ 0, x ∈ Z^d, and {B^i(x) : x ∈ Z^d, i = 1, 2} is a system of independent one-dimensional Brownian motions. The constant γ > 0 is called the collision rate. We will come back to this model in Section 5.

3 Continuum space models of catalytic branching

In this section we pass from Z^d to εZ^d and let ε ↓ 0. (This in particular provides insight into the clumping structure of the lattice system when ε is small.)

3.1 Lattice approximation to the continuum space model

In order to explore the possibility of a continuum space analog of the continuous-state catalytic branching models in Z^d we replace

• Z^d by εZ^d ⊂ R^d ,

• the discrete Laplacian Δ by the scaled Laplacian Δ^ε :

(Δ^εf)(x) := ε^{−2} ∑ y: |y−x|=ε [ f(y) − f(x) ] , x ∈ εZ^d, (9)

• the counting measure ℓ = ∑ x∈Z^{d δ}x^{on} Z^{d by the scaled counting measure}

ℓ^ε := ε^d ∑ x∈εZ^{d δx (10)} (approaching the Lebesgue measure on R^d ),

and modify our convention (3) by identifying measures μ(dx) on εZ^d with their density function x → μ(x) with respect to the scaled counting measure ℓ^ε: μ(B) = ε^d ∑ x∈B μ(x) = ∫ B μ(x) ℓ^ε(dx), B ⊂ εZ^d. (11)

Similarly, we replace the earlier system { B(x) : x ∈ Z^d } of independent Brownian motions by the

“approximating white noise” { ε^{−d/2}B(x) : x ∈ εZ^d } (12)

where now { B(x) : x ∈ εZ^d } is a system of independent Brownian motions.

Instead of (7) we then consider, for a fixed ε > 0, the system of stochastic integral equations

X^ε_t (x) = X^ε_0 (x) + ∫_t 0 1 2 Δ^εX^ε_s (x) ds + ∫_t 0 √ Γ^ε_s(x) X^ε_s (x) ε^{−d/2} dB_s(x), (13)

t ≥ 0, x ∈ εZ^d, for the reactant’s density X^ε_t (x) given the catalyst’s density Γ^ε_s(x) (in x at time t).

In order to study the limit as ε ↓ 0, we observe that for ε fixed, the measure-valued process X^ε associated with the solution of this system satisfies a measure-valued martingale problem, denoted by MP_εZd . Write ⟨μ, f⟩ for the integral ∫ f(x) μ(dx). MP_εZd For φ in the domain D(Δ) of the Laplacian Δ in R^d , M^ε_t (φ) := ⟨X^ε_t , φ⟩ − ⟨X^ε_0 , φ⟩ − ∫_t 0 ⟨ X^ε_s , 1 2 Δ^εφ ⟩ ds, t ≥ 0, (14) is a continuous martingale with increasing process ⟨⟨M^ε_· (φ)⟩⟩_t = ∫ [0,t]×εZ^d φ^2(x) L_{[Γ}ε_{,X} ε_] ( d[s, x] ) , t ≥ 0. (15)

and L_{[Γ}ε_{,X} ε_] is defined by ∫ R+×εZ^{d ψ(s, x) L[Γε,X ε]} ( d[s, x] ) = ∫_∞ 0 ∫ Z^{d ψ(s, x) X εs (x) Γεs(x) ℓε(dx)ds} (for all continuous functions ψ : R_+ × εZ^d → R_+ with compact support).

We interpret L_{[Γ}ε_{,X} ε_] as the collision local time of the catalyst Γ^ε and the reactant X^ε. [Note that the additional term “local” is justified in the sense of (11) since, for each t fixed, x → L_{[Γ}ε_{,X} ε_] ([0, t] × {x}) is a density function with respect to the scaled counting measure ℓ^ε of (10).]

Now we identify each measure μ on εZ^d with a measure on R^d supported by εZ^d and denoted by the same symbol μ. Let C = C ( [0, ∞), M_f (R^d ) ) denote the usual space of all continuous functions from [0, ∞) into the set M_f (R^d ) of finite measures

on R^d . The law of the process X^ε can be characterized as the unique probability law

P^ε on C with initial condition X^ε_0 such that all X^ε_t , t ≥ 0, are supported by εZ^d and such that the martingale problem MP_εZd is satisfied (cf. [EK86, Chapter 4]).

We can then ask for the weak convergence of the laws P^ε on C as ε ↓ 0 provided that X^ε_0 → X_0 in law.

3.2 Super-Brownian motion (SBM) in R^d

In the case of a uniform medium, Γ^ε_s(x) ≡ γ, standard arguments can be used to prove tightness of the laws of the measure-valued processes {X^ε : 1 ≥ ε > 0} and that any limit point X = X^Γ satisfies the following martingale problem:

MP(SBM) For φ ∈ D(Δ), M_t(φ) = ⟨X_t , φ⟩ − ⟨X_0, φ⟩ − ∫_t 0 ⟨ X_s , 1 2 Δφ ⟩ ds (16)

is a continuous martingale with increasing process ⟨⟨M_·(φ)⟩⟩_t = ∫ [0,t]×R^d φ^2(x) L_{[Γ,X]} ( d[s, x] ) (17)

where L_{[Γ,X]} ( d[s, x] ) = γ X_s(dx) ds (18)

is well-defined.

In this case the martingale problem is shown to have a unique solution by proving that any limit point X = X^Γ is related to the log-Laplace equation:

− log E { exp ⟨X_t , −φ⟩ | | X0 } = ⟨ X_0 , u(t) ⟩ , ∂u ∂t = 1 2 ( Δu − γu^2 ) , u_{|t=0+} = φ ≥ 0,

(19)

(for a suitable set of test functions φ). The resulting process is the well-known continuous super-Brownian motion (SBM) X with branching rate γ.

Although the SBM exists in any dimension, the qualitative properties are highly dimension dependent and an understanding of this provides insight into the phenomena of spatial clumping. Some of the key properties are:

• Fix t > 0. If d = 1, then X_t is an absolutely continuous measure. If d ≥ 2, then X_t is almost surely singular, and the Hausdorff dimension of the support suppX_t of X_t is 2.

• Two independent SBMs in R^d collide if and only if d < 6. Here two measurevalued processes X^1, X^2 are said to collide if P ( gsuppX^1 ∩ gsuppX^2) ≠ ∅ ) > 0 (20)

where gsuppX^i denotes the global support of X^i :

gsuppX^i := closure ( ⋃ t>0 suppX^i_t ) . (21)

• A Brownian particle δ_w with path w collides with an independent SBM if and only if d < 4.

Remark 3 (tempered measures) The SBM can be extended to a M_p(R^d )-valued process with p > d, where M_p(R^d ) := { μ : ⟨μ, ϕ_p⟩ < ∞ } with reference function ϕ_p(x) := (1 + |x|^2)^{−p/2}, x ∈ R^d . 3

If the present constant catalytic medium Γ_t(dx) ≡ γ dx is replaced by a timeindependent regular medium Γ_t(dx) ≡ γ(x) dx where x → γ(x) is now a spatially homogeneous ergodic field of finite expectation, then the large scale structure of the related catalytic SBM X = X^Γ will depend only on its expectation. See [DFG89] for an example of an averaging effect of this type. There large scale fluctuations are studied for a branching particle system in supercritical dimensions leading to generalized Ornstein-Uhlenbeck processes which depend only on the constant mean of the catalytic medium x → γ(x). This once more motivates us to restrict the further study to irregular catalysts, and we will pay some attention to media with infinite mean.

3.3 Catalytic super-Brownian motion in R^d

We now turn to the question of the existence of a continuum space catalytic process X = X^Γ for an irregular catalyst Γ. In the case of a general catalytic medium Γ_t(dx) the formal limit should solve the following measure-valued martingale problem:

MPR^{d(Γ) For φ ∈ D(Δ),} M_t(φ) := ⟨X_t, φ⟩ − ⟨X_0, φ⟩ − ∫_t 0 ⟨ X_s , 1 2 Δφ ⟩ ds, ⟨⟨M_·(φ)⟩⟩_t = ∫ [0,t]×R^d φ^2(x) L_{[Γ,X]} ( d[s, x] ) , (22)

where L_{[Γ,X]} ( d[s, x] ) is the collision local time between the catalyst Γ and the reactant X = X^Γ according to the following definition.

Definition 4 (collision local time) ([BEP91]) The collision local time L_{[X}1_{,X}2_] = L_{[X}1_{,X}2_] ( d[s, x] ) between two continuous measure-valued processes X^1, X^2 on R^d is said to exist, if the limit ∫ R+×R^{d ψ(s, x) L[X1,X2]} ( d[s, x] ) (23)

:= lim_{δ↓0} ∫_∞ 0 ∫ R^d ∫ R^{d ψ} ( s, x^1 + x^2 2 ) p_δ (x^1 − x^2) X^1_s (dx^1) X^2_s (dx^2) ds

exists in probability, for all continuous functions ψ : R_+ × R^d → R_+ which vanish for all sufficiently large s and satisfy sup_s ψ(s, x) ≤ c_ψ ϕ_p(x). (Recall that p denotes the heat kernel, and that ϕ_p is the reference function introduced in Remark 3.) 3

In order to establish existence of X = X^Γ for a class of irregular catalysts Γ, we first consider formally the corresponding log-Laplace functional:

− log E { exp ⟨X_t , −φ⟩ | | X_0} = ⟨X_0 , u(0, · | t)⟩ , (24)

t ≥ 0, φ ≥ 0, where for t fixed, u = u(·, · | t) is the solution of the log-Laplace catalytic reaction diffusion equation: − ∂u ∂r = 1 2 Δu − Γ_r(dx)u^2, 0 ≤ r < t, u(t−, · | t) = φ ≥ 0. (25) (Note that compared with (1) we now used a backward formulation with a terminal condition φ to take into account the duality nature of the relationship between X and u given by (24) together with the time-inhomogeneity of Γ.) Equation (25) can be reformulated to capture the microscopic particle perspective via Dynkin’s function space equation ([Dyn94]): u(r, x | t) = E_{r,x} [ φ(w_t) − ∫_t r u^2(s, w_s | t) A^Γ_w(ds) ] . (26)

Here E_{r,x} refers to expectation related to the law P_{r,x} of (standard) Brownian motion w in R^d starting from x at time r, and the continuous additive functional A^Γ_w(ds) of Brownian motion w is the special case L_{[Γ,δw ]}(ds × R^d ) of the collision local time L_{[Γ,δw ]} between the catalyst Γ and the intrinsic Brownian reactant particle δ_w . We call A^Γ_w the Brownian collision local time with Γ.

The essential question now is for which continuous measure-valued paths Γ does the Brownian collision local time A^Γ_w exist.

Example 5 (time-independent catalyst) In [Del96] the case Γ_t ≡ Γ_0 is treated, where Γ_0 is a deterministic measure on R^d , d ≥ 2. The condition

sup_{x∈}

R^d ∫ ‖y−x‖≤1 |y − x|^{−d+2−β} Γ_0(dy) < ∞, (27) where β ∈ (0, 2) is a fixed constant, then guarantees the existence of the Brownian collision local time A^Γ_w . In particular, (27) is satisfied if the Hausdorff dimension of the support suppΓ_0 of Γ_0 is at least d − 2 + β. 3

Remark 6 (branching functionals) The Brownian collision local time A^Γ_w is a special case of a continuous additive functional of Brownian motion w. More generally, continuous additive functionals of Markov processes are used to control the branching in related superprocesses; see, for instance, [Dyn91, Dyn94, DF97a, DFL98, Sch99].3

Now we return to a time-dependent catalyst Γ, which, for the moment, is deterministic.

Theorem 7 (existence of the catalytic SBM) ([DF97a]) Assume that the collision local time A^Γ_w exists and satisfies the local admissibility condition

sup_{x∈} R^{d Er,x} ∫_t r ϕ_p(w_s) A^Γ_w(ds) −−−−−→ [r,t]↓{s0} 0, s_0 ≥ 0. (28)

Then the equation (26) is well-posed, and there is a measure-valued Markov process X = X^Γ with log-Laplace transition functional (24). If in addition there is a δ > 0 and to each N ≥ 1 a constant c_N ≥ 1 such that E_{r,x} ∫_t r ϕ^2_p(w_s) A^Γ_w(ds) ≤ c_N |t − r|^δ ϕ_p(x), 0 ≤ r ≤ t ≤ N, x ∈ R^d , (29)

then X has M_p(R^d )–valued continuous trajectories [if it is started in M_p(R^d )].

The process X = X^Γ introduced in the previous theorem is called the catalytic super-Brownian motion in R^d with catalyst Γ. Let P_{r,μ} = P^Γ_{r,μ} denote the law of X if it is started at time r with the measure μ.

Remark 8 (strong lifting) The collision local time L_{[Γ,X]} which appears in the martingale problem MPRd(Γ) in the beginning of this subsection is a continuous additive functional of the Markov process X = X^Γ, and in fact it is the “strong lifting” of the continuous additive functional A^Γ_w(ds) of Brownian motion w. More precisely, L_{[Γ,X]} is a measure-valued continuous additive functional of X such that E_{r,μ}L_{[Γ,X]} ( (r, t) × R^d ) = ∫_t r ∫ R^d ∫ P_{r,x}(dw) μ(dx) A^Γ_w (ds) (30)

(cf. [Dyn94, Theorem 6.2.3]). 3

Example 9 Here we collect a couple of special cases of catalysts Γ which meet all requirements posed in Theorem 7.

(i) (single point catalyst) ([DF94]) Consider the continuum space and mass analog of Example 2 (ii). Let Γ_t ≡ δ_0 which gives ∫_t 0 A^Γ_w(ds) = ℓ_t(0) with ℓ_t(0) denoting the Brownian local time at 0. In ([FL95]) it is established that L_{[Γ,X]}(ds × R^d ) = L_{[Γ,X]} ( ds × {0} ) , which is the super-local time at the catalyst, has the same law as the total occupation measure of a continuous super-^1_2 - stable subordinator on R_+ (starting with an appropriate initial measure related to X_0). Moreover, this super-local time is almost surely a singular measure (see also [DFLM95]).

If the critical branching is replaced by a supercritical one, it would then be possible to obtain results on the total reactant by using the previous result together with a Girsanov transformation.

(ii) (frozen Lévy random catalysts on R) ([DLM95]) Let Γ_t ≡ Γ_0 where Γ_0 is the (infinitely divisible) random measure on R defined via its log-Laplace functional:

− log E exp ⟨Γ_0 , −φ⟩ = ∫ R ∫_∞ 0 ( 1 − e^{−λφ(x)} ) ν(dλ) dx, φ ≥ 0. (31) Here the Lévy measure ν of Γ_0 is assumed to satisfy ∫_∞ 0 min(λ, 1) ν(dλ) < ∞.

Note that Γ_0 is a pure point measure, say ∑ j a_j δ_yj . Note also that the stable random measures of index γ^′ ∈ (0, 1) are special cases, where ν(dλ) = c λ^{−1−γ} 0 dλ, and the atoms y_j are dense in R.

(iii) (fluctuating Lévy random catalyst in R) ([DF91, DFR91, DF92]) Let Γ_0 be a stable random measure of the last example, and set

Γ_t := ∑ j a_j δ_wj_t (32)

where the w^j , given Γ_0 , are independent Brownian motions starting from y^j .

(iv) (super-Brownian catalyst) ([DF97a]) Let Γ be a SBM in R^d , d ≤ 3, with Γ_0 the Lebesgue measure. Then for almost all Γ the continuous super-Brownian reactant X = X^Γ with super-Brownian catalyst Γ exists. 3

4 Structural properties of catalytic SBMs

In this section we survey results on the structural properties of catalytic SBMs on R^d .

4.1 Analytic and probabilistic questions

First we raise some questions in terms of the catalytic SBM X = X^Γ.

(a) (absolutely continous states) When are the measures X_t absolutely continuous?

(b) (long-term global extinction) Does the process X = X^Γ suffer long-term global extinction, that is, ‖X_t‖ := X_t(R^d ) → 0 in probability as t ↑ ∞, for all finite initial measures X_0?

(c) (long-term local extinction) Let X_0 be the Lebesgue measure. Does the process suffer weak long-term local extinction, that is, lim_{t↑∞} X_t(B) = 0 in probability, for all bounded open B ⊂ R^d ? Or does it even suffer strong longterm local extinction, that is, the latter convergence statement holds a.s.?

(d) (compact support property) Does X have a compact global support gsuppX [recall (21)], provided that X_0 has compact support?

All these questions can be related to questions in terms of the log–Laplace catalytic reaction diffusion equation − ∂u ∂r = 1 2 Δu − Γ_r(dx)u^2, 0 ≤ r < t, u(t−, · | t) = φ ≥ 0. (33) (a’) (fundamental solutions) Does (33) have fundamental solutions? That is, can φ = θδ_x be taken as terminal condition, for sufficiently many x ∈ R^d ?

(b’) (long-term sup-norm extinction) Does ‖ ‖u(0, · |t) ‖ ‖_∞ → 0 as t ↑ ∞ when u(t, · |t) = 1? (c’) (long-term L^1–norm extinction) Does ‖ ‖u(0, · |t) ‖ ‖_1 → 0 when u(t, · |t) ≠ 0 has compact support?

(d’) (elliptic boundary value problem) In the case Γ_t ≡ Γ_0 , does for each compact subset K ⊂ R^d with non-empty interior K^∘ the non-linear elliptic boundary value problem 1 2 Δv = Γ_0v^2 in K^∘, v(x) → ∞ as x → ∂K, (34)

have a solution?

In the subsequent subsections we will now describe a number of typical results which address questions of this kind.

4.2 Absolutely continuous states

It is proved in ([DF95, Theorems 2.5.2, 2.6.2]) that, for each fixed t > 0, absolute continuity of the measure X_t is implied by the existence of fundamental solutions for Lebesgue-almost all x ∈ R^d . [That is, (a’) implies (a).]

Example 10 (absolutely continuous states) Let t > 0.

(i) (constant medium) In the classical case Γ_t(dx) ≡ γ dx, fundamental solutions exist for all x if and only if d = 1. In other words, SBM in R^d has absolutely continuous states if and only if d = 1. (Otherwise the states are singular.)

(ii) (weighted hyperplanes catalyst) ([DF95, Example 4.4.4]) Let d > 1 and Γ^{(d)}_t ≡ Γ_0 × ℓ^{(d−1)}, where Γ_0 is the γ^′-stable random measure on R of Example 9 (ii), and ℓ^{(d−1)} is the Lebesgue measure on R^{d−1} . Then the states X_t are absolutely continuous if and only if γ^′ <^1_{2d−1} . 3

On the other hand, for the super-Brownian reactant X = X^Γ with a super- Brownian catalyst Γ of Example 9 (iv) in dimensions d = 2, 3, the measures X_t , t > 0, are absolutely continuous, and the densities form a very smooth field. This can be shown directly in an L^2–approach, see [FK99a]. Similarly, for this model the existence of the collision local time L_{[Γ,X]} in dimensions d ≤ 3, and the absolute continuity of the marginal measures L_{[Γ,X]} ( [0, t] × dx ) , t > 0, in d = 2 can be shown by L^2–methods, see [DF98].

4.3 Global extinction/persistence

It follows from the log-Laplace functional relationship (24) that the questions (b) and (b’) in Subsection 4.1 are equivalent. By a martingale argument, one then gets even an almost sure convergence ‖X_t‖ → 0 as t ↑ ∞.

Example 11 (long-term global extinction) Assume that X_0 ∈ M_f (R)\{0}.

(i) (single point catalyst in R) ([FL95]) Let d = 1 and Γ_t ≡ δ_0 = X_0 . Then 0 < ‖X_t‖ = ∫_t 0 √ 2 π(t − s) L_{[Γ,X]} ( ds × {0} ) −→_{t↑∞} 0 a.s. (35)

(Recall that here L_{[Γ,X]} ( ds × {0} ) is the super-Brownian local time of X at 0.) Consequently, there is no finite time global extinction but long-term global extinction (ultimate global extinction).

(ii) (uniform disk catalyst in R^2 ) In contrast, in the case of d = 2 with Γ_t(dx) ≡ 1_{{|x|≤1}}(x) dx, long-term global extinction does not hold: P ( ‖X_t‖ −→_{t↑∞} 0 ) < 1. (36)

(To see this, use a Feynman-Kac formula as in (39) below.)

(iii) (hyperbolic catalyst) Let d = 1 and Γ_t(dx) ≡ |x|^{−2} dx. Then all super- Brownian “particles” die before they reach the catalytic center 0. This is made precise in [FM97]. 3

Now we turn to our main model of a catalytic SBM.

Theorem 12 (catalytic SBM) Consider the super-Brownian catalyst Γ starting from Lebesgue measure, as in Example 9 (iv), and start off X = X^Γ with a finite measure μ ≠ 0.

(i) (global persistence in d = 1) ([DF97a]) Let d = 1 and fix s ≥ 0 as well as μ ∈ M_f \{0}. Then for almost all Γ,

m = m^Γ := lim_{t↑∞} ‖X_t‖ exists P_{s,μ}–a.s., (37)

where the limiting mass m^Γ has full expectation ‖μ‖ (global persistence) and positive (finite) variance. Moreover, m^Γ has log-Laplace functional

− log P_{s,μ} exp[−θm^Γ] = ⟨ μ, u_θ(s, · ) ⟩ (38)

with u_θ satisfying the function space integral equation u_θ(s, x) = θ P_{s,x} exp [ − ∫_∞ s u_θ(r, w_r) A^Γ_w(dr) ] , s ≥ 0, x ∈ R. (39)

(ii) (long-term global extinction in d = 2) ([FK99b]) If d = 2, then ‖X_t‖ → 0 almost surely as t ↑ ∞.

(iii) (ultimate global extinction in d = 3) ([FK99b]) In the 3-dimensional case, 0 < ‖X_t‖ → 0 a.s. as t ↑ ∞. (40) Remark 13 (open problem) It is not known whether finite time survival as in Theorem 12 (iii) holds also in dimension 2. (It would follow from a positive answer to the open problem in Remark 20 below.) 3

Remark 14 (finite time extinction) [DFM98] Opposed to Theorem 12 (iii), finite time global extinction can be shown by probabilistic methods in the case of the following catalysts in dimension one: deterministic power laws, i.i.d. uniform, and frozen stable catalysts as in Example 9 (ii). (For a survey on these results, see [FM99].) 3

Remark 15 (models with additional birth term) [EF99] Analogously to the one-dimensional single point catalytic model of Example 9 (i), an additional single point source can be introduced in (33) instead leading to a SBM with an exponential growth of the mean mass. 3

4.4 Local extinction/persistence

Here we assume that X = X^Γ starts from the Lebesgue measure. It follows from the Laplace functional representation that the weak long-term local extinction question in (c) is equivalent with (c’).

Example 16 (extinction/persistence) Recall that X_0(dx) = dx.

(i) (classical SBM) It is well-known that classical SBM suffers weak long-term local extinction in dimensions 1 and 2 but converges to a steady state with full intensity (local persistence) in dimensions d ≥ 3 (cf. [BCG93, BCG97]). The question of strong local extinction is more difficult. In dimension one, results from [Isc88] can be used to show that P ( X_t(B(0, r)) = 0 for all t > T ) −→_{T ↑∞} 1, (41) where B(0, r) denotes a ball of radius r centered at the origin, implying strong long-term local extinction.

(ii) (single point catalyst) ([DF94]) In the single point-catalytic model of Example 9 (i), weak long-term local extinction holds true. 3

Theorem 17 (local persistence under a super-Brownian catalyst in R^d ) Consider the super-Brownian catalyst of Example 9 (iv), starting from Lebesgue measure.

(i) (d = 1) ([DF97a]) For almost all Γ-realizations, X_t converges to the Lebesgue measure in probability as t ↑ ∞.

(ii) (d = 2) ([EF98, FK99a]) For almost all Γ-realizations, X_t converges in law as t ↑ ∞ to a random multiple of Lebesgue measure of full expectation.

(iii) (d = 3, infinite biodiversity) Consider the super-Brownian catalyst Γ in its equilibrium state instead. Then X_t converges in law as t ↑ ∞ to a random limit X_∞ of full expectation ([DF97b]).

For almost all Γ, each non-empty open ball in R^3 is hit by infinitely many clusters in the cluster representation of the infinitely divisible random measure X_∞ ([FK99b]).

4.5 Compact support property

In classical case of a constant medium Γ_t(dx) ≡ γ dx, the compact support property as formulated in (d) of Subsection 4.1 can be shown via the elliptic boundary value problem as in (d’); see [Isc88]. Therefore the ordinary super-Brownian motion in

R^d has the compact support property. Such type of relation between the compact

support property and an elliptic boundary value problem is used also in the following example.

Example 18 (frozen random Lévy catalyst) [DLM95] Let d = 1 and Γ_t ≡ Γ_0 as in Example 9 (ii).

(i) (stable catalyst) If Γ_0 is the a stable random catalyst, then X = X^Γ has the compact support property.

(ii) (rarefied random Lévy catalyst) Let instead Γ_0 have Lévy measure ν(dλ) = 1 λ 1(0 < λ ≤ 1) dλ. Then the global support gsuppX is a.s. non-compact, provided that X_0 ≠ 0. 3

The previous example (ii) shows a case, that the compact support property is lost if the catalyst is too rarefied. We still mention another example in this direction.

Example 19 (instantaneous propagation of reactant matter) ([FK99b]) Consider the super-Brownian reactant X = X^Γ in R^3 with a super-Brownian catalyst Γ of Example 9 (iv). Then for all t > 0 and almost all Γ, P { X_t(B) > 0 ∀ non-empty open balls B ⊂ R^3 | | Xt ≠ 0 } = 1. (42)

Combined with the absolute continuity of X_t , the equivalence of X_t with the Lebesgue measure follows, provided that X_t ≠ 0. 3

Remark 20 (open problem) It is not known whether the instantaneous propagation of reactant matter property of Example 19 also holds in dimension d = 2. 3

5 Mutually catalytic branching

In the catalytic branching models of the Sections 3 and 4, the catalyst was always an autonomous random process Γ which catalyzes the reactant X = X^Γ. In this last part of the paper we return to the mutually catalytic model in Z^d introduced in Subsection 2.4, and its continuum space analog.

5.1 Weak uniqueness via duality

First of all, we reformulate the stochastic equation (8) as a martingale problem for the pair X = ( X^1, X^2 ) of processes:

MPZ^{d For i = 1, 2 and test functions φi :} Z^{d →} R^{of compact support,}

M^i_t (φ^i) := ⟨ X^i_t , φ^i ⟩ − ⟨ μ^i, φ^i ⟩ − ∫_t 0 ⟨ X^i_s , 1 2 Δφ^i ⟩ ds, t ≥ 0, (43) are continuous square integrable martingales with continuous square function ⟨⟨ M^i(φ^i), M^j (φ^j ) ⟩⟩ t = δ_{i,j} γ ⟨ L X(t), φ^iφ^{j ⟩}, (44)

where ⟨ LX(t), φ^{i⟩} := γ ∫_t 0 ∑ y∈Z^{d φ} i(y) X^1_s (y) X^2_s (y) ds, t ≥ 0. (45)

Here δ_{i,j} denotes the Kronecker symbol. Consequently, LX(t) is the collision local time by time t, in analogy with Definition 4.

Theorem 21 (mutually catalytic branching on Z^d) ([DP98]) There is a unique in law continuous non-degenerate Markov process X = ( X^1, X^2 ) on Z^d with

states in an appropriate space of tempered measures which satisfies the martingale problem MPZd .

Existence of solutions to the system (8) of stochastic differential equations, that is, to the martingale problem MPZd , can be obtained by standard methods. However the proof of uniqueness requires a duality argument which goes back to [Myt96]. It turns out that an independent copy ~X = ( ~ X^1, ~X^2 ) of the same system provides a dual relationship ([DP98]), which we now prepare to describe.

By a simple coordinate transformation, we introduce a new pair Y = ( Y^1, Y^2 ) of measure-valued processes,

Y^1 := X^1 + X^2, Y^2 := X^1 − X^2, (46)

and we denote by ~Y = ( ~ Y^1, ~Y^2 ) an independent copy of Y. Moreover, we introduce the self-duality function Φ(x, y) := e^{−x+iy}, x, y ∈ R, (47)

(with i now the imaginary unit). According to our convention (3), the measures ~Y^i_t

on Z^d are identified with their density functions. Then by Itô’s formula it can be

checked that, Φ (⟨ Y^1_t , ~Y^1_0 ⟩ , ⟨ Y^2_t , ~Y^2_0 ⟩) − Φ (⟨ Y^1_0 , ~Y^1_t ⟩ , ⟨ Y^2_0 , ~Y^2_t ⟩) (48) = ∫_t 0 [ − ⟨ Y^1_s , 1 2 Δ ~Y^1_0 ⟩ + i ⟨ Y^2_s , 1 2 Δ ~Y^2_0 ⟩ + γ 4 ⟨ (Y^1_s )^2 − (Y^2_s )^2, ( ~Y^1_0 )^2 − ( ~Y^2_0 )^2 ⟩]

× Φ (⟨ Y^1_s , ~Y^1_0 ⟩ , ⟨ Y^2_s , ~Y^2_0 ⟩) ds + M_t , t ≥ 0, where M is a martingale. Since the latter integral expression is invariant with respect to the interchange Y_s ↔ ~Y_0 , we get the following self-duality relation: EΦ (⟨ Y^1_t , ~Y^1_0 ⟩ , ⟨ Y^2_t , ~Y^2_0 ⟩) = EΦ (⟨ Y^1_0 , ~Y^1_t ⟩ , ⟨ Y^2_0 , ~Y^2_t ⟩) . (49)

Therefore, by a standard argument (cf. [EK86, Section 4.4]), existence proves uniqueness in the martingale problem for Y = ( Y^1, Y^2 ) which is related to (MPZd) via the transformation (46).

5.2 Long-time behavior: Finite initial states

Assume now that this mutually catalytic branching process X = ( X^1, X^2 ) on Z^d

of Theorem 21 starts off at time 0 with non-zero finite deterministic measures X^1_0 and X^2_0 . Then it is easy to verify that ‖X_t‖ := ( ‖X^1_t ‖, ‖X^2_t ‖ ) coincides in law with B (‖LX(t)‖) (recall the definition (45) of the collision local time), where t → B(t) is a planar Brownian motion starting from ‖X_0‖ ∈ R^2 . By the martingale convergence theorem,

‖X_t‖ −→_{t↑∞} some ‖X_∞‖ = ( ‖X^1_∞‖, ‖X^2_∞‖ ) a.s., (50)

hence E‖X_∞‖ = ‖X_0‖. This already gives part (i) in the following theorem.

Theorem 22 (finite measure-valued mutually catalytic branching in Z^d) Assume 0 < ‖X^1_0 ‖ · ‖X^2_0 ‖ < ∞.

(i) (global persistent convergence) ([DP98]) ‖X_t‖ converges in law as t ↑ ∞ to some ‖X_∞‖ with full expectation.

(ii) (global coexistence of types in d ≥ 3) ([DP98]) In dimensions d ≥ 3, E ‖ ‖LX(∞)^‖ < ∞ and P^(‖X^1∞‖ · ‖X^2∞‖ > 0^) > 0. (51)

(iii) (global segregation of types in d ≤ 2) In dimensions d ≤ 2, with probability one,

‖X^1_∞‖ · ‖X^2_∞‖ = 0. (52)

([DP98]). However, depending on the nature of the initial state X_0 , either finite global segregation, inf { s > 0 : ‖X^1_s ‖ · ‖X^2_s ‖ = 0 } < ∞, (53) or ultimate global segregation,

0 < ‖X^1_t ‖ · ‖X^2_t ‖ −→_{s↑∞} 0, (54)

can occur ([MP99]).

The long-term global extinction of one type in statement (iii) is proved by showing that ‖ ‖LX(t)^‖ −→_{t↑∞} ∞ on^{‖X^1∞‖ · ‖X^2∞‖ > 0^} , (55) and that the Brownian exit time

T := inf { t : B^1(t) · B^2(t) = 0 } (56)

from R^2_+ of planar Brownian motion B = (B^1, B^2) is finite a.s.

Summarizing, in the finite measure case, a global segregation of types occurs in low dimensions whereas coexistence of type happens in high dimensions.

5.3 Long-time behavior: Uniform initial states

In this subsection we assume that the initial state X_0 = (X^1_0 , X^2_0 ) is given by uniform measures cℓ = (c^1ℓ, c^2ℓ) with intensities c^1, c^2 > 0. First we again ask for the longterm behavior without scaling. On the other hand, in order to address then the question “How big are the one-type blocks for t large?”, let r, β, ε > 0 and define for A = { x ∈ R^d : |x| ≤ r^} , X^{i,ε}_t (A) := ε^{βd} ∑ x ∈ ε�^β A X^i_ε�1_t(x), i = 1, 2, t ≥ 0. (57)

Furthermore, denote by ℓ^{(d)} the Lebesgue measure on R^d .

Theorem 23 (long-term behavior for uniform initials) Let X_0 = cℓ.

(i) (local persistent convergence) ([DP98]) X_t converges in law as t ↑ ∞ to spatially homogeneous random measures X_∞ = ( X^1_∞, X^2_∞ ) having again the full intensity c.

(i1) (local coexistence of types in high dimensions) Assume d ≥ 3.Then X^1_∞(x) · X^2_∞(x) > 0 for all x ∈ Z^d, almost surely.

(i2) (local segregation of types in low dimensions) If d ≤ 2, then X_∞ = B_T ℓ^{(d)} where T is the exit time [recall (56)] from R^2_+ of planar Brownian motion B starting from c.

(ii) (growth of one-type blocks in d ≤ 2) ([CDKP99]) Consider d ≤ 2, fix t > 0, and let ε ↓ 0.

(ii1) (supercritical blocks) If β >^1_2 , then X^ε_t := ( X^{1,ε}_t , X^{2,ε}_t ) → cℓ^{(d)} in law.

(ii2) (subcritical blocks) If d = 1 and β <^1_2 , then X^ε_t → (B^1_T , B^2_T )ℓ^{(1)} in law.

(iii) (oscillations of types in low dimension) ([CK99]) Let d ≤ 2. Then with probability one,

0 = lim inf_{t↑∞} X^i_t (x) < lim sup_{t↑∞} X^i_t (x) = ∞, i = 1, 2, x ∈ Z^d. (58)

Consequently, in all dimensions there is local persistent convergence. In high dimensions coexistence of types prevails. In low dimensions instead, only one type survives finally. More precisely, in the long run locally there is one predominant type near 0. “Unitype blocks” at time t = 1/ε are of size O(1/ √ ε). Moreover, in the case of d = 1 the origin lies in a larger and larger single-type block as time goes on. Finally, the predominant type near zero oscillates infinitely often as t ↑ ∞.

5.4 Mutually catalytic branching on R

Next we ask for a continuum analog of the mutually catalytic branching model of Theorem 21. Formally, instead of (8) we obtain a pair of non-linear stochastic partial differential equations: ∂ ∂t X^i_t (x) = 1 2 ΔX^i_t (x) + √ γX^2_t (x) X^2_t (x) Ḃ^i_t(x), t > 0, x ∈ R^d , i = 1, 2, (59)

where Ḃ^1, Ḃ^2 are independent (standard) space-time white noises on R^d .

In the one-dimensional case, the stochastic equation (59) can be made precise:

Theorem 24 (mutually catalytic branching in R) ([DP98]) Let d = 1.

(i) (existence and uniqueness in law) There is a function-valued solution X = ( X^1, X^2 ) to the stochastic equation (59) such that

sup_{s≤t} P (∫ R [ X^1_s (x)^q + X^2_s (x)^q ] e^{−λ|x|} dx ) < ∞ (60)

for some λ, q > 0. Uniqueness in law holds.

(ii) (persistent convergence) Analogously to Theorems 22 (i) and 23 (i), persistent convergence is true.

(iii) (segregation of types) In analogy with Theorems 22 (iii) and 23 (i2), segregation of types occurs.

5.5 Mutually catalytic branching on R^2

Now we ask for a continuum space mutually catalytic model if d ≥ 2, at least in a measure-valued setting, as in the martingale problem MP_εZd(Γ).

Based on the (one-way) catalytic results of Section 4, heuristically we expect for a possible limit that

• X^i_t (dx) ≪ dx on the complement ( suppX^j_t

)_c

of suppX^j_t , where i ≠ j, and ≪ denotes absolute continuity,

• suppX^1_t ∩ suppX^2_t has zero Lebesgue measure,

• X^1_t (dx) ≪ dx, X^2_t (dx) ≪ dx off this interface.

For the rest of the paper we assume that d = 2.

Theorem 25 (mutually catalytic branching in R^2 ) ([DEF^+99]) Let γ > 0 be sufficiently small, and restrict attention to a reasonable pair X_0 = (X^1_0 , X^2_0 ) of initial measures on R^2 .

(i) (existence) There is a pair X = ( X^1, X^2 ) of measure-valued processes with the following property. For i = 1, 2 and φ^i in a nice space of smooth test functions,

M^i_t (φ^i) := ⟨ X^i_t , φ^i ⟩ − ⟨ μ^i, φ^i ⟩ − ∫_t 0 ⟨ X^i_s , 1 2 Δφ^i ⟩ ds, t ≥ 0, (61) is a continuous square integrable (zero-mean) martingale with continuous square function ⟨⟨ M^i(φ^i), M^j (φ^j ) ⟩⟩ t = δ_{i,j} γ ∫ [0,t]×R2 φ^i(x)φ^j (x) LX ( d[s, x] ) (62)

with LX the collision local time between X^1 and X^2 according to Definition 4.

(ii) (absolutely continuous states) For t > 0 fixed, X_t has absolutely continuous states: X_t(dx) = X_t(x) dx.

(iii) (segregation of types) For ℓ^{(2)}–almost all x, the law of X_t(x) coincides with the exit state B_T [recall (56)] of planar Brownian motion starting from X_0 ∗ p_t (x). In particular,

Var X^i_t (x) = ∞, i = 1, 2, (63)

(provided that X^j_0 ≠ 0, j = 1, 2), and X^1_t (x)X^2_t (x) = 0 almost surely.

(iv) (self-similarity) If X_0 = cℓ^{(2)}, then

t → ε^2X_ε�2_t ( ε^{−1} · ) (64)

has the same law as X, for all ε > 0. In particular, in this case of uniform initial states, the law for the densities in (iii) is constant in time and space.

(v) (persistent convergence) Analogously with Theorems 22 (i) and 23 (i), persistent convergence is true.

(vi) (segregation of types) In analogy with Theorems 22 (iii) and 23 (i2), longterm segregation of types occurs.

Note that the existence claim on the collision local time LX of the processes X^1 and X^2 is an integral part of the martingale problem in (i).

References

[BCG93] M. Bramson, J.T. Cox, and A. Greven. Ergodicity of critical spatial branching processes in low dimensions. Ann. Probab., 21(4):1946–1957, 1993.

[BCG97] M. Bramson, J.T. Cox, and A. Greven. Invariant measures of critical spatial branching processes in high dimensions. Ann. Probab., 25(1):56–70, 1997.

[BCGdH93] J.-B. Baillon, Ph. Clément, A. Greven, and F. den Hollander. A variational approach to branching random walk in random environment. Ann. Probab., 21(1):290–317, 1993.

[BEP91] M.T. Barlow, S.N. Evans, and E.A. Perkins. Collision local times and measurevalued processes. Canad. J. Math., 43(5):897–938, 1991.

[CDKP99] J.T. Cox, D.A. Dawson, A. Klenke, and E.A. Perkins. On the growth of onetype blocks in the mutually catalytic branching model on Zd. In progress, 1999.

[CK99] J.T. Cox and A. Klenke. Recurrence and ergodicity of interacting particle systems. Preprint, Syracuse Univ., 1999.

[CMP98] F. Comets, M.V. Menshikov, and S.Yu. Popov. One-dimensional branching random walk in a random environment: A classification. Markov Processes Relat. Fields, 4:465–477, 1998.

[CY94] J.M. Chadam and H.M. Yin. A diffusion equation with localized chemical reactions. Proc.-Edinburgh-Math.-Soc. (2), 37(1):101–118, 1994.

[DEF^+99] D.A. Dawson, A.M. Etheridge, K. Fleischmann, L. Mytnik, E. Perkins, and J. Xiong. Mutually catalytic super-Brownian motion in R^2. In preparation, 1999.

[Del96] J.-F. Delmas. Super-mouvement brownien avec catalyse. Stochastics and Stochastics Reports, 58:303–347, 1996.

[DF83] D.A. Dawson and K. Fleischmann. On spatially homogeneous branching processes in a random environment. Math. Nachr., 113:249–257, 1983.

[DF85] D.A. Dawson and K. Fleischmann. Critical dimension for a model of branching in a random medium. Z. Wahrscheinlichkeitstheorie verw. Gebiete, 70:315–334, 1985.

[DF91] D.A. Dawson and K. Fleischmann. Critical branching in a highly fluctuating random medium. Probab. Theory Relat. Fields, 90:241–274, 1991.

[DF92] D.A. Dawson and K. Fleischmann. Diffusion and reaction caused by point catalysts. SIAM J. Appl. Math., 52:163–180, 1992.

[DF94] D.A. Dawson and K. Fleischmann. A super-Brownian motion with a single point catalyst. Stoch. Proc. Appl., 49:3–40, 1994.

[DF95] D.A. Dawson and K. Fleischmann. Super-Brownian motions in higher dimensions with absolutely continuous measure states. Journ. Theoret. Probab., 8(1):179–206, 1995.

[DF97a] D.A. Dawson and K. Fleischmann. A continuous super-Brownian motion in a super-Brownian medium. Journ. Theoret. Probab., 10(1):213–276, 1997.

[DF97b] D.A. Dawson and K. Fleischmann. Longtime behavior of a branching process controlled by branching catalysts. Stoch. Process. Appl., 71(2):241–257, 1997.

[DF98] J.-F. Delmas and K. Fleischmann. On the hot spots of a catalytic super- Brownian motion. WIAS Berlin, Preprint No. 450, 1998.

[DFG89] D.A. Dawson, K. Fleischmann, and L. Gorostiza. Stable hydrodynamic limit fluctuations of a critical branching particle system in a random medium. Ann. Probab., 17:1083–1117, 1989.

[DFL95] D.A. Dawson, K. Fleischmann, and J.-F. Le Gall. Super-Brownian motions in catalytic media. In C.C. Heyde, editor, Branching processes: Proceedings of the First World Congress, volume 99 of Lecture Notes in Statistics, pages 122–134. Springer-Verlag, 1995.

[DFL98] D.A. Dawson, K. Fleischmann, and G. Leduc. Continuous dependence of a class of superprocesses on branching parameters and applications. Ann. Probab., 26(2):262–601, 1998.

[DFLM95] D.A. Dawson, K. Fleischmann, Y. Li, and C. Mueller. Singularity of super- Brownian local time at a point catalyst. Ann. Probab., 23(1):37–55, 1995.

[DFM98] D.A. Dawson, K. Fleischmann, and C. Mueller. Finite time extinction of super- Brownian motions with catalysts. WIAS Berlin, Preprint No. 431, 1998.

[DFR91] D.A. Dawson, K. Fleischmann, and S. Roelly. Absolute continuity for the measure states in a branching model with catalysts. In Stochastic Processes, Proc. Semin. Vancouver/CA 1990, volume 24 of Prog. Probab., pages 117–160, 1991.

[DLM95] D. Dawson, Y. Li, and C. Mueller. The support of measure-valued branching processes in a random environment. Ann. Probab., 23(4):1692–1718, 1995.

[DP98] D.A. Dawson and E.A. Perkins. Long-time behavior and coexistence in a mutually catalytic branching model. Ann. Probab., 26(3):1088–1138, 1998.

[DP99] D.A. Dawson and E.A. Perkins. Measure-valued processes and renormalization of branching particle systems. In R.A. Carmona and B. Rozovskii, editors, Stochastic partial differential equations: six perspectives, pages 45–106. Amer. Math. Soc., Providence, RI, 1999.

[Dyn91] E.B. Dynkin. Branching particle systems and superprocesses. Ann. Probab., 19:1157–1194, 1991.

[Dyn94] E.B. Dynkin. An introduction to branching measure-valued processes. American Mathematical Society, Providence, RI, 1994.

[EF98] A.M. Etheridge and K. Fleischmann. Persistence of a two-dimensional super- Brownian motion in a catalytic medium. Probab. Theory Relat. Fields, 110(1):1–12, 1998.

[EF99] J. Engländer and K. Fleischmann. Extinction properties of super-Brownian motions with additional spatially dependent mass production. WIAS Berlin, Preprint No. 486, 1999.

[EK86] S.N. Ethier and T.G. Kurtz. Markov Processes: Characterization and Convergence. Wiley, New York, 1986.

[FK99a] K. Fleischmann and A. Klenke. Smooth density field of catalytic super- Brownian motion. Ann. Appl. Probab., 9(2):??, 1999.

[FK99b] K. Fleischmann and A. Klenke. Biodiversity of catalytic super-Brownian motion. WIAS Berlin, Preprint No. 501, 1999.

[FL95] K. Fleischmann and J.-F. Le Gall. A new approach to the single point catalytic super-Brownian motion. Probab. Theory Related Fields, 102(1):63–82, 1995.

[Fle90] K. Fleischmann. Critical branching caused by interaction with point catalysts. In B. Grigelionis and et al., editors, Probability Theory and Mathematical Statistics, volume 1, pages 350–359. VSP Utrecht, 1990.

[Fle94] K. Fleischmann. Superprocesses in catalytic media. In D.A. Dawson, editor, Measure-Valued Processes, Stochastic Partial Differential Equations, and Interacting Systems, volume 5 of CRM Proceedings & Lecture Notes, pages 99–110. Centre de Recherches Mathématiques, Université de Montréal, Amer. Math. Soc., Providence, 1994.

[FM97] K. Fleischmann and C. Mueller. A super-Brownian motion with a locally infinite catalytic mass. Probab. Theory Relat. Fields, 107:325–357, 1997.

[FM99] K. Fleischmann and C. Mueller. Finite time extinction of catalytic branching processes. In L. Gorostiza, editor, Festschrift in honor of Don Dawson, CMS Proceedings. Amer. Math. Soc., Providence, to appear 1999.

[GdH91] A. Greven and F. den Hollander. Population growth in random media. I. Variational formula and phase diagram. In Proceedings of the Conference on Models of Nonclassical Reaction Rates (Bethesda, MD, 1991), volume 65, pages 1123–1146, 1991.

[GdH92] A. Greven and F. den Hollander. Branching random walk in random environment: phase transitions for local and global growth rates. Probab. Theory Related Fields, 91(2):195–249, 1992.

[GKW99] A. Greven, A. Klenke, and A. Wakolbinger. The longtime behaviour of branching random walk in a catalytic medium. Electronic J. Probab., 4(12):1–80, 1999.

[Isc88] I. Iscoe. On the supports of measure-valued critical branching Brownian motion. Ann. Probab., 16:200–221, 1988.

[Kle99] A. Klenke. A review on spatial catalytic branching. In L. Gorostiza, editor, Festschrift in honor of Don Dawson, CMS Proceedings. Amer. Math. Soc., Providence, to appear 1999.

[MP99] C. Mueller and E. Perkins. Extinction for two parabolic stochastic PDE’s on the lattice. Preprint, Univ. Rochester, 1999.

[Myt96] L. Mytnik. Superprocesses in random environments. Ann. Probab., 24(4):1953– 1978, 1996.

[PT88] L. Pagliaro and D.L. Taylor. Aldolase exists in both the fluid and solid phases of cytoplasm. J. Cell Biology, 107:981–999, 1988.

[Sap96] B. Sapoval. Fractal electrodes, fractal membranes, and fractal catalysts. In A. Bunde and S. Havlin, editors, Fractals and Disordered Systems, pages 207– 226, Berlin, 1996. Springer-Verlag.

[Sch99] A. Schied. Existence and regularity for a class of (ξ, ψ, K)-superprocesses. J. Theoretical Probab., to appear 1999.

holland.tex typeset by LATEX printed July 7, 1999