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1. INTRODUCTION

More than 30 years ago Rényi [1] introduced the representations of real numbers
with an arbitrary base § > 1 as a generalization of the p—adic representations.
One of the most studied problems in this field is the link between expansions to
base 8 and ergodic properties of the corresponding S-shift.

In this paper we will follow the bibliography of F. Blanchard [2] and give an af-
firmative answer to a question on the size of the set of real numbers 8 having the
worst ergodic properties of their f-shifts.

2. S—EXPANSIONS

| Throughout this paper we denote by [z] and {z} the integer and the fractional part
respectively, of the real number z.
Let 8 > 1 be a real number.

Definition 2.1. The expansion of a number z € [0,1] in base S is a
sequence of integers out of {0,1,...,[5]}

{1} = {in(2, B)}T°,
defined by one of the following equivalent properties:
(1) For alln >0 '
(2) i =[Bz] d2=[B{Bz}] dz=[B{B{Bz}}...
(3) If Tg : [0,1] — [0,1) is the transformation Ts(z) = Bz (mod 1)
then

in = [BT3 ()] n>0.

We endow the set {0,...,[B]}" with the lexicographical order (<e; or simply <)
the product topology and the one-sided shift operator o:

U(ilig...in...)Ziziz...‘in+1...

Moreover we extended the lexicographical ordering to finite blocks:
ety <lez J1---Jm I

i1 in00+ <ieg J1-- - JmlBlA]. .-

Definition 2.2. ~The closure of the set of all B-expansions of z €
[0,1] is called the B-shift Sg.



Remark. Sg is o invariant.
Parry [3] proved that the S—shift Sp is totally determined by its expansions of 1:

Theorem 2.1. If {i,(1,5)} is not finite (i.e. it won’t terminate with zeros only)
then {s,} € {0,...,[B]} belongs to Ss if and only if

gk{sﬂ} <lex {Zn(laﬂ)} k >0
If in(1,8)} = t1...100. .. then {s,} belongs to Sg if and only if

¥ {sn} <tez i1+ inr—1(inr — )31 - ipr—1(tr — L)ig... k>0

According to this theorem we say a word (j1 ... Jm) is allowed iff
(1. gm) < {in(1,B8)} E=0,1,...,m—1

Moreover he proved:

Theorem 2.2. A sequence {s,} € {0,1,...,[B]} is an ezpansion of 1 for some

if
o*{s.} <iez {82} (k > 0) and then B is unique.
The map 7 : B — {2,(1,8)} s monotone increasing.

A more detail survey can be found in [2],[3].

3. ERGODIC PROPERTIES OF THE ,B—SHIFTS

In this chapter we give a brief summary of a part of Blanchard’s paper. For more
details and literature see [2].

The link between topological properties of {i,(1,5)} and ergodic properties of Sg
is completely known. For this we look at the following classes:

Class Cy: Sgisa subshift of finite type.

Proposition 3.1. 8 € C; iff {in(1,0)} is finite.
This is fullfilled for instance for 8 = lizﬁ

Proposition 3.2. ([8]): C; is dense in (1, 00)

Class C,: Sg is sofic.

Proposition 3.3. 8 € C; iff {tn(1,8)} is ultimately periodic. ‘
For B = %@ the expansion of 1 is ultimately periodic but not finite.

Proposition 3.4. If Sg is sofic, then 8 is a Perron number.
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Corollary 3.1. The class Cy is at most countable.

Class (5: Class Sg is specified.

Proposition 3.5. 8 € C; iff there ezists an n € N such that all strings of
0's in {tn(1,8)} have length less than n. This means the origin is not an
accumulation point of the orbit of 1 under Tg.

Class C4: Class Sg is synchronizing.

Proposition 3.6. 8 € C4 iff {1n(1,8)} does not contain some allowed word.
That is the orbit of 1 under Tg is not dense in [0,1].

Class Cs: Class Sg has non of the above properties.
That is the orbit of 1 is dense and consequently {i.(1,5)} contains all allowed
words.

One of the questions raised up by Blanchard is that of the size of the classes C3, C4
and 05.
The main results of this paper is to answer this quéstion.

Definition 3.1. A subset C of (1,00) is said to be residual iff it
contains a countable intersection of open and dense sets. The com-
plement of a residual set is called meager.

Our aim is to prove the following

Theorem 3.1. (1) Cs is residual in (1, 00).
(2) Cs has full Lebesque measure in (1,00).
(3) Cs has Hausdorff dimension 1.

(4) C4\C3 has Hausdorff dimension 1.

4. PROOF OF THE RESULTS

We start with a couple of definitions which reflect the properties of Theorem A.

Definition 4.1. A block B = [i1,...,1m] is called admissible iff
o*B < B
(k=1,...,m—1).

De: ion 4.2. For an arbitrary block B = [i4,...,%m] we define
;he admissability range of 8 by

AR(B) = {8 € (1,0)|0*B < {im(1,8)}, k=1,...,m—1}
and the admissible block range by '

3



AR(B) = {C|C is admissible and e*B < C k=1,...,m —1}.’

Remark. AR(B) are the starting blocks of the expansions of 1 for § € AR(B).

Lemma 4.1. Let B = [i1,...,]m] be an admissible block. Then the cylinder set

CB—{ﬂG(l oo)li(1,8) =gk k=1,...,m}
is the half-open interval [B1, B2) with By = B1(B) the only solutzon in (1,00) of the
equation

,3—]1+I—8'+"‘+ﬁm_1
and B, = Ba2(B) is the limit of the unique solutions in (1,00) of the equations

ﬁN—31+5+ +ﬁ T NeN
where [J1, ..., Jm Jm+1 ---JN| i the mazimal admissible block of length N starting
with_entries [j1,..., ]m]
The diameter of CB 15 at most ﬁ"‘ .
2

Proof. Because jijs. . .jm000... is the smallest sequence in the set 7(C) it follows
from the monotonicity of m that 5, is the least number in Cp. The second part of
the lemma follows from the fact that each orbit of 1 begins with admissible blocks
only and from the characterization 1 of S-expansions in definition 2.1.

The last part is a consequence of the fact that 3, fulfills the inequation

Jm+1
52_J1+ﬁ+ +ﬁ"‘“1

this follows again from the characterization 1 in definition 2.1. and the equality:

+ 1 'm
|ﬁ2—51|__,71+ﬂ—+ ylnt] (h+—+ Zn_l)
1
O
'Definition 4.3. An admissible block [z3, . .. ,%,) is called N-delaying

for some natural number N iff for all blocks B = [ji,...,Jm], such
that [¢4,...,1,] € AR(B) the block

[7:11 oty 0y0003 0,71, ]m]
\._v_./
N
is admissable.
In the next lemma we give a necessary condition for a block not beeing N-delaying.



Lemma 4.2. If an admassible block C is not N-delaying it has the form

C=1ltny 1m0y e, 0, emi Nty oy Ty 01, - vy bm)
N
N+1
for somem €N, M >m+ N +2.

Proof. Let B = [1] then C € AR(B) but

M . . . . . .
o ([t -, tmy 0y ooy 0, Bk N2y - -+ 5 3, 215 - - - 5 2m, 0, ..., 0,1]) > C,0,...,0, B.
S—— N———
N N

So C is not N-delaying. On the other hand if C has not that form it follows from
the admissability of C that if B is s.t. C € AR(B) then

¢*(C,0,...,0,B) < C,0,...,0,B
e

N
k=1,..., length of [C,0,...,0,B]. O

Lemma 4.3. Let B = [iy,...,1,] be a N~delaying block. Then the cylinder set Cp
has diameter at least ﬁz(BIW'

Proof. Since B is N-delaying the only solutions 8 and J of the equations

B = i1+i§+"' ﬁ—?_—l and
B = i1+%+-"+5f:’l—l+ﬁ—£+—; respectively

are contained in Cpg. But they fulfill the inequality

B—81>B " > py(B)~ W+
([

Lemma 4.4. There is a constant A > 0 such that for each natural M the set Dy L,
of cylinder sets in [N — 1, N| of length M which are not L-delaying has measure
at most

A(N - 1)L

Proof. By lemma 4.2. a non—L-delaying block of length M has the form
[N—1,72,-+,7k,0y. .., 0,81, ..y 2, N — 1, ..., Ji] with jx #0,2k+ L +m = M.

‘ L+1
Each cylinder set Cr, = C[N_l,jz__,.,jk,o,___p] has length at most ﬂg(CL)'(""'L) (lemma

L+1

4.3.).



Since N — 1 > 0 by the same argument as in lemma 4.3. the cylinder sets

E [N=1,0 k] [i1yeesim] B

Where the union is taken over all blocks such that

[N=1,...,5n,0,...,0,31, . om, N = 1,..., k]
N e

L+1 .
is admissable. Then the Lebesque measure of Dy, can be estimated as follows:
L(Dur) X X X L(ONot,ii00Oit izt o]
; k [N-—l,...,jk] [‘l]_,...,tm] e ad
L+1
_<_. Z E N ﬁz(CL)mL(O[N"'lr"-,jk»ov--yovilr-wimrjls"-ljk])
E [N=1 ] el

Using again the same arguments as above and j; # 0 we obtain

L(C[N_]-v-"’jk]) : >
L(C[N—Il-"rjkx&;;giil )-":iﬂI-xN_ll-"!jk]) -
L+41
Ba(Cin-1,..; ])_(k_z)
> senydie >
T Ba(C1 -1t it N L] L
L+t

> Ba(Clv-1,...ia] yerlm+l,

So we can continue

L(Dyi) <Y L L(Cwor..ig)- Ba(CL)™Ba(Ciy-r,. jug)~ I+

k [N—l)"'vjk]

IA

% Z . L(O[N_I)-"ijk]) : ﬂZ(C[N_Iv'"iJ'k])—(k+L+1)

[N-—l,...,];.]‘

Y L(Ow-1,.,50) (N = 1)~(+E4D)

[N_'lr-"ljk]

7\
=

(A

Z(N _ 1)—(k+L+1)
k

< AN - 1)F



Remark. For N = 2 the above estimates are useless. But if we subdivide (1,2]
into a countable number of subintervals we can achieve on each such subinterval
corresponding estimates.

Lemma 4.5. Let B = [{y,...,4y] be an admissable block, then

L(WgNAR(B))=0
where W = {8 € (1,00)|{tn(1,8)} does not contain B as a subword. }

Proof. Let k,N,L € NN > 2 be given. We denote by CD,, (n € N) the comple-

ment of the set D, 1 in lemma 4.4. We will construct inductively sets W, all con-

taining Wg, N AR(By), where By, = [44,...,4m,0,...,0,1]. Obviously, AR(Bg+1) D
N

E
AR(Bg) and
U AR(B:) = AR(B).
k=0
Moreover
Ws, N AR(Bk) D Wsn AR(Bk).
We set '

Wo = [N — 1, N] N AR(By)

Assume that we have constructed all set W; up to step n — 1. We consider the set

I'-;I};n—l = Wn—l N Dn—l,L-
For each Civ_1,...in_] C Dn-1,L N AR(Byx) we consider the cylinder
C[N—I,...,in_l,0,...,0,(1 yereylm]® '
N

L
Clearly, [N — 1,...,%n-1,0,...,0,41,...,4m,0,...,0,1] is in AR(Bg) and admiss-
e et T N et

L k
able and hence, by the standard arguments used before

L(C[N—l,...,in—ﬂ) ) < NL+m+k
L(C[N—l,--.,in_l ,0,...,0,(1,...,t,,,,o,...,o,1])
N~ N’
L k

The set W,, we define as

CD,,,_lanAR(Bh) L M

Wn = (Dn-1,, N Wa-1) U (Wn—l\ U C[N—1,...,i,,._1,0,...,0,(1,...,tm,o,...,o,1])
: Ny AP

According to the above estimates and lemma 4.4. the measures of W, fulfill the
inequalities: :



L(Wp) < L(Dpo1znWay) + (1 _ (%)me) L (Wn-y)

AWyt (1= (1)

Hence

L (ﬁown) < AN -1

Using that Wg, N AR(By) C ﬁ W, for all L and letting L tend to infinity we can
n=0
derive ~

L(Wp, N AR(Byx)) = 0.
Finally the observations at the beginning of the proof give the desired result. [

From the arbitrary choice of B and the remark after lemma 4.4. we get as a corol-
lary:

Proposition 4.1. Cs has full Lebesque measure.

Remark. Carrying out a slightly more detailed analysis in the proof of the previous
lemma, we are able to show that the Hausdorff dimension of the set Wg = {8 €
Wg|{in(1, 8} contains all allowed words except B} N AR(B) equals the Hausdorff

dimension of
WgsnN AR(B).

Our next step is to prove the claims 3) and 4) of the main theorem.
The crucial point in the proof is the estimation of the Hausdorff dimension of a
class of special Cantor sets.

5. SPECIAL CANTOR SETS

We want to construct a class of Cantor sets which enable us to prove the statements
2 and 3 of the main theorem.

The construction will be made by inductively deleting intervals.

Let the natural numbers m and N be fixed.

In the first step we cancel one of the open intervals

interior (C[N —1,4,... ,im]) = W[N _ 1]
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with [N — 1,44,...,%,,) an admissable block. After leaving out all intervals up to
step n we proceed as follows:
In each remaining interval of the form

Civ-1,jt,njn-1] ([N —1,71,...,Jn-1] is admissable)
we delete exactly one interval

W[N_]"jll"')jﬂ—]-] = lnterlor (C[N_lyjly"'ljﬁ—l)llj---;tm])

with [N —1,71,...,7n-1,%1,-..,¢n] an admissable block. This procedure gives rise
to a Cantor set Uy, in [N — 1, N].
In the next lemma we give a lower bound of its Hausdorff dimension.

Lemma 5.1. Let U, be a Cantor set constructed as descripted above. Then

log (N —1)" — 1)

dimg U, >
dimgUn 2 = N 1)

Proof. We want to associate to U,, a measure y in order to use Frostmans lemma
(see appendix).

Let the construction — and therefore U,, — be fixed.

We define p by assigning to any cylinder set its value:

/L([N— l:N]) =1
If Civ-1,i;,...in] 18 & remaining interval then, obviously, is Cix_1,,....in—
are nonempty. So we assign to the interval Cy_15,,...,] the measure

ms1] and they

diam (Cly-1,..4,])
diam (CiN-1,4y,sin-m])
Thus u can be extended to a measure concentrated on U,,. Let 8 € Uy, have as the
expansion of 1 the sequence {i,(1,8)} = {in}.
Then the construction implies the property

1 (C[N-m,...,i,,_m])

diam (C[N—L...,in])

1— dia.m(VV[N-L...in—(k—l)'nl)
dia,m(C[N_l,

[2]
. “(C[N—l,...,in]) 5“1,;[_11 (

corin—tom]

With the help of similar arguments to that of lemma 4.3. we conclude

diam (C[N-—l,...,in]) <(N-1)™

and

diam (I/I/[N—l,...,in_(k—l)m])
diam (C'[N_1 ..... in—-km])

<-y

9



There exists a constant a; such that for every interval () with centre 8 and
diameter € one can find a number p = p(¢) fitting the inequalities

ay w(I(B)) < w(Civ-1,...ip3) < a2p(1(B))

and
%—1 e < dia,m(C'[N_l;_.,,,-p]) < ag-E.
So we get
log ,u,gkI,g B)) > log az#(C[N—l,...,i,,]))
loge ~ log az_ldiam(C’[N_L,,,,;p]) -
tog(as i )
0og\as I (N—1)-m
> 1+ =Tl 1_) .
= log(as(N — 1))
Consequently

lim inf log p(I.(B)) > log((N —1)™ — 1)
e oge = log(N-1)"

for all B8 € U,, and Frostmans lemma implies this lemma. [J

Corollary 5.1. dimyg C3 = 1.

Proof. We specify the construction of Uy, by cancelling the intervals ending with a
string of m zeros. Then the lemma gives the statement for the limit m — oco. O

Corollary 5.2. dimy(C4\C3) = 1.

Sketch of the Proof. By the remark after proposition 4.1. we see that
dimg{B|{in(1,5)} contains all allowed words but the allowed word

B} = dimg{B|{i.(1, 8} does not contain B} holds.

Let now {B,} be a sequence of words whose length tends to infinity and containing
only strings of zeros of a commonly bounded length. If U, is the special Cantor set
constructed by leaving out the word B, whenever it is possible then U, is contained
in the set {8]|{ia(1,8)} contains all allowed words but B,}. Since the Hausdorff
dimension of U, tends to 1 this implies the corollary.

a
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6.- PROOF OF STATEMENT 1 OF THE MAIN THEOREM

Proposition 6.1. Cs is residual.

Proof. We build a set G C C5 which is the countable intersection of open and dense
sets.

For a natural n and an admissable block [iy,...,%,] we consider the lexicographicly
ordered sequence of all allowed blocks {Bx}7 . It is easy to check that the block

52+ im0y 0, Bie1,0,. .., 0, By, 0,...,0, Bm] = B([is, ..., 3n])
k'n )

1s admissable. Therefore the set

U OB, i)
(21, + 5 tn)
is admissable

is open. Moreover, for each natural N the set

Gv= U U Ca,... i)
n2N [i,...,4,]
is admissable

is open and dense in (1, c0). Obviously the set

N Gy=G
N:

1

is residual and contained in Cs because for each 8 € G and each natural number
m all allowed words up to length m occure in the expansion of 1 {i,(1,8)}. O

The theorem is now the summary of the above propositions.

7. CONCLUDING REMARKS

We found a quite complete hierarchy in the classes introduced by F. Blanchard.
This leads to the following picture:

@ 7é Cl - 02 - 03 C C4 - (1,00) 05 = (1,00)\04
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Their sizes are indicated in the diagram below

01 02\01 Cg\Cz C4\C3 05

Hausdorff dimension 0 0 1 1 1

Lebesque measure 0 0 0 0 full
measure

Baire category countable countable meager meager residual

and dense and dense and dense and dense

The transition from C, to Cs is quite strong in size. It goes both from zero to
full Lebesque measure and from a meager to a residual set. This indicates to look
for a subset of Cs exhibiting only one "jump” in size. In a forthcoming paper we
introduce one of such subsets, namely a set having full Lebesque measure but being
meager. The set we are looking at is that of all 8 where the expansion of one is
normal ([4]).

- 8. APPENDIX: HAUSDORFF DIMENSION

For general definitions and results in the theory of Hausdorff dimension see [5].
Let X C R. An at most countable collection of sets is called an e—cover of Y if
it covers Y and the diameters of all its members are less then €. For s € R¥ the
s—dimensional outer Hausdorff measiire of X is defined by

me(X) = lE%inf {E diameter (U;)’|{U;} is an € — cover of X} .

There is a unique critical value sy for which the s-dimensional Hausdorff measure
jumps from infinity to zero:

so = inf {s|m,(X) = 0}.

This value is called the Hausdorff dimension dimg(X) of X. A very usefull tool to
get estimations of the Hausdorff dimension from below is Frostman’s lemma:

Lemma 8.1. If p is a probability measure concentrated on X and
| I,
lim inf 28AU(2)) 5
=0 loge
for all x € X and I.(z)-the interval centered at z with diameter €, then

dimg(X) > s. ]

12
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