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ABSTRACT. A number of new layer methods solving Dirichlet problems for semilinear
parabolic equations is constructed by using probabilistic representations of their solu-
tions. The methods exploit the ideas of weak sense numerical integration of stochastic
differential equations in bounded domain. In spite of the probabilistic nature these meth-
ods are nevertheless deterministic. Some convergence theorems are proved. Numerical
tests are presented.

1. Introduction

Numerical analysis of nonlinear partial differential equations (nonlinear PDE) is gen-
erally based on deterministic approaches (see, e.g., [1, 2, 3, 4]). A probability approach
to constructing new layer methods for solving nonlinear PDE of parabolic type is pro-
posed in [5] (see [6] as well). It is based on making use of the well-known probabilistic
representations of solutions to linear parabolic equations (see, e.g., [7, 8]) and the ideas
of weak sense numerical integration of SDE [9, 10, 11]. In spite of their probabilistic
nature these methods are nevertheless deterministic. The probability approach takes into
account a coefficient dependence on the space variables and a relationship between dif-
fusion and advection in an intrinsic manner. In particular, the layer methods allow us
to avoid difficulties stemming from essentially changing coefficients and strong advection.
Other probabilistic applications to numerical solving nonlinear PDE are available, e.g., in
[12, 13].

The papers [5, 6] are devoted to layer methods for the nonlinear Cauchy problem.
The aim of this paper is to develop such methods for nonlinear problems with Dirichlet
boundary conditions. Some probability methods solving boundary value problems for
linear parabolic equations are proposed in [14, 15, 16].

Let G be a bounded domain in R?, Q = [ty,T) x G be a cylinder in R**!, T =Q \ Q.
The set ' is a part of the boundary of the cylinder @) consisting of the upper base and
the lateral surface.

Consider the Dirichlet problem for the semilinear parabolic equation

811, 1 d .. 82u d ) 6u
_ — ) % o
Y + 5 Z a (t’””“)axiam +;b (t,x,u)—axi +g(t,z,u) =0, (t,7) € Q,

2,j=1

(1.1)

u(t, z)|r = @(t, z). (1.2)

The form of equation (1.1) is relevant to a probabilistic approach, i.e., the equation is
considered under ¢t < 7', and the "initial” conditions are prescribed at ¢ = 7. Using the
well known probabilistic representation of the solution to (1.1)-(1.2) (see [7, 8]), we get

u(t,z) = E(o(1, Xt (7)) + Ztp0(7))- (1.3)

In (1.3) X;4(8), Zite.(s), (t,z) € Q, s > t, is the solution of the Cauchy problem for
the Ito system of stochastic differential equations

dX =b(s, X, u(s, X))ds + o(s, X, u(s, X))dw(s), X(t) ==z,

dZ = g(s, X, u(s, X))ds, Z(t) = z, (1.4)

where w(s) = (w'(s),...,w?(s))" is a standard Wiener process, b(s,z,u) = (b'(s, z,u),
.., b4(s,z,u))" is the column vector, the matrix o = o(s, z,u) is obtained from the equa-
tion

oo’ =a, 0 ={0%(s,z,u)}, a = {a"(s,z,u)},
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and 7 = Ty, is the first exit time of the trajectory (s, X;.(s)) from the domain Q.

If the equation (1.1) is linear, system (1.4) does not contain the unknown function
u(s, ) and therefore one can use weak approximation schemes for solving (1.4) with the
Monte Carlo realization of the representation (1.3). The representation involves the point
(1, Xt z(7)). To get a sufficiently effective approximation of this point is rather a hard
problem. Some constructive schemes solving this problem in the case of linear parabolic
equation are presented in [14, 15]. The procedures of [14, 15] together with the Monte
Carlo approach allow us to find a value u(¢, z) at a single point even under a big dimension
of the domain G.

Of course, the nonlinear case is much more complicated. But we are aimed to construct
layer methods and due to this fact it becomes possible to use a one-step (local) version
of the representation (1.3) (see formula (2.3) below). Introduce a time discretization, for
definiteness the equidistant one

T—1
T:tN>tN_1>"'>t0,hI: 0.

The proposed here methods give an approximation @(tg, ) of the solution u(ty, z), k =
N,...,0,z € Q, i.e., step by step everywhere in the domain Q. It is feasible if the dimension
of the domain G is comparatively small (d < 3). To construct the layer methods, we
exploit the ideas of weak sense numerical integration of stochastic differential equations
in bounded domain and obtain some approximate relations on the basis of (2.3), (1.4). The
relations allow us to express @(tx,z), k = N — 1,...,0, recurrently in terms of @(tx,1, ).
Despite the probabilistic nature these methods turn out to be deterministic as in [5, 6].

In Sections 2 and 4, we derive a few methods for nonlinear parabolic equations relying
on the numerical integration of ordinary stochastic differential equations. In Section 3 we
prove a convergence theorem using deterministic type arguments. To realize layer methods
in practice, we need a discretization in the variable z with some kind of interpolation at
every step to turn an applied method into an algorithm. Such numerical algorithms are
constructed in Section 5. A majority of ideas can be demonstrated at d = 1 though that
we restrict ourselves to this case in Sections 2-5. The case d > 2 is shortly discussed in
Section 6. Numerical tests are presented in the last section.

2. Construction of layer method with one-step error O(h?)

The boundary value problem (1.1)-(1.2) in the one-dimensional case has the following
form:

ou 1 0%u

ou
—_— J— 2 _ _— p—
ot + 20 (taxau)axg +b(tax7u)8x +g(t,.’L‘,’LL) 07 (t7 .’L') S Q ) (21)

u(t, z)|r = @(t, z) . (2.2)

In this case @ is the partly open rectangle: @ = [to, T') X (o, 3), and T" consists of the
upper base {T'} x [, 8] and two vertical intervals: [to,T) x {a} and [to,T) x {B}. We
assume that o(t,z,u) > oy > 0 for (¢,7) € Q, —00 < u < oo.

Let u = u(t, z) be the solution to problem (2.1)-(2.2), which is supposed to exist, to
be unique, and to be sufficiently smooth. One can find many theoretical results on this
topic in [17, 18, 19, 20, 21] (see also references therein).

Analogously to (1.3) we have

u(tk’ .’E) = E(u(ﬁtk,m thﬂ‘(,ﬂtkﬂ')) + Ztk71‘70(19tk71')) ) (2'3)
where ¥, » = V4, 2 (tkt1) := Ty o A try1, and X, Z satisfy system (1.4).
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Let us suppose for a while that it is possible to extend the coefficients of the equation
(1.1) so that the new equation has a solution u(t, z) on [ty,T') X R which is an extension of
the solution to the boundary value problem (1.1)-(1.2). Then instead of (2.3), we obtain
(we suppose the layer u(tx11,z) to be known)

u(th, @) = B(u(tiir, Xopo(tri1)) + Zuymoltisn)): (2.4)

Applying the explicit weak Euler scheme with the simplest simulation of noise to the
system (1.4), we get

Xy, a(tis1) =  + bty z, u(ty, ©))h + o (ty, z, u(ty, ©))VhE (2.5)
Ztk,iﬂ,o(tk+1) = g(tk,.’L',’U,(tk,.’L'))h ) (26)
1

where the ¢ is distributed by the law: P(§ = £1) = 7
Using (2.4), we get to within O(h?)
u(te, ©) 2 Bu(tit, Xo o (tr1)) + Zua0(tes1))

1
= §u(tk+1, z + b(ty, z, u(ty, z))h — o(ty, z, u(ty, ))Vh)

1
—I—iu(tkﬂ, z + b(te, z, u(ty, 2))h + o(t, z, u(ty, £))VR) + g(ty, z, u(te, z))h.
(2.7)

Now we can obtain an implicit relation for an approximation of u(ts,z). Applying the
method of simple iteration to the implicit relation and taking u(tx 1, z) as a null iteration,
we get the following explicit one-step approximation v(tg,z) of u(ty, ) :

1 1
U(tk,.’l?) = Eu(tkﬂ,x—i—bk-h—ak-\/ﬁ)—l—iu(tkﬂ,x—l—bk-h—l—ak-\/ﬁ)—l—gk-h,
(2.8)

where by, ok, gr are the coefficients b(t, z,u), o(t,z,u), g(t,z,u) calculated at the point

(tka Z, u(tk+1a ‘/E))
But in reality we know the layer u(tx 1,z) for @ < z < 8 only. At the same time the

argument z+byh—oxVh for T close to « is less than o and the argument z+byh+o,Vh for
z close to § is more than 3. Thus we need to extend the layer u(t;y1,) in a constructive
manner.

Using the explicit weak Euler scheme for the initial point (¢, a) with ¢, <t < tg1q, we
put (cf. (2.5)-(2.6))

Xia(tkr1) =z +b(t, a,u(t, @) - (tep1 — t) +o(t, o, u(t, ) - /s — E- &,

Zrwo(tesr) = gt a,ult, @) - (tger — t) . (2.9)

Analogously we define X; g(tr11), Zip0(tes1)-
We have (see (2.7), (2.9)) for t <t < tgi1

u(t, o) = BE(u(trir, Xea(tri)) + Zewo(tesr))

_ %u(tkﬂ, o+ b(t, 0, u(t, @) - (tess — 1) — ot @, u(t, @) - \/Iers =)

1
+§u(tk+1, a+b(t,a,ult,a)) (tkyr —t) +o(t, o, ult, @) - /tgs1 — 1)
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+g(t, o, u(t,a)) - (tgr1 — t) - (2.10)

If we replace (remember, u(t,a) = ¢(t, @) due to (2.2)) the argument (¢, o, u(t, a)) =
(t,a, p(t, @) by (tx, @, p(tr+1,a)), the right-hand side of (2.10) is changed by a quantity
of the order O(h?). Since the approximation in (2.10) is also of the order O(h?), we get

1
§u(tk+1, o+ b(te, @, p(trr1, @) - (terr — t) — o(tr, @ O(thy1, @) - /o1 — 1)

1
= p(t, @) = Jultess, @+ b(t, @, @(tes1, @) - (s — 1) + 0 (t, @ P(tsr, @) - Vs — 1)

—g(th, @, (tps1, @) - (1 — t) + O(R?). (2.11)
Introduce
oy = o+ b(tg, @, (tes1, @) - b — o(tr, @, 9(tesr, @) - V.
Clearly ap < a and ay < a + b(tg, @, o(tki1, @) - (ter1 — t) — o(te, o, @(tgy1, @)) -

Vi1 —t < afor ty <t <ty under a sufficiently small A.
Analogously

%u(tk+laﬂ + b(tkaﬂa go(tk+laﬂ)) : (tk+1 - t) + J(tk,ﬂ, go(tk+laﬂ)) "V tk+1 - t)

= p(t,B) — %u(tk+1:ﬁ +b(tr, B, p(tri1,8)) + (teyr — 1) — o(te, B, 9(tkt1, B)) - k41 — 1)
—g(te, B, o(trr1, B)) - (tesr — t) + O(h?), (2.12)

/60 = ﬁ + b(tlﬂﬁ) Qo(tk—l—l;ﬁ)) ~h+ U(tk,/@, Qo(tk—l—l;/@)) ’ \/E

The relations (2.11)-(2.12) give the desired extension of the function w(¢x;1,z) on the
interval [ay, By]-

Let us return to the formula (2.8) now. The arguments z + by - b — o} - vh and
& + by - b + o - Vb are monotone increasing functions in z € [, B] under a sufficiently
small h, their values belong to [ag, B, and & + by - h + o, - Vh is always (for z € [, B])
more than o while z + by, - h — o1, - VA is less than G. Let T+b,-h—o,-Vh < a
(clearly it is possible for z close to «). Due to the stated above, there exists the only root
Ye(z), 0 < v(z) < 1, of the quadratic equation

a+ b(ty, @, (try1, ) - veh — o(tr, @, (try1, @) - \V/Yeh =z + by, - h — oy, - Vh.
(2.13)

Analogously, if z + by, - h + oy, - Vh > (3, then there exists the only root di(z), 0 <
0x(z) < 1, of the quadratic equation

/8 + b(tka/@a Qo(tk+1a/8)) ) 6kh + J(tkaﬂa go(tk+laﬂ)) Y dkh' =+ bk -h + oy - \/E( )
2.14

If, for instance, z + by - b — oy, - Vh < @, then one can replace the value u(tps1, T + by -
h — 0% - v/h)/2 in the formula (2.8) by the value due to the formulas (2.13) and (2.11):

1
Eu(tk+1’x+bk -h— Ot \/E) =

1
= iu(tkﬂ, o+ b(t, @, o(trr1, @) - wmh — o (tr, @, @(trt1, @) - V/7ih)
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1
~ Qo(tk-l-l—’yk: O{) - éu(tk-i-l: o+ b(tk7 «, QD(tk-i-l, O{)) : fykh + U(tka «, Qo(tk-i-l: O{)) Y, fykh)

_g(tka a, go(thrla a)) ) tha
where tg11y, =tk + (1 — ) - h.
As a result we obtain the following one-step approximation v(tx, z) for u(tx, x)

1 1
v(te, ) = ~u(tpir, € +bg - h — op - Vh) + Zultpsr, z + by - h + o - Vh)
2 2 (2.15)
+9i * h, ifz+be-htop-vVhe la, B];

'U(tk, .’L') = go(tk‘i‘l—’)‘k) O[) - g(tk) a, Qo(tk-l-l) OZ)) ' 7kh
1
_iu(tkﬂa o + b(tk, o, 9(thi1, @) - Veh + o (te, o, @(te i1, @) - /h)

1
+§u(tk+1,x+bk-h+ak-\/ﬁ)+gk-h, ifz+bp-h—op - Vh <oy
1
v(te, ) = iu(tk+1a z+ by h— o - Vh) + o(tiii_s, B) — 9(te, B, ¢(tri1, B)) - Sih

_%u(tk-l-l)/@ + b(tk)/B7 Qo(tk-l-l)/@)) ' 6kh - O-(tlmﬁ) Qo(tk—l—l;ﬁ)) "V 6kh)

+gi-h, fz+by-h+o,-Vh>8, k=N—-1,...,1,0,
where (let us recall) by, o, gr are the coefficients b(¢, z, u), o(t, z,u), g(t, z,u) calculated

at the point (tx,z,u(tgs1,2)) and 7, O are the corresponding roots of the equations
(2.13) and (2.14).

Thus the layer method acquires the form
a(ty,z) = p(ty, z), T € [, F], (2.16)
u(ty, r) = %a(tkﬂ, z+by-h—a,-Vh)+ %a(tkﬂ, z + b -h+ - Vh)
+Gi - h, if £+ b - b+ - Vh € |, 8];
Utk ) = P(trr1-mo @) — g, &, 0(tet1, @) - Veh

1

_iﬂ(tkﬂa a + b(ty, o, p(ter1, @) - h + o (th, @, @(trs1, @) - /Tih)
1 _ _

+§a(tk+1,x+bk-h+c‘rk-\/ﬁ)+gk-h, ifz+by-h—dy-Vh<a;

ﬂ(tk, .’I)) =

DN | =

@(ths1, @ + b - h — G - VR) + 0(teyr 5, 8) — 9(tk, By @(trs1, B)) - Suh

_%ﬂ(tkﬁ-l)/@ + b(tk)/B7 Qo(tk-l-l)/@)) ' Skh/ - O-(tlmﬁ) Qo(tk—l—l;ﬁ)) "V Skh)

4Gk h, if £ +bg-h+6sVh>B;
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k=N-1,..,1,0,

where by, 7, gx are the coefficients b(¢, z,u), o(t,z,u), g(t, z,u) calculated at the point
(te, z, @(trs1,)) and Az, Oy are the corresponding roots of the equations (2.13) and (2.14)
with the right sides z+by-h—06-vVhand z+b;-h+ 6% Vh.

The method (2.16) is an explicit layer method for solving the Dirichlet problem (2.1)-
(2.2). This method is deterministic, even though the probabilistic approach is used for
its constructing. It is of the first order of smallness with respect to A (see below Theorem
3.1).

3. Convergence theorem

We shall keep the following assumptions.
(1) There exists the only solution u(t, z) to the problem (2.1)-(2.2) such that

w < u, <ult,z) <u*<u’, ty<t<T, z¢€la,pf, (3.1)
where 4o, u,, u*, u” are some constants, and there exist the uniformly bounded derivatives:
Otiy

| Otifxi

1<K, i=0j=1,23,44i=1j=0,1,24i=2 j=0;ty<t<T, z € |, fJ).

(3.2)

(13) The coefficients b(t, z,u), o(t, z,u), g(t,z,u) and their first and second derivatives
in z and u are uniformly bounded:

oitip otig 5iti g

|8:L'Z(9u1 < |8:L'Z(9u1 < |6x’8u1

tg<t<T, z€la,B], u<u<u. (3.3)

| <K, 0<i+j<2,

Below we use the letters K and C' without any index for various constants which do
not depend on h, k, x.
First of all let us evaluate the one-step error p(tx, z) of the method (2.16).

Lemma 3.1. Under the assumptions (i) and (ii) the one-step error p(tg,x) of the
method (2.16) has the second order of smallness with respect to h, i.e.,
Ip(t )| = [0(th, 7) — (e, 7)| < OB,
where v(ty, z) is defined by (2.15), C' does not depend on h, k, .

Proof. If both points z + by, - h % oy - v/ belong to [, §], the statement of this lemma
follows directly from Lemma 4.1 of [5].

Let us consider the case when the point z +bg - h — oy, - vh < a. Introduce the notation
bas O, o for the coefficients b, o, g calculated at the point (¢, a, o(tx11, @)). We get from
(2.13)

o — z = bph — 03 Vh — bayih + 0a/Yeh = (Gay/Tk — 0k)Vh + O(R) = O(Vh).

(3.4)
Expand the terms of (2.15) at the point (¢, z):
ou
Pty @) = ulte + (L= )b,z + (@ —2z)) =ut o - (1= )k (3.5)
e O @ O e LT (o) o)
oz T Bior TRAXTENT Sz YT T gy T !
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U(trs1, & + baYih + 0o/ Teh) = u(te + b,z + (@ — T + baYih + 0a\/Vih))

(3.6)
ou ou 0%u
=t h+ o (o=@ +baWh + 0aV/Wh) + 5o (0 — 2+ oay/Wh)h
16%u 2
+5505 * (00— &+ 0av/1h)* + 2(a — 2 + oav/1eh)baVih)
183’& 3 2
+g% (o =z +0a/h)” + O(R%),
and
G, 8 0
W(tess, @+ bph + 0 VR) = u+ ooh 4 o - (bl + 03 VR) + e - o/
ot oz otor
(3.7)
160%u 10%u

+§w * (O'Zh + 2bk0'kh3/2) 6 8.’L‘ 3h3/2 + O(I’L2)

Here the function u and its derivatives are calculated at the point (¢, z).

Substituting (3.5)-(3.7) in the corresponding expression for v(t,z) of (2.15) and using
(3.4), we obtain

ou  oid%u ou ou
v(tk, ) =u+h(l—w) - (5 + ——2 + b 1) + 5= (b — ba) Wb
ot 2 Ox ox ox (3.8)
0%u o?u 1
+ - (0k — Tay/ ) WEY? + 55 - (5(0F — 02)Wh + ba(0k — Tar/70) 1eh*?)
Otox ox? 2
1%, 3/2 2
o5 Oal0k = 0ay/ 1) 1eh™" + (g — ga)mh + O(R).
Due to the assumptions (7) and (i7) and (3.4), we get
0o = 0(th, o, u(tp i1, @) = o(ty, z, u(ty, z)) + 8—; (a—z) (3.9)
oo
+% : (U(tk+1, O() - u(tk, $)) + O(h)
8 0o 8u
=0+ o (Gay/ Tk — OW)Vh+ -2 (0ay/Te — 0x)Vh+ O(h)
0o 0o du

=0+ (% + %%) . Uk(\/%_ 1)\/E+ O(h)’

b 9o
b = bltk, @ ultisn, @) = b+ (5~ + %8—;‘) cou(y/TE — DVR+ O(h),

dg 0gOou
50 T 5y 5g) O — DV +O(h),

Ga = g(tka a, u(thrla O[)) =g+ (
and
bk = b(tkaxau(tk-l-lax)) = b+ O(h)a o =0+ O(h’)7 g = g + O(h’)7

7



where b, o, g (without any indexes) and their derivatives are calculated at the point
(tk,.’E,U(tk,.’L’)).
Using (3.9) we obtain from (3.8):
ou o028*u  Ou
t = u(t h(l — ——— +b— 3.10
ot ) = u(t) + h(1L—3) [+ T 0% 0 4 g (3.10)
Pu 0?2 0%u 0o 0o Ou O%*u 0%u
B3/2 1— . - (= 2
o=V (g + 580 0 (ot auas o o

ob 0bOu.Ou Og 0Ogou

i 99 L O(R?
o T 909292 T 92 T 3uss) T O
5 Bu 028 Ou
_ 3/2 2
_u(tk,x)+(h(1—7k)+h/7ka(1—,/yk)a )[8t+ wr 2+b8—+g]+0(h)

Taking into account that u(¢, z) is the solution to the problem (2.1)-(2.2), the relation
(3.10) implies

v(t, 7) = u(ty,z) + O(h?).
The case z + by, - h + o - vV/h > 3 can be considered analogously. Lemma 3.1 is proved.

Let us prove the following theorem on global convergence.

Theorem 3.1. Under the assumptions (i) and (ii) the method (2.16) has the first order
of smallness with respect to h, i.e.,

|a(te, z) — u(ty, )| < Kh,
where K does not depend on h, k, x.
Proof. Denote the error of the method (2.16) on the k-th layer ((N — k)-th step) as
R(tg, z) := a(ty, z) — u(ty, ). (3.11)
If £ 4 b - h + 53 - Vh € [, 8], we have (see (2.16) and (3.11)):

1 _ 1 _
u(ty, ) + R(ty, ) = 5u(tkﬂ,x + b h—ap-Vh) + §R(tk+1,x + by -h—ar-Vh)

1 _ 1 _
+§u(tk+1,x+bk-h+ak-x/ﬁ)+§R(tk+1,x+bk-h+6k-\/E)Jrgk-h.

(3.12)
Expanding the functions u(tzy1, z + by, - h & &3 - v/h) at the point (¢, z), we get
u(tpyr,© + b - h + 65 - Vh) = ulty, z) + g—?h—l-(l_)k -h+ 6y \/E)%
o2 0%u 0%u 0%u s 0®u
kR4 boy—— - B+ R34+ TR R L O(R?
T KOk D2 %k Doz 6 o5 1 TOW), (3.13)

where the derivatives are calculated at the point (¢, ).

Here we have to suggest for a while that the value u(tx1, ) + R(tx+1, ) remains in the
interval (uo,u”) for a sufficiently small h (see the conditions (i7)). Clearly, R(ty,z) = 0,
and below we prove recurrently that R(tx, ) is sufficiently small under a sufficiently small
h. Thereupon thanks to (3.1) this suggestion will be justified for such h.

8



Due to the assumptions (7) and (i7) and the notation (3.11), we obtain

Ek = b(tk, z, ﬂ(tk+1, .’L')) = b(tk, z, U(tk+1, .’L') + R(tk+1, .’L')) = b(tk, z, u(tk+1, .’L')) + Ab
= b(ty, z, u(ty, z)) + Ab+ O(h),
o = o(tr, T, u(ty, 7)) + Ao + O(h), 63 = o°(ty, T, u(ty, ) + Ac® + O(h),

gr = g(tr, =, u(tr, z)) + Ag + O(h), (3.14)
where
|Abl, [Acl, [Ac®|, |Ag| < K - |R(tes1, 7).
Substituting (3.13) in (3.12) and taking into account (3.14), we come to the relation
ou ou o2 8%u

’U,(tk,$) + R(tk,$) = ’U,(tk,$) + h - (— + b— +

ot oz ?W‘FQ)—FT(tk,x)—l—O(hZ)

1 . 1 -
+5 R(tes1, @+ by - h— 0 - Vh) + SRtk o+ by h+ 0 Vh), (3.15)
where the derivatives are calculated at (i, z), b, o, g are calculated at (¢, z, u(tx, z)), and
|7 (te, )| < Kh|R(tys1, )]
Since u(t, z) is the solution to (2.1)-(2.2), the relation (3.15) implies

1 _ 1 i
R(ty, ) = 5 R(tksr, 2+ B - h = G Vh) + Rtk o+ by h+ 0y Vh)

+r(ty, ) + O(R?). (3.16)
For z such that = 4 by - b — 5% - Vh < , we get (see (3.11) and (2.16))
u(ty, z) + R(ty, ) = u(t, ) = @(thr1-5,, @)

1 1 _
_iu(tk‘}'l) a + baYeh + 04y th)) + iu(thrl’ x+bg-h+aoy- \/E)

1 1 i
—5 Bltis1, @+ boih + 0ur/Tuh)) + 5 Rt @ + by - b+ 5 Vh)

_g(tkaaau(tk+1aa)) th—i_gk : h’a (317)

where by, 04, g, are the corresponding coefficients calculated at the point (¢, a, p(tx11, @))-
In accordance with (2.16) and (2.13), we have (cf. (3.4))

o — & = byh — 5, Vh — boYeh + 0a/Tkh = (0av/Tk — 0k)VE 4+ O(h) = O(Vh).

Recall that 7 is the root of the equation (2.13) with the right side z + byh — &/h.
Now we expand the first three terms in the right side of (3.17) in powers of h at the
point (t, z) like it has been done in the proof of Lemma 3.1 (see (3.5)-(3.8)). The obtained
new relation contains by, &, g, V& (instead of b, ok, gk, V& in (3.8)) and by, 04, go. We
present by, &%, gr due to (3.14) and b,, 04, g due to (3.9). As a result, we get (cf. (3.10))

u(te, ) + R(tx, z) = u(te, x)

0. .0u o020%u  Ou
1—~ 325 5(1 — /A7) — ) — + =~ — -z
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1 1 _
+r1 (tg, ©) + O(h?) — §R(tk+1, o + boJkh + 0a/Feh)) + §R(tk+1, z+by-h+dy-Vh),

where the derivatives of u are calculated at the point (¢, z), the coefficients b, o, g and
their derivatives are calculated at the point (¢, z, u(ts, z)), and

|71 (t, )| < Kh|R(tri1, )|
Since u(t, z) is the solution to (2.1)-(2.2), finally we arrive at

1
R(tk, $) = —§R(tk+1, o+ ba’_}’kh + 04 vV th))

1 _
+5 Rtk 1, @ + by b+ 0 - VR) + ri(ty, z) + O(h?). (3.18)

Clearly, for z such that z + by, - b + &5, - VA > 3, we can obtain the relation similar to
(3.18):

1 - =
R(tk, .’13) = —§R(tk+1, ﬁ + bgdkh — 0BV 6kh))

1 _
+5 R (tksn, @ + by h— 0 VR) + ra(ty, ) + O(K?) (3.19)
with
|ra(te, )| < Kh|R(tgy1, ).
Now introduce

Ry := max |R(tg, )| -
z€la,f]

The relations (3.16), (3.18), and (3.19) imply (remember that R(ty,z) = 0)
Ry =0, Ry < Ryy1 + KRy 1h+Ch?, k=N —1,...,1,0.
Therefore

Rp < —(eKT=%) _1).h k=N, ...,0.

= Q

Theorem 3.1 is proved.

4. Layer method with one-step error O(h%/?)

Without exploiting the used above idea of involving the points outside the interval |«, 5]
while constructing a layer method, it is possible to get a layer method being more simple
but less accurate than (2.16). To this end we approximate the solution u(tx, z), when the
point  is close to a (or ), using values of the solution at a point (tga,, ) with some
A € (0,1) (or (tpin,,B) with g, € (0,1)) and at the point (tg.1,z + bg - h + o - V)
(or (tgs1, + by - b — oy - Vh)) with some (positive) weights. These two weights may
be interpreted as probabilities of reaching and not reaching of a (or 3). The method
obtained on this way has the form

ﬂ(tN;x) = QO(tNax)a (S [aaﬁ]a (41)
1 - 1 -
ﬂ(tk,.’ﬂ) = iﬂ(tk+1’x + bk -h— Og \/E) + §ﬂ(tk+1,$ + bk -h + Oy - \/E)

+gx-h, ifz+b;-h+0o,-Vhe o8]

10



VA

1 _
Uty ) = ——=p(tpix,, @) + ——=i(tps1, 2 + by - h+ 5% - Vh)
1+ VA 14+ v/
+3k - VAeh, if T +bg-h— 6% - VR < o
_ 1 Ve 7 _
t = ———0(tpiy ———a(t by -h—06,-Vh
U’( ka) l_i_\/mgo( k+llk’/6)+ 1+\/I7/_kU( k+1,$+ k Ok \/7)

+gk - Vigh, if 2+ by h+ Gy - Vh > B;
k=N-—1,..,1,0,

where by, 63, i are the coefficients b(t, z,u), o(t,z,u), g(t,z,u) calculated at the point
(tk, z,@(tks1,2)) and 0 < Ag, fix < 1 are the roots of the quadratic equations (it is not
difficult to verify that the roots exist and are unique)

a:x—l—l_)k-j\kh—&k-'\/;\kh,

B =z +by - xh+ 6% - \/ fixh
This method involves one value of the function ¢(t, z) and one value of the approximate
solution @(tx41,y) on the previous layer in contrast to the method (2.16) which requires
evaluating one value of the function ¢(¢,z) and two values of the approximate solution
@(tg+1,y) on the previous layer.

Lemma 4.1. Under the assumptions (i) and (ii) the one-step error p(tg,x) of the
method (4.1) is estimated as

lp(ti, )| < CR2if &+ by - h + oy - Vh € |, B];
lp(tr, )| <Chifz+by-h—or-Vh<aorz+by-h+oy-vVh>0.

The proof is very similar (even more simply) to that of Lemma 3.1 and we do not give
it here. The following convergence theorem for the method (4.1) takes place.

Theorem 4.1. Under the assumptions (i) and (ii) the method (4.1) has the global error
estimated as

|@(ty, ) — u(ty, )] < KV, (4.2)
where K does not depend on h, k, x.
The proof of the estimate (4.2) coincides, in general, with the proof of Theorem 3.1.

Remark 4.1. The assertions of Lemma 4.1 and Theorem 4.1 are also valid if we take
weaker assumptions on the coefficients than (i7), namely:

bl < K, |o] <K, |g| <K,
|b(t, To, us) — b(t, T1,ur)| + |o(t, T2, uz) — o(t, T1, wr)| + |g(¢t, T2, u2) — g(t, z1,u1)|
< K(|lzg— 2|+ |ug —wa|), to <t <T, z € e, ], uo <u<u.

Remark 4.2. The layer methods of Sections 2 and 4 can be applied to solving the
Dirichlet problem for linear parabolic equations. But if the dimension d of the linear
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problem is high (d > 3 in practice) and it is enough to find the solution in a few points
only, the Monte Carlo approach is preferable [14, 15].

The used here weak approximations of SDE generate other random walk methods for
solving the linear Dirichlet problem than the random walk proposed in [14, 15]. These
and some other new random walks will be considered in a separate paper.

Remark 4.3. In the case of the linear Dirichlet problem one can prove using probabilis-
tic arguments that the method (4.1) has the first order of smallness with respect to h.
Apparently this is so in the nonlinear case as well and our numerical tests approve that
(see Section 7). But we do not succeed in proving such a theorem.

Remark 4.4. Using other weak approximations for SDE, some new layer methods can
be constructed (cf. [5, 6]). In particular, there are special methods of numerical inte-
gration in the weak sense for stochastic differential equations with small noise which are
more effective than general ones [22]. In [6] they were used for constructing special layer
methods for the Cauchy problem for semilinear parabolic equations with small parameter
at higher derivatives. It is also possible to get some special layer methods in the case of
the Dirichlet problem for semilinear parabolic equations with small parameter.

5. Numerical algorithms

To have become a numerical algorithm, the method (2.16) (just as other layer methods)
needs a discretization in the variable z. Consider the equidistant space discretization with
space step h, (recall that the notation for time step is h): z; = a+jh,, §=0,1,2,..., M,
h, = (8 — a)/M. Using, for example, linear interpolation, we construct the following
algorithm (we denote it as @(tx, z) again, since this does not cause any confusion):

a(ty,z) = o(ty, ), = € [a, F], (5.1)

—_

ﬂ(tk, iL'j) = ﬂ(tk-i-l; .’13]' + Ek,j -h — 5k,j . \/E) + —ﬂ(tk+1, .’13]' + Bk,]’ -h + 5k,j . \/E)

N | —
[\)

+9k,; h, if xj+ Ek,j -h+ Ok,j* \/E S [oz,ﬁ];

ﬂ(tka .’L']') = Qo(tk-l-l—’?k,ja a) - g(tka a, Qo(tk-l-la Ol)) ' ’ka].h’

1
—Eﬂ(tkﬂ, o+ b(ty, o, (tkt1, @) - i jh + o (b, o, ©(tki1, @) - / Tk ih)

+%a(tk+1, z;+ by b+ 0k Vh)+Gej-h ifz;+ by -h—ar;- Vh <o
u(ty, zj) = %ﬂ(tkﬂ, zj+biy-h—r; - Vh) + O(trr1-5,,0) — 9(tr, B, o(tes1, B)) - Ok jh
gt B+ bt B, 9ltiin, 8)) - Bugh — ot B, 00k, 8)) - /i)
Gk h, if 2+ h+ Gk V> B §=1,2,.,M—1,
a(ty, z) = % a(ty, z;) + — ;:;" At Tj41), T; < T < Tja1, (5.2)

ij=01,2,...M—1,k=N—1,..,1,0,
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where by j, 5% j, grj are the coefficients b(t, ¢, u), o(t, z,u), g(t, z,u) calculated at the point
(tk, j, U(tkt1, ;) and 0 < 4, Ok; < 1 are the roots of the equations (2.13) and (2.14)
with the right sides z; + by ; - h — G& - Vh and x; + by - h + &1 ; - v/h respectively.

Theorem 5.1. If the value of h, is taken equal to »h, » is a positive constant,
then under the assumptions (i) and (i7) the algorithm (5.1)-(5.2) has the first order of
convergence, i.e., the approzimation u(ty, ) from the formula (5.2) satisfies the relation

|a(te, z) — u(ty, z)| < Kh, (5.3)
where K does not depend on x, h, k.

The proof of Theorem 5.1 differs only little from the proof of the corresponding theorem
in [5] and is therefore omitted.

Remark 5.1. Tt is not difficult to prove that the algorithm based on the method (4.1) and
linear interpolation has the global error O(h'/?) if we choose the space step h, = »h%/%.

Remark 5.2. Tt is natural to attract cubic interpolation instead of the linear one for
constructing numerical algorithms. Exploitation of cubic interpolation allows us to take
the space step h, = 3v/h (in contrast to h, = sch for the linear interpolation) and, thus,
to reduce the volume of computations. Moreover, if we use cubic interpolation, we can
avoid special formulas near the boundary choosing some appropriate s (indeed, we can

take, e.g., »x = 2 max o(t,z,u), then for a sufficiently small h the points
t€lto,T],z€G, ucuo,u’]

z; + by - h + G;, - Vh always belong to [, 8]). Unfortunately, we do not succeed in
proving a convergence theorem in the case of cubic interpolation. The way of proving
Theorem 5.1 gives us some restriction on the type of interpolation procedure which we
can use for constructing the numerical algorithm. The restriction is such that the sum
of the absolute values of the coefficients staying at @(t, ) in the interpolation procedure
must be not greater than 1. Linear interpolation and B-splines of the order O(h2) satisfy
this restriction. But cubic interpolation of the order O(h2) does not satisfy the restriction.
In Section 7.1 we test an algorithm based on cubic interpolation. The tests give fairly
good results. See also some theoretical explanations and numerical tests in [5, 6].

Remark 5.3. Clearly, the algorithms can be considered with variable time steps and

space steps. An algorithm with variable space steps is used in our numerical tests (Section
7.1).

6. Extension to the multi-dimensional Dirichlet problem

In this section we generalize the layer method (4.1) to the multi-dimensional case
(d > 1). A generalization of the layer method (2.16) to the multi-dimensional case is
complicated and it is not considered here.

As it has been mentioned in Introduction, layer methods are feasible if the dimension
d of the domain G is not more than 3. That is why, we restrict ourselves here to the cases
d = 2 and d = 3. We mark only that it is not difficult to generalize the layer method (4.1)
for an arbitrary d.

Consider the case d = 2. Introduce the notation ; X1 = (;Xp,, i X2,1),

k+1) ¢
Xi =2t +bhth + e VR £+ 52 Vh €2
X2 =2 +Eh+ai VR & +52Vh - €2

13



i=1,2,3,4, z = (z',2°) € G C R?,

where 1€ = (=1, 1), 26 = (=1,1), 3§ = —1€, 4€ = — € and b = (b1, 82), 6% = {57’} are
the coefficients b( T, ) o(t,x u) calculated at the point (tg,z, @(tgi1, ))

If the point z = (z',2?) € G is sufficiently far from the boundary G (more precisely,
if the points ; X1, i = 1 2,3, 4, belong to G), the layer method has the form (cf. [5]):

4
u(ty, z', o° Z W(tkrr, iXpi1 iX21) + Gk - By (6.1)

=1

where gi is the coefficient g(t, z, u) calculated at the point (tx,z, @(tgy1,))-

If the point z = (z!,2%) € G is close to the boundary &G, then some of the points
iXpr1 = (i Xpiy, iXpq), © = 1,2,3,4, may be outside of the domain G. Let us connect
the point z with the points ;+ X1, which are outside of G, by the curves ¥;:(A) =

(i (), ¥ (X)) -
Vi (A) = z' + by Ah + 6i1m- &+ 6%2\/E' &

VEA) =22 +0IAR + G2 VAR - €+ VAR €2, 0< A< 1.

Due to the smoothness of the boundary 0G, under a sufficiently small A there is a
unique value of A = ;+ A, 0 < A < 1, such that the point ;-m = (=7}, i<n?), where

#Me =&+ by - i Mh + 05 Vi Aeh - 108+ 57V i Aeh - 262,
,'*77,3 = IE2 +BZ . ,*S\kh—i‘ 5']?,1 V i* Yo S +0 _22 V i*j\kh, . i*§2,

belongs to the boundary G (of course, 9G is supposed to be sufficiently smooth).
Put j5\k = 1 and ;n, = ;jXj41 for the points ;X ; belonging to G. Then the layer
method takes the form

Ak 3 Ak - 4 _ 12
(tk,iE x ) 2 — — = = u(tk+15\ » 1Mk lnk)
Ak + V) (Vide - she + Voadi - ahi) ‘ (6.2)
1Ak - 3k 4k

ﬂ(thr 2 Ak ? 277]&) 2771?:)

oAk + 45\19)(\/15% 3 Ak + \/sz . 45\k)

1Ak 2k 4k
1Ak + 35\k)(\/15\k 3Ak + \/25\k : 45\k)

ﬂ(tk+ 3;\k’ 377;’ 37’2)

AR 2k * 3k
oAk + 45\19)(\/15% -3+ \/sz . 45\k)

Uty 5, 4T» 4T

2V 2k sk ak
+gx = = = =
Vide - shk + V2 Ak s
Recall that if ;ne = (i, imp) € OG then u(ty, 5., M, M) = €(tey 5.0 ik » i) (see
(1.2)).
The error of the one-step approximation corresponding to (6.2) is of the order O(h%/?),
and the layer method (6.1)-(6.2) has the global error estimated by O(h'/?) (see Remark
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4.3 as well). These assertions can be checked directly without attracting some new ideas
in comparison with Lemma 3.1 and Theorem 3.1.

Now consider the case d = 3. Introduce the notation ; Xp11 = (;Xp.q, i X7, iXpi1),
t=1,2,...,8, where

X =0 4+ Vhe £ + 5 Vh 2+ VR £ §=1,2,3,
z = (z',2%2°) € G C R
Here b, = {b/} and &}, = {'} are the coefficients b(t, z,u) and o(t,z,u) calculated at
the point (tx, z, @(tx, z)) and ;€ = (€, €2, :£%),i=1,...,8, are the following vectors:
1§ =(-1,-1,-1), 26 = (=1, -1,1), 3§ = (1,1, -1), 4§ = (1, -1, 1),
i =—3€ 1=1,2,3,4.

If the points ; X411, i = 1,2,...,8, belong to G, the layer method has the form
8

1
alty,z) =) gUtkst, iXiw1) + G- h, (6.3)

i=1
where gi is the coefficient g(¢, z, u) calculated at the point (tx,z, @(tgy1,))-
If some points ;+ X;,1 ¢ G, we connect the point z with the points ;« X1 by the curves

i (A) = (%3 (A), 2 (A), 93 (),
YL =27 + B AR+ VAR €+ VAR 1€+ GV AR - 68,
j=1,2,3, 0< A< 1.

Due to the smoothness of the boundary 0G, under a sufficiently small h there is a
unique value of A = ;A\, 0 < ;A < 1, such that the point qmx = (s, 12, i+73), Where

ﬂli =z’ "‘l_’i : z'*;\kh"i‘ail\/i*j\kh" NS +5izv e _]SVi*j\kh" &,
J=12,3,

belongs to the boundary 0G. _
Put ;A\x = 1 and ;m, = ;jXg4:1 for the points ;X ; belonging to G. Then the layer
method takes the form

1

(tk+ itadg) z+477k))
Visadi (6.4)

tk)

Wty 5,0 i) + — e
Zrmmr i )
+0x - 4yih,

where

To construct the corresponding numerical algorithms, we attract linear interpolation as
in the previous section. For example, consider the case d = 2. To this end put the domain
G into a rectangle II with corners (g, %), (23,234, ), (Zis,25), (T}, 23,,) and introduce
the equidistant space discretization of the rectangle II:

Anpy vy 1= {(x;,xl?) x; =2 + jher, T = xp +1hy2, 5=0,... , My, 1 =0,..., M},
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1 2 .2
rl — y T2

M T My
The values of @(tx,z},7) at the nodes of Ay, NG are found in accordance with
(6.1)-(6.2). Let (z%, xz) € G and z} < 2! < gz}, o} < 2 < 27, If all the nodes

(z},2?), (z},2},,), (z}1,2]), (zf.1,2%,,) € G, the value of 4(ty, z', 2?) is evaluated as

1 1 .2 2 1 1 0 2

o —xt 2. 1z b —xt 2 g
_ 12y Tipa +1 ) 1 2 j+1 1
’U,(tk,$ y L ) - . u(tkaxjaxl)+ ' (tkax]axl-i-l)

hp h 2 h h g2
(6.5)
1 1 1 1
T —x; af, -2’ 1 o T —x r®—af_
+ h T ha U(ty, T, 77) + T ha u(ty, T ]+1,-’L'l+1)
xr xr xr xr

If the point ¢ = (z',2%) : z; < o' < zj,,, 27 < &® <z, is such that some of the
nodes (zj,z7), (¢j,z7.), (z Hl,x,), (z},1,7,,) do not belong to G, then we use some
points on the boundary G (due to (1.2) we know values of u(t,z) for z € 9G) to find
a(ty, o', %) by linear interpolation.

If we take hy = s*h%*, i = 1,2, s*, 5 > 0 are positive constants, the error of the
proposed algorithm is estimated as O(h'/?).

7. Numerical tests

In the previous sections we deal with semilinear parabolic equations with negative
direction of time ¢ : the equations are considered under ¢ < T and the ”initial” conditions
are given at ¢t = T. This form of equations is suitable for the probabilistic approach which
we use to construct numerical methods. Of course, the proposed methods are adaptable
to semilinear parabolic equations with positive direction of time, and this adaptation is
particularly easy in the autonomous case. In our numerical tests we use algorithms with
positive direction of time (see, e.g., (7.13)-(7.14)).

7.1. The Burgers equation. Consider the Dirichlet problem for the one-dimensional
Burgers equation:

ou 82 9%u ou
u(0,z) = —Asin7z, z € [—1,1], (7.2)
u(t,£1) =0, t > 0. (7.3)

This problem was used for testing various numerical methods in, e.g., [23, 24] (see also
references therein). By means of the Cole-Hopf transformation, one can find the explicit
solution of the problem (7.1)-(7.3) in the forms:

/ sin 7r(x — y) eXp(—ﬁ Cos 7T(-'L' - y) - 2zzt) dy
w(t ) = A= (7.4)

/ e>(p(—1r—‘22 cosm(z —y) — %) dy

— 00
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u(t,x) PN

~+ ~t o~ -t
TN
ROOO

-2 T T \\\\7//// T
-1 -0.5 0 0.5 X

FIGURE 1. A typical solution u(t, z) of the problem (7.1)-(7.3) for e = 0.1,
A = 2 and various time moments.

or
s Z na, exp(—ger’n?t) sin 1rn(z + 1)
u(t,z) = — —"=L (7.5)
2
Tao + Z an exp(—ge?m?n2t) cos ymn(z + 1)
n=1
with

! A 1
a, = / exp(———; cosmz) cos smn(z + 1) dz.
1 TE 2

We shall simulate the problem (7.1)-(7.3) on relatively small time intervals [0, T'], where
the formula (7.4) is more convenient. For a small £, there is a thin internal layer, where
the solution to (7.1)-(7.3) has singular behavior (see, e.g., [25] and references therein).
Derivatives of the solution go to infinity as € — 0. A typical behavior of the solution is
demonstrated on Fig. 1.

Here we test the following three algorithms: the algorithm (5.1)-(5.2), the algorithm
based on the layer method (4.1) and linear interpolation, and the algorithm based on
cubic interpolation (see also Remark 5.2). In the algorithm (5.1)-(5.2) and the algorithm
based on the layer method (4.1) and linear interpolation we take the space step h, being
equal to the time step h.

The algorithm based on cubic interpolation in the case of the problem (7.1)-(7.3) has
the form (cf. [6])

4(0,z) = —Asinmz, z € [—1,1], (7.6)
U(tky1, o) = U(tkyr, —1) =0,

@(tgt1, Tar) = U(tgt1,1) =0,
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TABLE 1. The Burgers equation. Dependence of the errors err®(t) and
err!(t) in h for the algorithms (5.1)-(5.2) and (7.6) under ¢t = 0.5, ¢ = 0.1,

and A = 2.
h algorithm (5.1)-(5.2) algorithm (7.6)
err®(t) errt(t) erre(t) err!(t)
0.01 1.239-1071 [ 3.035- 1072 1.854-1071 | 3.081 - 102
0.0016 4.574-107%2|5.311- 1073 5.855-1072 | 5.481 - 1073
0.0001 2.673-1073 | 3.288-107* 3.737-1073 | 3.466 - 1073
0.000016 4.261-10*|5.259-107° 5.919-10"% 5.527-107°

—_

ﬂ(tk+1, .’I?j) = ﬂ(tk, T — hﬂ(tk, .’I?j) - €h1/2) + —ﬂ(tk, Ty — hﬂ(tk, .’13]') + Eh1/2),

DN | =
[\

j=1,...,M—1,

3

’l_l,(tk, iI?) = Z (I)j’i(.’ﬂ)’l_l,(tk, xj+i), T; < T < Tjy3,
1=0

r— Tt
®;i(z) = PR
m=0,m#i It J+m

Y

k=0,...,N—1.

Here we use a nonequidistant discretization of the interval [—1,1]. In the thin internal
layer (in a neighborhood of z = 0) we take h, := z;.1 — z; = ev/h and outside the layer
h, = vh. Since € < 1 in our experiments and h, = v/h for nodes z; close to the end of the
interval [—1, 1], it is clear that the points z; — ha(t, z;) £eh'/? j =1,... , M —1, always
belong to the interval (—1,1). Thus, we avoid using special formulas near the boundary
in (7.6) (see Remark 5.2 as well).

Table 1 gives numerical results obtained by using the algorithms (5.1)-(5.2) and (7.6).
The algorithm based on the layer method (4.1) and linear interpolation gives results being
practically identical to the ones for (5.1)-(5.2). We present the errors of the approximate
solutions # in the discrete Chebyshov norm and in /'-norm:

err®(t) = max |a(t, z;) — u(t, z:)l,
err'(t) =Y |a(t, z;) — u(t, z;)| - ho .

7.2. Quasilinear equation with power law nonlinearities. Consider the Dirichlet
problem for quasilinear parabolic equation with power law nonlinearities [4, 19]
ou 10 ou
— =—-——(u?'—), te€(0,1), z >0, ¢ >0, 7.7
5 = 955 U g tE01) x q (7.7)
with the initial condition

w(0,z) = (1 — /L)%, z €0, L], (7.8)
u(0,2) =0, z > L,
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FIGURE 2. A typical solution u(t, z) of the problem (7.7)-(7.9) for ¢ = 1.5
and various time moments.

and the boundary regime
u(t,0)= (1-)7%, te[0,1), (7.9)

where L = /(¢ + 2)/q.

The exact solution to this problem has the form [4, 19]

u(t,z) = (%)m for 2 € [0, ]

and
u(t,z) =0forz > L.

The temperature u(t, z) grows infinitely as ¢ — 1. At the same time the heat remains
being localized in the interval [0, L). Figure 2 presents a typical behavior of the solution
to (7.7)-(7.9).

The equation (7.7) is not of the form (2.1). The function

Y = u<1+1
satisfies the problem
v 1 82
8—: = vt/ a—;;, te(0,1), z >0, (7.10)
v(0,z) = (1 —z/L)2eV/ 2 e 0, L), (7.11)

v(0,2) =0, z > L,

v(t,0) = (1 —t)~@/a ¢ c0,1). (7.12)
The equation (7.10) has the form (2.1).
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TABLE 2. Quasilinear equation with power law nonlinearities. Dependence
of errors erry(t, h) (top position) and erry(t, h) (lower position) in A and ¢
for the algorithm (7.13)-(7.14) under ¢ = 1.5.

h=10"1 h =102 h=1073 h=10"1
0.8664 - 10~T | 0.8786-10"2 | 0.9705-10"% | 1.018-10~*%
0.3542-107' | 0.7693- 1072 1.685- 1073 3.622-10~*
>5 8.094 - 1071 8.265 - 1072 8.817-1073
5.910- 107! 8.109 - 1072 8.656 - 1073 8.918 - 10~*

We simulate the solution to (7.10)-(7.12) by two algorithms: the algorithm (5.1)-(5.2)
and the algorithm based on the layer method (4.1) and linear interpolation. The last one
in the case of the problem (7.10)-(7.12) has the form

9(0,7) = { (1- x/L)“q“(;fq;:fléG(L[?;g: (7.13)

1
S0t 25+ (0(tk, 27)) %0 - V),

ot 5 — (9(t, )20V - Vh) + 2

N | =

ﬁ(thrl’xj) =
if Ty — (’l_)(tk,l'j))q/2 g+1) \/7 > 0

1 Vs
bk, 25) = (1= iy 2) 7O 0l 4 (0, 7)) 20D - V),
+1 %y 14+ v/ E+1-Xg 14 J J

2
_ z;
A = ,
(o(ts, x].))q/2(q+1) Vh

Tj1 — T _ r—x;
2T B, ;) +
hm (k‘H- .7) hm

if Tj— (’l_)(tk,l'j))q/Q a+1) \/7 h < 0;

U(tpsr, ) = (ths1, Tjr1), 5 <z < Tjyq,

(7.14)

j=0,1,2..,k=1.,N

where z; = j - hy, ty =k - h.

In our tests we take h, = h. Tables 2 and 3 give numerical results obtained by using
the algorithm (7.13)-(7.14). The algorithm (5.1)-(5.2) gives similar results and they are
omitted here. Let us mark that in the experiments the algorithm (7.13)-(7.14) based on
the layer method (4.1) behaves as an algorithm of the order O(h) while due to Theorem
4.1 the layer method (4.1) has the accuracy order O(h'/2) only (see also Remark 4.3).
Table 2 presents the errors

erry(t, h) == max |o(t, z;) — v(t, ;)]
J

BT'T'ﬁ(t, h) ‘= max |’l7,(t, xj) - u(t’ x]')|a ﬂ(ta xj) = (ﬁ(t’ xj))l/(q+1)'
J

For times ¢ which are close to the explosion time ¢ = 1 the functions u(¢, z) and v(t, z)
take big values and the absolute errors become fairly large. In Table 3 we present the
relative error

erry(t,h)

o(t,h) == u(t,0)
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TABLE 3. Quasilinear equation with power law nonlinearities. Dependence
of the relative error §(¢,h) in h and ¢ for the algorithm (7.13)-(7.14) under
qg=1.5.

h=10"1 h =107 h=10"7° h=10"*
t=0.9 1.273-10°1 [ 1.747-102 ] 1.865-10 > [ 1.921 - 10 *

t =0.99 — 1.392-10°1[1.789-10"2|1.913- 1073
t=0.999 |— — 1.398 - 101 | 1.801 - 102
t=0.9999 | — — — 1.400 - 101

at times close to the explosion.
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