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A SUPER-BROWNIAN MOTION WITH A SINGLE POINT CATALYST

By Donald A. Dawson and Klaus Fleischmann

Carleton University and Institute of Applied Analysis and Stochastics

Summary. A one-dimensional continuous measure-valued process {‘I t;tZO) is dis-
cussed, where branching occurs only at a single point catalyst described by
the Dirac §&8-function 6C. A (spatial) density field (mt(z);t>0,z¢c) exists
which is jointly continuous. At a fixed time t>0, the density mt(z) at z de-
generates to O stochastically as =z approaches the catalyst’s position ¢. On
the other hand, the occupation time process yt 1= J; dr .'Xr(‘) has a (spatial)
occupation density field {qt(z);tZO,zeR) which is jointly continuous even at
¢ and non-vanishing there. Moreover, the corresponding "occupation density
measure" dgt(c) = A%(dt) at ¢ has carrying Hausdorff-Besicovitch dimension
one. Roughly speaking, density of mass, arriving af ¢ normally dies immedia-
tely, whereas creation of density mass occurs only on a singular time set.
Starting initially with a unit mass concentrated at c¢, the total occupation
time measure ym equals in law a random multiple of the Lebesgue measure where
that factor is just the total occupation density at the catalyst’s position
and has a stable distribution with index 1r2. The main analytical tool is a
reaction diffusion equation (cumulant equation) in which &-functions enter in
three ways, namely as coefficient 80 of the quadratic reaction term (describ-
ing the point-catalytic medium), as Cauchy initial condition (leading to ba-

sic solutions), and as external force term (related to the occupation density).
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super-Brownian motion, superprocess, measure-valued branching, Hausdorff
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1. INTRODUCTION AND RESULTS
1.1. Introduction

In Dawson and Fleischmann (1991) av one-dimensional superprocess X =
{It;tZO} was constructed in which eritical branching occurs only in the pre-
sence of some catalysts. These alie an infinite system of weighted points,
stochastically fluctuating both in time and space. The catalysts are densely
situated in space and have an infinite overall density of weights.“ (Heuris-
tically, the model makes sense, since the underlying motion process has a po-
sitive occupation density at the point catalyst’s locations since the space
dimension is one by assumption.Z))

In spite of that singular and highly fluctuating nature of the random
medium, in Dawson, Fleischmann, and Roelly (1991) it was shown that at a fi-
xed time >0 the random measure X, on R is absolutely continuous, i.e.

t

with probability one there exists a representation fIt(dz) = act(z)dz with /.ctEO
a measurable function. But the paper left the question open as to what pro-

perties the random density «, or even a density process « would have.

t

To attack this problem, in the present paper we focus our attention on
the extremely simple case of a single, non-moving and non-random catalyst,
described by the Dirac J&-function 60’ where c¢eR is fixed once and for
all. Consequently, branching occurs only at site ¢, namely according to the
simplest continuous state Galton-Watson process, but with an "infinite rate"
(in the sense of &-functions), whereas off ¢ we merely have a deterministic

dispersion of population mass by means of the heat flow. More precisely, we

consider the (time-homogeneous) super-Brownian motion X related to the non-

1)
For a physical discussion of fractal catalysts we refer to Sapoval (1991).

For recent results on local times on superprocesses, see Barlow et al. (1991)
and Adler and Lewin (1990).
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linear (formal) equation

]

d 2
(LLD gfu(t,z) K Au(t,z) - 6C(z) u'(t,z), t=0, zeR,
u(0,z)

via its Laplace transition functional

o(z), zeR, <peG+,

(1.1.2) [E(exp(irt,—w)]flfs:u) = exp(u,-ult-s)),  Ossst, G, peM .

Here k>0 is the diffusion constant, the (one-dimensional) Laplacian A
acts on the space variable =z, and the set G just contains all those con-
tinuous functions ¢ defined on R having "Gaussian decay", that is,
Iw(z)lexp[cq)zz], zeR, is bounded for some constant C<p>0' Moreover, - Mf
denotes the set of all finite (non-negative) measures defined on R, equip-
ped with the topology of "exp-vague" convergence, i.e. the coarsest topology
such that all functions pu(u,e), goeG+, will be continuous, where (u,¢)
abbreviates the integral [fu(dz) ¢(z). By the way, in Dawson and Fleischmann
(1992, 1991) mild solutions u to (1.1.1), and the superprocess X  were
constructed (even in more generality) by means of approximating 80 by the
smooth functions p(e,(¢)-c), €>0, where pl(e,*) is the symmetric Gaussian
density

(1.1.3) ple,z) := (4nke) " exp[-z°/4xe],  zeR,

and €20 (see also Section 2 below). Of course, X can also be understood
as a high density limit ‘of a particle model (diffusion approximation; for the
constant branching rate case, see e.g. Le Gall (1991) and the references
therein).

As already mentioned, by the results in [7], for fixed t>0 the random
measure th has almosﬁ surely a density function x, on R. In order to
get a. preliminary feeling for its properties, we suggest the following heuri-
stic considerations. Formally, we can interpret the density a:t(z) at site

Z as (fxt,éz), for Lebesgue almost all zeR (recall the notion of a deri-

vative of a measure). Keeping in mind the well-known formulas for the moments
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of (Sft,(p), where for the moment X denotes a superprocess with regular
branching rate p(z) instead of éc(z), then by the formal substitution

pt—)éc and <p+—><SZ we arrive at the following expectation and covariance for-

mulas:
(1.1.4) E(z, ()| =u} = ju(da) plt,z-a) = [W*p(D)](z)
(1.1.5) (Dov{a:s(z),cct(z’) Sfo=p} =2 Ju(da) IZ dr p{r,c-a)p(s-r,z-¢)p(t-r,z’-c),

O<sst, z,z” # ¢. Now, for fixed t>0, a,ceR, we get
(1.1.6) War(mt(z)[f)C():Sa} ~ const |loglz-¢|| as z-c,

i.e. the variance of the random density «, blows up as z approaches the

t
catalyst’s position c. Roughly speaking, in the vicinity of the catalyst
the density of ixt is highly fluctuating. This very vague idea, of course,

raises the question as to how the density «, actually behaves as z-»c. Al-

t
so, the absolute continuity for fixed t does not exclude the possibility
that xt could be pathological on a set of time points t of Lebesgue mea-
sure zero.

In the present paper we will give some results related to these prob-
lems. In particular, this will also provide some probabilistic’ insight into
the basic nature of measure-valued branching processes (superprocesses) in
point catalytic media.

From a technical point of view, we will prove the existence of density
fields and study their continuity properties. For the model with regular
branching rate (instead of a point-catalytic medium), the path continuity of
the superprocess with continuous branching component was demonstrated by Wa-
tanabe (1968) and in a very general form given by Fitzsimmons (1988). In the
one-dimensional case, the existence of (spatial) densities at a fixed time

t>0 was first proved by Roelly-Coppoletta (1986) and, in more generality, in

Fleischmann (1988). Joint continuity of a density field was first obtained in
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Konno and Shiga (1988), and for the corresponding occupation time process is
due to Sugitani (1989). Our approach is rather close to the latter two refe-
rences using Kolmogorov’s continuity criterion.

The outline of the paper is as follows. Next we formulate our main re-
sults, followed by a discussion of the longtime behavior of the process. Re-
sults on the cumulant equation are mainly collected in Section 2. The follow-
ing section is devoted to our superprocess and its density field, whereas the
final section deals with the occupation time process and occupation densi-

ties.

Remark 1.1.7. Let us mention at this point another interesting topic excluded
here, namely the question of existence of (non-degenerate) superprocesses in
multi-dimensional singular media which possess absolutely continuous states.

This will be the subject of a forthcoming paper of the authors. o

1.2. Main Results

First of all we remark that we will always interpret equation (1.1.1)
{or related ones) ih its mild form, i.e. as an integral equation,
(1.2.0) u(t,z) = Stgo(z) ~ I; dr plt-r,c-z) uz(r,c), t=0, zeR,
where {St;tZO} denotes the Brownian semigroup corresponding to (1.1.3),
i.e. the Markov semigroup with "generator" kA and transition density p;
for more details, see Section 2 below. Although the super-Brownian motion re-
lated to this equation does not f it3) into the very general formulation of
Fitzsimmons (1988), as in the latter the continuity in time of the branching

component yields the continuity in time of the whole measure-valued process:

Theorem 1.2.1 (path continuity). The time-homogeneous Markov process X =

[iX,!Pu,uer] determined by equation (1.1.1) (i.e. (1.2.0)) via the Laplace

As pointed out in Dawson et al. (1991), our super-Brownian motion can be viewed as a
special case of a model in Dynkin (1991).
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transition functional (1.1.2) can be constructed on the space C[lR+,/14f] of
continuous finite measure-valued trajectories. The following expectation and
covariance formulas hold (0ssst, ueﬁf, o PeG):

(1.2.3) @ov“[(frs,w),(‘xt,w)] =2 fu(da) JZ dr plr,c-a) Ss_rw(c) St_rw(c).

The next result establishes the existence of a density field which can
be chosen to be continuous in time and space excluding the catalyst’s posit-

ion ¢:

Theorem 1.2.4 (jointly continuous density). There is a version of X such
that there exists a sample joint continuous random field « = {mt(z);t>0,z¢c}

satisfying
frt(dz) = mt(z)dz for all >0, IP”—a.s., uexﬂf.

The state x, at time >0 of the time-homogeneous Markov process « has

the Laplace function

k .
(1.2.5) E“exp[-zizlmt(zi)ei] = exp(u,-u(t)), 0, 8,20, z #c, Isisk,
where uz0 satisfies

a _ 2 _ vk

apt = KA - dun ult=o+ =L eiazi

(see Proposition 2.3.2 below). In particular, the expectation and covariance

formulas (1.1.4) and (1.1.5) hold.

Recall that according to (1.1.6) the variance of the continuous density

ctt(z) blows up as z-»c. Opposed to this, the following holds:

Theorem 1.2.6 (vanishing density at the catalyst’s position). For fixed >0,

mt(z) =2 0 in probability.

Consequently, at a fixed time t>0, approaching the catalyst’s position

¢ the "increasingly fluctuating” random density «, degenerates stochasti-

t

cally to O (opposed to the non-degeneration of its expectation tEact accor-

ding to (1.1.4)); in particular, the probability for /Lt(z) to be large will



A POINT-CATALYTIC SUPER-BROWNIAN MOTION 7

become very small as z»¢. Heuristically this can be explained as follows:
Since at ¢ the branching rate is "infinite", population mass which- is even-
tually present at ¢  will be killed with "overwhelming" probability leading
to the fact( that (Xt almost surely has density act(c):=0 at ¢ (with an
exceptional set depending on t).

On the other hand, having in mind the dynamics of the X-process, as long
as it is not extinct, there will be a permanent flow of absolutely continuous
mass into ¢, where not only a killing takes place as just described, but
also a production of mass according to the critical continuous state branch-
ing mechanism. By the "infinite" branching rate, the Ilatter effect happens
with a "very small" probability, and the set of time points t where a pro-
duction of population mass will actually occur (which will be smeared out by
the heat flow) should be "very thin".

Our next result will ink fact constitute that despite that a.s. degenera-
tion a:t(c)=0 at fixed time points t as described in Theorem 1.2.6, our
supér—Brownian motion X has a positive occupation density even at the cata-
lyst’s position ¢. In fact, by the sample path continuity of the X-process,
we may introduce the occupation time process Y = {‘yt;tZO} related to X,
defined by ‘Ut = J; ds frs, or more precisely, by

(yt,go) = J; ds (f[s,<p), <peG+.
Of course, by the integration, Y 1is smoother than X, and
(1.2.7) 4@ = [§ ds w2, 120, 2%,
yields a density field of Y, which is [P“—a.s., ue/?lf, jointly continuous on

[R+><{z¢c). It remains to determine its behavior at the catalyst’s position ¢.

Theorem 1.2.8 (everywhere continuous occupation density). There is a version
of X such that the density field y of Y defined by (1.2.7) extends con-

tinuously to all of 1R+><IR. Moreover,
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k .
(1.2.9) [E#exp[— 2{:1 qt(zi)ei] = exp(u,-ult)), 120, 6,20, z.€R, Isi=k,
where uz0 solves

s

5} 2 K
(1.2.10) Y = Kbu -Su" +F 6

S, u
i Zi t=0+
(see Lemma 2.2.2 below). The following expectation, variance, and covariance
formulas hold (0ssst<s’st’, z,z’€R, uer):

t
(1.2.11) Eugt(z) = Jp(da) Jo ds p(s,z-a),

(1212)  Var [4,(2)-y (2)] = 2 Ju(da) f; dt plt,c-a) Ut

2
TVs ’

dr p(r-r,z—c)]
(1.2.13) Covu[qt(z)—qs(z), t;t,(z’)—qs,(z’)]

=2 ju(da) J: dr JZ dr’ ﬂ; dt p(t,c-a) plr-t,z-¢) p(r’-t,z’-c),

We call t;t(z) the occupation density of X at 2z during the time pe-
riod [0,t]. Note that the expectation formula implies that even at the ca-
talyst’s position the occupation density qt(c) cannot be identically O,
which is in contrast to the a.s. vanishing random density mt(c) at ¢ for
fixed t, in the sense of Theorem 1.2.6. Note also that the variance of y
is finite even at the catalyst’s position, in contrast to the blowing up ef-
fect (1.1.6).

For each zeR, the sample monotone stochastic process {qt(z);tEO} de-
termines some locally finite continuous random measure dgt(z) = a%(dt) de-
fined on {R+, which we call the occupation density measure at z. By the
definition (1.2.7) it is a.s. an absolutely continuous measure on the time
parameter set [R+, as long as z#c. What can be said on the occupation den-
sity measure A at the catalyst’s position? Heuristically it measures just
the "thin" time set where there is a non-vanishing population density at .
Theorem 1.2.6 suggests that this measure has to be singular a.s. Neverthe-
less, in the next result we will show that A® has a support of "full dimen-
sion".

Let us first recall the definition of the Hausdorff-Besicovitch dimens-
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ion d = dium(4) € [0,1] of a subset A of R: It is defined by the requi-
rement that
liminf | {Zk(dLam(Bk))P; U B >4, cLLam(Bkka}

equals +wx for pe(0,d) whereas it vanishes for pe(d,1]l. Here (Bk) is a
countable covering of A by closed intervals Bk with diameter smaller than
8. (For more details, we refer to Billingsley (1965), §l14.) Furthermore, a
measure p defined on R (more precisely defined on the Borel o-algebra R
in R} is said to have carrying (Hausdorff-Besicovitch) dimension candim()
= d if d is the smallest number such that dim(4)=d for some AeR with

H(R\A)=0. Now we are ready to formulate our next result:

Theorem 1.2.14 (carrying dimension). Given fXO(ER)>O, the occupation density
measure Ac at the catalyst’s position has a.s. carrying (Hausdorff-

Besicovitch) dimension one.

It is interesting to compare this with the usual Brownian local time (at
a fixed point) which determines a singular random measure with carrying di-

mension 1/2.

Remark 1.2.15. The results of this paper suggest that in the "original" cata-
lytic superprocess of [S] with a dense set of point catalysts the correspond-
ing occupation time pfocess has a sample jointly continuous (spatial) densi-
ty, too. In fact, in the singular situation (if the branching rate is not re-
gular), the occupation time process Y, or more precisely, its density pro-
cess 4 seems to be an essential even for the formulation of the model. For
instance, the martingale problem for our super-Brownian motion with a single
point catalyst at ¢, should be posed as follows: For ¢ € GnD(A),
.Mt(fp) = (X0) - (X1 - ﬁ dr (X, kbg), 120,
is a martingale with quadratic variation process

<<M(q>)>>t =2 (pz(c) gt(c), t=0,
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where
t
fo dr (frrJP) - de gt(z) e(z) = 0, t=0.
That is, this quadratic variation disappears if  ¢(¢)=0, and it cannot be

defined simply in terms of (iIt,go) as in the case of a regular branching ra-

te (Fitzsimmons (1988)). a]

1.3. Further Properties: Longterm Behavior

In this subsection we establish some further properties of the processes
X and Y, specifically concerning their asymptotic properties as time tends
to infinity.

Up to this point the superprocess X is defined in the space of finite
measures. But assume for the moment, that the super-Brownian motion X starts

off at time 0 with the Lebesgue measure denoted by £, that is Io(dz) =

«dz). Then
(:xt,q;) s 0 stochastically, for each ¢eG_,
i.e. th suffers local extinction. In fact (recall that the Laplace trans-

form of th is given by (1.1.2) in conjunction with equation (1.1.1)):

Proposition 1.3.1 (local extinction). For all peG_, we have fdz u(t,z) =2

0, where uz0 is the solution to (1.1.1).

This property is interesting in that thé single catalyst finally kills
off all the mass in any bounded region. Consequently, from this point of
view, the branching component dominates the spatial diffusion of mass (since
in the pure diffusion case i(tEE holds). Of course, from the intuitive view-
point, the recurrence of the one-dimensional Brownian motion is necessary
here. On the other hand, note that "stability of second order" of a branching
random walk on the square lattice with (critical binary) branching only at
the origin is established in Matthes, Siegmund-Schultze, and Wakolbinger
(1992), Example 3.7.

Our next result concerns the limiting behavior as t»w of the occupat-
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. . . o z
ion time ‘Ht and the occupation densities gt(z) = A7 ([0,t]) at =z

Theorem 1.3.2. Assume that IXO=6C and fix zeR (for instance z=c¢).
(i) (total occupation density): qt(z) converges in distribution as tm
to some stable random variable gm(z) with index 12 determined by

its Laplace function Eexp[-6y (2] = exp[-vV8], 620.

(ii) (total occupation time): yt converges in distribution as t-2w to ‘ym

= gm(c)ll, a random multiple of the Lebesgue measure L.

We call Y = the total occupation time and y (z) = A%(R) the total oc-
cupation density at  zeR. It is interesting to compare these results with
the corresponding properties resulting from the "individual mechanisms" in
the model. In fact, if we drop the branching mechanism, then ‘yt(dz) equals
the "potential measure" U; ds p(s,z—c)}dz which approximates V¢t &(dz) as A
t»w (except a constant factor). On the other hand, if we omit the diffusion
mechanism (or replace the point catalytic branching rate by a constant rate)
then ?Jt([R) forms the occupation time process of the simplest continuous
state Galton-Watson process, which has in law a stable random limit variable
C with index 1/2 as t»w; see Dawson and Fleischmann (1988), p. 198. Hen-
ce, our point catalytic model combines and reflects features of both mecha-
nisms resulting in 'ym 2 ¢¢. In other words, adding a point catalyst to the
pure diffusion situation leads to a reduction and randomization of the "uni-

form" limiting mass.

2. THE CUMULANT EQUATION

In this section we will collect some basic facts on the (integral) equa-

tion (1.1.1), but in a certain more general form.

2.1. Prerequisites

Fix a time interval I = [L,T], L<T. Let G' denote the set of all
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continuous mappings u: I+> G which are dominated in the sense that
lult,x)| = fu(x), teI, xeR, for some fueG+. We equip G and G' with
the supremum norm of uniform convergence, denoted by ll-llm (in both cases),
resulting into normed subspaces of the Banach spaces Co(fR) and CO(Ix[R).

Particular subsets of G' are given by the following families (recall
that S denotes the Brownian semigroup):

(2.1.1) [s,x]leIxR ST_sqo(x) = (SI<p)(s,x), peG,

[s,xleIxR JZ dr p(r-s,y-x), yeR.
Note that S' is a linear contraction operator of G into G'. Observe al-
so that in the second case, for fixed y, a dominating function is given by
c (T-L) p(T,y-(+)), for a sufficiently large constant c.

Finally, let Q' denote the set of all (non-negative) kernels w(t,dx)
from I into R (that is w is a non-negative function defined on IxR
which is measurable in the first variable and a finite measure in the second)
with the following property: the mapping
(2.1.2) [s,x]eIxR J-: dr fw(r,dy) plr-s,y-x) =: (W'w)(s,x)
belongs to Gi. Natural examples are absolutely continuous kernels w(t,dx)
= yY(t,x)dx with the property that the (measurable) density kernel ¥z0 is

dominated by some f EG+; or the kernels w(t,dx) = f(t)éz(dx) with zeR

¥
and a bounded (measurable) function f=0. In QI we introduce a notion of
. S I
convergence w ——> w by the requirement that weo — We in G.
n n>® n n® +

Note that in the case of absolutely continuous kernels wn(t,dx) = !ltn(t,x)dx

the convergence w —> w automatically holds if ¢ — ¥ in G
n n>w n n2>w

2.2. Basic Setting
Given q)eG+, wl,wzeQI, and Ee/nf, instead of (1.1.1) we now consider
the more general integral equation

(2.2.1)  uls,x) = ST_scp(x) + ﬁ dr le(r,dy) plr-s,y-x)
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- JZ dr fwz(r,dy) plr-s,y-x) ulr,y) - JZ dr Ji(dy) plr-s,y-x) uz(r,y),
[s,x]leIxR, or more formally,

a 2
- —u =KAU +w -wu - &u u
ds 1 2 gu,

If w2=0, and w, is absolutely continuous with a dominated density
kernel, then (2.2.1) is a special case of an equation studied in [6]. Analyz-
ing the proofs of the Theorems 2.6, 2.10, 2.11, and 2.13 there, one can check
that the proofs remain valid in the more general setting concerning W, and
w, if one incorporates the obvious changes (in particular, also the transit-
ion from the forward formulation there to the backward one here). In other

words, the following two lemmas can be derived.

Lemma 2.2.2. To the given [go,wl,wz,E] € G+xQIxQIfo, there exists a unique
element u =: Ullcp,wl,wz,E] in Gi satisfying the non-linear equation (2.2.1).

Moreover, u monotonously depends on its "parameters” go,wl,wz,é.

If ¢,°¢ as now is valid in G+ and all functions are dominated in
the sense that gonsf, nzl, for some feG+, then we will refer to this as
dominated convergence. Each € in Mf can be approximated by the absolute-
ly continuous measures
(2.2.3) (ESS)(dy) = UE(dx) p(e,y—x))dy € Mf, >0.

For this particular weak convergence ESe = € in Mf we will use the term
approximating convergence.

Lemma 2.2.4. UI[¢,w1,w2,§] continuously depends on its parameters
[<p,w1,w2,€] € G+xQIxQIfo in the sense of dominated convergence in G+,

the previously defined convergence in QI, and approximating convergence
in Mf.

Remark 2.2.5. The backward formulation in equation (2.2.1) is adequate to in-
clude inhomogeneous "data" as wl,wz (which, for instance, will be needed to

write down the Laplace transform of the occupation density measures). On the
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other hand, if w0, do not depend on the space variable, i.e. all "parame-
ters" entering into the equation are homogeneous, then it is often profitable
to switch to the forward setting, in particular when dealing with scaling

properties, and we will frequently exploit this. o

2.3. Fundamental Solutions

At this place we recall the existence of basic solutions of the non-
linear equation (1.1.1) established in [7], Theorem 3.5. Since in our case
the catalytic medium is constant in time, for convenience we may switch from
the time-inhomogeneous and backward setting there to a homogeneous forward
one by replacing the considered time interval [L,T) by [-T,0) and revers-
ing the time (cf. Remark 2.2.5). Consequently, we fix a finite half open time
interval J = (0,T], T>0. We also introduce the normed space G’ of all
continuous mappings u: J= G with lIuIIJ 1= L ds nu(s)llco < oo,

Let © denote the set of all those measures ¢ in Mf which are
either atomic with a finite set of atoms (i.e. the support of ¢ consists of
a finite set) or which are absolutely continuous with a density function
dominated by some f ﬁEG+. Note that ¢ > {9*p(t);teJ} continuously maps
@ into Gi (indeed, proceed as in the proof of Lemma 3.1 in [7] by using
the fact that, for t fixed, Sy*p( t) is bounded above by a function in
G+, uniformly for each bounded set of y). The uniform distribution on the
interval [-g,+e] serves as an example of a measure in O, let 9 denote
its density function, €>0.

Given ©€®, instead of (2.2.1) we now consider the equation
(2.3.1) ult,x) = 9*p(t)x) - .[; dr p(t-r,c-x) u’(r,c), teJ, xeR,

or more formally, 5
= kAu - Scu , u =9

é_tu t=0+

Proposition 2.3.2 (basic solutions). To each ©€® which does not have an



A POINT-CATALYTIC SUPER-BROWNIAN MOTION

atom at ¢, there exists a unique element u =: Uj[m‘},0,0,ac] in Gi satis—
fying equation (2.3.1). Moreover,

J * J
U [61-&92 ge(x)dx,0,0,éc] =3 U [61+q92,0,0,80]4 for all such B0

Proof. See [7], Theorem 3.5, with the obvious changes required by the slight-
ly more general set ® (allowing a finite set of atoms instead of a single

one) and the "splitting" of ¢ within the continuity assertion. m

For instance, if 1‘}:62, z#¢, then the previous lemma establishes the
existence of basic solutions. This, of course, is also a place where our
restriction to a model in space dimension one is essential. By the way, the

restriction z#¢ cannot be dropped, see Remark 3.5.4 below.

2.4. An Asymptotic Property

Here we will present a lemma which will later be used to show the
"degeneration" of density at the catalyst’s position and also to show local
extinction. We are dealing with asymptotic properties of solutions u =
UJ['(?,O,O,SO] to (2.3.1) according to Proposition 2.3.2 (with ac replaced
by 60). Since the end point T of the interval J = (0,7] is arbitrary,
formally we may and shall switch to J = (0,+w). Write llull for the total

mass p(R) of a measure p.e./?lf.

Lemma 2.4.1. Let €@ with ®({0)=0. Then the solution u=U’($,0,0,3 ]
to (2.3.1) according to Proposition 2.3.2 with J = (0,+0) satisfies
(i) vt u(t,Vtx,) — 0 whenever x, — x in R,
t7 tow t t
(ii) J“: dr u’(r,0) = sl
Proof. Using the self-similarity
(2.4.2) Kp(K°r,Ky) = p(r,y), rK>0, yeR,

of Gaussian densities, we get from (2.3.1)

(2.4.3) VT u(t,Vix) = I@(dy) (4mk) ™% exp[-(t Y %y-x)?/4K]
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- It dr p(1-r/t,x) u’(r,0), 0, xeR.
. . 0
Integrating over x yields

Hu(t)ll1 = de u(t,x) = lell - J; dr uz(r,O), t=0,
which implies that
(2.4.4) J"g dr u®(r,0) = 19l < w.
By the way, this already gives
(2.4.5) I,i‘q}ci,nf vt ul(t,0) = 0.

Replacing x by x, in (2.4.3), by dominated convergence the first term on

t
the r.h.s. of (2.4.3) converges as t-»w, namely to p(I1,x) lI9ll. Next we
want to establish that the second term in (2.4.3) will also converge.
Take any constant m€(0,1). Then from equation (2.3.1),
u(r,0) = 9*p(r)(0) = lisll p(r,0) = I8l p(nt,0), rzut>0.
Thus t 2 2 2 t
j dr p(l-r/t,x,) u(r,0) = I191% p2(nt,0) J dr pti-r/t,0)
nt t nt
resulting in a negligible error term since the latter expression equals
const ¥1-n/n and converges to 0 as m~1 On the other hand, for fixed
ne(0,1), using (2.4.4), we get
® dr Wrsqt} p(I-r/t,x,) u’(r,0) —> p(Lx) |7 dr u’(r,0)
0 Ut ’ t20 ’ 0 ’
by dominated convergence, since I{r=nt} p(l—r/t,xt) tends to p(l,x) as
t»o and is uniformly bounded by p(1-1,0)<w. Summarizing, we showed that
. ) 2
lim vt ul(t,\/fxt) = p(1,x) [Nﬁli - Jo dr ul(r,O)].
From (2.4.5) we conclude that in the case xtEx=0 the r.h.s. will disappear.
But then it is identically zero, and the proof is finished. =
2.5. Signed Solutions around the Origin
Later on we also need to have solutions of the cumulant equation in the
case of some "signed” initial data. Then, generally speaking, the solutions
will explode in a finite time. Therefore we have to restrict our considerat-

ion to those initial functions which are sufficiently "small". The route we

will follow here is related to Fleischmann and Kaj (1992) where in the case
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of the "classical" equation in constant medium an implicit function theorem
approach is used.

In order to switch to a Banach space setting, we introduce the following
spaces. Let & denote the set of all real-valued continuous functions ¢
defined on R such that e|Z|<p(z) has a finite limit as |z|»w. We endow
¢ with the norm llgll := sup(eIle(z);zelR}, ped, resulting into a Banach
space. Moreover, for fixed I:=[0,T], T>0, we introduce the Banach space <I>I
of all continuous maps u of I into & equipped with the norm llullI 1=
sup{llu(t)ll; telI}. The spaces & and %' become Banach algebras with
respect to the pointwise product of functions. Note also that Gc¢® and
GICQI, and that the topologies in G,GI induced by <I>,<I>I, respectively,
are stronger since Hgollwanoll, ped.

Analogously to (2.1.1) and (2.1.2), set

(SIgo)(t,x) 1= Stfp(x), (Wltll)(t,x) = Jg ds Sst[/(x), O=<t=T, xeR, ¢,yed,
and define
2.5.0  (HW)tx) := J; dr plt-r,c-x) ulr,c), O=t<T, xeR, ucd.

By standard arguments one gets the following properties:

Lemma 2.5.2. SI, WI and HI are bounded linear operators of @ and <I>I,

respectively, into 3.

For the fixed T>0 and given "signed" ¢,c® we now consider
(2.5.3)  ult,x) = St<p(x) + I;ds Ssl/l(x) - J;dr pl(t-r,c-x) u’(r,c), O=t=T, xeR,
or in a symbolic form,

u=chu+xp-5Cu2, u} = @.

QJ|QJ
o~

t=0
Lemma 2.5.4. There are positive numbers 81 and ez such that for each

pair @,ed with lleli+ihyll < t»:1 there exists exactly one element u =:

I

Ul[w,w,O,écl in & with HuIII<z=:2 satisfying the equation (2.5.3). More-
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over, u is analytic as a functional of [¢,¥] (in that range considered).

Of course, in this real Banach space setting, analyticity at a point means
that the power series expansion at that point has a positive radius of
convergence; see e.g. Zeidler (1986), Section 8.2. Note also that in the case
(p,l,llEG+ the solution according to Lemma 2.5.4 coincides with the solution in

Gi according to Lemma 2.2.2.

Proof. Set . . L2 .
Floy,u) :=u - S¢ - Wy + Hu), lppul € dxdxd,

with SI,WI, and HI defined immediately before Lemma 2.5.2. Then we may
rewrite equation (2.5.3) as F(g,p,u)=0. For given [p,¢], we will solve

this equation with the help of the implicit function theorem. Since o is a
Banach algebra, by Lemma 2.5.2 F maps @x@x@l continuously into @I.
Furthermore, at each point [¢,y,ul € tI>><<I>><<I>I we get the following first par-
tial (Fréchet) derivative of F with respect to u:

(2.5.5) D;F(ga,w,u)v =V + 2HI(uv), ve@l.

Consequently, this partial derivative is linear in u and continuous in

[, ¥,ul (recall Lemma 2.5.2 and that ®' is a Banach algebra). But trivial-
ly, F(0,0,0) = 0, and D;F(0,0,0) is the identity operator, hence is
bijective. Therefore, the existence and uniqueness claim follows from the
implicit function theorem, see, for instance, Zeidler (1986), Theorem 4.B,
(a) and (b). Now, the first partial derivative of F with respect to [¢,y]

is given by .

I I
= ~ - 3,

D[(I),',II]F((’)’!/!’U)[E,C] S g W C, g:ce

hence is independent of [@,y]. Combined with (2.5.5), the first partial

derivative D%w v u]F (p,,u) exists and is even continuous in [¢,¥,ul.

Next, > I 1
DuF(w,w,u)vw = 2H (vw), v,wed,

that is DZF((p,w,u) is independent of [¢,y,ul. Consequently, all higher
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partial derivatives of F with respect to [¢,¥,u]l will disappear (roughly
speaking, F is a polynomial in [@,y,ul). Therefore F(g,p,u) is analytic
in [p,p,ul and the claimed analyticity property follows too; see Zeidler

(1986), Corollary 4.23. "

2.6. Estimates for Derivatives to a Parameter

In order to estimate later higher moments of the random processes, at
this point we want to provide some estimates for higher derivatives with res-
pect to a parameter 8 at 6=0 of solutions of the cumulant equation in the
"signed setting" of (2.5.3). But let us first introduce some terminology which

will be useful here and later.

Convention 2.6.1. Let be given a set Z, an open neighborhood U of O in
R, and a function f: ExU — R. For n=0, we will write D"f for the n-th
partial derivative of f with respect to the second variable 6e€U provided
that it exists. By an abuse of notation we set f(n) = D"F 60 for the n-th

partial derivative taken at 6=0. We will interpret 6 as a parameter, and

will often suppress it in notation. o

Fix T>0 and for the moment ¢eGcd. According to Lemma 2.5.4 there
are positive numbers 81 and 82 such that for le|<el, there is exactly

. . I
one solution u=u in & of

(3]
(2.6.2) u(t,x) = estgo(x) - ﬁ) dr p(t-r,c-x) uz(r,c), 0=t=<T, xeR,
or, in a symbolic form, of
16} 2
—a~tu = KAu - 6cu y u =0 = ¢,
satisfying lIuHI<82. Set
(2.6.3) v(t,x) := eStgo(x) - ult,x), O0st=T, xeR, le|<€1'

Recall that according to the Convention 2.6.1 we denote by v(k) the k-th

derivative of v with respect to 6, taken at 6=0, (which exists by the

analyticity property in Lemma 2.5.4). Put
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(2.6.4) ISell := sup{IS p(c)|;0<r=T},  ¢eG, T>0.
Lemma 2.6.5. There are constants Ck>0’ kz2, such that the power series

Zk>2 ckek, 6>0, has a positive radius of convergence and that

RN =kt e Ise|® t* V72 ostsT, ¢eG, k=2,
] k T

(with v defined in (2.6.3) and (2.6.2)).

Proof. By definition,

vit,x) = ﬁ; dr p(t-r,c-x) uz(r,c), 0=t=T, xeR, ¢eG, I6|<91.
Hence,

(2.6.6) v ™t x) = JZ dr p(t—r,c—x)(zri’zo(?) u(n“i)um) (r,¢), nz0.

The analyticity of u implies, in particular, continuity at 6=0, hence

1)

0
u( )=0, and thus v(0)=0=v( .

On the other hand, differentiating (2.6.3)

we get um:S(p and u(k)=—v(k), k=z2. Inserting this into (2.6.6) yields

2
2671 vPix = ZJ; dr p(t—r,r:—x)[S’;p(c)]2 = 2||S(p”i J; dr p(t-r,c-x),
v(k)(t,x) = Jgdr plt-r,c-x) [—2kS<p ,v(k'“ + Y [li()v(k—nv(i)] (r,c), k=z3.
Now 2=1=k-2
(2.6.8) pls,y) = p(s,0) = p(1,0) 5—1/2’ s>0, yeR,

and for all constants p=0,
(2.6.9) ﬁ; dr (t-r)V/? P = P2 L‘) dr @-r)2 P s 2 P2 t0
Let {ck;kzl) be the unique solution of the following recursive system:

(2.6.10) c, =1,

1 k=2,

=4 p(1,0) 215151(—1 k-1t

°k
Note that the corresponding power series g(8) := Zk>1 ckek, eeR, satisfies
the quadratic equation g(8) - 8 = 4 p(1,0) gz( 8), which can be solved for
{8| sufficiently small. Using (2.6.8), (2.6.9), and (2.6.10), the claim easily

follows from (2.6.7) by induction on k. ]

To fixed T>0 and yYeGcd, according to Lemma 2.5.4 there are positive
numbers 81 and 82 such that for ]9](91, there is exactly one solution

. I
u= n & f
ue i o)
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(2.6.1)  ult,x) = ef; dr S yix) - ﬁ) dr p(t-r,c-x) u’(r,c),  OstsT, xeR,
or, in a symbolic form, of

a 2

Ffd = KAu + oy - S u”, u‘t:o = 0,
satisfying IluIII<€2. Set
(2.6.12)  wlt,x) := efz dr S y(x) - u(t,x), Ost=T, xeR, |0l<e,

T

(2.6.13) jwyl, = jo dr S y(e)|,  yeG, T>0.
Denote again by V(k) the k-th derivative of v with respect to 6, taken

at 6=0. Then analogously to Lemma 2.6.5 we get the following result.

Lemma 2.6.14. There are constants ck>0, k=2, such that the power series

Zk>2 ckek, 6>0, has a positive radius of convergence and that

(k) (k-1)/2

WO = ke Jwyld £ ostsT, yeG, k=2,

(with v defined in (2.6.12) and (2.6.11)).

3. CONTINUITY OF OUR SUPERPROCESS AND ITS DENSITY FIELD

3.1. Construction of the Density Field
The purpose of this subsection is to give a rigorous justification of the
formal transition from (fxt,gp) to (f}ft,az) which (heuristically) describes
the density a:t(z) of the random measure act at z (for almost all 2z).
From the construction in [5] we know that there exists a time-
homogeneous Markov process X = [X, [P”, uer] defined on the o-field
generated by the cylinder subsets of (Mf)(o’w) and determined by the

Laplace transition functional

(3.1.1) E“exp(fxt,-w) = exp(u,-u(t)), t=0, uer, <G,
with u the solution to

a _ _ 2 _
(3.1.2) T = kAu ch ,ooul =

(in Gi). Write J:=(0,+wx). From the Markov property we immediately get the

following formula.

21
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Lemma 3.1.3. For each finite collection 0<t1<...<tn and <p1,...,goneG+,
n

(3.1.4) {EpeXp[_Ziﬂ(xti’(pi)] = exp{y, —An[tl,...,tn;<p1,...,<pn]), uer,

where An is recursively defined by Al[t,q)] = UJ[qo,O,O,GC](t) with

UJ[qo,O,O,cSC] = u the solution to (3.1.2), and, for nz2,
An[tl,...,tn;wl,...,gan] = A1[t1’ <p-1+An_1[tz-tl,...,tn-tl;wz,...,wn]].

The point is now that by Proposition 2.3.2 the right hand side of the
formula (3.1.4) makes sense if we replace the ¢, by ﬂie(@ with «9i((c})=0.
In particular, we can do this for ﬁi of the form

6i = Z?:l [ei,j(p'x,j * e’i,Jaz(i,j)_*qe]’ (pi,j€G+’ ei,j’e;,jzo’ z(i,j#e, 20,
1=i, jsn. Moreover, by the continuity assertion in Proposition 2.3.2, the
limit transition €20 makes sense leading to well-defined expressions in
terms of solutions to (3.1.2), which additionally converge to 0 as
em_,e;’j — O (use domination by the heat solution). Therefore, we arrive
at Laplace transforms of certain random veétors. By consistency and Kolmogo-
rov’s extension theorem we can finally construct a random family

[X,x] = {[(fIt,q>),a:t(Z)]; t>0, G , z#c}

defined on some complete probability space {Q,?,‘Pu] which satisfies the as-

sertions in Lemma 3.1.3 provided that we adopt the following convention:

Convention 3.1.5. In Lemma 3.1.3, the ¢, may be replaced by
- R v > . <i i<
o Z’;:I [eu@i’J + ei’jéz(i,}_)], <pueG+, em,eifo, z(i, j)zc, Isi,j=n,

. n , s 311, .
by reading (iltl,f}i) as ):J_=1 [ei’j(%t.,q)i,j) + ei’jacti(z(l,g))], that is, we
1

formally identify a:t(z) with (fxt,az), t>0, z#c. a

Note that in particular this covers the representation (1.2.5) in our
Theorem 1.2.4. Consequently, we constructed a "density field" «, and it
remains to construct continuous versions of X and a« and to rigorously

identify « with the density field of X as claimed in Theorem 1.2.4.
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3.2. Some Moment Estimates

The proof of the existence of continuous versions of our processes will
be based on Kolmogorov’s continuity criterion involving some higher moment
estimates. In fact, despite the singular branching rate 5c’ the random
field [X,x] has moments of all orders (recall that z#c¢ in the definition
of the density field ), since our model is based on the simplest possible
continuous state branching mechanism.

As a preparation for such proofs, in this subsection we obtain some mo-
ment estimates. We fix our attention to a finite time interval [0,T1, T>0.
Set Z = fXOS t—xt’ 0=t=<T. Note that [E“Z tEO since (E“It = uSt (which,
for instance, will follow from formula (3.2.4) below). Also recall the notat-

ion (2.6.4).

Lemma 3.2.1. Fix T>0. To each k=2 there exists a constant Ck such that

k
(3.2.2) ’E“(Zt,q))

k/4 k k-1 i
= ck t "qu"_r z‘_l hplt”, Ost=<T, uer, ¢eG.

i=

Proof. Start by considering a non-negative ¢eG. By formula (3.1.1) combined
with the notation (2.6.3),

(3.2.3) [E”exp(zt,e@) = exp(p,v(t)), 0=t=T, uer, ¢eG_, 620.

(Note that these exponential moments exist finitely, since Z tsuS

" [P“—a.s.)

Differentiate this identity once with respect to 8 to get
’ 1
E“(Zt,go)exp(zt,mp) = (u,Dv(t)) EpeXp(Zt’e(p)

For k=2, differentiate this now (k-1) times at 6=0+ to arrive at

’ ’ K k-1 (k-1 (k-J) j
(3.2.4) [Eu(zt’q)) = ijo( J )(N,V (t)) [E“(Zt,qv)
(recall the Convention 2.6.1). Since [Eu(Zt,go) = v?"’(t) = 0, the summands
for j=1 and j=k-1 disappear. Hence, for goeG+,

k-1
)) + Zzstk_z( J)(H,v

Now we want to verify that the latter formula is valid also for "signed”

(k)(t (k-

(325  E(Z.0) = (v (D) E(Z,0), k22,

functions ¢eG. In fact, first let ¢eG + have the form ¢ = a<p1+b<p2 with
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gol,(pzeG+ and a,bel[0,1]. Then, for fixed <p1,go2e‘G+, the expectation ex-
pressions in (3.2.5) are polynomials in a,bel[0,1]. Simultaneously, each
v¥(t), k=2, 0st=T, is a polynomial in a,bel0,1]. In fact, this follows
from the recursion formulas (2.6.7). However, all expressions remain meaning-
ful if we switch to a,be[-1,1] and they continue to be polynomials. Hence,
the validity of (3.2.5) for those non-negative ¢ = a<p1+b<p2, <p1,<p2€G+,
a,bel0,1], continues to hold for "signed" a,bel[-1,1]. Specializing to
- a=l, b=-1, ¢.=¢, and ¢,=P_ yields the desired claim, i.e. (3.2.5) holds
for all ¢eG.

If k=2, then (3.2.2) directly follows from Lemma 2.6.5. Assume that

the estimate (3.2.2) holds for n=2,..,k-1 with k=3. Then from (3.2.5)

and Lemma 2.6.5 we get

k
E(Zp9)

But (k-j-1)/2 + j/4 is certainly = k/4, for all j in that range of

< const []S<p|[:(!lullt(k—n/ 2 (k-j-172,)/4 zf:uun“‘].

* Zzs j=k-2

summation, and (3.2.2) follows by induction on k. u

Lemma 3.2.1 will now be used to estimate the even moments of the in-

crements of the process Z:

Lemma 3.2.6. Fix k=21, T>0, and peﬂf. Then there exists a constant c¢
such that
2k 2k k/2 2k -
rE“(z“h—zt, 9)" = c [|s(se-)| " + hT7[Se| "], Ostst+h=T, ¢<G.

Proof. For Ostst+h=T, from (uS ¢ +h,<p) = (uS t,Shq;) we conclude that
(3.2.7) (zt+h_zt’ ¢) = (Zt’ Sh<p-<p) + (fItSh—‘xHh, ®).
Apply the elementary inequality
(3.2.8) Ix+y|™ = 27 (UxI™1y1™),  x,yeR, n20,
the Markov property, and time-homogeneity to get
2k 2k 2k
E(ZpnZp 9 = const{lEu(Zt, Spe-9)" + EuEiIt(zh’(P) }

By Lemma 3.2.1, we may continue with
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k/2 2k

2k 2k i
(3.2.9) = const(ns(shso-@)”T + R0 se] I E N0 ]
Again by (3.2.8) and Lemma 3.2.1,
1,2 2i 2i 2i
(3.2.10) (Eulliltll) = [Eullirtll = const[E“(Zt([R)) + lpll ] = const.

Thus, the sum in the second term of (3.2.9) can be absorbed into the

constant, and the proof is complete. =

3.3. Path Continuity of Our Super-Brownian Motion X

This subsection is devoted to the Proof of Theorem 1.2.1, i.e. we want
to show that the superprocess X can be realized on the space of continuous
Mf—valued trajectories.

Let ‘DO denote a subset of the domain of definition of the "generator"
kA of the strongly continuous semi-group S, which is a dense subset of G+
(in the supremum norm Il'llm). Fix 7T>0, uer, and for the moment qoefDO.
Then
(3.3.1) ||S(Sh<p—q>)||T = "Sh(p—(pum = const h ||A<,o|]00 = const h.

Therefore Lemma 3.2.6 yields

¥21 = const K%, Ostst+hsT.

(3.3.2) Eu(zﬁh—zt’ <p)2k = const {hzk + h
Applying this to k=3, with the help of Kolmogorov’s criterion we conclude
that the real-valued process {(Z t,(p);OstST} has a version which has [P“—a.s.
continuous sample paths, for each fixed pe/ﬂf and goeiDo; see e.g. Ikeda and
Watanabe (1981), Corollary 1.4.3. But G is separable, therefore Z = uS-%
is IP“—a.s. continuous. However, uS = {pSt;OﬁtsT) is also continuous (even
in the weak topology in Mf), and we get the desired continuity assertion
for X.

If s<t, then the covariance formula follows from the Markov property
and twice applying (3.2.5) and (2.6.7) for k=2. In the case s=t, consider

the two-parameter [GI,GZI-Laplace function with go,w€G+, partially diffe-

rentiate to both parameters and evaluate at 81=92=0 etc., we omit the stan-

25
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dard details. The generalization to signed test functions can be provided by
immediate calculations (or working from the beginning with exponential mo-
ments and with the "signed" equation according to Lemma 2.5.4). This finishes

the proof of Theorem 1.2.1. ]

Remark 3.3.3. Note that the rough moment estimates (3.3.2) imply sample
Holder continuity of the orders 174 - € > 0 (g>0) for the real-valued pro-
cesses {(fxt,w);tEO}, for fixed ¢eG; cf. Gihman and Skorohod (1980), Co-
rollary 3.5.1). This can be contrasted with the known 1/2 - € sample Holder
continuity of the usual super-Brownian motion, see Perkins (1992). Actually,
we obtained the moment estimates in a unified form in order to cover all
three cases we need to establish sample continuity, and no effort was made

to get estimates which would produce the optimal Holder index. O

3.4. Continuity of the Density Field

The purpose of this subsection is to provide the Proof of Theorem 1.2.4.
Our starting point is the random family [X,x] constructed in Subsection 3.1.
To apply a two-parameter version of Kolmogorov’s theorem, see e.g. Walsh
(1986), Corollary 1.2, we will work with the moment estimates of the time and
space increments separately, and we may restrict our attention to the space
component Re := {yeR,|y-clze}, for a fixed e>0.

Recalling the Convention 3.1.5 and the continuity properties, the argu-
ments of Subsection 3.2 remain completely valid, if we replace ¢eG by 5y
with ye[R’e fixed. In particular, Lemma 3.1.3 immediately yields the repre-
sentation (1.2.5) of the Laplace functional. In Lemma 3.2.1, for t>0 we
must interpret (Zt,q>) as f;t(y) = Io*p(t)(y) - a:t(y), and "Sﬁ"”f as

sup {p(t,y-c)} = const e = const, ye[RC,

O<t=T

. -5
where we used the elementary fact that the function stos' e is bounded on

{s;sze’}, for each fixed constant pz0 and €’>0. Approximating &-functions
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by functions from G+, by continuity in the case of a single &-function, the

estimate (3.2.2) can be extended to hold for ¢ = Sy—éy, , y,y’eﬁ'\’e, and for
8 *p(h) -8 , yeR_, O=hsT. Then |S(8 -8 , has to be interpreted as
y Pt vy 7 |sta,-8,)], P

sup |plt,y-¢) - plt.y’-e)| = |y-y’| sup p(t,y+6(y’-y)-¢c)|

| a
O<t=<T o<t=T '3y

where 0€[0,1] depends on t,y,y’,c. Again using the elementary boundedness
!
J
effect, we conclude that the latter supremum expression is finite, uniformly
in 6 and y,y’e{RS. Hence,

(3.4.1) sup, | p(t,y-¢) - p(t,y’-¢)| = const |y-y’l, .y eR .

<t=T
Similarly, we interpret ]IS(Shéy—Sy)" ; 85

(3.4.2) sup

8
| p(t+h,y-¢) - p(t,y-¢)| = h sup_  _ |55P

0<t<T
yetRS, O=h=T.

Setting 7%, := fxo*p(t) - x, O<t=T, by Lemma 3.2.1 and (3.4.1) for
fixed k=1 (and u,e,T) we get
(3.4.3) E“[/;t(y) - /}t(y’)]Zk = const Iy')”lzk < const ly-y’lk/z,

O<t=T, y,y’elRe. Similarly, by Lemma 3.2.6 and (3.4.2) we obtain
(3.4.4) E %) - 2,71 = const (0™ + K%)= const n/%,
O<t=t+h=T, yelR€ (also for fixed T,k,e,u).

Take k=5, then (3.4.3) and (3.4.4) and Kolmogorov’s Theorem yield the
desired existence of a continuous version of 4 = pu*p - & on [e,T}fo8
where 0<e<T, hence of &« on {t>0,z¢c'}‘.

The expectation and covariance formulas follow in a similar way as
for the X process (or formally by replacing ¢;¥ in (1.2.2) and (1.2.3) by
8-functions).

The constructed continuous field a« is really the desired density
field. In fact, as in the proof of the basic Lemma 1.15 in [7], Section >2,

we get that P“xe—-almost everywhere (:rt, 82*93) converges to the existing

density a:%(z), say, of xt at z#c¢ as €0, for fixed ¢>0. Hence, for

(t+6h,y-c)| = const h

27
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Lebesgue almost all z we get convergence in distribution towards ac;( z).
By uniqueness of the limit, a:]’t(z) must coincide with xt(z), for a.a. =z,
according to the Convention 3.1.5. Thus, « yields the claimed continuous

density field of X, and the proof of Theorem 1.2.4 is complete. ]

3.5. Mass Density Zero at the Catalyst’s Position

Here we are going to present the Proof of Theorem 1.2.6. Fix t>0. From
Theorem 1.2.4 we know that
(3.5.1) !Eexp[-9act(z)] = Eexp[—jxo(da) uz(t,a)], t>0, z#¢, 620,
where u, (for fixed z#c and ©20) satisfies equation (2.3.1) with ¢ =
662 and J=(0,+w). To prove that (3.5.1) tends to 1 as z-¢, it is enough
to show that, for fixed 620, we have (Io,uz(t,')) =2 0 a.s. Since by
assumption il”o is a finite random measure, and

uz(t,y) = oplt,z-y) = 6p(t,0) < o,

by bounded convergence it suffices to prove that approaching the catalyst’s
position the solutions to (2.3.1) will degenerate:
(3.5.2) uz(t,a) o 0, aeR.
By the spatial homogeneity of the motion component in the model, without loss
of generality we may assume that ¢=0. Also, by the symmetry of the Gaussian
density (1.1.3), we may restrict our attention to =z>0.

Using the self-similarity (2.4.2) of Gaussian densities, by uniqueness
of the solution to (2.3.1) one easily verifies the self-similarity property
(3.5.3) KuKz(Kzr,Ky) = uz(r,y), K,r,z>0, yeR.
Applying this first to K=t % we note that, in showing (3.5.2), without
loss of generality we may assume that t=1. Next we apply (3.5.3) to K=z"
and make a change of variables to s:=z 2. Then instead of (3.5.2) we have
to prove that Vs ul(s,l/Ea) =2 0, aeR. But this immediately follows from

Lemma 2.4.1 (i). n
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Remark 3.5.4. The integral equation (2.3.1), applied to the "limiting”" situa-

tion '&=66C (which is excluded in Proposition 2.3.2) does not describe the

random density of :rt at ¢ (which we proved to be zero in the sense of

Theorem 1.2.6) since it does not have a non-negative solution at all. In

fact, for x=¢ we get (dropping the constants) the "ordinary" equation
vt) =t % j ; dr (-1 2 V4, b0,

which fails to have a non-negative solution. o

3.6. Local Extinction

- This section is devoted to the Proof of Proposition 1.3.1. Without loss
of generality we may again assume that c¢=0. We have to show that Hu(t)n1
—> 0, for fixed ¢eG , where
t2o0 +
(3.6.1) ult,x) = Stgo(x) - J; ds p(t-s,c-x) u’(s,c), 120, xeR.
Integrating the equation with the Lebesgue measure £&(dx) yields

(O = gl - Jg ds u¥s,0), t=0.

Then the claim follows from Lemma 2.4.1 (ii) with d(dx) = ¢(x)dx. =

Remark 3.6.2. Another consequence of Lemma 2.4.1 is the following extinction

property: D -
{(Xp0)| X =VE8} 520, ¢<G,, acR.

Consequently, although here the process starts with an increasing initial
mass, nevertheless it will become locally extinct. In fact, only use the re-
lations (3.1.1) and (3.6.1) in conjunction with Lemma 2.4.1 (i) in the case

@, 1= t1%2 and #(dx) = ¢(x)dx (and ¢=0 without loss of generality). o

4, OccurATION TIME PROCESSES AND DENSITIES

4.1. Occupation Times
In order to formulate a more general time-space random measure process
% which has the occupation time process Y as its "marginal”, we need the

following definitions.
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t
For t=0, let Mf denote the set of all finite measures on [O,tIxR,

and write

= s t [0,t]
(v,w){s,s,] : J[s,s’]XlR v{dir,x]) ¥lr,x), O=ss=ss’<t, vemf, YeG

.
Note that such ¥ can be considered as the density kernel of a kernel w in

Q[O’ﬂ, and then identify ¢ and w. Set

{o,tl
s

0,.¥) = fg ds (Y, ¥(s)), 120, YeG
Based on the Lemmas 2.2.2 and 2.2.4, we get the following representation for
the joint distribution of the super-Brownian motion X in the point-

catalytic medium Sc and its related occupation time measure process )

Proposition 4.1.1 (occupation time). The (time-inhomogeneous) Markov process

26, 9] = [{:r,m, P

S ops s
S LYY seR+, uer, ver} has Laplace transition functional

(4.1.2) [ES,[[J-,VJ exp[(irt,—qa) + (gt’_w)(o,ﬂ] = exp[(v,-v’;)[o’s] + (u,-u(s))],

[0,t]

+ where u is the solution to

s
O=s=t, uer, ver, <peG+, YeG
uls,x) = St_sgo(x) + J: dr fdy ulr,y) plr-s,y-x) - I: dr p(r-s,c-x) uz(r,c},

Oss=t, xeR, or formally, to

-a—u=KAu+¢a-5cu2, u

as = ¢

s=t

(That is, u = Um’tI

[(p,gb,O,SC] is the solution of (2.2.1) in the case I=[0,t],
wl(r,dx) = y(r,x)dx, w2=0, and ﬁ=5c.)

In the constant branching rate case, i.e. if for the coefficient ¢ of
the non-linear term we formally have ©(dx) = const &(dx), this representat-
ion was given in Iscoe (1986), Theorem 3.2. In our framework, the generali-
zation is str‘aightf orward, and we leave the details to the reader.

Note that by definition ¥ " is a random measure on the product space

[0,tIxR, for each t=0. Its marginal measure ‘Ht(B) = St([O,t}xB), BeR,

is the usual océupation time at time t of the Subsections 1.2 and 1.3 above.
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4.2. Occupation Densities

The purpose of this subsection is to deal with the Proof of the occupat-
ion density Theorem 1.2.8. The method will again be to apply Kolmogorov’s
criterion, and we proceed in the same way as abaove.

Fix T>0, ue/nf.‘ From Proposition 4.1.1 and the Lemmas 2.2.2 and 2.2.4

we obtain the following formulas:

e-(u,u(Ol),

(4.2.1) E“exp[-(qt H(Zy(2))8] = Osts<t+h=T, z#c, 620,

where (E“ = EO,[p.,O} and u=ulchz solves

sily

(4.2.2) u(s,x) = 6 j“: dr plr-s,z-x) - j:h dr p(r-s,c-x) uz(r,c),

sV
Ossst+h, x€R, or, in a more symbolic form,

- a——u = kAu + 61 & -8 uz, O=s=t+h, u =0
as [t,t+h] Z c s=t+h

That is, u =u = U{o,tm]

[0,61 8 ,0,8 ] is the solution of (2.2.1)
t,h,z ¢

ft,t+hl z

in the case I=[0,t+hl], wl(r,dx) =0 l[t t)'m(r) 6Z(dx), w2=0, and z?=86.

s

Set

t

(4.2.3)  vis,x) := GL: dr p{r-s,z-x) - uls,x), Ossst+h, x€R, 620, z#c.

k) (k e
Then for v( )=v( :lz , the k-th derivative of VIV L at 6=0, we get:

Lemma 4.2.4. Fix T>0. To each kz2 there exists a constant ck such that

(4.2.5) !lv(k; (s)_ = c, R2 0ss,t<t+hsT, z#c.

Proof. By definition,

(4.2.6) vis,x) = J?h dr p(r-s,c-x) uz(r,c), Oss,tst+h, xe€R, 620.
Hence,

(4.2.7) v(n)(s,x) = f:'h dr p(r~s,c—xl{zx_:_o(?) u(n"i)u(i)} (r,c), n=0.

. . . . . 0 1
Since u is non-negative, (4.2.2) implies u(O)EO, thus v( )EOEV( ). On

the other hand, differentiating (4.2.3) we obtain

4.2.8) uPs,x) = :/Zdr p(r-s,z-x) = const [Vt+h-s - V(t-s) ] = const vh,

(k)

uniformly in all those s,t,h,x,z, andv u =-v(k>, kz2. Inserting this

into (4.2.7) yields
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(4.2.9) V(Z)(s,x) = const f:'h dr (r-s)% h = const h,
(k) t+h -1/2 (k-1) (k-i) (1)
[v7(t,x)| = const L dr (r-s) {*/E]v |+ Dociqnl? ¥ [)(r,c), k=3.
The claim now easily follows by induction on k. »
Set

f;t(z) = fxo(da) j:; dr plr,z-a) - gt(z), O=t=T, zzc.
Note that Eu/;t(z)EO. Similar to the derivation of (3.2.5) we get

EE“{/;t+h(z)-/;t(z)]k = (u,v(k)(()))

k-1 (k-j) J
+ Ezstk—z( 3)(## (0)) E“[z;tm(z)—/;t(z)] , Ostst+h<T, z#c¢c, k22,

with v=vth from (4.2.3). By induction on k, Lemma 4.2.4 then implies

5N, Z

(4.2.10) Eu[/;“h(z)-/;t(z)]k < const K%,  Ostst+hsT, z#c, k22,
(recall that T>0 and uer are fixed).
Put (Z,9) := ﬁ) ds (IS_ - Y, ¥), OstsT. Based on Lemma 2.6.14, in

analogy with Lemma 3.2.1, one obtains the f ollowing result.

Lemma 4.2.11. Fix T>0. To each kz2 there exists a constant Ck such that

k-1

k/4 k
= ¢t Wyl L

(4.2.12) l Eu(zt,w)“ If pni, Ost=T, ,uer, YyeG.

Again by a continuous transition to ¥ = 32—62,', z,z’#¢, as in

Subsection 3.4 the latter inequality yields
1112k 1 2k ,

(4.2.13) Eu[/;t(z) - @t(z )17 = const |z-z’|", O<tsT, z,z’#c,
since the potential function x fz dr p(r,x) is Lipschitz continuous.

Combining (4.2.10) and (4.2.13), Kolmogorov’s criterion implies that the
occupation density field ¢ has an everywhere sample continuous version. The
derivation of expectation and covariance formulas is again standard and will

be omitted. This terminates thegproof of Theorem 1.2.8. =

4.3. A Counterpart to Lemma 2.4.1
To formulate the following counterpart to Lemma 2.4.1 we first note that
to each ©€® by w(t,dx) = 9(dx) we get an element w in Q'. We deal

with the solution u = UI{<p,w1,w2,€] to (2.2.1) as in Lemma 2.2.2, but with
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=0, wl=ﬂe@ (in the sense just described), w2=0, and §=60. Moreover, by

the time-homogeneity in this case, we may again switch to the forward setting:

(4.3.1) u(t,x) = J‘(t) dr 9*p(r)(x) - J; dr p(t-r,x) uz(r,O), >0, xe€R,
or more formally, 3 . »

U = KAu + 9 - 3 u’, u =0

at 0 t=0+

Lemma 4.3.2. Let ©¥€@ be absolutely continuous with a continuous density

function, or atomic with a single atom. Then the solution u to (4.3.1)

satisfies
(i) tquu(t,tl/zx ) — 0 whenever x, — x in R,
t" tow t tow
(ii) ult,x) t_)/o'o some ulw,x) < ®, xeR, and u(w,0) = V.

Proof. 1°. First of all, u is monotone non-decreasing in the time variable.
In fact, this follows from its probabilistic meaning as "cumulant function"

w(t,x) = log E exp(Y,,-9), Ossst, xeR,

O,[SX,O]
in the same sense as the Convention 3.1.5, that is we interpret (‘yt,'&) as

(‘E;‘t,q)) if o(dx) = e{x)dx, peG_, or as eyt(z) if ¢ = 652, 0=0, zeR.

2°. Next, we observe that
ol f; dr p(r,0) = Lt) dr 9*p(r)(0).
From (4.3.1) with x=0, combined with the non-negativity of u we may

continue with ¢ , ¢ ”
> Jo dr p(t-r,0) u%(r,0) = p(t,0) fo dr u¥(r,0).

Hence, g f )
2 el =t L) dr u'(r,0), t>0.

By 1°, in the latter expression we may let t tend to infinity to conclude

that wu(t,0) increases as t»w to some finite value denoted by u(«,0).

3°. Assume X, 52 X in R. By (4.3.1) and the self-similarity (2.4.2),

t—l/zu(t,tvzxt) = I; dr fﬂ(dy) p(r,t_llzy—xt) - f; dr p(1~r,xt) ul(tr,0).

By dominated convergence, the r.h.s. tends to

(4.3.3) L‘) dr p(r,x) (191 - u*(w,0)).
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But in the case xtEO, by 2° the Lh.s. of the former equation converges to

0. Therefore (4.3.3) must be identical to O.

4°, It remains to show that ufe,x) is finite for each fixed xeR. First

observe that to each constant k>0 there exist a constant K>0 such that

-3/2
E

(4.3.4) sup{| p(t,x) - p(t,y) t>0.

s Ixllyl=k} = Kt
Consider ult,0) - ult,x), and write it with the help of (4.3.1). For 0<r=1
use pl(r,y)} = p(r,0) whereas for r>! apply (4.3.4) to see that u(t,0) -

u(t,x) 1is bounded in ¢, for fixed x. This finishes the proof. =

4.4. Total Occupation Time and Total Occupation Density

In this subsection we complete the Proof of Theorem 1.3.2. Without loss
of generality, again we may assume that c¢=0. Fix ©€8 with properties as
in Lemma 4.3.2. As in the previous proof, we interpret (‘Ht,ﬁ) as (‘yt,qp)
if o(dx) = e(x)dx, 9eG,, or as eyt(z) if ¢ = 982, 620, zeR. Then from
Lemma 4.3.2 (ii) we conclude that

EO,[(‘SO,O] exp[-(Y,,0)] = g b0 =2 e < exp[-VTBT].

But gl = H(pﬁ1 if o(dx) = @(x)dx, ¢<G_, whereas gl =68 if o = 662,
6z0, zeR. Then the claims follow directly. =

4.5. Hausdorff Dimension One

comp

This subsection is devoted to the Proof of Theorem 1.2.14. Let C+

denote the set of all continuous non-negative functions f defined on R

having compact support. Write s(f) and t(f) for the infimum and supremum

comp

of the support of a non-vanishing feC+

Given ‘Xo=u, uer, from Propo-
sition 4.1.1 and the Lemmas 2.2.2 and 2.2.4 we conclude the following formu-

las for the occupation density measures P\Z, zeR:

(4.5.1) exp(%,-f) = & WUO)  peceomP pao,

Eo, 11,01

where u solves

(4.5.2) uls,x) = J:(f) dr f(r) plr-s,z-x) - J:(f} dr p{r-s,c-x) uz(r,c),
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O=s=t(f), xeR, or in a more symbolic form,

a 2
i kAu + féz - Scu , Oss=t(f),

U[O

Ulet(r) = O
(That is, u = ’t(f”[O,féz,O,SC] is the solution of (2.2.1) in the case
I=[0,t(f)], wl(r,dx) = f(r)éz(dx), w2=0, and ﬁ=86.) In generalization of

the formula (1.2.13) one easily justifies the following identity. For y,zeR

and f,geciomp with t(f) < s(g),

(Dov((Ay,f),(hz,g)} = ZIu(da) st r(s) fdt g(t) JZdr p(r,c-a)p(s-r,y-¢)p(t-r,z-¢).
Hence, the occupation ‘density measure A° at the catalyst’s position has the
correlation density |
(4.5.3) &C(s,t) =2 f: dr p(s-r,0) p(t-r,0) fu(da) plr,c-a), O<s<t.

Assume u#0. Distinguishing between r<s/2 and r > s/2, we easily see
| &c(s,s+e) ~ const J :/28 dr r’? (r+e) V7
~ const J‘;/ze dr r’% (r+)7"? ~ const |loge| as €0,
for each fixed s>0. Consequently, the correlation density & of the

occupation time measure A° has a logarithmic pole along the whole diagonal.

Then, T 1 c -
fa ds L at 85(s,8) (t-8)"% < w0,  O<e<T, O<y<l,

and from Frostman’s lower bound technique (see, for instance, ZZhle (1988),

assertion 6.3) follows that A° has a.s. carrying dimension one. =
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