WEIERSTRASS–INSTITUT FÜR ANGEWANDTE ANALYSIS UND STOCHASTIC

im Forschungsverbund Berlin e.V.

Preprint ISSN 0946-8633

The attractor for a nonlinear reaction-diffusion system in an unbounded domain

Messoud Efendiev^1, Sergey Zelik^2

submited: July 2nd 1999

1 Weierstrass Institute^2 Institute for Problems for Applied Analysis of Information Transmission and Stochastics Russian Academy of Sciences Mohrenstrasse 39 Bolshoi Karetnii 19 D-10117 Berlin Moscow 101447 Germany GSP-4 Russia E-Mail: efendiev@wias-berlin.de E-Mail:zelik@iitp.ru

Preprint No. 505 Berlin 1999

—————————————————–

1991 Mathematics Subject Classification: 35B40, 35B45 Key words and phrases: Reaction-diffusion systems, unbounded domains, global attractor, trajectory attractor, Hausdorff and fractal dimension.

Abstract. In this paper the quasilinear second order parabolic systems of a reactiondiffusion type in an unbounded domain are considered. Our aim in this article is to study the long-time behaviour of parabolic systems for which the nonlinearity depends explicitely on the gradient of the unknown functions. To this end we give a systematic study of given parabolic systems and their attractors in weighted Sobolev spaces. Dependence of the Hausdorff dimension of attractors from weight of the Sobolev spaces are considered.

Contents

Introduction.

Part 1. The existence of solutions, uniqueness, differentiability.

§1 Weight functions and weighted spaces. §2 The linear equation.

§3 The nonlinear equation. A priori estimates. §4 The nonlinear equation. Existence of solutions. §5 The nonlinear equation. Uniqueness of solutions. Differentiability with respect to u_0.

Part 2. The attractors.

§6 Attractors in weighted Sobolev spaces. §7 The unstable sets.

§8 A dimension of the attractor. The case of infinite dimension.

§9 A dimension of the attractor. The case of finite dimension.

Introduction

In this paper the quasilinear second order parabolic equations and systems of a reaction-diffusion type

(0.1) { ∂_tu − Δ_xu + f(u, ∇_xu) − λ_0u = g; x ∈ Ω u | |_{t=0} = u_0 , u | |_{∂Ω} = 0

are considered.

Here Ω ⊂ R^3 is an unbounded domain in R^3 with a sufficiently smooth boundary (see §1), u = (u^1, · · · , u^k) is an unknown vector-valued function, Δ_x is the Laplacian with respect to x = (x_1, x_2, x_3), f and g are given functions and λ_0 is a fixed positive constant.

It is assumed also that the nonlinear term f(u, ∇_xu) satisfies the conditions

(0.2) 1. f ∈ C(R^k × R^{3k} , R^k ) 2. f(u, ∇_xu).u ≥ 0 3. |f(u, ∇_xu)| ≤ C|u|(1 + |∇_xu|^r)(1 + |u|^p), p − is arbitrary, 0 ≤ r < 2 Here and below we denote by u.v the inner product in the space R^k.

It is well known that in many cases the long-time behaviour of dynamical systems generated by evolutionary equations of mathematical physics can be naturally described in terms of attractors of the corresponding semigroups (see [2], [19], [32] and references

Typeset by AMS-TEX 2

therein). In bounded domains the existence of the attractor is established for a large class of equations such as reaction-diffusion equations, nonlinear wave equations, 2D Navier–Stokes system, etc. Under some natural assumptions it is proved that for all equations mentioned above the attractor has a finite Hausdorff and fractal dimension (see [2], [19], [32]).

For unbounded domains Ω the behaviour of solutions for (0.1) becomes much more complicated mainly due to the noncompactness of the embedding W^{1,2}(Ω) ⊂ L^2(Ω). Nevertheless some progress in studying these equations in unbounded domains has been obtained by using appropriate weighted Sobolev spaces. (see [1], [2], [6], [17], [27], [28], [26])

Indeed, for the case where f(u, ∇_xu) ≡ f(u) the problems of the type (0.1) were studied (using the scale W^{s,p}_{⟨α⟩} of weighted Sobolev spaces with power weights ϕ_{⟨α⟩}(x) = (1 + |x|^2)^{α/2}, α ∈ R) in [2]. Under some natural conditions on the nonlinear term f the existence of the attractor A_α for α ∈ R, but for α ≤ 0 only in a weak topology of the space L^2_{⟨α⟩}, was obtained. Moreover, they proved that in the case where α > 0 the attractor A_α has a finite Hausdorff dimension. An example of an infinite dimensional attractor in the case α < −3/2 was also constructed.

The compact attractor in a strong topology of the space L^2_{⟨α⟩} for α < −3/2 was considered in [26].

The case with the explicit dependence of the nonlinear term on ∇_xu (f = f(u, ∇_xu)) under essentially more restrictive conditions on the nonlinear term and α > 0 was considered in [16].

The Kolmogorov’s ε-entropy of the attractor of (0.1) for the case where it has infinite fractal and Hausdorff dimension was studied in [38], [13].

In this paper we give a systematic study of the equations of type (0.1) and their attractors in weighted Sobolev spaces W^{s,p}_ϕ . We restrict ourselves by considering only weight functions ϕ(x) which satisfy the condition (0.3) C_1e^{−ε|x|} ≤ ϕ(x) ≤ C_2e^{ε|x|} where ε is a sufficiently small positive number which depends on the equation, and consequently we consider only solutions of (0.1) whose rate of growth with respect to |x| → ∞ does not exceed the exponent e^{ε|x|}.

In fact, most of our analytic results (such as a priori estimates, existence of solutions, smoothness, uniqueness, etc.) will be obtained first with the scale W^{s,p}_{{ε}} of weighted Sobolev spaces with exponential weights ϕ_{{ε}}(x) = e^{−ε|x|} with a sufficiently small positive ε. After that, using the technique developed in Section 1 we extend straightforwardly these results to the weighted Sobolev spaces W^{s,p}_{⟨α⟩} with power weights, which are traditional in the attractor industry (see [1], [2], [26]). Notice that our approach is applicable to a more general classes of weights, for instance for the anisotropic weights ϕ(x) = (1 + |x_1|^{p1} + |x_2|^{p2} + |x_3|^{p3} )^α, α ∈ R.

It is worthwhile to emphasize that the explicit dependence of the nonlinear term on the gradient (f = f(u, ∇_xu)) leads to the new difficulties especially in the case α < 0. In this case for instance we are faced with the problem of proving the uniqueness of solutions of the problem (0.1) ( see §5 for an explanation). To avoid these problems we use the concept of the trajectory attractor developed in [7-10], [34], [37].

For the convenience of the reader we recall some basic results from the theory of attractors using equation (0.1) as a model example. Indeed, assume first that the problem (0.1) has a unique solution for every u_0 from a certain phase space Φ_{⟨α⟩}. (It 3

is proved in §5 that is true under natural assumptions when g ∈ L^2_{⟨α⟩}(Ω) with α ≥ 0). Then equation (0.1) generates a semigroup in the phase space Φ_{⟨α⟩}

(0.4) S_t : Φ_{⟨α⟩} → Φ_{⟨α⟩}, S_tu(0) = u(t)

The attractor A of the semigroup (0.4) is called the (global) atractor of the equation (0.1). This means that

1. A ⊂ Φ_{⟨α⟩} is a compact subset of Φ_{⟨α⟩}.

2. The set A is strictly invariant with respect to S_t, i.e. S_tA = A. 3. The set A is an attracting set for the semigroup S_t, i.e. for any bounded subset B ⊂ Φ_{⟨α⟩} and any neighbourhood O(A) there is a number T = T (O, B) such that

(0.5) S_tB ⊂ O(A) for every t ≥ T

There exists however a number of important examples of partial differential equations, such as 3D Navier-Stokes system, nonlinear wave equations with a strong nonlinearity, elliptic equations, etc., for which we do not have uniqueness or at least it is not yet proved. At present there are several approaches which can handle these equations from the dynamical point of view.

The first approach is based on the concept of multivalued semigroups and their attractors (see [3], [5]).

The alternative approach which we will use below involves the concept of trajectory attractor. The applications of this concept to evolutionary equations (such as 3D Navier-Stokes system and nonlinear wave equations) in bounded domains and for elliptic boundary value problems in unbounded domains can be found in [7-10] and [18], [31], [34], [37] respectively.

We explain now the main idea of the trajectory attractor approach using our equation as a model example. Indeed let us consider the case when we do not have uniqueness (g ∈ L^2_{⟨α⟩}(Ω) with α < 0). Denote by K^+_{⟨α⟩} the set of all solutions of the problem (0.1) for all initial values u_0 ∈ Φ_{⟨α⟩} such that u(t) ∈ Φ_{⟨α⟩} for every t ≥ 0 (it is proved in Section 5 that this set is not empty for the appropriate ’phase space’ Φ_{⟨α⟩}). Since our equation does not depend explicitly on t then the semigroup {T_h, h ≥ 0} of positive shifts along the t-axis acts on K^+_{⟨α⟩}: (0.6) T_hK^+_{⟨α⟩} ⊂ K^+_{⟨α⟩}, h ≥ 0, (T_hu)(t) ≡ u(t + h) We endow the space K^+_{⟨α⟩} with the appropriate topology (roughly speaking, this topology is induced by the embedding K^+_{⟨α⟩} ⊂ C^{loc}(R_+ , Φ_{⟨α⟩})). By definition the attractor A^{tr} of the semigroup T_h acting in the space K^+_{⟨α⟩} is called the trajectory attractor of the equation (0.1). Note that the choice of the topology of local convergence with respect to t ∈ R_+ in K^+_{⟨α⟩} guarantees the equivalence of the trajectory attractor (A^{tr}) and the global one (A^{gl}) in the case of uniqueness. Indeed, let α ≥ 0 then as proved below the trace operator Π_0 (Π_0u ≡ u(0)) realizes a C^1-diffeomorphism between the spaces K^+_{⟨α⟩} and Φ_{⟨α⟩}. Thus, the semigroup S_t, defined by (0.4) and the semigroup T_t, defined by (0.6) are conjugated by this diffeomorphism

T_t = (Π_0)^{−1}S_tΠ_0, t ≥ 0 4

Notice that although we formulate our main results about the attractors (see Section 5) in power weighted spaces W^{s,p}_{⟨α⟩} (following tradition), it can be easily extended to other weighted spaces as well.

The rest of our paper is devoted to the study of the Hausdorf dimension of the attractor A. This problem is essentially different for the case α ≥ 0 and for the case α < 0. In the case when α ≥ 0, we prove that under natural additional assumptions on the nonlinear term f the attractor A has finite dimension. It is worthwile to emphasize that we obtain finite dimensionality of the attractor in the ordinary (unweighted) Sobolev spaces W^{s,p}(Ω) also. To the best of our knowledge, this result has not been proved before.

Studying the attractor in the case when α < 0, we restrict ourselves to the gradient independent case f(u, ∇_xu) ≡ f(u) and Ω = R^3 . In this case we prove that for every nonlinear term f from our class such that the function f(u)+λ_0u is nonmonotonic there exists the right-hand side g ∈ L^2_{⟨α⟩} such that the dimension of the attractor is infinite. This Theorem is based on our construction of the infinite dimensional unstable manifold associated with the equilibrium point z_0 of the equation (0.1) (see Section 7). Notice that in contrast to the case of bounded domains, in our situation the equilibrium point z_0 is not hyperbolic in general, hence the usual theorems on the unstable manifolds do not work.

Acknowledgements: This work was finished while the second author was enjoying the hospitality of the WIAS Berlin. He wishes to thank H. Gajewski and J. Fuhrmann for useful discussions. Both authors have greatly benefitted from helpful comments both from colleagues mentioned above and B. Fiedler, M. Otani, H. Mantano, M.I. Vishik.

Part 1. The existence of solutions, uniqueness, differentiability.

This part is devoted to study the analytical properties of solutions (such as a priori estimates, existence, uniqueness, etc.) of (0.1) in unbounded domains.

In Section 1 we introduce a wide class of weights and the corresponding weighted Sobolev spaces and formulate a number of auxiliary results which will be essentially used throughout the paper.

The linear equation ( with f(u, ∇_xu) ≡ 0) in weighted Sobolev spaces is considered in Section 2.

The a priori estimates for the solutions of the nonlinear equation (0.1) are obtained in Section 3.

Using these estimates we prove in Section 4 the existence of solutions for (3.1). Section 5 is devoted to study the problems connected with the uniqueness of solutions and its differentiability with respect to the initial value u_0.

§1 Weight functions and weighted spaces.

In this Section we introduce and study the family of weight functions and the corresponding weighted Sobolev spaces which will be used throughout of the paper.

Definition 1.1. A function ϕ ∈ L^∞_{loc}(R^n ) is called a weight function with the rate of growth μ ≥ 0 if the condition (1.1) ϕ(x + y) ≤ C_ϕe^{μ|x|}ϕ(y), ϕ(x) > 0 is satisfied for every x, y ∈ R^n .

Remark 1.1. It is not difficult to deduce from (1.1) that (1.2) ϕ(x + y) ≥ C^{−1}_ϕ e^{−μ|x|}ϕ(y) are also satisfied for every x, y ∈ R^n .

Proposition 1.1. Let ϕ_1 and ϕ_2 be weight functions with the rates of growth μ_1 and μ_2 respectively. Then,

1. αϕ_1 + βϕ_2, max{ϕ_1, ϕ_2}, and min{ϕ_1, ϕ_2} are weight functions with the rate of growth max{μ_1, μ_2} for every α, β > 0.

2. ϕ_1 · ϕ_2 and ϕ_1 · (ϕ_2)^{−1} are weight functions with the rate of growth μ_1 + μ_2. 3. (ϕ_1)^α is weight function with the rate of growth |α|μ_1.

The assertions of this proposition are immediate corollaries of (1.1) and (1.2). The following two examples of weight functions are of fundamental significance for our purposes: 1. ϕ_{⟨α⟩}(x) = (1 + |x|^2)^{α/2} 2. ϕ_{{ε}}(x) = e^{−ε|x|}, α, ε ∈ R (Evidently the second weight has the rate of growth |ε| and the first one satisfies (1.1) for any μ > 0).

Definition 1.2. Let Ω ⊂ R^n be some (unbounded) domain in R^n and let ϕ be a weight function with the rate of growth μ. Define the space

L^p_ϕ(Ω) = { u ∈ D^′(Ω) : ‖u, Ω, ‖_{ϕ(x),0,p} ≡ ∫ Ω ϕ|u(x)|^p dx < ∞ }

Analogously we define the weighted Sobolev space H^{l,p}_ϕ (Ω), l ∈ N as the space of distributions whose derivatives up to the order l inclusively belong to L^p_ϕ(Ω) For the simlicity of notations we will right troughout of the paper W^{s,p}_{⟨α⟩} instead of W^{s,p}_{(1+|x|2)α/2} and W^{s,p}_{{ε}} instead of W^{s,p}_{e−ε|x|} . We define also the Sobolev spaces of functions bounded with respect to |x| → ∞ W^{l,p}_b (Ω) = {u ∈ D^′(Ω) : ‖u, Ω‖_{b,l,p} = sup_{x0∈Rn} ‖u, Ω ∩ B^1_{x0} ‖_{l,p} < ∞} Here and below we denote by B^R_{x0} the ball in R^n of radius R, centred in x_0, and ‖u, V ‖_{l,p} means ‖u‖_W l,p_{(V )}.

Theorem 1.1. Let u ∈ L^p_ϕ(Ω) where ϕ is a weight function with the rate of growth μ. Then for any 1 ≤ q ≤ ∞ the following estimate is valid

(1.3) (∫ Ω ϕ(x_0)^q (∫ Ω e^{−ε|x−x0|}|u(x)|^p dx )_q dx_0 )_{1/q} ≤ C ∫ Ω ϕ(x)|u(x)|^p dx for every ε > μ, where the constant C depends only on ε, μ and C_ϕ from (1.1) (and is independent of Ω) Proof. Let q = 1. Then due to (1.1) ∫ Ω ∫ Ω ϕ(x_0)e^{−ε|x−x0|}|u(x)|^p dx dx_0 ≤ ≤ C_ϕ ∫ Ω^2 e^{μ|x−x0 |}e^{−ε|x−x0 |}ϕ(x)|u(x)|^p dx dx_0 ≤ ≤ C_ϕ (∫ R^n e^{−(ε−μ)|y|} dy ) (∫ Ω ϕ(x)|u(x)|^p dx ) ≤ C_1 ∫ Ω ϕ(x)|u(x)|^p dx 6

Let now q = ∞ then applying (1.1) again we obtain

sup_{x0∈Ω} { ϕ(x_0) ∫ x∈Ω e^{−ε|x−x0|}|u(x)|^p dx } ≤ ≤ C_ϕ ∫ x∈Ω sup_{x0∈Ω} { e^{μ|x−x0 |}e^{−ε|x−x0|} } ϕ(x)|u(x)|^p dx ≤ ≤ C_ϕ ∫ x∈Ω ϕ(x)|u(x)|^p dx

Thus we proved the inequality (1.3) for q = 1 and q = ∞. For 1 < q < ∞ it follows then from the interpolation inequality (see [33]) ‖ · ‖_Lq ≤ ‖ · ‖^θ_L1 ‖ · ‖^{1−θ}_L∞ , θ = 1/q Theorem 1.1 is proved. □ Corollary 1.1. Let ϕ be a weight function with the rate of growth μ <^ε_4 , u ∈ L^p_ϕ(Ω) and R ∈ R_+ . Then

(1.4) (∫ Ω∩{|x_0|>R} ϕ(x_0)^q (∫ Ω e^{−ε|x−x0|}|u(x)|^p dx )_q dx_0 )_{1/q} ≤ ≤ C ∫ Ω∩{|x|>R/2} ϕ(x)|u(x)|^p dx+ + Ke^{−βR} ∫ Ω ϕ(x)|u(x)|^p dx

for some β > 0, C > 0, K > 0 which depends only on ε, μ and C_ϕ from (1.1) (and are independent of R). Proof. Indeed

(1.5) ∫ Ω∩{|x_0|>R} ϕ(x_0)^q (∫ Ω e^{−ε|x−x0 |}|u(x)|^p dx )_q dx_0 ≤

≤ C^q ∫ Ω∩{|x_0|>R/2} ϕ(x_0)^q (∫ Ω∩{|x|>R/2} e^{−ε|x−x0|}|u(x)|^p dx )_q dx_0+

+ C^q ∫ Ω∩{|x_0|>R} ϕ(x_0)^q (∫ Ω∩{|x|<R/2} e^{−ε|x−x0|}|u(x)|^p dx )_q dx_0

The first integral in the right–hand side of (1.5) can be estimated by using (1.3) with Ω ∩ {|x| > R/2} instead of Ω. So it remains to estimate the second one. If |x_0| > R and |x| < R/2 then |x − x_0| ≥ 1/4|x − x_0| + 3/4|x − x_0| ≥ 1/4(|x_0| − R/2) + 3R/8 ≥ 1/4(|x_0| + R) 7

and due to (1.2) ϕ_α(x) ≥ C^{−1}_ϕ e^{−μR/2}ϕ(0). Hence ∫ Ω∩{|x_0|>R} ϕ(x_0)^q (∫ Ω∩{|x|<R/2} e^{−ε|x−x0|}|u(x)|^p dx )_q dx_0 ≤

≤ Ce^{−qεR/4} ∫ Ω∩{|x_0|>R} ϕ^q(x_0)e^{−qε|x0|/4}dx_0 (∫ Ω∩{|x|<R/2} |u(x)|^p dx )_q ≤

≤ C_1e^{−qεR/4}e^{−qμR/2} (∫ R^n e^{−q(ε/4−μ)|x0|} dx_0 ) (∫ Ω∩{|x|<R/2} ϕ(x)|u(x)|^p dx )_q ≤ ≤ C_2e^{−βR} (∫ Ω ϕ(x)|u(x)|^p dx )_q

Corollary 1.1 is proved.

Remark 1.2. The assertion of Corollary 1.1 can be extended to the case μ < ε (instead of 4μ < ε) by replacing R/2 in the estimate (1.4) by R/N for a sufficiently large N = N(μ/ε). Corollary 1.2. Let the assumption of the previous Corollary hold. Then the following analogues of estimates (1.3) and (1.4) are valid;

(1.6) sup_{x0∈Ω} { ϕ(x_0) sup_{x∈Ω}{e^{−ε|x−x0 |}|u(x)|^p} } ≤ C sup_{x∈Ω}{ϕ(x)|u(x)|^p} and (1.7) sup x_0∈Ω∩{|x_0|>R} { ϕ(x_0) sup_{x∈Ω}{e^{−ε|x−x0|}|u(x)|^p} } ≤ ≤ C sup_{x∈Ω∩{|x|>R/2}}{ϕ(x)|u(x)|^p}+ Ce^{−βR} sup_{x∈Ω}{ϕ(x)|u(x)|^p} The proof of this Corollary is the same as the proof of Theorem 1.1 for q = ∞ and Corollary 1.1.

For a more detailed study of the weighted Sobolev spaces defined above we need some regularity assumptions on the domain Ω ⊂ R^n which are assumed to be valid throughout the paper.

We suppose that there exists a positive number R_0 > 0 such that for every point x ∈ Ω there exists a smooth domain V_x ⊂ Ω such that (1.8) B^{R0}_{x0} ∩ Ω ⊂ V_x ⊂ B^{R0+1}_{x0} ∩ Ω where we denote by B^R_{x0} the ball of radius R, centred in x_0.

Moreover it is assumed also that there exists a diffeomorphism θ_x : B^1_0 → V_x such that (1.9) ‖θ_x‖_CN + ‖θ^{−1}_x ‖_CN ≤ K uniformly with respect to x ∈ Ω for sufficiently large N. (For simplicity we suppose below that (1.8) and (1.9) hold for R_0 = 2.) Notice that in the case when Ω is bounded the conditions (1.8) and (1.9) are equivalent to the condition: the boundary ∂Ω is a smooth manifold, but for unbounded domains the smoothness of the boundary is not sufficient to obtain the regular structure of Ω when |x| → ∞ since some conditions on uniformity with respect to x ∈ Ω smoothness are required. It is most convenient for us to formulate these conditions in the form (1.8) and (1.9). 8

Theorem 1.2. Let the domain Ω satisfy the conditions (1.8) and (1.9), the weight function – the condition (1.1) and let R be some positive number. Then the following estimates are valid

(1.10) C_2 ∫ Ω ϕ(x)|u(x)|^p dx ≤ ∫ Ω ϕ(x_0) ∫ Ω∩B^R_{x0} |u(x)|^p dx dx_0 ≤ ≤ C_1 ∫ Ω ϕ(x)|u(x)|^p dx Proof. Let us change the order of integration in (1.10);

(1.11) ∫ Ω ϕ(x_0) ∫ Ω∩B^R_{x0} |u(x)|^p dx dx_0 = = ∫ Ω |u(x)|^p (∫ Ω χ_{Ω∩B}R_x (x_0)ϕ(x_0) dx_0 ) dx Here χ_{Ω∩B}R_x is the characteristic function of the set Ω ∩ B^R_x .

It follows from the inequalities (1.1) and (1.2) that

(1.12) C_1ϕ(x) ≤ inf_{x0∈B}R_x ϕ(x_0) ≤ sup_{x0 ∈B}R_x ϕ(x_0) ≤ C_2ϕ(x)

and the assumptions (1.8) and (1.9) imply that

(1.13) 0 < C_1 ≤ μ(x ∈ Ω ∩ B^R_{x0} ) ≤ C_2

uniformly with respect to x_0 ∈ Ω.

Estimate (1.10) is an immediate corollary of the estimates (1.11)–(1.13). Theorem 1.2 is proved. □ Corollary 1.3. Let (1.8) and (1.9) be valid. Then an equivalent norm in the weighted Sobolev space H^{l,p}_ϕ (Ω) is given by the following expression: (1.14) ‖u, Ω‖_{ϕ,l,p} = (∫ Ω ϕ(x_0)‖u, Ω ∩ B^R_{x0} ‖^p_{l,p} dx_0 )_{1/p}

Here and below ‖u, V ‖_{l,p} means ‖u‖_W l,p_{(V )}. In particular we obtain also that the norms (1.14) are equivalent for different R ∈ R_+ .

To study the equation (0.1) we need also the weighted Sobolev spaces with fractional derivatives s ∈ R_+ (not only s ∈ Z). For the first we recall (see [33] for details) that if V is a bounded domain the norm in the space W^{s,p}(V ), s = [s] + l, 0 < l < 1, [s] ∈ Z_+ can be given by the following expression (1.15) ‖u, V ‖^p_{s,p} = ‖u, V ‖^p_{[s],p} + ∑ |α|=[s] ∫ x∈V ∫ y∈V |D^αu(x) − D^αu(y)|^p |x − y|^{n+lp} dx dy It is not difficult to prove, arguing as in Theorem 1.2 and using this representation, that for any bounded domain V with a sufficiently smooth boundary (1.16) ‖u, V ‖^p_{s,p} ≤ C_1 ∫ x_0∈V ‖u, V ∩ B^R_{x0} ‖^p_{s,p} dx_0 ≤ C_2‖u, V ‖^p_{s,p} This justifies the following definition. 9

Definition 1.3. Let us define the space W^{s,p}_ϕ for any s ∈ R_+ by the norm (1.14).

It is not difficult to check that these norms are equivalent for different R > 0. In the sequel we will use the W^{s,p}_ϕ -valued functions, so we will formulate a simple continuity criteria for such functions. To this end we formulate below the continuity criteria for such functions.

Theorem 1.3. Let u : [0, T ] → W^{s,p}_ϕ (Ω) – be some W^{s,p}_ϕ –valued function, 1 ≤ p < ∞. Then u ∈ C([0, T ], W^{s,p}_ϕ ) if and only if

(1.17) u | Ω∩B^R_0 ∈ C([0, T ], W s,p(Ω ∩ B^R_0 ))

and uniformly with respect to t ∈ [0, T ] (1.18) lim_{R→∞} ‖u(t), Ω ∩ {|x| > R}‖_{ϕ,s,p} = 0 Proof. Indeed let (1.17) and (1.18) be valid. Then ‖u(t_1) − u(t_2), Ω‖_{ϕ,s,p} ≤ C‖u(t_1) − u(t_2), Ω ∩ {|x| < R}‖_{s,p}+ + C sup_{t∈[0,T ]} ‖u(t), Ω ∩ {|x| > R}‖_{ϕ,s,p} The second term in the right–hand of this inequality can be choosen arbitrary small by taking R large enough (due to condition (1.18)) and for the fixed R the first one can be choosen arbitrary small by taking |t_1 − t_2| small enough (due to the condition (1.17)). Thus, u ∈ C([0, T ], W^{s,p}_ϕ (Ω)).

Let us suppose now that u ∈ C([0, T ], W^{s,p}_ϕ (Ω)). Then (1.17) is evidently holds. It remains only to verify (1.18). Indeed since u is continious then the set {u(t), t ∈ [0, T ]} is compact in W^{s,p}_ϕ . The estimate (1.18) is an immediate corollary of this compactness. Theorem 1.3 is proved.

Remark 1.3. Note that if p = ∞ then Theorem 1.3 gives only a sufficient condition for the continuity which evidently not necessary.

Note also, that as a rule we will check the condition (1.18) by using the estimate (1.4).

We consider now the other class of weighted functional spaces which we significantly use to obtain adequate a priori estimates of solutions of the equation (0.1). Note that they are of independent interest.

Definition 1.4. Let Ω ⊂ R^n satisfy the conditions (1.8) and (1.9) and let ϕ be the weight function with the rate of growth μ. For every 1 ≤ p < ∞, and R > 0 we define the following spaces L^{(p,∞)} ϕ (Ω) = { u ∈ D^′(Ω) : ‖u, Ω‖^p_{ϕ,(p,∞)} = ∫ x∈Ω ϕ(x)‖u, Ω ∩ B^R_x ‖^p_{0,∞}dx < ∞ }

For the simplicity of notation we will write below L^{(p,∞)}_{⟨α⟩} and L^{(p,∞)}_{{ε}} instead of L^{(p,∞)} (1+|x|^2)^{α/2} and L (p,∞) e^{−ε|x|} correspondingly

It can be shown that in fact these spaces are independent of the choice of R > 0. 10

Proposition 1.2. Let the conditions of the previous definition be valid. Then L^{(p,∞)} ϕ (Ω) ⊂ L^∞_{ϕ/p}(Ω), i.e. (1.19) sup_{x∈Ω}{ϕ(x)|u(x)|^p} ≤ C ∫ x∈Ω ϕ(x)‖u, Ω ∩ B^R_x ‖^p_{0,∞}dx

Proof. Let us estimate the left-hand side of (1.19) using the estimates (1.12) and the inequality sup z_1, ·, z_k, · · · ≤ ∑_∞ l=1 z_l for nonnegative z_l; sup_{x∈Ω}{ϕ(x)|u(x)|^p} = sup_{l∈Zn}{ sup_{x∈BR} l ∩Ω ϕ(x)|u(x)|^p} ≤ C ∑ l∈Z^n ϕ(l)‖u, Ω ∩ B^R_l ‖^p_{0,∞} ≤ C_1 ∑ l∈Z^n ϕ(l) ∫ x∈B^1_l ‖u, Ω ∩ B^{R+1}_x ‖^p_{0,∞}dx ≤ ≤ C_2 ∫ x∈Ω ϕ(x)‖u, Ω ∩ B^{R+2}_x ‖^p_{0,∞}dx ≤ C_3 ∫ x∈Ω ϕ(x)‖u, Ω ∩ B^R_x ‖^p_{0,∞}dx Here we assumed, evidently, that R > n^{1/2}. Proposition 1.2 is proved.

Let us note that the weight function (1.20) ϕ_{x0 ,ε} = e^{−ε|x−x0|} satisfy the conditions (1.1) uniformly with respect to x_0 ∈ R^n . Consequently all estimates obtained above for the arbitrary weights will be valid for the family (1.20) with the constants, independent of x_0 ∈ R^n as well. Since these estimates are of fundamental significance for us we write it explicitly by a number of corollaries formulated below. Corollary 1.4. Let Ω be the same as in Proposition 1.2. Then for any ε ≥ 0 the following estimate is valid uniformly with respect x_0 ∈ R^n (1.21) sup_{x∈Ω}{e^{−ε|x−x0|}|u(x)|^p} ≤ C ∫ x∈Ω e^{−ε|x−x0|}‖u, Ω ∩ B^R_x ‖^p_{0,∞}dx

Corollary 1.5. Let u ∈ L^p_{{δ}}(Ω) for 0 < δ < ε, ε > 0. Then the following estimate holds uniformly with respect to y ∈ R^n

(1.22) (∫ Ω e^{−qδ|x0−y|} (∫ Ω e^{−ε|x−x0 |}|u(x)|^p dx )_q dx_0 )_{1/q} ≤ ≤ C_{ε,q} ∫ Ω e^{−δ|x−y|}|u(x)|^p dx Moreover if u ∈ L^∞_{{δ}}(Ω), δ < ε then

(1.23) sup_{x0∈Ω} { e^{−δ|x0−y|} sup_{x∈Ω}{e^{−ε|x−x0|}|u(x)|} } ≤ C_{ε,δ} sup_{x∈Ω}{e^{−δ|x−y|}|u(x)|} and if 4δ < ε the appropriate analogues of the estimates (1.4), and (1.7) are also valid uniformly with respect to y ∈ R^n .

Corollary 1.6. Let u ∈ L^p_b (Ω) and ε > 0. Then

(1.24) sup_{x0∈Ω} {∫ x∈Ω e^{−ε|x−x0 |}|u(x)|^p dx } ≤ C‖u, Ω‖^p_{b,l,p} Indeed,

sup_{x0∈Ω} {∫ x∈Ω e^{−ε|x−x0|}|u(x)|^p dx } ≤ C sup_{x0∈Ω} {∫ x∈Ω e^{−ε|x−x0|}‖u, Ω ∩ B^1_x|^p_{0,p} dx } ≤ ≤ C sup_{x∈Ω} { ‖u, Ω ∩ B^1_x‖^p_{0,p} } sup_{x0∈Ω} {∫ x∈R^n e^{−ε|x−x0|} dx } ≤ C_1‖u, Ω‖^p_{b,0,p} §2 The linear equation This Section is devoted to the study of the linear problem of the type (0.1)

(2.1) { ∂_tu − Δ_xu + λ_0u = g(t) u | |_{t=0} = u_0 ; u | |_{∂Ω} = 0

in an unbounded domain Ω which is assumed to satisfy the conditions (1.8) and (1.9) formulated in the previous Section. To this end we will use weighted Sobolev spaces introduced in Section 1.

Theorem 2.1. Let g ∈ L^2([0, T ], L^2_{{ε1}}(Ω)) for some ε_1 ≥ 0 and let u_0 ∈ L^2_{{ε1}}(Ω). Then there exists the unique solution of the problem such that (2.2) u ∈ L_2([0, T ], W^{1,2}_{{ε1}}(Ω)) ∩ W^{1,2}([0, T ], W^{−1,2}_{{ε1}} (Ω))

and for any ε > ε_1, the following estimate is valid uniformly with respect to x_0 ∈ R^3 :

(2.3) ‖u(T ), Ω ∩ B^1_{x0} ‖^2_{0,2} + ∫_T T −1 ‖u(t), Ω ∩ B^1_{x0} ‖^2_{1,2} + ‖∂_tu(t), Ω ∩ B^1_{x0} ‖^2_{−1,2} dt ≤ ≤ C(|v_0|^2, e^{−ε|x−x0|})e^{−(λ0−ε2)T} + ∫_T 0 e^{(λ0−ε2)(t−T )}(|g(t)|^2, e^{−ε|x−x0|}) dt Here and below ∫_T T −1 means ∫_T 0 if T < 1.

Proof. We restrict ourselves to obtain only the a priori estimate (2.3) for the solutions of the problem (2.1). The existence of solutions can be obtained from this estimate in a standard way.

Let us multiply the equation (2.1) by u(t)e^{−ε|x−x0|} and integrate over x ∈ Ω ∂_t(|u(t)|^2, e^{−ε|x−x0|}) + 2λ_0(|u(t)|^2, e^{−ε|x−x0|}) + 2(|∇_xu(t)|^2, e^{−ε|x−x0|}) = = 2(g, ue^{−ε|x−x0|}) − 2(∇_xu, u∇_xe^{−ε|x−x0|}) Applying Holder’s inequality to the right–hand side of the last formula and using the obvious estimate |∇_xe^{−ε|x−x0|}| ≤ εe^{−ε|x−x0|} we obtain (2.4) ∂_t(|u(t)|^2, e^{−ε|x−x0|}) + (λ_0 − ε^2)(|u(t)|^2, e^{−ε|x−x0|})+ + (|∇_xu(t)|^2, e^{−ε|x−x0|}) ≤ C(|g|^2, e^{−ε|x−x0|}) 12

Applying Gronwall’s inequality to the estimate (2.4) we obtain the estimate (2.5) (|u(T )|^2, e^{−ε|x−x0|}) + ∫_T T −1 (|∇_xu(t)|^2, e^{−ε|x−x0|}) dt ≤ ≤ (|u(0)|^2, e^{−ε|x−x0|})e^{−(λ0−ε2)T} + C ∫_T 0 e^{(λ0−ε2)(t−T )}(|g(t)|^2, e^{−ε|x−x0|}) dt Taking into account that e^{−ε|x−x0|} ≥ C if x ∈ B^1_{x0} uniformly with respect to x_0 ∈ R^3 we obtain from (2.5)

(2.6) ‖u(T ), Ω ∩ B^1_{x0} ‖^2_{0,2} + ∫_T T −1 ‖∇_xu(t), Ω ∩ B^1_{x0} ‖^2_{1,2} dt ≤ ≤ C(|u(0)|^2, e^{−ε|x−x0|})e^{−(λ0−ε2)T} + C ∫_T 0 e^{(λ0−ε2)(t−T )}(|g(t)|^2, e^{−ε|x−x0|}) dt The estimate of ∂_tu follows now from (2.6) and from the equation (2.1).The estimate (2.3) is proved. It remains to prove (2.2). Let us take in (2.3) ε > ε_1, multiply it by e^{−ε1|x0|} and integrate over x_0 ∈ Ω. Then after using the estimates (1.3) and (1.10) we obtain that ‖u(T ), Ω‖^2_{{ε1},0,2} + ∫_T T −1 ‖u(t), Ω‖^2_{{ε1},1,2} + ‖∂_tu(t), Ω‖^2_{{ε1},−1,2} dt ≤ ≤ ‖u(0), Ω‖^2_{{ε1},0,2}e^{−(2λ0 −ε2)T} + ∫_T 0 e^{(2λ0 −ε2)(t−T )}‖g(t), Ω‖^2_{{ε1},0,2} dt Theorem 2.1 is proved. □ Theorem 2.2. Let u be a solution of (2.1) satisfying (2.2). Let ε > ε_1 ≥ 0 be the same as in previous theorem, and let u_0 ∈ W^{1,2}_{{ε1}}(Ω) and g be the same as in the previous Theorem. Then (2.7) u ∈ L^2([0, T ], W^{2,2}_{{ε1}}(Ω)) ∩ W^{1,2}([0, T ], L^2_{{ε1}}(Ω)) and the following estimate is valid uniformly with respect to x_0 ∈ R^3 ;

(2.8) ‖u(T ), Ω ∩ B^1_{x0} ‖^2_{1,2} + ∫_T T −1 ‖u(t), Ω ∩ B^1_{x0} ‖^2_{,2} + ‖∂_tu(t), Ω ∩ B^1_{x0} ‖^2_{0,2} dt ≤ ≤ C ( ‖∇_xu(0), Ω ∩ B^3_{x0} ‖^2 + (|u_0|^2, e^{−ε|x−x0|}) ) e^{−γT} + + C ∫_T 0 e^{γ(t−T )}(|g(t)|^2, e^{−ε|x−x0|}) dt for some positive γ = γ(ε) > 0.

Proof. Recall firstly that we assume that the domain Ω satisfies the conditions (1.8) and (1.9) and the constant R_0 = 2.

Let us consider the cut–off function ψ_{x0} (x) ∈ C^∞_0 (R^3 ) such that ψ_{x0} = 1 if x ∈ B^1_{x0} and ψ_{x0} = 0 if x /∈ B^2_{x0} and let v_{x0} = ψ_{x0} v. It follows from the equation (2.1) and from the condition (1.8) that v_{x0} is the solution of the following equation

(2.9) { ∂_tv_{x0} − Δ_xv_{x0} + λ_0v_{x0} = ψ_{x0} g − 2∇_xψ_{x0} ∇_xv_{x0} − Δ_xψ_{x0} v_{x0} ≡ h_{x0} (t) v_{x0} | ∂V_{x0} = 0 ; v | t=0 = ψ_{x0} u(0) 13

where the domains V_{x0} were defined in (1.8) and (1.9).

Multiplying the equality (2.9) by Δ_xv_{x0} and integrating over x ∈ V_{x0} we obtain after simple computation involving integration by parts and Gronwall’s inequality that the following estimate holds uniformly with respect to x_0 ∈ Ω:

(2.10) ‖v_{x0} (T ), V_{x0} ‖^2_{1,2} + ∫_T T −1 ‖Δ_xv_{x0} (t), V_{x0} ‖^2_{0,2} + ‖∂_tv_{x0} (t), V_{x0} ‖^2_{0,2} dt ≤

≤ C_1‖v_{x0} (0), V_{x0} ‖^2_{1,2}e^{−λ0 T} + C_1 ∫_T 0 e^{λ0(t−T )}‖h_{x0} , V_{x0} ‖^2_{0,2} dt ≤ ≤ C_2‖u(0), Ω ∩ B^3_{x0} ‖^2_{1,2}e^{−λ0 T} + C_2 ∫_T 0 e^{λ0(t−T )}‖h_{x0} , Ω ∩ B^3_{x0} ‖^2_{0,2} dt

Taking into the account the assumptions (1.8) and (1.9) for the domains V_{x0} we obtain from the elliptic regularity theorem (see [33]) that ‖u(t), Ω ∩ B^1_{x0} ‖_{2,2} ≤ C‖v_{x0} , V_{x0} ‖_{2,2} ≤ C_1‖Δ_xv_{x0} , V_{x0} ‖_{0,2} Estimating (2.11) ‖h_{x0} (t), Ω ∩ B^3_{x0} ‖^2_{0,2} ≤ C(‖g, Ω ∩ B^3_{x0} ‖^2_{0,2} + ‖u(t), Ω ∩ B^3_{x0} ‖^2_{1,2}) and using the estimate (2.3) we obtain now the estimate (2.8). The assertion (2.7) can be deduced from (2.8) in the same way as (2.2) from (2.3). Theorem 2.2 is proved. □ Corollary 2.1. Let u – be a solution of the problem (2.1) satisfying (2.2). Let us suppose also that g ∈ L^2([0, T ], L^2_ϕ(Ω)) and u_0 ∈ W^{1,2}_ϕ (Ω) for a some weight ϕ satisfying (1.1) with a sufficiently small rate of growth μ (μ < ε) and ε was introduced in Theorem 2.2). Then (2.12) u ∈ W^{1,2}([0, T ], L^2_ϕ(Ω)) ∩ L^2([0, T ], W^{2,2}_ϕ (Ω)) ∩ C([0, T ], W^{1,2}_ϕ (Ω)) and the following estimate is valid

(2.13) ‖u(T ), Ω‖^2_{ϕ,1,2} + ∫_T T −1 ‖u(t), Ω‖^2_{ϕ,2,2} + ‖∂_tu(t), Ω‖^2_{ϕ,0,2} dt ≤ ≤ C‖u(0), Ω‖^2_{ϕ,1,2}e^{−γT} + C ∫_T 0 e^{γ(t−T )}‖g(t), Ω‖^2_{ϕ,0,2} dt for some positive γ.

Proof. Indeed let us multiply the estimate (2.8) by ϕ(x_0) and integrate over Ω. Then using the estimates (1.3) and (1.10) we obtain (2.13). Thus, we have proved that u ∈ L^∞([0, T ], W^{1,2}_ϕ (Ω)) and it remains to prove continuity. To this end we use Theorem 1.3. Multiplying (2.8) by ϕ(x_0) and integrating over Ω ∩ {|x_0| > R} we obtain using (1.4) that ‖u(t), Ω ∩ {|x| > R}‖^2_{ϕ,1,2} → 0 when R → ∞ uniformly with respect to t ∈ [0, T ]. So we should prove only that u | |_{Ω∩{|x|<R}} ∈ C([0, T ], W 1,2(Ω ∩ {|x| < R})). But it follows from a well known interpolation theorem for unweighted Sobolev spaces (see [25]) that C([0, T ], W^{1,2}) ⊂ L^2([0, T ], W^{2,2}) ∩ W^{1,2}([0, T ], L^2) Corollary 2.1 is proved. □

Theorem 2.3. Let u be a solution of the problem (2.1) which satisfies (2.2), ε > ε_1 ≥ 0 such as in Theorem 2.2, u_0 ∈ W^{2−δ,2}_{{ε1}} (Ω) and g ∈ C([0, T ], L^2_{{ε1}}(Ω)) for some 0 < δ ≤ 1. Then (2.14) u ∈ C([0, T ], W^{2−δ,2}_{{ε1}} (Ω)) ∩ C^{1−δ/2}([0, T ], L^2_{{ε1}}(Ω))

and the following estimate is valid uniformly with respect to x_0 ∈ R^3 : (2.15) ‖u(T ), Ω ∩ B^1_{x0} ‖^2_{−δ,2} + ‖u‖^2_{C1−δ/2([T −1,T ],L2(Ω∩B1x0 ))} ≤ ≤ C ( ‖u(0), Ω ∩ B^3_{x0} ‖^2_{−δ,2} + (|u(0)|^2, e^{−ε|x−x0|}) ) e^{−γT} + + ∫_T 0 e^{γ(t−T )}|t − T |^{−1+δ/2}(|g(t)|^2, e^{−ε|x−x0|}) dt for some positive constant γ

The proof of this Theorem is based on the following result for the auxiliary problem (2.9) Lemma 2.1. Let v_{x0} be the solution of the problem (2.9) and let v_{x0} (0) ∈ W^{2−δ,2} ∩ W^{1,2}_0 (V_{x0} ) and h_{x0} ∈ C([0, T ], L^2(V_{x0} ). Then (2.16) v_{x0} ∈ C([0, T ], W^{2−δ,2}(V_{x0} )) ∩ C^{1−δ/2}([0, T ], L^2(V_{x0} )) and the following estimate is valid uniformly with respect to x_0 ∈ Ω (2.17) ‖v_{x0} (T ), V_{x0} ‖^2_{−δ,2} + ‖u‖^2_{C1−δ/2([T −1,T ],L2(Vx0 ))} ≤

≤ C‖v_{x0} (0), V_{x0} ‖^2_{−δ,2}e^{−λ0 T} + C_1 ∫_T 0 e^{λ0 (t−T )}|t − T |^{−1+δ/2}‖h_{x0} , V_{x0} ‖^2_{0,2} dt

Proof. Let A = A_{x0} = −Δ_x + λ_0. Then from the variation of constants formula we obtain that

(2.18) v_{x0} (T ) = e^{−AT} v_{x0} + ∫_T 0 e^{A(t−T )}h_{x0} (t)

Let us derive the estimate of W^{2−δ,2} norm. The Holder continuity for v_{x0} can be obtained analogously.

It is well known that the operator A generates a holomorphic semigroup in L^2(V_{x0} ). Then, for β ≥ 0, s > 0 the following estimates are valid, (see [33], [11], [20]) (2.19) ‖e^{−As}‖_W 2−δ,2_{→W} 2−δ,2 ≤ Ce^{−λ0 s} ; ‖A^βe^{−As}‖_L2_{→L}2 ≤ C_1s^{−β}e^{−λ0 s} and due to the regularity conditions (1.9), the constants C and C_1 do not depend on x_0 ∈ Ω. 15

Thus, ‖e^{−AT} v_{x0} (0), V_{x0} ‖_{2−δ,2} ≤ Ce^{−λ0 T} ‖v_{x0} (0), V_{x0} ‖_{2−δ,2} and using Holder’s inequality we obtain after simple transformations ‖ ‖ ∫_T 0 e^{A(t−T )}h_{x0} (t) dt ‖ ‖_{W 2−δ,2} ≤ ∫_T 0 ‖A^{1−δ/2}e^{A(t−T )}‖_L2_{→L}2 ‖h_{x0} (t), V_{x0} ‖_{0,2} dt ≤

C ∫_T 0 e^{λ0(t−T )}|t − T |^{−1+δ/2}‖h_{x0} , V_{x0} ‖_{0,2} dt ≤ C (∫_T 0 e^{λ0(t−T )}|t − T |^{−1+δ/2} dt )_{1/2}

× (∫_T 0 e^{λ0 (t−T )}|t − T |^{−1+δ/2}‖h_{x0} , V_{x0} ‖^2_{0,2} dt )_{1/2} ≤

≤ C_1 (∫_T 0 e^{λ0 (t−T )}|t − T |^{−1+δ/2}‖h_{x0} , V_{x0} ‖^2_{0,2} dt )_{1/2}

Lemma 2.1 is proved.

The proof of Theorem 2.3. It follows from Lemma 2.1 that (2.20) ‖u‖^2_{C1−δ/2([T −1,T ],L2(Ω∩B1x0 ))} + ‖u(T ), Ω ∩ B^1‖^2_{−δ,2} ≤ ≤ C ( ‖v_{x0} , V_{x0} ‖^2_{−δ,2} + ‖v_{x0} ‖^2_{C1−δ/2([T −1,T ],L2(Vx0 ))} ) ≤ ≤ C_1 ( ‖v_{x0} (0), V_{x0} ‖^2_{−δ,2}e^{−λ0 T} + ∫_T 0 e^{λ0 (t−T )}|t − T |^{−1+δ/2}‖h_{x0} (t), V_{x0} ‖^2_{0,2}} )

We used here the notations of Theorem 2.2.

Estimating the last integral in (2.20) by the estimates (2.11) and (2.8) we obtain the inequality (2.15) after some evident calculations. Hence it remains to obtain only that u ∈ C([0, T ], W^{2−δ,2}_{{ε}} (Ω)). This continuity can be proved using the ’tail estimates’ (1.4) and Theorem 1.3 as in Theorem 2.2 and Corollary 2.1. Theorem 2.3 is proved. □ Corollary 2.2. Let u – be a solution of the problem (2.1) satisfying (2.2). Let us suppose also that g ∈ C([0, T ], L^2_ϕ(Ω)) and u_0 ∈ W^{2−δ,2}_ϕ (Ω), 0 ≤ δ < 1 and ϕ is the same as in Corollary 2.1. Then

(2.21) u ∈ C([0, T ], W^{2−δ,2}_ϕ (Ω)) ∩ C^{1−δ/2}([0, T ], L^2_ϕ(Ω))

and the following estimate is valid (2.22) ‖u(T ), Ω‖^2_{ϕ,2−δ,2} + ‖u‖^2_{C1−δ/2([T −1,T ],L}2_{ϕ(Ω))} ≤ C‖u(0), Ω‖^2_{ϕ,2−δ,2}e^{−γT} + + C sup_{t∈[0,T ]}{e^{γ(t−T )}‖g(t), Ω‖^2_{ϕ,0,2}} The proof of this Corollary is the same as Corollary 2.1, only instead of the estimate (2.8) we should use the estimate (2.15).

Corollary 2.3. Let the condition of the previous Theorem be valid, δ < 1/2 and u_0 = 0. Assume also that dim Ω = n ≤ 3. Then (2.23) |u(t, x_0)|^2 ≤ sup_{t∈[0,T ]}{e^{γ(t−T )}(|g(t)|^2, e^{−ε|x−x0|})} 16

for some positive γ

Indeed, the estimate (2.23) follows immediately from (2.15), Sobolev’s embedding theorem W^{2−δ,2} ⊂ C for δ < 1/2 and the following simple inequality

(2.24) ∫_T 0 e^{γ(t−T )}|t − T |^{−1+δ/2}(|g(t)|^2, e^{−ε|x−x0|}) dt ≤ ≤ C sup_{t∈[0,T ]}{e^{γ(t−T )/2}(|g(t)|^2, e^{−ε|x−x0|})} Theorem 2.4. Let the conditions of Theorem 2.3 be valid, δ < 1/2 and dim Ω = n ≤ 3. Then (2.25) |u(T, x_0)|^2 ≤ sup_{x∈Ω} { e^{−ε|x−x0 |}|u(0, x)|^2 } e^{−γT} + + sup_{t∈[0,T ]}{e^{γ(t−T )}(|g(t)|^2, e^{−ε|x−x0|})} for some γ > 0 Proof. Due to Corollary 2.3 it is sufficient to prove (2.25) only for g ≡ 0.

Let us consider the function ψ(x) ∈ C^∞(R^3 ) such that

(2.26) { |∇_xψ(x)| ≤ Cεψ(x) ; |Δ_xψ(x)| ≤ Cε^2ψ(x) ψ(x) > 0 ; ψ(x) = e^{−ε|x|} for |x| ≥ 1 It is not difficult to prove that such a function exists.

Let us consider also the function w_{x0} (t, x) = ψ(x − x_0)u(t, x). It follows from (2.1) that this function satisfies the equation (2.27) ∂_tw_{x0} − Δ_xw_{x0} + λ_0w_{x0} − K_1(x)w_{x0} − K_2(x)∇_xw_{x0} = 0 and due to the condition (2.26) sup_{x∈R}3 |K_i(x)| ≤ Cε, i = 1, 2. Hence for sufficiently small ε > 0 the maximum principle is valid for the equation (2.27) (see, [23]). Thus (2.28) |w_{x0} (t, x)| ≤ sup_{x∈Ω} |w_{x0} (0, x)|e^{−γt} for some γ > 0. Taking x = x_0 in (2.28) we obtain (2.25) for g = 0. Theorem 2.4 is proved. □

We finish this Section with a version of the comparison principle for parabolic equations in weighted Sobolev spaces.

Theorem 2.5. Let a function u satisfy (2.7) for a certain ε_1 > 0, u(0) = 0 and let the following inequality be valid almost everywhere in [0, T ] × Ω: (2.29) ∂_tu − Δ_xu + λ_0u ≥ 0 Then almost everywhere in [0, T ] × Ω u(t, x) ≥ 0. Proof. Let us consider the functions u_+(t, x) = max{0, u(t, x)}, u_−(t, x) = u_+(t, x) − u(t, x). By using the technique of [3] it is not difficult to prove that (2.30) u_−, u_+ ∈ W^{1,2}([0, T ], L^2_{{ε}}(Ω)) ∩ L^2([0, T ], W^{1,2}_{{ε}}(Ω)) for ε ≥ ε_1 and the following equalities are valid almost everywhere (2.31) (∂_tu_+(t), u_−(t))_{{ε}} = (∂_tu_−(t), u_+(t))_{{ε}} = (∇_xu_+(t), ∇_xu_−(t))_{{ε}} = 0 Let us multiply (2.29) by u_− and integrate over Ω. Then due to (2.31) we obtain (2.32) −1/2∂_t‖u_−(t), Ω‖^2_{{ε},0,2} − λ_0‖u_−(t), Ω‖^2_{{ε},0,2} − ε^2‖u_−(t), Ω‖^2_{{ε},0,2} ≥ 0 Applying Gronwall’s inequality to the estimate (2.32) and taking into account that u_−(0) = 0 we obtain that ‖u_−(t), Ω‖_{{ε},0,2} = 0 almost everywhere, i.e. u ≥ 0 almost everywhere. Theorem 2.5 is proved.

§3 The nonlinear equation. A priori estimates. In this Section we consider the parabolic boundary problem:

(3.1) { ∂_tu − Δ_xu + f(u, ∇_xu) + λ_0u = g(x) u | |_{t=0} = u_0; u | |_{∂Ω} = 0

in the unbounded domain Ω which is assumed to be 3-dimensional (Ω ⊂ R^3 ) and to satisfy the conditions (1.8) and (1.9) formulated in Section 1.

Recall that u = (u^1, · · · , u^k), λ_0 > 0 – is some positive number, f = (f^1, · · · , f^k), g = (g^1, · · · , g^k) and the nonlinear term f satisfies the following conditions

(3.2) 1. f(u, ∇_xu).u ≥ 0 2. |f(u, ∇_xu)| ≤ C|u|(1 + |∇_xu|^r)(1 + |u|^p), p > 0 – is arbitrary 3. f ∈ C(R^k × R^{3k} ; R^k ) and r < 2

We suppose in this Section that the right-hand side g = g(x) is from the space ∩_{ε>0}L^2_{{ε}}(Ω) and that the initial date u_0 is from the space ∩_{ε>0}H^{2−δ,2}_{{ε}} (Ω) (where the exponent 0 < δ = δ(r) < 1/2 will be defined below).

A solution of the equation (3.1) is defined to be a function u from the space ∩_{ε>0}C([0, T ], W^{2−δ,2}_{{ε}} (Ω)) which satisfies the equation (3.1) in a distribution sense.

The main aim of this Section is to prove a number of a priori estimates for the solutions of (3.1) which will be used below in order to prove the existence of solutions, their uniqueness, etc.

Note that all results formulated below remain valid for g ∈ L^2_{{ε}}(Ω), u_0 ∈ W^{2−δ,2}_{{ε}} (Ω) and u ∈ C([0, T ], W^{2−δ,2}_{{ε}} (Ω)) with a sufficiently small positive ε which depends on the equation (3.1).

Theorem 3.1. Let u be the solution of (3.1). Then the following estimate is valid uniformly with respect to x_0 ∈ Ω

(3.3) ‖u(T ), Ω ∩ B^1_{x0} ‖^2_{0,2} + ∫_T T −1 ‖u(t), Ω ∩ B^1_{x0} ‖^2_{1,2} + ‖∂_tu(t), Ω ∩ B^1_{x0} ‖^2_{−1,2} dt ≤ ≤ C(|u_0|^2, e^{−ε|x−x0|})e^{−γT} + C(|g|^2, e^{−ε|x−x0|}) for some positive γ > 0 and sufficiently small ε > 0.

The proof of this Theorem is the same as the proof of Theorem 2.1 (the nonlinear term disappears in the estimates due to the first condition of (3.2)). Theorem 3.2. Let u be the solution of (3.2). Then the following estimate is valid uniformly with respect to x_0 ∈ Ω (3.4) |u(T, x_0)|^2 ≤ C sup_{x∈Ω}{e^{−ε|x−x0|}|u(0, x)|^2}e^{−γT} + C(|g|^2, e^{−ε|x−x0|}) for some positive γ > 0 and sufficiently small ε > 0.

Proof. Let us consider the function w(t, x) = u(t, x).u(t, x). Then due to the equation (3.1) (3.5) ∂_tw − Δ_xw + 2λ_0w = −2∇_xu.∇_xu − 2f(u, ∇_xu).u + 2g.u ≤ 2g.u ≡ h_u(t) 18

We consider also the auxiliary linear problem (3.6) { ∂_tv − Δ_xv + 2λ_0v = h_u(t) v | |_{t=0} = w | |_{t=0} = u_0.u_0 Due to the comparison principle (Theorem 2.5), (3.7) w(t, x) ≤ v(t, x), (t, x) ∈ [0, T ] × Ω Applying Theorem 2.4 to the linear equation (3.6) and using (1.23) we obtain (3.8) sup_{x∈Ω}{e^{−2ε|x−x0|}|w(T, x)|^2} ≤ sup_{x∈Ω}{e^{−2ε|x−x0|}|v(T, x)|^2} ≤ ≤ C sup_{x∈Ω}{e^{−2ε|x−x0|}|u_0(x)|^4}e^{−2γT} + + C sup_{t∈[0,T ]}{e^{2γ(t−T )}(|h_u(t)|^2, e^{−2ε|x−x0|})} Denote Z_{x0} (T ) = sup_{x∈Ω}{e^{−2ε|x−x0|}|w(T, x)|^2} and estimate the last term in the right– hand side of (3.8) (3.9) (|h_u(t)|^2, e^{−2ε|x−x0|}) ≤ C(|u(t)|^2|g|^2, e^{−2ε|x−x0|}) ≤ ≤ C sup_{x0∈Ω}{e^{−ε|x−x0 |}|w(t, x)|}(|g|^2, e^{−ε|x−x0|}) ≤ μZ_{x0} (t) + C_μ(|g|^2, e^{−ε|x−x0|})^2 and the estimate (3.9) is valid for every μ > 0.

It follows from the inequalities (3.8) and (3.9) that (3.10) Z_{x0} (T ) ≤ C sup_{x∈Ω}{e^{−2ε|x−x0|}|u_0(x)|^4}e^{−2γT} + C_μ(|g|^2, e^{−ε|x−x0|})^2+ + μ sup_{t∈[0,T ]}{e^{2γ(t−T )}Z_{x0} (t)} To complete the proof of Theorem 3.2 we need the following Lemma Lemma 3.1. Let the function Z_{x0} (t) be a solution of the following inequality (3.11) Z_{x0} (T ) ≤ C_1e^{−βT} + C_2 + μ sup_{t∈[0,T ]}{e^{β(t−T )}Z_{x0} (t)}

and let μ ≤ 1/2 and β > 0. Then (3.12) Z_{x0} (T ) ≤ 2C_1e^{−βT} + 2C_2 Proof. Multiplying the inequality (3.11) by e^{βT} and taking the supremum sup_{T ∈[0,s]} of the both sides of the inequality we get after simple calculations sup_{T ∈[0,s]}{e^{βT} Z_{x0} (T )} ≤ C_1 + C_2e^{βs} + μ sup_{T ∈[0,s]}{e^{βT} Z_{x0} (T )} Taking into account that μ < 1/2 we get sup_{t∈[0,T ]}{e^{βt}Z_{x0} (t)} ≤ 2C_1 + 2C_2e^{βT} Replacing the last term in (3.11) by this estimate we obtain (3.12). The end of the proof of Theorem 3.2. Applying the result of Lemma 3.1 to the estimate (3.10) we will get for sufficiently small μ > 0 Z_{x0} (T ) ≤ C sup_{x∈Ω}{e^{−2ε|x−x0|}|u_0(x)|^4}e^{−2γT} + C_μ(|g|^2, e^{−ε|x−x0|})^2 Taking the square root of the both sides of the last inequality and taking x = x_0 in the left side of it we obtain the inequality (3.4). Theorem 3.2 is proved. □

Corollary 3.1. Under the assumptions of the previous Theorem the following estimate is valid uniformly with respect to x_0 ∈ Ω (3.13) |u(T, x_0)|^2 ≤ Ce^{−γT} ∫ x∈Ω e^{−ε|x−x0|}‖u(0), Ω ∩ B^1_x‖^2_{0,∞} dx + C(|g|^2, e^{−ε|x−x0|}) Indeed the estimate (3.13) is an immediate corollary of (3.4) and (1.21).

Theorem 3.3. Let u be the solution of the problem (3.1) and let 0 < δ < 2 − r. Then the following estimate is valid uniformly with respect to x_0 ∈ Ω (3.14) ‖u(T ), Ω ∩ B^1_{x0} ‖^2_{−δ,2} ≤ Ce^{−γT} (∫ x∈Ω e^{−ε|x−x0|}‖u_0, Ω ∩ B^1_x‖^2_{−δ,2} dx + + ∫ x∈Ω e^{−ε|x−x0|}‖u_0, Ω ∩ B^1_x‖^2_{0,∞} dx + {∫ x∈Ω e^{−ε|x−x0|}‖u_0, Ω ∩ B^1_x‖^2_{0,∞} dx }_K ) +

+ C ∫ x∈Ω |g(x)|^2e^{−ε|x−x0|} dx + C (∫ x∈Ω |g(x)|^2e^{−ε|x−x0 |} )_K

Where K = K(r, p, δ) =^{2(p+2)}_{2−r−δ} and γ > 0, ε > 0 are sufficiently small. Proof. Let us multiply the equation (3.1) by ψ_{x0} (x), the same as in the proof of Theorem 2.2 and denote v_{x0} = ψ_{x0} u (3.15) ∂_tv_{x0} − Δ_xv_{x0} + av_{x0} = −ψ_{x0} f(u, ∇_xu) − 2∇_xψ_{x0} ∇_xu − Δ_xψ_{x0} u + g ≡ h_{x0} (t) Then due to the estimate (2.17) (3.16) ‖u(T ), Ω ∩ B^1_{x0} ‖^2_{−δ,2} ≤ C‖v_{x0} , V_{x0} ‖^2_{−δ,2} ≤

≤ C_1(‖v_{x0} (0), V_{x0} ‖^2_{−δ,2}e^{−γT} + C_2 ∫_T 0 e^{γ(t−T )}|t − T |^{−1+δ/2}‖h_{x0} (t), V_{x0} ‖^2_{0,2} dt Let us estimate the right–hand side of (3.16). It follows from the definition of h_{x0} that (3.17) ‖h_{x0} , V_{x0} ‖^2_{0,2} ≤ C‖f(u, ∇_xu), V_{x0} ‖^2_{0,2} + C‖u, V_{x0} ‖^2_{1,2} + ‖g, V_{x0} ‖^2_{0,2} Due to the second condition of (3.2) (3.18) ‖f(u, ∇_xu), V_{x0} ‖^2_{0,2} ≤ C ( ‖u, V_{x0} ‖^2_{0,∞} + ‖u, V_{x0} ‖^{2(p+1)}_{0,∞} ) ( ‖u, V_{x0} ‖^{2r}_{1,2r} + 1 )

Using the interpolation inequality (see [33]) we obtain that (3.19) ‖u, V_{x0} ‖_{1,2r} ≤ C‖u, V_{x0} ‖^{1−θ}_{0,∞}‖u, V_{x0} ‖^θ_{2−δ,2} where θ =^1_{2−δ} ∈ (0, 1). It follows from the condition δ < 2 − r that 2rθ < 2. Hence (3.20) ‖f(u, ∇_xu), V_{x0} ‖^2_{0,2} ≤ ≤ C_μ‖u, V_{x0} ‖^2_{0,∞} + C_μ ( ‖u, V_{x0} ‖^{2(p+1)}_{0,∞} ‖u, V_{x0} ‖^{2r(1−θ)}_{0,∞} ) 1_{1−rθ} + μ‖u, V_{x0} ‖^2_{−δ,2} ≤ ≤ C_μ ( ‖u, V_{x0} ‖^2_{0,∞} + ‖u, V_{x0} ‖^{2K}_{0,∞} ) + μ‖u, V_{x0} ‖^2_{−δ,2} 20

Here μ > 0 is an arbitrary positive number. Indeed 2(p + 1 + r(1 − θ) 1 − rθ = 2r(p + 1 + r(1 − θ)) 2 − r − δ < 2K Using the estimates (3.17)–(3.20) we obtain from (3.16) that

(3.21) ‖u(T ), Ω ∩ B^1_{x0} ‖^2_{−δ,2} ≤ C_1‖v_{x0} (0), V_{x0} ‖^2_{−δ,2}e^{−γT} + + C_μ ∫_T 0 e^{γ(t−T )}|t − T |^{−1+δ/2} ( ‖u, V_{x0} ‖^2_{0,∞} + ‖u, V_{x0} ‖^{2K}_{0,∞} ) dt+ + μ ∫_T 0 e^{γ(t−T )}|t − T |^{−1+δ/2}‖u(t), V_{x0} ‖^2_{−δ,2} dt Applying the estimate (3.13) to the right-hand side of the inequality (3.21) and using the evident inequality ∫_T 0 e^{γ(t−T )}|t − T |^{−1+δ/2}e^{−γ1t} dt ≤ Ce^{−γ1 T} , γ_1 < γ we will have ‖u(T ), Ω ∩ B^1_{x0} ‖^2_{−δ,2} ≤ C_μe^{−γ1 T} ( ‖u(0), V_{x0} ‖^2_{−δ,2}+ ∫ x∈Ω e^{−ε1|x−x0|}‖u(0), Ω ∩ B^1_x‖^2_{0,∞} dx + {∫ x∈Ω e^{−ε1|x−x0|}‖u(0), Ω ∩ B^1_x‖^2_{0,∞} dx }_K )

+ C_μ (∫ x∈Ω e^{−ε1|x−x0|}|g(x)|^2dx + {∫ x∈Ω e^{−ε1|x−x0|}|g(x)|^2dx }_K ) +

+ μ ∫_T 0 e^{γ(t−T )}|t − T |^{−1+δ/2}‖u(t), V_{x0} ‖^2_{−δ,2} dt for γ_1 < γ and ε_1 small enough. Multiplying this estimate by e^{−Kε|x0−y|} with Kε < ε_1, integrating over x_0 ∈ Ω and using the inequalities (1.22) we obtain after simple calculations that

(3.22) ∫ x∈Ω e^{−Kε|y−x|}‖u(T ), Ω ∩ B^1_x‖^2_{−δ,2} dx ≤ ≤ C_μe^{−γ1T} (∫ Ω e^{−Kε|x−y|}‖u(0), V_x‖^2_{−δ,2} dx+ ∫ x∈Ω e^{−ε|x−y|}‖u(0), Ω ∩ B^1_x‖^2_{0,∞} dx + {∫ x∈Ω e^{−ε|x−y|}‖u(0), Ω ∩ B^1_x‖^2_{0,∞} dx }_K )

+ C_μ (∫ x∈Ω e^{−ε|x−y|}|g(x)|^2dx + {∫ x∈Ω e^{−ε|x−y|}|g(x)|^2dx }_K ) +

+ μ ∫_T 0 e^{γ(t−T )}|t − T |^{−1+δ/2} ∫ x∈Ω e^{−Kε|x−y|}‖u(t), V_x‖^2_{−δ,2} dx dt 21

Let us estimate the last integral into the right–hand side of inequality (3.22). It follows from the inequality (1.16) that uniformly with respect to x ∈ Ω, (3.23) ‖u, V_x‖^2_{−δ,2} ≤ C ∫ z∈V_x ‖u, Ω ∩ B^1_z ‖^2_{−δ,2} dz Multiplying the estimate (3.23) by e^{−Kε|y−x|} and integrating over x ∈ Ω we obtain due to Theorem 1.2 (with u(z) := ‖u, Ω ∩ B^1_z ‖_{2−δ,2}, p = 2 and ϕ = e^{−Kε|x−y|}), that (3.24) ∫ x∈Ω e^{−Kε|y−x|}‖u, V_x‖^2_{−δ,2} dx ≤ C ∫ x∈Ω e^{−Kε|y−x|}‖u, Ω ∩ B^1_x‖^2_{−δ,2} dx Replacing the last integral in the right–hand side of (3.22) by the estimates (3.24) and (2.24) and using Lemma 3.1 with Z_y(T ) = ∫ x∈Ω e^{−Kε|y−x|}‖u(T ), Ω ∩ B^1_x‖^2_{−δ,2} dx we obtain that for sufficiently small μ > 0, ε > 0 and γ > 0 (3.25) ∫ Ω e^{−Kε|y−x|}‖u(T ), Ω ∩ B^1_x‖^2_{−δ,2} dx ≤ ≤ C_1e^{−γT} (∫ Ω e^{−Kε|x−y|}‖u(0), V_x‖^2_{−δ,2} dx+ ∫ x∈Ω e^{−ε|x−y|}‖u(0), Ω ∩ B^1_x‖^2_{0,∞} dx + {∫ x∈Ω e^{−ε|x−y|}‖u(0), Ω ∩ B^1_x‖^2_{0,∞} dx }_K )

+ C_2 (∫ x∈Ω e^{−ε|x−y|}|g(x)|^2dx + {∫ x∈Ω e^{−ε|x−y|}|g(x)|^2dx }_K )

uniformly with respect to y ∈ Ω.

It is not difficult to prove using (3.23) that (3.26) ‖u(T ), Ω ∩ B^1_y ‖^2_{−δ,2} ≤ C ∫ Ω e^{−Kε|y−x|}‖u(T ), Ω ∩ B^1_x‖^2_{−δ,2} dx uniformly with respect to y ∈ Ω. The estimate (3.14) follows from the estimates (3.25) and (3.26). Theorem 3.3 is proved. □ Corollary 3.2. Let u be the solution of (3.1) and let the assumptions of previous Theorem be valid. Then (3.27) ‖f(u(T ), ∇_xu(T )), Ω ∩ B^1_{x0} ‖^2_{0,2} ≤ ≤ Ce^{−γT} (∫ x∈Ω e^{−ε|x−x0 |}‖u_0, Ω ∩ B^1_x‖^2_{−δ,2} dx+ ∫ x∈Ω e^{−ε|x−x0 |}‖u(0), Ω ∩ B^1_x‖^2_{0,∞} dx + {∫ x∈Ω e^{−ε|x−x0 |}‖u(0), Ω ∩ B^1_x‖^2_{0,∞} dx }_K )

+ C_2 (∫ x∈Ω e^{−ε|x−x0 |}|g(x)|^2dx + {∫ x∈Ω e^{−ε|x−x0|}|g(x)|^2dx }_K )

Indeed (3.27) follows from the estimates (3.20), (3.14) and (3.13). 22

Corollary 3.3. Let u be the solution of (3.1) and let the assumptions of previous Theorem be valid. Then u ∈ C^{1−δ/2}(R, L^2_{{ε}} (Ω)) and (3.28) ‖u‖^2_{C1−δ/2([T,T +1],L2(Ω∩B1x0 ))} ≤ ≤ Ce^{−γT} (∫ x∈Ω e^{ε|x−x0 |}‖u_0, Ω ∩ B^1_x‖^2_{−δ,2} dx+ ∫ x∈Ω e^{−ε|x−x0 |}‖u(0), Ω ∩ B^1_x‖^2_{0,∞} dx + {∫ x∈Ω e^{−ε|x−x0 |}‖u(0), Ω ∩ B^1_x‖^2_{0,∞} dx }_K )

+ C_2 (∫ x∈Ω e^{−ε|x−x0 |}|g(x)|^2dx + {∫ x∈Ω e^{−ε|x−x0|}|g(x)|^2dx }_K )

Indeed, let us rewrite the equation (3.1) in the form (3.29) ∂_tu − Δ_xu + λ_0u = −f(u, ∇_xu) + g The equation (3.29) has the view (2.1) with the right–hand side f(u, ∇_xu) + g Thus, applying Theorem 2.3 (the assertion(2.14) and the estimate (2.15)) to the equation (3.29) and taking into account the estimate (3.27) we easily obtain all of the assertions of Corollary 3.3. □ Corollary 3.4. Let u be a solution of (3.1) and suppose that the assumptions of Theorem 3.3 hold. Then for every fixed 0 < δ_1 < δ, ε > 0 and arbitrary T ≥ 1

(3.30) u ∈ C([T, T + 1], W^{2−δ1,2}_{{ε}} (Ω)) ∩ C^{1−δ1/2}([T, T + 1], L^2_{{ε}}(Ω))

and the following estimate is valid (3.31) ‖u‖^2_{C([T,T +1],W} 2−δ_1,2_{(Ω∩B1x0 ))} + ‖u‖^2_{C1−δ1/2([T,T +1],L2(Ω∩B1x0 ))} ≤ ≤ C_1e^{−γT} (∫ x∈Ω e^{ε|x−x0|}‖u_0, Ω ∩ B^1_x‖^2_{−δ,2} dx+ ∫ x∈Ω e^{−ε|x−x0 |}‖u(0), Ω ∩ B^1_x‖^2_{0,∞} dx + {∫ x∈Ω e^{−ε|x−x0 |}‖u(0), Ω ∩ B^1_x‖^2_{0,∞} dx }_K )

+ C_2 (∫ x∈Ω e^{−ε|x−x0 |}|g(x)|^2dx + {∫ x∈Ω e^{−ε|x−x0|}|g(x)|^2dx }_K )

where the constants C_1 = C_1(δ_1) and C_2(δ_1) are independent of x_0 and T ≥ 1.

Indeed, introduce the function w(t) = (t − T + 1)u(t). Then

(3.32) { ∂_tw − Δ_xw + λ_0w = (t − T + 1)g − (t − T + 1)f(u, ∇_xu) + u ≡ h(t) w | |_{t=T −1} = 0; w | |_{∂Ω} = 0

Note, that the equation (3.32) has the form of (2.1) and due to (3.14) and (3.27) the right-hand side h ∈ C([T − 1, T + 1], L^2_{{ε}}(Ω)). Applying Theorem 2.3 (with δ = δ_1) and using the estimates (3.14) and (3.27) we obtain the estimate (3.31) and the assertion (3.30). □ 23

§4 The nonlinear equation. Existence of solutions.

In this Section we prove the existence of solutions for the problem (3.1). To this end we prove first the existence of solutions for the problem (3.1) in a smooth bounded domain Ω and after that by approximating the initial unbounded domain by bounded ones, we extend this result to every domain which satisfies (1.8) and (1.9). Theorem 4.1. Let Ω be a smooth bounded domain in R^3 and let u_0 ∈ W^{2−δ,2}(Ω) ∩ {u_0 | |_{∂Ω} = 0}, δ < min{1/2, 2 − r}, where r was defined by (0.2). Then for any T > 0 there exists at least one solution (4.1) u ∈ W ≡ C^{1−δ/2}([0, T ], L^2(Ω)) ∩ C([0, T ], W^{2−δ,2}(Ω) ∩ W^{1,2}_0 (Ω)) of the problem (3.1) Proof. Let P be the inverse operator of the parabolic operator (4.2) Lu = ∂_tu − Δ_xu + λ_0u ; u | |_{t=0} = 0; u | |_{∂Ω} = 0

Then, due to Lemma 2.1, (4.2) P = L^{−1} : C([0, T ], L^2(Ω)) → W for every δ > 0

Let us introduce the function w(t) = e^{t(Δx −λ0)}u_0 as the solution of linear homogeneous parabolic problem. Then Lemma 2.1 implies that w ∈ W and sup t∈[0,T ] ‖w(t), Ω‖_{2−δ,2} + ‖w‖_C1−δ/2_{([0,T ],L}2_{(Ω))} ≤ C‖u_0, Ω‖_{2−δ,2}

We rewrite the equation (3.1) with respect to a new variable v(t) = u(t)−w(t) and apply the operator P to both sides of the obtained equation. After these transformations we get the following equation in the space W (4.3) v + F (v) = h , v ∈ W Here h = P g ∈ W and the nonlinear operator F is given by the following expression (4.4) F (v) = −P f(v + w, ∇_xv + ∇_xw) : W → W. We are going to apply the Leray–Schauder fixed–point principle (see [29], [36]) to the equation (4.3). First we check that the operator F is compact. Indeed, let ξ_k ∈ W be some bounded sequence in W . Then due to the compactness of embedding (4.5) W ⊂⊂ C([0, T ], W^{2−δ−α,2}(Ω)) for every α > 0 and due to the Sobolev embedding theorem W^{μ,2} ⊂ C if μ > 3/2 and W^{2−δ−α,2} ⊂ W^{1,2r} for sufficiently small α > 0 (here r the same as in the condition (3.2)), we can suppose without loss of generality that the sequence (ξ_k, ∇_xξ_k) → (ξ, ∇_xξ) in the space C([0, T ], C(Ω) × L^{2r}(Ω)). But due to the conditions (3.2) the Nemitskij operator f(u, v) : C([0, T ], C(Ω) × L^{2r}(Ω)) → C([0, T ], L^2(Ω)) 24

is continuous (see [22]). Hence the sequence f(ξ_k + w, ∇_xξ_k + ∇_xw) → f(ξ + w, ∇_xξ + ∇_xw) in the space C([0, T ], L^2(Ω)). Thus F (ξ_k) → F (ξ) in W and consequently F is compact.

Due to the Leray–Schauder principle it is sufficient to prove now that for a sufficiently large ball B in the space W

(4.6) v + sF (v) ≠ h for s ∈ [0, 1], v ∈ ∂B.

Let us prove (4.6). Indeed let us suppose that (4.6) is not valid for some s = s_0 ∈ [0, 1]. Then denoting u = v + w we obtain that

(4.7) { ∂_tu − Δ_xu + λ_0u + s_0f(u, ∇_xu) = g u | |_{t=0} = u_0 , u | |_{∂Ω} = 0

The equation (4.7) has the form of (3.1). Then due to Theorem 3.3 and Corollary 3.3, ‖u‖_W ≤ C(u_0) uniformly with respect to s_0 ∈ [0, 1]. Hence for a sufficiently large ball in W the inequality (4.6) is valid.

Thus due to the Leray–Schauder fixed–point principle, the equation (4.3) has at least one solution v ∈ W . Theorem 4.1 is proved. □

Theorem 4.2. Let Ω satisfy the conditions (1.8)– (1.9) and the nonlinear term f(u, ∇_xu) – conditions (3.2). Let us suppose also that u_0 ∈ ∩_{ε>0} ∈ W^{2−δ,2}_{{ε}} (Ω) for some δ < min{1/2, 2 − r} and g ∈ ∩_{ε>0}L^2_{{ε}}(Ω). Then the problem (3.1) has at least one solution

(4.8) u ∈ ∩_{ε>0} { C([0, T ], W^{2−δ,2}_{{ε}} (Ω)) ∩ C^{1−δ/2}([0, T ], L^2_{{ε}}(Ω)) }

Proof. Let Ω_N , N = 1, 2, · · · be a sequence of smooth bounded domains which satisfies the conditions (1.8) and (1.9) uniformly with respect to N ∈ N and such that

(4.9) { Ω_N ⊂ Ω_{N+1} ⊂ Ω ; Ω = ∪^∞_{N=1}Ω_N Ω ∩ B^N_0 ⊂ Ω_N ⊂ Ω ∩ B^{N+1}_0

It is not difficult to check that such a sequence exists.

Let us introduce the sequence of cut–off functions ψ_N (x) ∈ C^∞_0 (R^3 ) such that

ψ_N (x) = 1 if x ∈ B^{N−1}_0 and ψ_N (x) = 0 if x /∈ B^N_0 and ‖ψ_N ‖_C2 ≤ C

Let u_N be a solution of the following problem

(4.10)

{ ∂_tu_N − Δ_xu_N + λ_0u_N + f(u_N , ∇_xu_N ) = g u_N | |_{∂ΩN} = 0 ; u_N | |_{t=0} = ψ_N u_0

Since the conditions (1.8) and (1.9) holds for Ω_N uniformly with respect to N ∈ N then (due to Theorem 3.3 and Corollary 3.3) the estimates (3.14) and (3.28) with u replaced by u_N are also valid uniformly with respect to N ∈ N. Thus, for every M ∈ N the sequence u_N | |_{Ω∩BM0} , N ≥ M is bounded in the space

(4.11) C^{1−δ/2}([0, T ], L^2(Ω ∩ B^M_0 )) ∩ C([0, T ], W^{2−δ,2}(Ω ∩ B^M_0 )) 25

Let us extract from the sequence u_N a subsequence (which we denote by u_N also for simplicity) converging ∗-weakly to u in L^∞([0, T ], W^{2−δ,2}(Ω ∩ B^M_0 )) for every M ∈ N (it is possible to do using the Cantor diagonal procedure). Hence due to the embedding (4.5) we obtain as in the previous Theorem that

(4.12) { u_N → u strongly in C([0, T ] × Ω ∩ B^M_0 ) ∩ C([0, T ], W^{1,2}(Ω ∩ B^M_0 ) f(u_N , ∇_xu_N ) → f(u, ∇_xu) strongly in C([0, T ], L^2(Ω ∩ B^M_0 ))

The assertions (4.12) imply immediately that the function u satisfies the equation (3.1). So it remains to prove that (4.8) holds. To this end we prove that u_N → u strongly in the space (4.11). Indeed

(4.13) ∂_t(ψ_M u_N ) − Δ_x(ψ_M u_N ) = h_M (u_N ) ≡ −ψ_M f(u_N , Δ_xu_N )−

− 2∇_xψ_M ∇_xu_N − Δ_xψ_M u_N − λ_0ψ_M u_N + ψ_M g, ψ_M u_N | ∂Ω_M = 0

It follows from (4.12) that h_M (u_N ) → h_M (u) in C([0, T ], L^2(Ω_M )) consequently due to the regularity theorem, applied to the linear problem (4.13), u_N → u strongly in the space (4.11).

Passing to the limit N → ∞ in the estimates (3.14) and (3.28) (with u replaced by u_N ) we obtain that the limit function u also satisfies these estimates. Moreover we obtain also that u belongs to the space (4.11) for every M > 0. Let us fix a sufficiently small μ > 0, multiply the estimates (3.14) and (3.28) by e^{−μ|x0 |} and integrate over x_0 ∈ Ω. Then using our assumptions on u_0 and g and the estimate (1.3) we obtain as in the proof of Corollaries 2.1 and 2.2 that

u ∈ L^∞([0, T ], W^{2−δ,2}_{{μ}} (Ω)) ∩ C^{1−δ/2}([0, T ], L^2_{{μ}}(Ω))

The continuity of u (u ∈ C([0, T ], W^{2−δ,2}_{{μ}} )) can be proved using the ’tail estimates’ (1.4) and Theorem 1.3. Thus, (4.8) holds and consequently u is a solution of the problem (3.1). Theorem 4.2 is proved. □

§5 The nonlinear equation. Uniqueness of solutions. Differentiability with respect to u_0.

In this Section we study the uniqueness problem for equation (0.1). We require the nonlinear term to satisfy (3.2) and the assumptions

(5.1)

1. f ∈ C^1(R^k × R^{3k} ; R^k ) 2. |f^′_u(u, ∇_xu)| ≤ C(1 + |u|^p)(1 + |∇_xu|^r), where r < 2 3. |f^′_{∇xu}(u, ∇_xu)| ≤ C(1 + |u|^{p+1})(1 + |∇_xu|^{r−1}) Note that under these assumptions we can prove the uniqueness only in the case where the right-hand side g and the initial value u_0 are bounded with respect to |x| → ∞ (see Remark 5.1).

Theorem 5.1. Let the nonlinear term satisfy the assumptions (3.2) and (5.15) and let the initial data u_0 ∈ W^{2−δ,2}_b (Ω) for some δ < min{^1_r −^1_2 ,^1_2 } (see Definition 1.2). 26

Suppose also that the right–hand side g ∈ L^2_b (Ω). Then the problem (3.1) has a unique solution in the class ∩_{{ε>0}}C(R_+ , W^{2−δ,2}_{{ε}} (Ω)).

Proof. Let u_1, u_2 be two solutions of (3.1). Then applying sup_{x0∈Ω} to both sides of (3.14) and using the boundedness of the initial condition u_0 and the right–hand side g and the estimate (1.24) we obtain that (5.2) ‖u_i(T ), Ω‖^2_{b,2−δ,2} ≤ C(‖u_0, Ω‖^2_{b,2−δ,2} + ‖u_0, Ω‖^{2K}_{b,2−δ,2})e^{−αT} + + C(‖g, Ω‖^2_{b,0,2} + ‖g, Ω‖^{2K}_{b,0,2}) for i=1,2. Thus, under our assumptions, all solutions are also bounded with respect to |x| → ∞. Let v(t) = u_2(t) − u_1(t). Then

(5.3) { ∂_tv − Δ_xv + λ_0v = −^L_1(t, x)v − ^L_2(t, x)∇_xv v | |_{t=0} = u_2(0) − u_1(0) Here

(5.4) { ^L_1(t, x) = ∫^1_0 f ′_u(u_1 + θv, ∇_xu_1 + θ∇_xv) dθ ^L_2(t, x) = ∫^1_0 f ′_{∇xu}(u_1 + θv, ∇_xu_1 + θ∇_xv) dθ It follows from the condition (5.1) that

(5.5) { |^L_1(t)| ≤ C(1 + |u(t)|^p + |∇_xu(t)|^r + |u(t)|^p|∇_xu(t)|^r) |^L_2(t)| ≤ C(1 + |u(t)|^{p+1} + |∇_xu(t)|^{r−1} + |u(t)|^{p+1}|∇_xu(t)|^{r−1}) We denote here by |u(t)|^p = |u_1(t)|^p + |u_2(t)|^p, |∇_xu_1(t)|^r = |∇_xu_1(t)|^r + |∇_xu_2(t)|^r.

After multiplying the equation (5.3) by v in the space L^2_{{ε}}(Ω)^k for sufficiently small ε > 0 we obtain after simple transformations (5.6) ∂_t‖v(t)‖^2_{{ε},0,2} + ‖v(t)‖^2_{{ε},1,2} + λ_0‖v(t)‖^2_{{ε},0,2}+ + ⟨ ^L_1v, v ⟩ {ε} + ⟨ ^L_2∇_xv, v ⟩ {ε} ≤ 0 Let’s estimate the two nonlinear terms in (5.6) separately.

It follows from the estimate (5.2) and Sobolev’s embedding theorem that |u_i(t, x)| ≤ C for all t ∈ [0, T ], x ∈ Ω. Hence (5.7) I_1(t) ≡ | ⟨L_1 v, v⟩_{{ε}} | ≤ C(⟨v, v⟩_{{ε}} + ⟨|u|^pv, v⟩_{{ε}} + + ⟨|∇_xu|^rv, v⟩_{{ε}} + ⟨|u|^p|∇_xu|^rv, v⟩_{{ε}}) ≤ ≤ C_1(‖v(t), Ω‖^2_{{ε},0,2} + ⟨|∇_xu|^rv, v⟩_{{ε}}) Let us estimate the last integral at the right–hand side of (5.7). To this end we use a trick based on (1.10), Holder inequality and embedding Theorem W^{1,2} ⊂ L^6. Indeed, (5.8) ⟨|∇_xu|^rv, v⟩_{{ε}} ≤ C ∫ Ω e^{−ε|x0|}‖v · v · |∇_xu|^r, V_{x0} ‖_{0,1} dx_0 ≤ ≤ C_1‖u, Ω‖^r_{b,1,3r} ∫ Ω e^{−ε|x0|}‖v, V_{x0} ‖_{0,2}‖v, V_{x0} ‖_{0,6} dx_0 ≤ ≤ C_μ‖u, Ω‖^r_{b,1,3r} ∫ Ω e^{−ε|x0|}‖v, V_{x0} ‖^2_{0,2} dx_0+ + μ‖u, Ω‖^r_{b,1,3r} ∫ Ω e^{−ε|x0 |}‖v, V_{x0} ‖^2_{1,2} dx_0 ≤ ≤ C_μ‖u, Ω‖^r_{b,1,3r}‖v(t), Ω‖^2_{{ε},0,2} + μ‖u, Ω‖^r_{b,1,3r}‖v(t), Ω‖^2_{{ε},1,2} 27

Taking into account the condition δ <^1_r −^1_2 and using the Sobolev embedding theorem and inequality (5.2) we obtain that (5.9) ‖u(t), Ω‖_{b,1,3r} ≤ C max{‖u_i(t), Ω‖_{b,2−δ,2}, i = 1, 2} ≤ C_1 for t ∈ R_+ Hence (5.10) I_1(t) ≤ C_μ‖v(t), Ω‖^2_{{ε},0,2} + μ‖v(t)‖^2_{{ε},1,2} Analogously (5.11) I_2(t) ≡ ⟨ ^L_2∇_xv, v ⟩ {ε} ≤ C(⟨v, ∇_xv⟩_{{ε}} + ⟨ |u|^{p+1}∇_xv, v ⟩ {ε} + + ⟨ |∇_xu|^{r−1}∇_xv, v ⟩ {ε} + ⟨ |u|^{p+1}|∇_xu|^{r−1}∇_xv, v ⟩ {ε}) ≤ ≤ C_μ‖v, Ω‖^2_{{ε},0,2} + μ‖v, Ω‖^2_{{ε},1,2} + C ⟨ |∇_xu(t)|^{r−1}∇_xv, v ⟩ {ε} Arguing as in (5.8) and using the interpolation inequality (see [33]) (5.12) ‖v, V_{x0} ‖_{0,3} ≤ C‖v, V_{x0} ‖_{1/2,2} ≤ C‖v, Ω‖^{1/2}_{0,2} ‖v, Ω‖^{1/2}_{1,2} we obtain using that 6(r − 1) < 3r (5.13) ⟨ |∇_xu|^{r−1}v, ∇_xv ⟩ {ε} ≤ C ∫ Ω e^{−ε|x0|}‖ |v| · |∇_xv| · |∇_xu|^{r−1}, V_{x0} ‖_{0,1} dx_0 ≤ ≤ C_1‖u, Ω‖^{r−1}_{b,1,6(r−1)} ∫ Ω e^{−ε|x0|}‖v, V_{x0} ‖_{1,2}‖v, V_{x0} ‖_{0,3} dx_0 ≤ ≤ C_1‖u, Ω‖^{r−1}_{b,1,3r} ∫ Ω e^{−ε|x0|}‖v, V_{x0} ‖^{3/2}_{1,2} ‖v, V_{x0} ‖^{1/2}_{0,2} dx_0 ≤ ≤ C_μ ∫ Ω e^{−ε|x0|}‖v, V_{x0} ‖^2_{0,2} dx_0 + μ ∫ Ω e^{−ε|x0|}‖v, V_{x0} ‖^2_{1,2} dx_0 ≤ ≤ C_μ‖v(t), Ω‖^2_{{ε},0,2} + μ‖v(t), Ω‖^2_{{ε},1,2} Hence (5.14) I_2(t) ≤ C_μ‖v(t), Ω‖^2_{{ε},0,2} + μ‖v(t), Ω‖^2_{{ε},1,2} Replace the integrals I_1 and I_2 in (5.6) by their estimates (5.10) and (5.14). (5.15) ∂_t‖v(t), Ω‖^2_{{ε},0,2} + β‖v(t), Ω‖^2_{{ε},1,2} ≤ C‖v(t), Ω‖^2_{{ε},0,2} Applying the Gronwall inequality to (5.15) we obtain that v(t) ≡ 0. Theorem 5.1 is proved. □ Corollary 5.1. Let the conditions of Theorem 5.1 be valid and let u_1(0), u_2(0) ∈ W^{2−δ,2} b (Ω). Then the following estimate is valid uniformly with respect to x_0 ∈ Ω

(5.16) ‖u_1(T ) − u_2(T ), Ω ∩ B^1_{x0} ‖^2_{0,2} + ∫_T 0 ‖u_1(T ) − u_2(T ), Ω ∩ B^1_{x0} ‖^2_{1,2} ≤ ≤ Ce^{C1 T} (e^{−ε|x−x0|}, |u_1(0) − u_2(0)|^2) Here the constants C and C_1 depend on ‖u_i(0), Ω‖_{b,2−δ,2}

The proof of the estimate is the same as the prove of Theorem 5.1 but instead of multiplying by ve^{−ε|x|} we should multiply the equation (5.3) by ve^{−ε|x−x0 |}.

Our main task now (after proving the uniqueness) is to establish some regularity properties for the corresponding semigroup. They are formulated in the following propositions. 28

Proposition 5.1. Under the assumptions of previous Theorem the following estimate is valid:

(5.17) ‖u_1(T ) − u_2(T ), Ω ∩ B^1_{x0} ‖^2_{1,2} + ∫_T 0 ‖u_1(t) − u_2(t), Ω ∩ B^1_{x0} ‖^2_{,2} dt ≤ ≤ Ce^{C1 T} ∫ x∈Ω e^{−ε|x−x0|}‖u_1(0) − u_2(0), Ω ∩ B^1_x‖^2_{1,2} dx Here the constants C and C_1 depends on ‖u_i(0), Ω‖_{b,2−δ,2} and ε > 0 is sufficiently small. Proof. Applying the estimate (2.8) to the equation (5.3) we get (5.18) ‖v(T ), Ω ∩ B^1_{x0} ‖^2_{1,2} + ∫_T 0 ‖v(t), Ω ∩ B^1_{x0} ‖^2_{,2} dt ≤ ≤ C ∫ x∈Ω e^{−ε|x−x0 |}‖v(0), Ω ∩ B^1_x‖^2_{1,2} dx+ + C ∫_T 0 (|^L_1(t)v(t)|^2 + |^L_2(t)∇_xv(t)|^2, e^{−ε|x−x0|}) dt It can be shown analogously with (5.8) and (5.13) using the Sobolev embedding theorems W^{3/2,2} ⊂ W^{1,3} and W^{2−δ1,2} ⊂ C for δ_1 < 1/2 and the appropriate Holder inequality that there exists 1/2 > δ_1 > δ such that (5.19) (|^L_1(t)v(t)|^2 + |^L_2(t)∇_xv(t)|^2, e^{−ε|x−x0|}) ≤ ≤ C‖u(t), Ω‖^{2r}_{b,2−δ,2} ∫ x∈Ω e^{−ε|x−x0 |}‖v(t), Ω ∩ B^1_{x0} ‖^2_{−δ1,2} dx Indeed, let us estimate only the most complicated term in the left-hand side of the inequality (5.19). The rest of the terms can be esimated analogously ∫ Ω e^{−ε|x−x0|}|∇_xu|^{2(r−1)}|∇_xv|^2 dx ≤ ≤ C ∫ Ω e^{−ε|x−x0 |}‖ |∇_xu|^{2(r−1)} · |∇_xv|^2, V_x‖_{0,1} dx ≤ ≤ C_1 ∫ Ω e^{−ε|x−x0 |}‖u, V_x‖^{2(r−1)}_{1,6(r−1)} · ‖v, V_x‖^2_{1,3} dx ≤ ≤ C_2‖u, Ω‖^{2(r−1)}_{b,2−δ,2} ∫ Ω e^{−ε|x−x0 |}‖v, V_x‖^2_{3/2,2} dx According to the interpolation inequality ‖ · ‖_{2−δ1,2} ≤ C‖ · ‖^θ_{2,2} · ‖ · ‖^{1−θ}_{0,2} ≤ C_μ‖ · ‖^2_{0,2} + μ‖ · ‖^2_{,2} we obtain that (5.20) ∫ x∈Ω e^{−ε|x−x0 |}‖v, V_x‖^2_{−δ1,2} dx ≤ ≤ C_μ ∫ x∈Ω e^{−ε|x−x0 |}‖v, Ω ∩ B^1_x‖^2_{0,2} dx + μ ∫ x∈Ω e^{−ε|x−x0|}‖v, Ω ∩ B^1_x‖^2_{,2} dx 29

Replacing the last integral on the right–hand side of the estimate (5.18) by the estimates (5.19) and (5.20) and using (5.2) and (5.16) we obtain after some calculations that

(5.21) ‖v(T ), Ω ∩ B^1_{x0} ‖^2_{1,2} + ∫_T 0 ‖v(t), Ω ∩ B^1_{x0} ‖^2_{,2} dt ≤ ≤ C_μe^{C1T} ∫ x∈Ω e^{−ε|x−x0 |}‖v(0), Ω ∩ B^1_x‖^2_{1,2} dx+ + μ ∫_T 0 ∫ x∈Ω e^{−ε|x−x0|}‖v(t), Ω ∩ B^1_x‖^2_{,2} dx dt Multiplying the estimate (5.21) by e^{−ε1|x0−y|}, ε_1 < ε, integrating over the x_0 ∈ Ω and arguing in the following as at the end of the proof of Theorem 3.3 we get the inequality (5.17). Proposition 5.1 is proved.

Proposition 5.2. Under the assumptions of the previous theorem the following estimate is valid (5.22) ‖u_1(T ) − u_2(T ), Ω ∩ B^1_{x0} ‖^2_{−δ,2} + ‖u_1 − u_2‖^2_{C1−δ/2([0,T ],L2(Ω∩B1x0 ))} ≤ ≤ Ce^{C1 T} ∫ x∈Ω e^{−ε|x−x0 |}‖u_1(0) − u_2(0), Ω ∩ B^1_x‖^2_{−δ,2} dx The proof of Proposition 5.2 is analogous to the prove of Proposition 5.1 only instead of the estimate (2.8) we use the estimate (2.15) and the interpolation inequality ‖v, Ω ∩ B^1_x‖^2_{−δ1,2} ≤ C_μ‖v, Ω ∩ B^1_x‖^2_{0,2} + μ‖v, Ω ∩ B^1_x‖^2_{−δ,2} on the left hand side of the inequality (5.19).

We will need the smoothing property below for the equation (3.1) in the following form.

Proposition 5.3. Under the assumptions of the previous theorem the following estimate is valid:

(5.23) ‖u_1(T ) − u_2(T ), Ω ∩ B^1_{x0} ‖^2_{−δ,2} + ‖u_1 − u_2‖^2_{C1−δ/2([0,T ],L2(Ω∩B1x0 ))} ≤ ≤ 1 T^2 Ce^{C1 T} ∫ x∈Ω e^{−ε|x−x0|}‖u_1(0) − u_2(0), Ω ∩ B^1_x‖^2_{0,2} dx for T > 0.

Proof. Let us denote w(t) = tv(t) = t(u_1(t) − u_2(t)) then (5.24) ∂_tw − Δ_xw − ^L_1(t)w − ^L_2(t)∇_xw = v(t); w | t=0 = 0 The equation (5.24) has the form of (5.3) with the right–hand side v ∈ C([0, T ], L^2) hence arguing as in the prove of Proposition 5.2 we obtain the estimate (5.25) ‖w(T ), Ω ∩ B^1_{x0} ‖^2_{−δ,2} + ‖w‖_C1−δ/2_{([T,T +1],L}2_{(Ω∩B}1_{x0 ))} ≤ ≤ C ∫_T 0 e^{λ0(t−T )}|t − T |^{−1+δ/2}(|v(t)|^2, e^{−ε|x−x0|}) Estimating the last term in (5.25) by the inequality (5.16) we obtain the assertion of the Proposition.

Remark 5.1. Note that we cannot guarantee the uniqueness in the class of solutions growing when |x| → ∞. Indeed, let us consider the linear parabolic equation in R^3 in the simplest form

(5.26) ∂_tv = Δ_xv, v | t=0 = 0

It is known (see for instance [23]), that the problem (5.26) has a nontrivial solution v(t, x) with the rate of growth when |x| → ∞ not exceeding e^{|x|3} . Making the change of variables θ = e^{−|x|4} v we obtain the equation

(5.27) ∂_tθ = Δ_xθ + K_1(x)θ + K_2(x)∇_xθ, θ(0) = 0

where the coefficients K_1 and K_2 have a polynomial rate of growth as |x| → ∞.

This example shows that the uniqueness can be lost (even in the class of bounded solutions) when the coefficients growth polynomially at |x| → ∞. It remains to note that the equation (5.27) is very similar to the class of equations of variation which we obtain from our nonlinear equation when solutions u with polynomial growth as |x| → ∞ are admitted.

We mention now that if the nonlinear function does not depend on ∇_xu and satisfies the following condition

(5.28) { 1. f(u, ∇_xu) ≡ f(u) ∈ C^1(R^k , R^k ) 2. f^′(u) ≥ −C ∀u ∈ R^k we have uniqueness without the requirement ‖g, Ω‖_{0,2,b} < ∞.

Proposition 5.4. Let the conditions (5.28) be valid. Then the problem (3.1) has a unique solution in class (4.8) and the estimate (5.16) is valid for the solutions u_i from the class (4.8). Moreover, the constants C, C_1 in it are independent of u_i.

The proof of this Proposition is analogous to the prove of Theorem 5.1 but simpler because in our case ^L_2 ≡ 0 and the term with ^L_1 possesses the following estimate ⟨ ^L_1v, v ⟩ {ε} ≥ −C‖v, Ω‖^2_{{ε},0,2}

Hence the inequality (5.15) follows immediately from this inequality and inequality (5.6) and C does not depend on u_i. Proposition 5.4 is proved. □

We conclude this Section by considering the problem of differentiability with respect to the initial data for the solutions of (3.1) under the assumptions of Theorem 5.1.

Let us consider first the (formal) equation of variation for the problem.

(5.29) { ∂_tw − Δ_xw + λ_0w + f^′_u(u_1, ∇_xu_1)w + f^′_{∇xu}(u_1, ∇_xu_1)∇_xw = 0 w | |_{t=0} = w_0 ; w | |_{∂Ω} = 0

Here u_1(t) is a solution of the problem (3.1). 31

Lemma 5.1. Let u_1(0) ∈ W^{2−δ,2}_b and w_0 ∈ ∩_{ε>0}L^2_{{ε}}(Ω). Then there exists the unique solution of the problem (5.29) which satisfies (2.2) for any ε_1 > 0 and the following estimate is valid:

(5.30) ‖w(T ), Ω ∩ B^1_{x0} ‖^2_{0,2} +

∫_{T +1} T ‖w(T ), Ω ∩ B^1_{x0} ‖^2_{1,2} ≤ ≤ Ce^{C1 T} (e^{−ε|x−x0|}, |w_0|^2) where the constants C and C_1 depend only on ‖u_1(0), Ω‖_{2−δ,2,b}.

Indeed the equation (5.29) has the form of (5.3), so the estimate (5.30) can be proved in the same way as the estimate (5.16). The existence of the solution can be deduced from the a priori estimates (5.30) in a standard way.

Theorem 5.2. Let the nonlinear term f(u, ∇_xu) satisfy the following additional conditions:

(5.31) |f^′_u(p_1, q_1) − f^′_u(p_2, q_2)| ≤

≤ Q(|p_1| + |p_2|) (1 + |q_1|^r + |q_2|^r) ( |p_1 − p_2|^β + |q_1 − q_2|^β )

(5.32) |f^′_{∇xu}(p_1, q_1) − f^′_{∇xu}(p_2, q_2)| ≤ ≤ Q(|p_1| + |p_2|) ( 1 + |q_1|^{r−1} + |q_2|^{r−1} ) ( |p_1 − p_2|^β + |q_1 − q_2|^β )

for any p_1, p_2 ∈ R^k , q_1, q_2 ∈ R^{3k} , some fixed 0 < β ≤ 1 and for a certain monotonic function Q. Let us suppose also that u_2(t) and u_1(t) are two solutions of the problem (3.1) which satisfy the conditions of Theorem 5.1 and let w(t) be the solution of the problem (5.29) with the initial condition w_0 = u_2(0)−u_1(0). Then the following estimate is valid uniformly with respect to x_0 ∈ R:

(5.33) ‖u_1(T ) − u_2(T ) − w(T ), Ω ∩ B^1_{x0} ‖^2_{0,2} ≤ ≤ Ce^{C1T} ( |u_1(0) − u_2(0)|^2, e^{−ε|x−x0|} )_{1+β}

for sufficiently small ε > 0 and C_1, C_2 depending only on ‖u_i(0), Ω‖_{2−δ,2,b} .

Proof. Let us denote by L_1(t) = f_u(u_1(t), ∇_xu_1(t)), L_2(t) = f_{∇xu}(u_1(t), ∇_xu_1(t)) and θ(t) = u_2(t) − u_1(t) − w(t). Then the function θ satisfies the following equation

(5.34) ∂_tθ − Δ_xθ + λ_0θ + L_1(t)θ + L_2(t)∇_xθ =

= (L_1(t) − ^L_1(t))v + (L_2(t) − ^L_2(t))∇_xv ; θ(0) = 0

where ^L_1 and ^L_2 are defined by (5.4).

It can be easily obtained using the conditions (5.31) and (5.32) and inequalities (5.2) that

(5.35) { |L_1(t) − ^L_1(t)| ≤ C(1 + |∇_xu_1(t)|^r + |∇_xu_2(t)|^r) ( |v|^β + |∇_xv|^β ) |L_2(t) − ^L_2(t)| ≤ C(1 + |∇_xu_1(t)|^{r−1} + |∇_xu_2(t)|^{r−1}) ( |v|^β + |∇_xv|^β ) where the constant C depends only on ‖u, Ω‖_{2−δ,2,b}. 32

Let us multiply the equation (5.34) by e^{−ε|x−x0|}θ and integrate over x ∈ Ω. Then we get (5.36) ∂_t(|θ(t)|^2, e^{−ε|x−x0|}) + ( |∇_xθ(t)|^2, e^{−ε|x−x0|} ) + λ_0 ( |θ|^2, e^{−ε|x−x0|} ) ≤ ≤ ( |L_1(t)| · |θ(t)|^2, e^{−ε|x−x0|} ) + ( |L_2(t)| · |∇_xθ(t)| · |θ(t)|, e^{−ε|x−x0|} ) + ( |L_1(t) − ^L_1(t)||v(t)||θ(t)|, e^{−ε|x−x0|} ) + ( |L_2(t) − ^L_2(t)||∇_xv(t)||θ(t)|, e^{−ε|x−x0|} )

Arguing as in the proof of Theorem 5.1 we obtain the following estimates for the first two terms of the right–hand side of (5.36)

(5.37) ( |L_1(t)| · |θ(t)|^2, e^{−ε|x−x0|} ) + ( |L_2(t)||∇_xθ(t)||θ(t)|, e^{−ε|x−x0|} )

≤ C_μ ( |θ(t)|^2, e^{−ε|x−x0|} ) + μ ( |∇_xθ(t)|^2, e^{−ε|x−x0|} )

for an arbitrary positive μ. Let us estimate the other two terms. Due to the inequality (5.35) we get

(5.38) ( |L_2(t) − ^L_2(t)||∇_xv(t)||θ(t)|, e^{−ε|x−x0|} ) ≤ ≤ C ∫ x∈Ω e^{−ε|x−x0|}(|∇_xu|^{r−1} + 1)(|v|^β + |∇_xv|^β)|∇_xv||θ| dx Let us estimate the most complicated term in the right–hand side of (5.38) using Holder inequality with the exponents 6, 2/(1 + β) and l (1/l = 1/3 − β/2), the estimate (5.9), the fact that l(r − 1) ≤ 6(r − 1) < 3r if β ≤ 1 and Sobolev embedding W^{1,2} ⊂ L^6. Indeed,

(5.39) ∫_T 0 ( |∇_xu(t)|^{r−1}|∇_xv(t)|^{1+β}, |θ(t)|e^{−ε|x−x0|} ) dt ≤ ≤ C ∫ x∈Ω e^{−ε|x−x0|} ∫_T 0 ‖ |∇_xv(t)|^{1+β}|∇_xu(t)|^{r−1} |θ(t)|, V_x‖_{0,1} dt dx ≤ ≤ C_1 sup_{t∈[0,T ]}{‖u, Ω‖^{r−1}_{b,1,l(r−1)}}× ∫ x∈Ω e^{−ε|x−x0|} (∫_T 0 ‖θ(t), V_x‖^2_{1,2} dt )_{1/2} (∫_T 0 ‖v(t), V_x‖^2_{1,2} dt )_{(1+β)/2} dx ≤

≤ C_μ ∫ x∈Ω e^{−ε|x−x0 |} (∫_T 0 ‖v(t), V_x‖^2_{1,2} dt )_{1+β} dx+

+ μ ∫_T 0 ∫ x∈Ω e^{−ε|x−x0|}‖θ, V_x‖^2_{1,2} dx dt Using the estimate (5.16) and the estimate (1.3) we get ∫ x∈Ω e^{−ε|x−x0|} (∫_T 0 ‖v(t), V_x‖^2_{1,2} dt )_{(1+β)} dx ≤ ≤ Ce^{C1T} ( |u_1(0) − u_2(0)|^2, e^{−ε1|x−x0|} )_{1+β} where ε_1 =^ε_{1+β} . Thus, ∫_T 0 ( |∇_xu(t)|^{r−1}|∇_xv(t)|^{1+β}, |θ(t)|e^{−ε|x−x0|} ) dt ≤ ≤ C_μe^{C1T} ( |u_1(0) − u_2(0)|^2, e^{−ε1|x−x0|} )_{1+β} + μ ∫_T 0 ( |∇_xθ(t)|^2, e^{−ε|x−x0|} ) dt Estimating the rest of the terms in the expression (5.38) in the same way we will get

(5.40) ∫_T 0 ( |L_2(t) − ^L_2(t)||∇_xv(t)||θ(t)|, e^{−ε|x−x0|} ) dt ≤ ≤ C_μe^{C1T} ( |u_1(0) − u_2(0)|^2, e^{−ε1|x−x0|} )_{1+β} + μ ∫_T 0 ( |∇_xθ(t)|^2, e^{−ε|x−x0|} ) dt The third term in the right–hand side of (5.36) can be estimated analogously

(5.41) ∫_T 0 ( |L_1(t) − ^L_1(t)||v(t)||θ(t)|, e^{−ε|x−x0|} ) dt ≤ ≤ C_μe^{C1T} ( |u_1(0) − u_2(0)|^2, e^{−ε1|x−x0|} )_{1+β} + μ ∫_T 0 ( |∇_xθ(t)|^2, e^{−ε|x−x0|} ) dt Integrating the inequality (5.36) over t ∈ [0, T ] and replacing the right–hand side of it by the estimates (5.37),(5.40) and (5.41) for sufficiently small μ > 0 we obtain the estimate (5.33). Theorem 5.2 is proved.

Proposition 5.5. Under the assumptions of the previous theorem the following estimate is valid

(5.42) ‖u_1(T ) − u_2(T ) − w(T )‖_{2−δ,2} ≤ ≤ Ce^{C1 T} (∫ x∈Ω e^{−ε|x−x0|}‖u_1(0) − u_2(0), B^1_x‖^2_{−δ,2} dx )_{1+β}

Where the constants C and C_1 depends only on ‖u_i(0), Ω‖_{2−δ,2,b}.

The proof of this Proposition is analogous to the proof of Propositions 5.1 and 5.2 only instead of the estimate (5.16) we should use the estimate (5.33).

Part 2. The attractors.

This part of the paper is devoted to a study of the long-time behaviour of solutions of (0.1) in weighted Sobolev spaces.

The attractors A_{⟨α⟩} of the problem (0.1) in the scale of weighted Sobolev spaces W^{s,p}_{⟨α⟩} are constructed in Section 6.

In Section 7 we present a new construction of the infinite dimensional unstable manifold which does not require hyperbolicity of the corresponding equilibrium point.

This construction allows us to construct in Section 8 a large number of equations of the form (0.1) which possess the infinite dimensional attractors.

The finite dimensionality of the attractors in the case where α ≥ 0 will be proved in Section 9. 34

§6 Attractors of the nonlinear equation in weighted Sobolev spaces. In this Section we obtain the existence of the attractor for the equation (3.1) in weighted Sobolev spaces. Following the tradition we restrict ourselves by considering only the case of power weighted Sobolev spaces W^{s,p}_{⟨α⟩} and consequently we suppose that

(6.1) g ∈ L^2_{⟨α⟩}(Ω) for a some α ∈ R Definition 6.1. Let us define the phase space for the problem (3.1) by the following expression (6.2) Φ_{⟨α⟩}(Ω) = W^{2−δ,2}_{⟨α⟩} (Ω) if α ≥ 0 and (6.3) Φ_{⟨α⟩}(Ω) = C_{⟨α/2⟩}(Ω) ∩ L^{(2,∞)}_{{α}} (Ω) ∩ W^{2−δ,2}_{⟨Kα⟩} (Ω) if α < 0 Here the constant δ > 0 and K ≥ 1 were defined in Theorem 3.3.

Note that all results of this Section can be straightforwardly extended to the case g ∈ L^2_ϕ(Ω) for any weight function ϕ with the rate of growth μ if μ is small enough. The phase space Φ_ϕ in this case is given by Φ_ϕ(Ω) = C_{ϕ/2}(Ω) ∩ L^{(2,∞)}_ϕ (Ω) ∩ W^{2−δ,2}_{^ϕ} (Ω)

with ^ϕ(x) = min{ϕ(x), ϕ(x)^K }. But for simplicity we consider below only the case where ϕ(x) ≡ ϕ_{⟨α⟩}(x) = (1 + |x|^2)^{α/2}.

Theorem 6.1. Let the conditions of Theorem 3.3 hold, (6.1) be valid and u_0 ∈ Φ_{⟨α⟩}(Ω) for some α ∈ R. Then any solution u of the problem (3.1) satisfied (4.8) belongs to the space C_b(R_+ , Φ_{⟨α⟩}(Ω)) and the following estimate is valid for some γ > 0 (6.4) ‖u(T ), Ω‖^2_Φ ≤ C(‖u(0), Ω‖^2_Φ + ‖u(0), Ω‖^{2K}_Φ )e^{−γT} + + C(‖g, Ω‖^2_{⟨α⟩,0,2} + ‖g, Ω‖^{2K}_{⟨α⟩,0,2}) Moreover the following estimate holds uniformly with respect to R → ∞ for some β, γ > 0 (6.5) ‖u(T ), Ω ∩ {|x| > R}‖^2_Φ ≤ C(‖u(0), Ω‖^2_Φ + ‖u(0), Ω‖^{2K}_Φ )e^{−γT −βR}+ + C(‖u(0), Ω ∩ {|x| > R/2}‖^2_Φ + ‖u(0), Ω ∩ {|x| > R/2}‖^{2K}_Φ )e^{−γT} + + C_1(‖g, Ω‖^2_{⟨α⟩,0,2} + ‖g, Ω‖^{2K}_{⟨α⟩,0,2})e^{−βR}+ + C_2(‖g, Ω ∩ {|x| > R/2}‖^2_{⟨α⟩,0,2} + ‖g, Ω ∩ {|x| > R/2}‖^{2K}_{⟨α⟩,0,2}) Proof. Let us suppose first that α < 0. Then multiplying the estimate (3.4) by ϕ_{⟨α⟩}(x_0) and taking sup_Ω of both sides of the obtained inequality we will have

sup_{x0∈Ω}{ϕ_{⟨α⟩}(x_0)|u(T, x_0)|^2} ≤ ≤ C sup_{x0∈Ω} { ϕ_{⟨α⟩}(x_0) sup_{x∈Ω}{e^{−ε|x−x0|}|u(0, x)|^2} } e^{−γT} + + C sup_{x0∈Ω}{ϕ_{⟨α⟩}(x_0)(|g|^2, e^{−ε|x−x0|})} 35

Applying the estimates (1.6) and (1.3) with q = ∞ to the obtained inequality we will have ‖u(T )‖^2_{C⟨α/2⟩(Ω)} ≤ C‖u(0)‖^2_{C⟨α/2⟩(Ω)}e^{−γT} + C‖g‖^2_L2_{⟨α⟩(Ω)} which coincides with the part of (6.4) for the C_{⟨α/2⟩}–norm.

Analogously, multiplying the estimate (3.13) by ϕ_{⟨α⟩}(x_0) integrating over Ω and using the estimate (1.3) we obtain the part of (6.4) for the L^{(2,∞)}_{⟨α⟩} –norm.

Multiplying the estimate (3.14) by ϕ_{⟨α⟩}(x_0)^K , integrating over Ω and using the evident inequality ϕ_{⟨α⟩} ≥ ϕ^K_{⟨α⟩} (since α < 0) we will have ∫ x_0∈Ω

ϕ_{⟨α⟩}(x_0)^K ‖u(T ), Ω ∩ B^1_{x0} ‖^2_{−δ,2} dx_0 ≤ ≤ Ce^{−γT} (∫ x_0∈Ω ϕ_{⟨Kα⟩}(x_0) ∫ x∈Ω e^{−ε|x−x0 |}‖u_0, Ω ∩ B^1_x‖^2_{−δ,2} dx dx_0+ + ∫ x_0∈Ω

ϕ_{⟨α⟩}(x_0) ∫ x∈Ω e^{−ε|x−x0 |}‖u_0, Ω ∩ B^1_x‖^2_{0,∞} dx dx_0+ + ∫ x_0∈Ω

ϕ_{⟨α⟩}(x_0)^K {∫ x∈Ω e^{−ε|x−x0|}‖u_0, Ω ∩ B^1_x‖^2_{0,∞} dx }_K dx_0 ) e^{−γT} + + C ∫ x_0∈Ω

ϕ_{⟨α⟩}(x_0) ∫ x∈Ω |g(x)|^2e^{−ε|x−x0|}dx dx_0+ + C ∫ x_0∈Ω

ϕ_{⟨α⟩}(x_0)^K (∫ x∈Ω |g(x)|^2e^{−ε|x−x0 |}dx )_K dx_0

Applying the estimate (1.3) to this inequality we obtain ‖u(T ), Ω‖^2_{⟨Kα⟩,2−δ,2} ≤ ≤ Ce^{−γT} ( ‖u(0), Ω‖^2_{⟨Kα⟩,2−δ,2} + ‖u(0), Ω‖^2_{⟨α⟩,(2,∞)} + ‖u(0), Ω‖^{2K}_{⟨α⟩,(2,∞)} ) + + C_1 ( ‖g, Ω‖^2_{⟨α⟩,0,2} + ‖g, Ω‖^{2K}_{⟨α⟩,0,2} )

which coincides with the W^{2−δ,2}_{⟨Kα⟩} -part of the estimate (6.4). Thus, the estimate (6.4) is proved when α < 0.

Let us suppose now that α ≥ 0. In this case ϕ_{⟨α⟩} ≤ ϕ^K_{⟨α⟩} = ϕ_{⟨Kα⟩} hence we could multiply the inequality (3.14) by ϕ_{⟨α⟩}(x_0) and integrate over Ω. Then after using the estimates (1.3) and Sobolev embedding theorem W^{2−δ,2} ⊂ C we obtain the inequality (6.4) for α ≥ 0.

The estimate (6.5) could be proved analogously, only instead of integrating over Ω we should integrate over Ω ∩ {|x| > R} and use the estimates (1.4) and (1.7) instead of (1.3) and (1.6).

Thus we proved that u ∈ L^∞(R_+ , Φ_{⟨α⟩}(Ω)).

The continuity of u follows immediately from the continuity of u | |_{Ω∩BR0} for every R > 0, the estimate (6.5) and the result of Theorem 1.4. Theorem 6.1 is proved. □

Proposition 6.1. Let the conditions of the previous Theorem be valid. Then u ∈ C^{1−δ/2}(R_+ , L^2_{⟨P α⟩}(Ω)) where P = 1 for α ≥ 0 and P = K for α < 0 and the following estimate is valid:

(6.6) ‖u‖^2_{C1−δ/2([T,T +1],L}2_{⟨P α⟩(Ω))} ≤ C(‖u(0), Ω‖^2_Φ + ‖u(0), Ω‖^{2K}_Φ )e^{−γT} + + C(‖g, Ω‖^2_{⟨α⟩,0,2} + ‖g, Ω‖^{2K}_{⟨α⟩,0,2}) Moreover the following estimate is valid uniformly as R → ∞ for some β, γ > 0 (6.7) ‖u‖^2_{C1−δ/2([T,T +1],L}2_{⟨P α⟩(Ω∩{|x|>R}))} ≤ C(‖u(0), Ω‖^2_Φ+ + ‖u(0), Ω‖^{2K}_Φ )e^{−γT −βR}+ + C(‖u(0), Ω ∩ {|x| > R/2}‖^2_Φ + ‖u(0), Ω ∩ {|x| > R/2}‖^{2K}_Φ )e^{−γT} + + C_1(‖g, Ω‖^2_{⟨α⟩,0,2} + ‖g, Ω‖^{2K}_{⟨α⟩,0,2})e^{−βR}+ + C_2(‖g, Ω ∩ {|x| > R/2}‖^2_{⟨α⟩,0,2} + ‖g, Ω ∩ {|x| > R/2}‖^{2K}_{⟨α⟩,0,2}). The proof of this Proposition is analogous to the proof of Theorem 6.1, only instead of the estimate (3.14) we should use its analogue for the C^{1−δ/2}([T, T + 1], L^2)–norm, obtained in Corollary 3.3.

Now we are in position to study the long-time behaviour for the solutions of the problem (3.1). As we mentioned in the previous Section we do not have uniqueness when α < 0, in general. Therefore we will use the concept of a trajectory attractor developed in [9], [10], [34].

Definition 6.2. Let us define the space Θ^+_{⟨α⟩} by the following expression

(6.8) Θ^+_{⟨α⟩} = Θ^+_{⟨α⟩}(R_+ , Ω) = C_{loc}(R_+ , Φ_{⟨α⟩}(Ω)) ∩ C^{1−δ/2}_{loc} (R_+ , L^2_{⟨P α⟩}(Ω)))

where the constant P is the same as in previous Proposition.

Evidently the space (6.8) is a metrizable F –space and the system of seminorms in it is given by the following expression

(6.9) ‖u, [T, T + 1], Ω‖_Θ+ ≡ ‖u | [T,T +1]‖Θ^+_{⟨α⟩} ([T,T +1],Ω), T ∈ R+ Here

(6.10) Θ^+_{⟨α⟩}([T, T + 1], Ω) = C([T, T + 1], Φ_{⟨α⟩}) ∩ C^{1−δ/2}([T, T + 1], L^2_{⟨P α⟩}(Ω)))

The following assertion is an immediate corollary of Theorem 6.1 and Proposition 6.1 Corollary 6.1. Let u be a solution and let the assumptions of Theorem 6.1 be valid. Then u ∈ Θ^+_{⟨α⟩} and

(6.11) ‖u, [T, T + 1], Ω‖^2_Θ+ ≤ C(‖u(0), Ω‖^2_Φ + ‖u(0), Ω‖^{2K}_Φ )e^{−γT} + + C(‖g, Ω‖^2_{⟨α⟩,0,2} + ‖g, Ω‖^{2K}_{⟨α⟩,0,2}). 37

Moreover the following estimate is valid uniformly with respect to R → ∞ for some β, γ > 0 (6.12) ‖u, [T, T + 1], Ω ∩ {|x| > R}‖^2_Θ+ ≤ ≤ C(‖u(0), Ω‖^2_Φ + ‖u(0), Ω‖^{2K}_Φ )e^{−γT −βR}+ + C(‖u(0), Ω ∩ {|x| > R/2}‖^2_Φ + ‖u(0), Ω ∩ {|x| > R/2}‖^{2K}_Φ )e^{−γT} + + C_1(‖g, Ω‖^2_{⟨α⟩,0,2} + ‖g, Ω‖^{2K}_{⟨α⟩,0,2})e^{−βR}+ + C_2(‖g, Ω ∩ {|x| > R/2}‖^2_{⟨α⟩,0,2} + ‖g, Ω ∩ {|x| > R/2}‖^{2K}_{⟨α⟩,0,2}) Indeed the estimates (6.11) and (6.12) follow immediately from the estimates (6.4)– (6.7)

Let us denote by K^+_{⟨α⟩} the set of all solutions of the problem (3.1) with an arbitrary initial condition u_0 ∈ Φ_{⟨α⟩}(Ω). We endow the set K^+_{⟨α⟩} by the topology induced by the embedding (6.13) K^+_{⟨α⟩} ⊂ Θ^+_{⟨α⟩} Since the equation (3.1) is translation invariant with respect to t then the semigroup {T_s, s ≥ 0} of positive shifts along the t axis acts in the space K^+_{⟨α⟩}, i.e.

(6.14) T_sK^+_{⟨α⟩} ⊂ K^+_{⟨α⟩} ; s ≥ 0 , (T_su)(t) ≡ u(t + s)

Definition 6.3. The attractor A^{tr}_{⟨α⟩}of the semigroup T_s acting in the metric space K^+_{⟨α⟩} is called the trajectory attractor of the equation (3.1), i.e. the set A^{tr}_{⟨α⟩} ⊂ K^+_{⟨α⟩} is the trajectory attractor for the problem (3.1) if

1. The set A^{tr}_{⟨α⟩} is compact in K^+_{⟨α⟩}.

2. The set A^{tr}_{⟨α⟩} is strictly invariant under the T_s–action, i.e. T_sA^{tr}_{⟨α⟩} = A^{tr}_{⟨α⟩} for every s ≥ 0.

3. The set A^{tr}_{⟨α⟩} is an attracting set for the semigroup T_s, i.e. for every bounded subset of solutions B ⊂ K^+_{⟨α⟩} and for every neighborhood O(A^{tr}_{⟨α⟩}) of the set A^{tr}_{⟨α⟩} there exists the number S = S(B, O) such that (6.15) T_sB ⊂ O(A^{tr}_{⟨α⟩}) for every s ≥ S

Theorem 6.2. Let the conditions of Theorem 6.1 be valid. Then the equation (3.1) possesses the trajectory attractor in the space Θ^+_{⟨α⟩} which could be represented in the following form (6.16) A^{tr}_{⟨α⟩} = Π_+K_{⟨α⟩} where K_{⟨α⟩} means the set of all bounded solutions u ∈ C_b(R, Φ_{⟨α⟩}(Ω)) and Π_+ – the restriction operator to the semiaxis R_+ .

Proof. The proof of this Theorem is based on the theorem from [2], [19], [32] which gives sufficient conditions for the existence of an attractor for abstract semigroups. To apply this theorem to our semigroup T_s we should check the following conditions:

1. The semigroup T_s : K^+_{⟨α⟩} → K^+_{⟨α⟩} is continuous for every fixed s ≥ 0. 2. The semigroup T_s : K^+_{⟨α⟩} → K^+_{⟨α⟩} possesses a compact attracting set P in the space Θ^+_{⟨α⟩}.

The continuity of T_s is evident. Thus it remains to verify only the existence of the compact attracting set. To this end we need the following Lemma. 38

Lemma 6.1. Let the above assumptions be valid. Then

u ∈ C([T, T + 1], W^{2−δ/2}_{⟨P α⟩} (Ω)) ∩ C^{1−δ/4}([T, T + 1], L^2_{⟨P α⟩}(Ω)) ≡ W_T (Ω) for any T ≥ 1. Here P is the same as in Proposition 6.1. Moreover, the following estimate is valid (6.17) ‖u‖^2_{WT (Ω)} ≤ C_3(‖u(0), Ω‖^2_Φ + ‖u(0), Ω‖^{2K}_Φ )e^{−γT} + + C_4(‖g, Ω‖^2_{⟨α⟩,0,2} + ‖g, Ω‖^{2K}_{⟨α⟩,0,2}) The proof of this Lemma is the same as the proof of Theorem 6.1 only instead of the estimate (3.14) one should use the estimate (3.31). The end of the proof of Theorem 6.2. Let us define the set (6.18) P_1 = { u ∈ Θ^+_{⟨α⟩} : ‖u, [T, T + 1], Ω ∩ {|x| > R}‖^2_Θ+ ≤ ≤ 2M^2C_1(‖g, Ω‖^2_{⟨α⟩,0,2} + ‖g, Ω‖^{2K}_{⟨α⟩,0,2})e^{−βR}+ + 2M^2C_2(‖g, Ω ∩ {|x| > R/2}‖^2_{⟨α⟩,0,2}+ + ‖g, Ω ∩ {|x| > R/2}‖^{2K}_{⟨α⟩,0,2}), ∀T ∈ R_+ ; R ∈ R_+ } Here the constants C_1, C_2 and β are the same as in the estimate (6.12) and M > 0 is a sufficiently large positive number which will be defined below. Let us introduce also the set (6.19) P_2 = { u ∈ Θ^+_{⟨α⟩} : ‖u‖^2_{WT (Ω)} ≤ 2M^2C_4(‖g, Ω‖^2_{⟨α⟩,0,2} + ‖g, Ω‖^{2K}_{⟨α⟩,0,2}) , T ∈ R_+ } where the constant C_4 is the same as in (6.17).

We claim that the set P = P_1 ∩ P_2 ⊂ Θ^+_{⟨α⟩} with a sufficiently large M is the compact attracting set for the semigroup T_s on K^+_{⟨α⟩}. Indeed, since Θ^+_{⟨α⟩}([T, T + 1], Ω ∩ B^R_0 ) ⊂⊂ W_T (Ω ∩ B^R_0 ) for every T ≥ 0 and R > 0 then due to (6.19) the restriction P | |_{x∈Ω∩BR0} of the set P to any ball B^R_0 is compact in Θ^+_{⟨α⟩} | x∈Ω∩B^R_0 . Moreover, since g ∈ L 2 ⟨α⟩(Ω) then (6.18) implies that (6.20) ‖P, [T, T + 1], Ω ∩ {|x| > R}‖_Θ+ → 0 when R → ∞. Thus, the set P is compact in Θ^+_{⟨α⟩}(Ω). So, it remains to check that P is the attracting set for T_s on K^+_{⟨α⟩}. To this end we introduce the family of cut-off functions ψ_R(x) ∈ C^∞_0 (R^3 ), 0 ≤ ψ ≤ 1, R > 1 such that (6.21) ψ_R(x) = 1 if |x| ≤ R − 1, ψ_R(x) = 0 if |x| > R and ‖ψ_R‖_C2 ≤ C with C independent of R and the corresponding family of cut-off operators Π_Rv ≡ ψ_Rv. Then since C in (6.21) is independent of R then there exists a constant M such that the following estimates are valid uniformly with respect to R > 1 and T ≥ 0 (6.22) ‖Π_R‖_{WT (Ω)→WT (Ω)} ≤ M , ‖Π_R‖_Θ+_{⟨α⟩([T,T +1],Ω)→Θ}+_{⟨α⟩([T,T +1],Ω)} ≤ M

Let us consider now the arbitrary bounded subset B ⊂ K^+_{⟨α⟩}. It means particulary that the set B_0 = {u(0) : u ∈ B} is bounded in the phase space Φ_{⟨α⟩}. Moreover, it follows from the estimates (6.12), (6.17) and (6.22) and from our choice of the set P that for every R > 1 there exists S = S(R, B) such that

Π_R(T_sB) ⊂ P for s ≥ S

and consequently for s ≥ S and any T ∈ R_+

(6.23) dist{T_sB, P }_Θ+_{⟨α⟩([T,T +1],Ω)} ≤ ‖(1 − Π_R)(T_sB), [T, T + 1], Ω‖_Θ+ ≤ ≤ M‖T_sB, [T, T + 1], Ω ∩ {|x| > R − 1}‖_Θ+ = = M‖B, [T + s, T + s + 1], Ω ∩ {|x| > R − 1}‖_Θ+ Here we denote by dist{X, Y }_H the Hausdorff distance between the sets X, Y ⊂ H, i.e.

(6.24) dist{X, Y }_H = sup_{x∈X} inf_{y∈Y} ‖x − y‖_H

Note, that the estimate (6.12) together with the boundedness of B_0 imply that the righthand side of (6.23) could be taken arbitrary small by choosing R and s large enough. Thus, P is a compact attracting set for the semigroup {T_s, s ≥ 0} on K^+_{⟨α⟩}. This proves Theorem 6.2. □

One might naturally ask the relationship between the trajectory attractor and a global attractor in the case of uniqueness.

Consider now the case α ≥ 0 and suppose that the conditions of Theorem 5.1 are valid. Then the problem (3.1) has the unique solution u ∈ C(R_+ , Φ_{⟨α⟩}). Hence one could define the semigroup S_t : Φ_{⟨α⟩} → Φ_{⟨α⟩} by the formula

(6.25) S_tu(0) = u(t) , u is the solution of the problem (3.1)

Corollary 6.2. Let α ≥ 0 and the conditions of Theorem 5.1 be valid. Then the semigroup (6.25) possesses a (global) attractor A_{⟨α⟩} = A^{gl}_{⟨α⟩} in the space Φ_{⟨α⟩}. Moreover (6.26) A^{gl}_{⟨α⟩} = A^{tr}_{⟨α⟩} | |_{t=0} Indeed, multiplying the estimate (5.22) by ϕ_{⟨α⟩}(x_0) and integrating over x_0 ∈ Ω we obtain after simple calculations that

‖u_1 − u_2, [T, T + 1], Ω‖^2_Θ+ ≤ Ce^{KT} ‖u_1(0) − u_2(0)‖^2_{Φ⟨α⟩}

for every two solutions u_1 and u_2 and for certain positive constants C and K (which depend in general on the Φ_{⟨α⟩} norms of the initial values u_1(0) and u_2(0)). This estimate implies that the trace operator Π_0 : Θ^+_{⟨α⟩} → Φ_{⟨α⟩} defined by the formula Π_0u = u(0) realizes a Lipshitz continuous homeomorphism between the spaces K^+_{⟨α⟩} and Φ_{⟨α⟩}. Moreover under the conditions of Theorem 5.2 this homeomorphism will be in fact a C^1- diffeomorphism (it can be derived analogously, using the estimate (5.42)). Thus, the semigroups S_h and T_h, defined by (6.25) and (6.14) correspondingly, are conjugate by homeomorphism and consequently the assertion of Corollary 6.2 follows immediately from Theorem 6.2. 40

Remark 6.1. In the case when we do not have the uniqueness theorem for the equation (3.1). The set A^{gl}_{⟨α⟩}, defined by (6.26), could be interpreted as the attractor of a multivalued semigroup, defined by (6.25) (see [3], [5]).

Let us consider now the dependency on α for the attractors A^{tr}_{⟨α⟩}. Theorem 6.3. Let the assumptions of Theorem 3.3 be valid and let (6.27) g ∈ L^2_{⟨α⟩}(Ω).

Then any solution u ∈ ∩_{ε>0}C_b(R, W^{2−δ,2}_{{ε}} (Ω)) belongs to the space

(6.28) u ∈ C_b(R, Φ_{⟨α⟩}(Ω)) Moreover the following estimates are valid uniformly with respect to t ∈ R and x_0 ∈ R:

(6.29) { ‖u(t), Ω ∩ B^1_{x0} ‖^2_{−δ,2} ≤ C ( (|g|^2, e^{−ε|x−x0|}) + (|g|^2, e^{−ε|x−x0|})^K ) |u(t, x_0)|^2 ≤ C(|g|^2, e^{−2ε|x−x0|}) Here K is the same as in Theorem 3.3.

Proof. The estimates (6.29) follow from (3.14) and (3.4) by passing to the limit T → ∞. The assertion (6.28) follows from the estimates (6.29) as in the proof of Theorem 6.1. Corollary 6.3. Let the assumptions of Theorem 3.3 be valid and let (6.30) g ∈ L^2_b (Ω).

Then any solution u ∈ ∩_{ε>0}C_b(R, W^{2−δ,2}_{{ε}} (Ω)) belongs to the space

(6.31) u ∈ C_b(R, W^{2−δ,2}_b (Ω)).

Moreover the following estimate is valid uniformly with respect to t ∈ R and x_0 ∈ R: (6.29) ‖u(t), Ω ∩ B^1_{x0} ‖^2_{−δ,2} ≤ C ( ‖g, Ω‖^2_{0,2,b} + ‖g, Ω‖^{2K}_{0,2,b} ) . Here K is the same as in Theorem 3.3.

Corollary 6.3 is evident and we leave its proof to the pedant reader. Corollary 6.4. Let the conditions of Theorem 6.3 be valid and let g ∈ L^2_{⟨α1⟩}(Ω) ∩ L^2_{⟨α2⟩}(Ω). Then (6.32) A^{tr}_{⟨α1⟩} = A^{tr}_{⟨α2⟩} and A^{gl}_{⟨α1⟩} = A^{gl}_{⟨α2⟩} Indeed the equalities (6.32) follow immediately from the representation (6.16) and from the assertion of the previous Theorem.

Remark 6.2. The equalities (6.32) mean that the attractors A^{tr}_{⟨α⟩} are independent of α. Thus we sometimes omit below the index ⟨α⟩ and write A^{tr} instead of A^{tr}_{⟨α⟩}.

§7 The unstable sets.

In this Section we study the unstable sets of the equilibrium points for the equation (3.1). For simplicity we restrict ourselves to a scalar case (k = 1) and assume that the nonlinear term f is independent of ∇_xu, (7.1) f(u, ∇_xu) ≡ f(u) ∈ C^3(R). Let z_0 be an equilibrium point for the problem (3.1), i.e.

(7.2) { −Δ_xz_0 + f(z_0) + λ_0z_0 = g z_0 | |_{∂Ω} = 0

Moreover the right–hand side g is assumed to belong to the space L^2_b (Ω) and consequently z_0 ∈ W^{2,2}_b (Ω).

Let us consider a function w = u − z_0. Then

(7.3) { ∂_tw − Δ_xw + f^′(z_0)w + λ_0w = −[f(w + z_0) − f(z_0) − f^′(z_0)w] ≡ F (w) w | |_{∂Ω} = 0.

Notice, that by the definition of F ,

(7.4) F (0) = 0 and F^′(0) = 0 consequently F (w) = Φ(x, w)w^2

where Φ ∈ C(Ω, C^1(R)).

Definition 7.1. The unstable set of the equilibrium point z_0 is defined to be the following set:

(7.5) M^+(z_0) = {w_0 ∈ W^{1,2}(Ω) ∩ C(Ω) : ∃w ∈ C(R_− , W^{1,2}(Ω) ∩ C(Ω)), w(0) = w_0, w– satisfies (7.3) and lim_{t→−∞} w(t) = 0}

The main task of this Section is to prove that under natural assumptions the unstable set M^+(z_0) contains C^1-manifolds of an arbitrary large dimension. We shall use this result in the next Section to construction examples of equations (3.1) with infinite dimensional attractors.

We are going to apply the implicit function theorem to the equation (7.3). To do it we study first the linear nonhomogeneous problem of view (7.3)

(7.6) ∂_tw + Lw = h(t)

Here L = −Δ_x + f^′(z_0) + λ_0. For every γ ∈ R we introduce the spaces

(7.7)

H = W^{1,2}(Ω) ∩ C(Ω) C_γ (H) = {u ∈ C(R_− , H) : ‖u‖_γ = sup_{t∈R−} e^{γt}‖u(t)‖_H < ∞} C_γ (L^2) = {u ∈ C(R_− , L^2(Ω)) : ‖u‖_γ = sup_{t∈R−} e^{γt}‖u(t)‖_L2 < ∞}

Lemma 7.1. Suppose that γ ∈ R does not belong to the spectrum of L in L^2(Ω). Let also P be the spectral projector–valued measure, which corresponds to the selfadjoint operator L in L^2(Ω) (see [14]). Then for any h ∈ C_γ (L^2) the problem (7.6) with the initial condition P ((−∞, γ])w = 0 has a unique solution w ∈ C_γ (H), i.e. this problem defines the linear continuous mapping

(7.8) R_γ : C_γ (L^2) → C_γ (H) , R_γ (h) = w

Proof. The assertion of this Lemma can be derived by standard arguments. For the convenience of the reader we give below a sketch of this proof.

According to the spectral theorem for selfadjoint operators (see [14]), there exists a measured space (M , ν), a measured function l(m) and a unitary transformation U : L^2(Ω) → L^2(M , ν) such that ULU^{−1} = l(m)·, i.e. the operator L is equivalent to the multiplication operator l(m) in the space L^2(M , ν). Applying the operator U to the equation (7.6) we obtain an equivalent equation in the space M . (7.9) ∂_t ^w(t) + l(m) ^w(t) = ^h(t) where ^w = Uw, ^h = Uh. Without loss of generality we can assume that γ = 0 /∈ σ(L). Let M_+ = {m ∈ M , l(m) > 0} and M_− = {m ∈ M , l(m) < 0}. Since 0 /∈ σ(L) then there exists μ > 0 such that l(m) ≥ μ > 0 for almost all m ∈ M_+ and l(m) ≤ −μ < 0 for almost all m ∈ M_− and the condition P ((−∞, γ))w(0) = 0 is equivalent to ^w(0) = 0 for m ∈ M_− .

Moreover, it is easy to verify that W^{1,2}_0 (Ω) = L^2(M , |l|ν) and

(7.10) ‖w‖^2_{1,2} = ∫ M |l|| ^w|^2ν(dm). Let us consider the equation (7.9) separately for m ∈ M_+ and for m ∈ M_− . First let m ∈ M_+ . Then all solutions of the problem (7.9) are given by the following expression (7.11) ^w(t) = ^Ce^{−l(m)t} + ∫_t −∞ e^{−l(m)(t−s)}^h(s) ds , ^C ∈ R Let us estimate the integral I_1(t) = ∫_t −∞ e^{−l(m)(t−s)}^h(s) ds on the right–hand side of (7.11) by the Holder inequality

(7.12) |I_1(t)|^2 ≤ ∫_t −∞ |^h(s)|^2e^{−l(m)(t−s)}ds ∫_t −∞ e^{−l(m)(t−s)}ds ≤ ≤ l(m)^{−1} ∫_t −∞ |^h(s)|^2e^{−μ(t−s)} ds. Consequently,

(7.13) ∫ M_+ l(m)|I_1(t)|^2ν(dm) ≤ ∫_t −∞ ‖h(s)‖^2_{0,2}e^{−μ(t−s)} ds ≤ C‖h‖_{C0 (L}2_). Thus, the unique solution of (7.9) for m ∈ M_+ which is bounded with respect to t → −∞ is given by (7.11) with ^C = 0. 43

Let us consider now the equation (7.9) for m ∈ M_− . Then the unique solution with zero initial conditions is given by

(7.14) ^w(t) =

∫_0 t e^{−l(m)(t−s)}^h(s) ds. Arguing as in the derivation of the estimate (7.13) we obtain that

(7.15) − ∫ M_− l(m)| ^w(t)|^2ν(dm) ≤ C‖h‖_{C0 (L}2_). The estimates (7.13), (7.15) and (7.10) imply that our problem has a unique solution w ∈ C_0(W^{1,2}_0 ) and the following estimate is valid

(7.16) ‖w‖_{C0(W} 1,2_{0 )} ≤ C‖h‖_{C0(L}2_).

To prove the lemma it is sufficient to deduce from (7.16) the estimate for the C-norm of w. Let us consider w_1(t) = (t − T − 1)w(t), T ≤ 0. Then

∂_tw_1 − Δ_xw_1 + λ_0w_1 = −(t − T − 1)f^′(z_0)w + w(t) + h(t) , w_1(−T − 1) = 0

Applying the estimate (2.25) for this equation at the point t = T and using the fact that z_0 ∈ C_b(Ω) we obtain that

(7.17) sup_{x∈Ω} |w(T, x)|^2 ≤ sup_{t∈[−T −1,−T ]}{‖w(t)‖^2_{0,2} + ‖h(t)‖^2_{0,2}}

The assertion of the Lemma is an immediate corollary of the estimates (7.16) and (7.17). This proves Lemma 7.1.

Definition 7.2. Let z_0 be an equilibrium point of the equation (3.1), i.e. let z_0 be a solution of (7.2). Then the unstable index Ind_{z0} of the equilibria point z_0 is defined to be the dimension of the spectral subset of L which corresponds to the negative part of the spectrum

(7.18) Ind_{z0} = dim Im P (−∞, 0) = dim L^2(M_− , ν)

(see Lemma 7.1).

Theorem 7.1. Let (7.1) hold and z_0 be the equilibria point of (3.1) such that Ind_{z0} = ∞. Then the instable set M^+(z_0) contains C^1–submanifolds of H with an arbitrary large dimension. (Note that the hyperbolicity of z_0 is not assumed.)

Proof. Let γ_{ess} = inf{λ : λ ∈ σ_{ess}(L)}. Then Ind_{z0} = ∞ implies that γ_{ess} ≤ 0. First consider the case when γ_{ess} = 0. Then the negative part of the spectrum σ(L) consists of a countable infinite number of normal eigenvalues with finite multiplicities. Moreover the set σ_ε(L) = {λ ∈ σ(L) : λ < −ε} contains only a finite number of eigenvalues for any ε > 0. Using the standard technique (see [2]) one can prove that for any ε > 0, −ε /∈ σ(L) and for a sufficiently small β > 0 the set

M^+_{ε,β}(z_0) = {w_0 ∈ H : ∃w ∈ C(R_− , W^{1,2}(Ω) ∩ C(Ω)), w(0) = w_0, w– satisfies (7.3), lim_{t→−∞} e^{−εt}‖w(t)‖_H < ∞ and ‖w(t)‖_H < β}

is a C^1-manifold in H with dim M^+_{ε,β}(z_0) = dim Im P (σ_ε(L)). The evident assertion dim Im P (σ_ε(L)) → ∞ when ε → 0 proves Theorem in this case.

Thus, the main problem is to prove the Theorem in the case when γ_{ess} < 0 (especially in the case when L has only continuous spectrum without lacunas). To this end we need one more lemma. 44

Lemma 7.2. Let γ ∈ R and let H^−_γ = P ((−∞, γ])L^2(Ω). Then the problem

(7.19) { ∂_tw + Lw = 0 P ((−∞, γ])w(0) = w_0

has a unique solution w ∈ C_γ (H). Thus, the problem (7.19) defines the linear continuous mapping

(7.20) S_γ : H^−_γ → C_γ (H) , S_γ w_0 = w

The assertion of this Lemma can be derived analogously to the proof of the previous Lemma but even more simply and hence we omit the proof here.

The end of the proof of Theorem 7.1. Recall that it remains to consider the case γ_{ess} < 0. Let us fix γ_{ess} < γ_0 < 0 such that 2γ_0 < γ_{ess} and 2γ_0 /∈ σ(L). It is possible to do this because the part of σ(L) which satisfies λ < γ_{ess} is discrete. Moreover due to γ_0 > γ_{ess}, dim H^−_{γ0} = ∞. We are going to prove that the set M^+_{−γ0,β} is an infinite dimensional manifold in H for sufficiently small β > 0.

We should find the solutions of the equation (7.3) in C_{γ0} . To this end we rewrite this equation in the following form:

(7.21) w = S_{γ0} w_0 + R_{2γ0} F (w)

where w_0 ∈ H^−_{γ0} . Indeed it follows from (7.4) that F (w) ∈ C_{2γ0} (L^2) for w ∈ C_{γ0} (H). Moreover simple checking implies that every solution w of the equation (7.3) from the space C_{γ0} (H) satisfies (7.21) with an appropriate w_0 and the inverse assertion also holds.

Let us apply the implicit function theorem to equation (7.21). To be more rigorous, define a function

Φ : C_{γ0} (H) × H^−_{γ0} → C_{γ0} (H) , Φ(w, w_0) = w − S_{γ0} w_0 − R_{2γ0} F (w)

It is not difficult to check using (7.4) that Φ ∈ C^1 and that ∂_wΦ(0, 0) = Id. Hence due to the implicit function Theorem (see, for instance [36], [29]), there exist neighborhoods H_β ⊂ H^−_{γ0} and V_β ⊂ C_{γ0} (H) such that the unique solution to the problem (7.21) in V_β is given by the function W : H_β → V_β i.e.

(7.22) Φ(W (w_0), w_0) = 0

Consider the function M(w_0) = W (w_0) | |_{t=0} : H_β → H. Then it follows from (7.22) that M ∈ C^1(H_β, H) and

P (λ ≤ γ_0)D_{w0} M(0) = Id , P (λ > γ_0)D_{w0} M(0) = 0

and consequently, the set M^+_{γ0,β}(z_0) = M(H_β) is an infinite dimensional C^1-manifold, diffeomorphic to H^−_{γ0} . Theorem 7.1 is proved.

§8 A dimension of the attractor. The case of infinite dimension. In this Section we will study the dimension of the attractor A_{⟨α⟩} of the equation (3.1) in the case α < 0. It is also assumed throughout this Section that the equation (3.1) is scalar (k = 1) and the nonlinear term f is independent of ∇_xu and satisfies (7.1).

For the reader’s convenience we recall shortly the definition Hausdorff dimension and some simple properties of it.

Definition 8.1. Let X be a compact set in metric space H. Then for any ε > 0, d ≥ 0 Hausdorff (d, ε)–measure is defined to be the following number:

(8.1) μ_H (X, d, ε) = inf{ ∞∑ i=1 r^d_i : X ⊂ ∪^∞_{i=1}B^{ri}_{xi} , |r_i| < ε}

B^{ri}_{xi} means a ball of radius r_i centered in x_i ∈ H and the infinum is taken over all coverings of the set X.

The Hausdorff d-measure μ_H (X, d) of X and the Hausdorff dimension dim_H (X) is defined to be the following numbers:

(8.2) { μ_H (X, d) = sup_{ε>0} μ_H (d, ε) ∈ [0, ∞] dim_H (X) = inf{d : μ_H (X, d) = 0} ∈ [0, ∞]

A detailed study of the concept of Hausdorff dimension is given for instance in (see [32] and the references therein).

Proposition 8.1. The following properties of Hausdorff dimension can be easily deduced from Definition 8.1:

1. Let X_1, X_2 ⊂ H and let X_1 ⊂ X_2. Then

(8.3) dim_H (X_1) ≤ dim_H (X_2)

2. Let X be a Lipshitz manifold in H with dimension N. Then

(8.3) dim_H (X) = N

3. Let L : H → H_1 be a Lipshitz mapping ( H, H_1 are metric spaces). Then

(8.4) dim_H (L(X)) ≤ dim_H (X)

Let us suppose now that the assumptions (7.1) and (3.2) are valid and suppose the right–hand side g of the equation (3.1) satisfies the following condition:

(8.5) g ∈ L^2_b (Ω) ∩ L^2_{⟨α⟩}(Ω)

for a certain α < 0. Then according to Theorem 6.2 the problem (3.1) possesses a trajectory attractor A^{tr} in the space Θ^+_{⟨α⟩}(Ω) defined by (6.8). Let us define also the set A^{gl} by formula (6.26). Then Corollary 6.3 implies that A^{gl} is a bounded set in W^{2−δ,2} b (Ω). Hence it follows from Theorem 5.1 that the solving operator S for the problem realizes a one-to-one correspondence between A^{gl} and A^{tr}:

(8.6) S : A^{gl} → A^{tr} 46

(it means particularly that the problem (3.1) has a unique solution for any u_0 ∈ A^{gl}). Moreover if we endow the attractors A^{gl} and A^{tr} with the topology induced by the embeddings A^{gl} ⊂ Φ_{⟨α⟩}(Ω) and A^{tr} ⊂ Θ^+_{⟨α⟩} respectively then Proposition 5.2 implies that (8.6) is a Lipshitz continuous isomorphism (see also the proof of Corollary 6.2) and consequently, due to Proposition 8.1,

(8.7) dim_H ( A^{tr} | |_{[T,T +1]×Ω}, Θ^+_{⟨α⟩}([T, T + 1], Ω) ) = dim_H ( A^{gl}, Φ_{⟨α⟩} ) for any T ∈ R_+ . Thus, instead of studying the dimension of trajectory attractor A^{tr}_{⟨α⟩} in the space Θ^+_{⟨α⟩}, we will to study the dimension of A^{gl} in the space Φ_{⟨α⟩}(Ω).

Theorem 8.1. Let the above assumptions be valid and let Ind_{z0} = ∞ for some equilibrium point of the equation (3.1). Then the attractor A^{gl} of the equation (3.1) has infinite Hausdorff dimension in Φ_{⟨α⟩}. Moreover for every N ∈ N it contains a C^1-manifold M_N of dimension N.

Proof. This Theorem is a corollary of Theorem 7.1. Indeed, according to Theorem 7.1 for every N ∈ N the unstable set M^+(z_0) (see Definition 7.2) contains a C^1-manifold M_N of dimension N. To complete the proof it remains to verify that M^+(z_0) ⊂ A^{gl}. Let u_0 ∈ M^+(z_0). By definition it means that there exists a solution u(t) for t ≤ 0 for the equation (3.1) such that u(t) − z_0 ∈ C_b(R_− , W^{1,2}(Ω) ∩ C(Ω)) and u(t) → z_0 when t → −∞. Recall also that due to Theorem 6.3 z_0 ∈ Φ_{⟨α⟩}(Ω) ∩ C_b(Ω). Since α < 0 then u ∈ C_b(R_− , W^{1,2}_{⟨α⟩}(Ω) ∩ C_b(Ω)). Rewriting the equation (3.1) in the form of a linear equation

(8.8) ∂_tu = Δ_xu − λ_0u − h(t) with h(t) = f(u(t)) − g , t ≤ 0

and applying the smoothing property for the equation (8.8) (as in the proof of Proposition 5.3 one can easily obtain that u ∈ C_b(R_− , Φ_{⟨α⟩}(Ω)). Consequently, u_0 ∈ Φ_{⟨α⟩}(Ω). Hence, according to Theorems 4.2 and 6.1 there exists a solution u(t), t ≥ 0, u(0) = u_0 of the problem (3.1) and u(t) ∈ C_b(R_+ , Φ_{⟨α⟩}(Ω)). Thus, we construct a solution u ∈ C_b(R, Φ_{⟨α⟩}(Ω)) and u(0) = u_0. Theorem 6.2 implies now that u_0 ∈ A^{gl}. Theorem 8.1 is proved.

We conclude this Section by constructing explicit examples of the equations in (3.1) which have an infinite dimensional attractor. For simplicity we assume below that Ω = R^3

Theorem 8.2. Let Ω = R^3 , α < 0 and the nonlinear term f satisfy (7.1). Let us suppose also that the equation (3.1) is nonmonotonic, i.e. there exists ξ ∈ R such that

(8.9) f^′(ξ) + λ_0 < 0.

Then there exists a right–hand side g ∈ L^2_{⟨α⟩}(Ω) ∩ L^2_b (Ω) of the equation (3.1) such that the attractor of this equation A^{gl} has an infinite dimension in Φ_{⟨α⟩}(Ω).

Proof. Due to the previous Theorem it is sufficient to construct the right–hand side g in such way that the equation (3.1) possesses an equilibrium point z_0 with infinite unstable index.

We begin by constructing an equilibrium z_0 and afterwards we define the right–hand side g by the formula

(8.10) g = −Δ_xz_0 + λ_0z_0 + f(z_0). 47

For every R > 0 consider a smooth function Q_R(z), z ∈ R such that Q_R(z) = 1 for |z| ≤ R, Q_R(z) = 0 for |z| > R + 1 and 0 ≤ Q_R(z) ≤ 1 for R < |z| < R + 1. Consider also a sequence {x_n}_{n∈N}, x_n ∈ R^3 such that (8.11) |x_i − x_j | > 2R + 2 for i ≠ j. Define the equilibrium point z_0 by the formula

(8.12) z_0(x) = ξ ∞∑ n=1 Q_R(|x − x_n|) Then due to conditions (8.11), z_0 ∈ C_b(R^3 ) and |z_0| ≤ ξ. Lemma 8.1. The unstable index Ind_{z0} of the operator (8.13) L_{z0} = −Δ_x + f^′(z_0) + λ_0 is equal to ∞ for sufficiently large R and for an arbitrary sequence {x_n} which satisfies (8.12).

Proof. We will use the min-max principle (see [32]) for the calculation of the unstable index of the self-adjoint operator L_{z0} in the following form: suppose there exists Ndimensional subspace V_N ⊂ W^{1,2}(R^3 ) such that for a certain ε > 0 (8.14) (L_{z0} v, v) + ε(v, v) ≤ 0 for any v ∈ V_N . Then Ind_{z0} ≥ N.

For k > 0 consider the function

(8.15) v_k(x) = { sin(x_1/k) sin(x_2/k) sin(x_3/k) if x ∈ [0, kπ]^3 0 if x /∈ [0, kπ]^3 Then it is not difficult to verify v_k ∈ W^{1,2}(R^3 ) and

(8.16) (Δ_xv_k, v_k) = − 3 k^2 (v_k, v_k). Let us fix now the constant k such that^3_{k2} + λ_0 + f^′(ξ) < 0 and let the constant R be chosen such that 3πk < R. Fix also a sequence {x_n} satisfying (8.11) and define a sequence of functions (8.17) e_n(x) = v_k(x − x_n) Then supp e_i ∩ supp e_j = ∅ for i ≠ j and z_0(x) = ξ when x ∈ supp e_n. Consequently

(8.18) −(L_{z0} e_n, e_n) = ((Δ_x − a − f^′(ξ))v_k, v_k) = −( 3 k^2

− λ_0 − f^′(ξ))(v_k, v_k) > 0 Taking V_N = span{e_1, · · · , e_N } and applying (8.14) we obtain that Ind_{z0} = ∞. Lemma 8.1 is proved.

To complete the proof of Theorem 8.2 it remains to fix the sequence {x_n} in such a way that the function g defined by (8.10) belongs to the space L^2_{⟨α⟩}(R^3 ). Lemma 8.2. Let x_1 = (1, 1, 1) and x_n = Re^nx_1 for n > 1 (R was defined in Lemma 8.1). Then the function g defined by (8.10) belongs to the space L^2_{⟨α⟩}(Ω) for any α < 0.

The proof of this Lemma is based on the fact f(0) = 0 and can be obtained by a direct computation. Lemma 8.2 is proved. Theorem 8.2 is proved.

§9 A dimension of the attractor. The case of finite dimension.

In this Section, under some natural assumptions on the nonlinear term f(u, ∇_xu) we prove that in the case when the right–hand side g of the equation (3.1) belongs to the space L^2_{⟨α⟩}(Ω) for a some α ≥ 0 the attractor A^{gl} of this equation has finite Hausdorff dimension in Φ_{⟨α⟩}. For simplicity we will consider below only the case when α = 0 and Ω = R^3 . The case α > 0 could be treated analogously.

Let us suppose that the assumptions of Proposition 5.3 are valid. Then, integrating the estimate (5.23) over x_0 ∈ Ω = R^n and using the estimates (1.3) and (1.10) with α = 0 we obtain that the following estimate holds uniformly with respect to u_1(0), u_2(0) ∈ A^{gl},

(9.1) ‖u_1(t) − u_2(t), R^3 ‖^2_{−δ,2} ≤ C e^{αt} t^2

‖u_1(0) − u_2(0), R^3 ‖^2_{0,2}.

Here u_i(t), i = 1, 2 are solutions of the problem (3.1). Using the invariance property of the attractor (S_tA^{gl} = A^{gl}) and the third assertion of Proposition 8.1 one can easily deduce from (9.1) that

(9.2) dim_H (A^{gl}, Φ_{⟨0⟩}(R^3 )) = dim_H (A^{gl}, L^2(R^3 )).

So, instead of estimating the dimension of A^{gl} in the space Φ_{⟨0⟩}(R^3 ) = W^{2−δ,2}(R^3 ) we estimate below its dimension in a simpler space L^2(R^3 ). To this end we need the following definition

Definition 9.1. A map S : A → A where A is a subset of certain Banach space X is called uniformly quasidifferentiable on A if for any x ∈ X there exists a linear operator S^′(x) : X → X (quasidifferential) such that (9.3) ‖S(x + v) − S(x) − S^′(x)v‖_X = o(‖v‖_X ) holds uniformly with respect to x ∈ X, x + v ∈ X.

The estimation of the dimension of the attractor A is based on the following theorem.

Theorem 9.1 [32]. Let S_t be a semigroup in a certain Hilbert space H and let A ⊂ H be a compact strictly invariant set of this semigroup (S_tA = A). Let us suppose also that S_t is uniformly quasidifferentiable on A for any fixed t and the following inequality holds for some T > 0

(9.4) ω_d(A) = sup_{x∈A} ω_d (S^′_T (x)) < 1

where ω_d(L) ≡ ‖Λ^dL‖_Λd_H is the norm of d-th exterior power of the operator L in Hilbert space Λ^dH (see [32]). Then the Hausdorff dimension of the set A is finite in H. Moreover,

(9.4) dim_H (A, H) ≤ d

Lemma 9.1. Let all of the assumptions of Theorem 5.2 be valid and let g ∈ L^2(Ω) then the semigroup S_t : Φ_{⟨0⟩} → Φ_{⟨0⟩} generated by the equation (3.1) is uniformly quasidifferentiable in the space L^2(Ω) on the attractor A.

Proof. The assertion of the lemma is a corollary of the estimate (5.33). Indeed let u_1(0), u_2(0) ∈ A and let w(t) be the solution of the problem (5.29) with w(0) = u_1(0) − 49

u_2(0). Then integrating this estimate over x_0 ∈ R^3 we obtain after simple computations that (9.5) ‖u_1(T ) − u_2(T ) − w(T ), R^3 ‖^2_{0,2} ≤ C_1e^{C2T} ‖u_1(0) − u_2(0), R^3 ‖^{2(1+β)}_{0,2} where the constants C_1 and C_2 depends only on norms ‖u_i(t)‖_Φ which remain bounded on the attractor.

The estimate (9.5) implies by definition that the semigroup S_t is uniformly quasidifferentiable on the attractor in the space L^2(R^3 ) and its quasidifferential coincides with a solving operator for the problem (5.29). Lemma 9.1 is proved.

Thus, to estimate the dimension of the attractor it remains to estimate d-th exterior powers of the solving operator for the problem (5.29). Lemma 9.2. Let the assumptions of Lemma 9.1 be valid. Then (9.6) ω_d(S^′_T (u_0)) ≤ e^{∫ T0 Trd{L(u(t))} dt} where u(t) is a solution of (3.1) with u(0) = u_0 ∈ A, (9.7) L(θ) = Δ_x − λ_0 − f^′_u(θ, ∇_xθ)) − f^′_{∇xu}(θ, ∇_xθ)) and Tr_d means a d-dimensional trace of the upper semibounded linear operator L, i.e.

(9.8) Tr_d(L) ≡ sup{ d∑ i=1 (Lv_i, v_i) : ‖v_i‖_{0,2} = 1 , i = 1...d; (v_i, v_j ) = 0 for i ≠ j}

The proof of this Lemma can be found for instance in [32].

Lemma 9.3. Let the operator L(·) be defined by formula (9.7). Then for any θ = θ(x) ∈ A and for any d ∈ N the following estimate is valid:

(9.9) Tr_d{L(θ)} ≤ − λ_0d 2 + Q(‖g, R^3 ‖_{0,2})‖g, R^3 ‖^2_{0,2}

where Q is a certain monotonic function independent of d Proof. Let {v_i}^d_{i=1} be the orthonormal system in the space L^2(R^3 ). Then, due to the Holder inequality,

(9.10) d∑ i=1 (Lv_i, v_i) = − ∫ R^3 (_d ∑ i=1 |∇_xv_i(x)|^2 ) dx − λ_0 ∫ R^3 (_d ∑ i=1 |v_i(x)|^2 ) −

− ∫ R^3 f^′_u(θ(x), ∇_xθ(x)) (_d ∑ i=1 |v_i(x)|^2 ) dx−

− ∫ R^3 f^′_{∇xu}(θ(x), ∇_xθ(x)) (_d ∑ i=1 ∇_xv_i(x)v_i(x) ) dx ≤

− 1 2 ∫ R^3 (_d ∑ i=1 |∇_xv_i(x)|^2 ) dx − λ_0 ∫ R^3 (_d ∑ i=1 |v_i(x)|^2 ) dx+

+ ∫ R^3 ( −f^′_u(θ(x), ∇_xθ(x)) + 1 2 |f^′_{∇xu}(θ(x), ∇_xθ(x))|^2 ) (_d∑ i=1 |v_i(x)|^2 ) dx. 50

Let us estimate the last term in the right–hand side of (9.10). To this end we note that the first assumption of (3.2) implies that

(9.11) f_u(0, 0) ≥ 0 and f_{∇xu}(0, 0) = 0.

Since f ∈ C^1 then there exists β > 0 such that^1_2 |f^′_v(u, v)|^2 − f^′_u(u, v) ≤ λ_0/2 for |u| ≤ β and |v| ≤ β. Let us fix such β > 0 and introduce the set (9.12) Ω_β = {x ∈ R^3 : |θ(x)| ≤ β, |∇_xθ(x)| < β}. Then, by definition

(9.13) I(x) ≡ 1 2 |f^′_{∇xθ}(θ(x), ∇_xθ(x))|^2 − f^′_θ(θ(x), ∇_xθ(x)) ≤ λ_0/2 for every x ∈ Ω_β . Therefore, using (9.13), Lieb-Thirring inequality (see [24]) ∫ R^3 (_d ∑ i=1 |v_i(x)|^2 )_{5/3} dx ≤ C ∫ R^3 (_d ∑ i=1 |∇_xv_i(x)|^2 ) dx,

and Holder inequality with the exponents 5/3 and 5/2 we obtain that

(9.14) ∫ R^3 I(x) ( ∑ i=1^d |v_i(x)|^2 ) dx ≤ λ_0/2 ∫ Ω_β (_d ∑ i=1 |v_i(x)|^2 ) dx+

+ ∫ R^3\Ω_β |I(x)| (_d ∑ i=1 |v_i(x)|^2 ) dx ≤

≤ λ_0/2 ∫ R^3 (_d ∑ i=1 |v_i(x)|^2 ) dx + 1/2 ∫ R^3 (_d ∑ i=1 |∇_xv_i(x)|^2 ) dx+ + ∫ R^3\Ω_β |I(x)|^{5/2}dx

Thus, it remains to estimate the last integral into the right-hand side of (9.14). To this end we recall that θ ∈ A, since according to (6.29) we infer that

(9.15)

{ ‖θ, R_3 ‖_{20,2} + ‖∇_xθ, R_3 ‖_{20,2} + ‖θ, R_3 ‖_{2−δ,2} ≤ Q_1(‖g, R_3 ‖_{0,2})‖g, R_3 ‖_{20,2} ‖θ, R^3 ‖_{0,∞} ≤ C‖g, R^3 ‖_{0,2} for a certain monotonic function Q_1.

The estimates (9.15) imply that

(9.16) mes ( R^3 \Ω_β ) ≤ Q_2(‖g, R^3 ‖_{0,2})‖g, R^3 ‖^2_{0,2}

Moreover, it follows from the assumptions (5.1) that

(9.17) |I(x)|^{5/2} ≤ Q(‖θ, R^3 ‖_{0,∞})(1 + |∇_xθ(x)|^{5r/2}) ≤ Q_3(‖g, R^3 ‖_{0,2})(1 + |∇_xθ|^l) 51

with l = max{2, 5r/2}. Estimating the last integral in the right-hand side of (9.14) using (9.16) and (9.17) we will have

(9.18) ∫ R^3\Ω_β

|I(x)|^{5/2} ≤ Q_3 mes{R^3 \Ω_β} + Q_3 ∫ R^3 |∇_xθ(x)|^ldx ≤ Q_4(‖g, R^3 ‖_{0,2})‖g, R^3 ‖^2_{0,2} + Q_3‖θ, R^3 ‖^l_{1,l} ≤ Q_4(‖g, R^3 ‖_{0,2})‖g, R^3 ‖^2_{0,2} + CQ_3‖θ, R^3 ‖^l_{2−δ,2} ≤ Q(‖g, R^3 ‖_{0,2})‖g, R^3 ‖^2_{0,2} Here we also use the Sobolev embedding W^{1,l} ⊂ W^{2−δ,2} which holds since δ <^1_r −^1_2 , and the estimate (9.15).

Combining the estimates (9.10), (9.14) and (9.18) we obtain that

(9.19) d∑ i=1 (Lv_i, v_i) ≤ − λ_0d 2 + Q_2(‖g, R^3 ‖_{0,2})‖g, R^3 ‖^2_{0,2}.

The estimate (9.9) is an immediate corollary of (9.19) and (9.8). Lemma 9.3 is proved. Theorem 9.2. Let the previous assumptions be valid. Then the attractor A^{gl} has the finite Hausdorff dimension:

(9.20) dim(A^{gl}, L^2(R^3 )) ≤ Q(‖g, R^3 ‖_{0,2})‖g, R^3 ‖^2_{0,2} where Q is a certain monotonic function.

The assertion of this Theorem is an immediate corollary of Theorem 9.1 and Lemmata 9.1,9.2 and 9.3.

Remark 9.1. Let us consider now a slighty modified equation of the form (3.1) (9.21) ∂_tu = νΔ_xu − λ_0u − f(u, ∇_xu) + g where ν > 0 is a small parameter. Then arguing as in the proof of Theorem 9.2 one can obtain the following estimate for the Hausdorff dimension of the attractor A_ν of (9.21):

(9.22) dim(A_ν , L^2(R^3 ) ≤

Q(‖g, R^3 ‖_{0,2})‖g, R^3 ‖^2_{0,2} ν^P where the monotonic function Q is independent of ν and the exponent P = P (r) can be expressed explicitly.

Remark 9.2. If the nonlinear term f(u, ∇_xu) is independent of ∇_xu (f(u, ∇_xu) ≡ f(u)) then arguing as in the proof of Theorem 9.2 we can obtain a sharper estimate for the dimension of the attractor to the equation (9.21) (see [15]).

(9.23) dim(A_ν , L^2(R^3 )) ≤ C_f

‖g, R^3 ‖^2_{0,2} ν^{3/2} . Moreover, this estimate cannot be improved, i.e. there exists a sequence of right–hand sides g_ν ∈ L^2(R^3 ), ν → 0 such that

(9.24) C^′_f

‖g_ν , R^3 ‖^2_{0,2} ν^{3/2} ≤ dim(A_ν , L^2(R^3 )) ≤ C_f

‖g_ν , R^3 ‖^2_{0,2} ν^{3/2} .

References

1. F. Abergel, Existence and finite dimensionality of the global attractor for evolution equations on unbounded domains, J. Diff. Equ. 83 (1990), 85–108.

2. A. V. Babin, M. I. Vishik, Attractors of evolutionary equations, Nauka, Moscow, 1989; English transl. Stud. Math. Appl., 25, North Holland, Amsterdam, 1992.

3. A. V. Babin, Attractor of the generalized semigroup generated by an elliptic equation in a cylindrical domain, Russian Acad. Sci. Izv. Math. 44 (1995), 207–223.

4. A.V.Babin and M.I.Vishik, Attractors of partial differential evolution equations in an unbounded domain, New directions in differential equations and dynamical systems. Proceedings the Royal Society of Edinburgh (1991), 39–63.

5. A.V.Babin and M.I.Vishik, On maximal attractors of semigroups corresponding to evolution differential equations, Math. Sbornik 126 (3) (1991), 397–419.

6. V. V. Chepyzhov, M.A. Efendiev, Hausdorff dimension estimation for attractors of nonautonomous dynamical systems in unbounded domains, Comm. Pure and Appl. Math., (accepted).

7. V. V. Chepyzhov and M. I. Vishik, Attractors of non-autonomous dynamical systems and their dimension, J. Math. Pures Appl. 73 (1994), 279–333.

8. , Non-autonomous evolutionary equations with translation-compact symbols and their attractors, C. R. Acad. Sci. Paris Sér. I Math. 321 (1995), 153–158.

9. , Trajectory attractors for evolution equations, C. R. Acad. Sci. Paris Sér. I Math. 321 (1995), 1309–1314.

10. , Evolution equations and their trajectory attractors, J. Math. Pures Appl. 76 (1997), 913– 964.

11. F. Clement, X. Heimans, A. Angenent, et al., One-parameter semigroups, CWI monograph, 1987. 12. E. C. M. Crooks, J. F. Toland, Travelling waves for reaction-diffusion-convection systems, Journal of the Juliusz Schauder Center 11 (1998), 19–43.

13. P. Collet, J. Eckmann, Extensive Properties of the Complex Ginzburg-Landau equation, Communication in Mathematical Physics 200 (1999), 699–722.

14. N. Dunford, J.T. Schwartz, Linear Operators, Vol I and II, New York: Interscience 1958 and 1963. 15. M.A. Efendiev, Long-time behaviour of dynamical systems: New concepts., Proceeding of RIMS, Kyoto 1998. Evolution equation and its Applications. (Included joint works with A. Miranville, A. Scheel ans S. Zelik).

16. M.A.Efendiev and A.Miranville, Finite dimensional attractors for RDE in R^n with a strong nonlinearity, Discrete and Continuous Dynamical Systems, 15, (2) (1999), 399—424.

17. E. Feireisl, Ph. Laurencot, F. Simondon, H.Toure, Compact attractors for reaction-diffusion equations in R^n, C.R. Acad. Sci Paris Ser.I319 (1994), 147 – 151.

18. B. Fiedler, A. Scheel, M. Vishik, Large patterns of elliptic systems in infinite cylinders, Journal Math. Pures Appl. 97 (1998), 879–907.

19. J. K. Hale, Asymptotic behavior of dissipative systems, Math. Surveys and Mon., 25, Amer. Math.

Soc., Providence, RI (1987).

20. D. Henry, Geometrical theory of semilinear parabolic equations, Moscow, 1985. 21. W. Hutson and J. S. Pym, Applications of Functional Analysis and Operator Theory, Math. Sci.

Engrg., vol. 146, Academic Press, London, 1980.

22. M. A. Krasnoselski, Topological Methods in the Theory of Nonlinear Integral Equations, Macmillan, New York, 1964.

23. Ladyzenskaia, Solonikov, Uraltceva, Linear and quasilinear parabolic equations of second order, Translation of Mathematical Monographs. AMS, Rhode Island, 1968.

24. E. Lieb, W. Thirring, Inequalities for the moments of the eigenvalues of the Schrödinger equations and their relation to Sobolev inequalities, in Studies in Mathematical Physics: Essays in Honor of Valentine Bergmann. E. Lieb, B. Simon, A.S. Wightman (Eds), Princeton University Press, Princeton, NJ (1976), 269 – 303.

25. J.-L. Lions and E. Magenes, Problèmes aux limites non homogènes et applications, Vol. I, Dunod, Paris, 1968.

26. S.Merino, On the existence of the global attractor for semilinear RDE on R^n, Journal Diff. Equation 132 (1996), 87–106.

27. A. Mielke, Bounds for the solutions of the complex Ginzburg-Landau equation in terms of the dispersion parameters, Physica D 117 (1998), 106 – 116.

28. A. Mielke, The complex Ginzburg-Landau equation on large and unbounded domains: sharper bounds and attractors, Nonlinearity 10 (1997), 199 – 222. 53

29. L. Nirenberg, Topic in nonlinear functional analysis, Courant Institute Lecture Notes, New York Univ., 1975.

30. S. L. Sobolev, Some applications of functional analysis in mathematical physics, Nauka, Moscow, 1988; English transl., Amer. Math. Soc., Providence, RI 1963.

31. B.-W. Schulze, M.I. Vishik, I. Witt and S.Zelik, The trajectory attractor for a nonlinear elliptic system in a cylindrical domain with piecewise smooth boundary, (submitted), Preprint 99/1. Universität Potsdam. Institut für Mathematik.

32. R. Temam, Infinite–dimensional dynamical systems in mechanics and physics, Springer–Verlag, New-York, 1988.

33. H. Triebel, Interpolation theory, function space, differential operators, North-Holland, Amsterdam–New York, 1978.

34. M. I. Vishik and S. V. Zelik, The trajectory attractor for a nonlinear elliptic system in a cylindrical domain, Russian Acad. Sci. Sb. Math. 187 (1996), 1755–1789.

35. A. I. Volpert and S. I. Khudyaev, Analysis in Classes of Discontinuous Functions and Equations of Mathematical Physics, Nijhoff, Dordrecht, 1985.

36. E. Zeidler, Nonlinear Functional Analysis and its Applications. Part I. Fixed-Point Theorems, SpringerVerlag, 1985.

37. S. V. Zelik, The trajectory attractor for a nonlinear elliptic system in an unbounded domain, Math.

Notes 63 (1998), 135–137.

38. S. V. Zelik, The attractor for a nonlinear reaction-diffusion system in R^n and it’s ε-entropy, Math.

Notes (1999), (to appear).