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Abstract

In this paper we describe two limiting processes for families of Banach spaces
closely related to the standard definition of projective and inductive limits.
These processes lead again to Banach spaces. Information about linear op-
erators and duality between basic families of spaces is carried over to the
corresponding limit spaces.

The abstract results are shown to be applicable to Campanato spaces and
Sobolev-Campanato spaces. In particular, we obtain the existence and a char-
acterization of predual spaces. Some imbedding relations are investigated in

more detail.

Introduction

When the treatment of second order elliptic boundary value problems in Sobolev
spaces started, the differential equations were usually written (using the summation
convention) as

Yo € CL(Q) : / a;DjuDy + ... = / (gv + f:Dw), (1)
Q Q
and requirements with respect to the right hand side of the form
geL?(Q), f;ie LU(Q), i=1,...,N,

were made (see [LU]). Later it became clear that essential is not the representation
of the right hand side of the equation by means of g, f1,..., fx, but the fact that
the right hand side is in W~1¢(Q) for some q. Moreover, if

ai; € L®(Q), llaillie@ < L, 4,5 =1,...,N; )
ai; ()€€ > €l€|? for some € > 0, all £ € R and almost all = € €,

then there exists a gy > 2 depending on 2, N and € only such that for all ¢ € [2, g
the following holds: Each solution u € W,*(Q) to (1) belongs to W4(Q) if and
only if the right hand side belongs to W~14(Q). If N > 2 this regularity result does
not imply Holder continuity of solutions to (1).



The treatment of boundary value problems in Morrey-Campanato spaces started also
with the formulation (1) but with different requirements with respect to g, fi, .. ., fn,
which read for example as follows

g€ L20DH(Q), fe L2MQ), i=1,...,N;

here ) is a parameter and £2*(Q) a corresponding Campanato space (see [Tr]).
The question what, in the context of Campanato spaces, could be an appropriate
substitute for the Sobolev spaces W ~1¢(Q) was ignored (or considered unimportant)
for a long time. Some years ago the second author (see [R]) introduced W —12*((2)
as the image of Wy'>*(Q) under the duality map of W, ?(Q); here Wy"**(Q) consists
of those elements of the Sobolev space W,"?(€) the first derivatives of which are in
the Campanato space £**(Q). It was shown that, if (2) is satisfied, there exists a
Ao > N — 2, depending on Q, N and e only such that for all A € [0, A\g] a solution
u € Wy?(Q) to (1) belongs to Wh2*(Q) if and only if the right hand side belongs
to W-122(Q). Later these results were generalized to a broader class of problems
by Griepentrog and Recke in [GrR]. Note that these regularity results imply Holder
continuity (up to the boundary) of the solutions to (1) for all space dimensions N,
because for A > N — 2 the space W2*() is continuously imbedded into a Hélder
space.

The definition of W~12*(Q) mentioned above has drawbacks: On the one hand it
is difficult to decide whether a given right hand side is in the space W~=12*(Q) or
not. On the other hand one can doubt whether a definition is appropriate, which
makes the solvability of equations with the duality map for right hand sides from
W-12X(Q) a trivial consequence of the definition of W ~12*(Q). In a forthcoming
paper Griepentrog [Gr| will present another definition of W~124()) which seems to
be more natural and simpler to handle. His definition follows closely the original
definition of Morrey spaces. Simultaneously the first author developped the idea to
define spaces W *P*(Q) as dual spaces of suitably chosen other spaces. This idea
came up because for Sobolev spaces one has

WR(Q) == (Wy™ (Q)", p €]1,00]. (3)

The definition W=*2(Q) := (WF* (Q))* is usually motivated by the fact that for
p €]1,00[ the Lebesgue space LP(Q2), 1 < p < oo, is the dual of L”'(Q), i.e. of
a space from the scale of Lebesgue spaces itself. It is this relation that allows to
interpret the scale W *2(Q), k € IN, as a continuation of the scale W*?(Q), k € Z, .
Generally it is not true that Campanato spaces are duals of other Campanato spaces.
However, it is well known (see [Le|) that for each of the Hélder spaces C%*(Q) (which
are part of the scale of Campanato spaces) there exists a predual Banach space, i.e.,
a Banach space the dual of which is C%*(Q).

In the present paper we are going to show that for all Campanato spaces there
exist predual Banach spaces. We want to convince the reader that the scale of
these preduals can be interpreted in a natural way as a continuation of the scale of



Campanato spaces. More precisely, using the notation LP™#(Q) instead of Cam-
panato’s notation E,(f’)‘)(ﬂ) (where m = k+ 1, p = A/p, cf. [Cal]), we introduce

spaces LP™#(Q) such that
[Pme(@) = (17 @)

Moreover, we are going to show that for Sobolev-Campanato spaces the situation is
analogous: We present spaces W %2m#(Q) and W™ #(Q) such that

Wkm(@) = (WP (@) ()

Hence, the relation (3) has a counterpart in the theory of Sobolev-Campanato spaces.
The definition of W~12™#(Q) is closely connected to a new criterion for the right
hand side of (1) which is necessary and sufficient for a solution to belong to W2*((Q).

It turned out that the construction of predual spaces for Sobolev-Campanato spaces
is based only on a few properties of these spaces, namely:

1. The restriction of an element of a Sobolev space to a (small) subset U of the
original domain of definition belongs to the corresponding Sobolev space over U.

2. Elements of Sobolev-Campanato spaces can be characterized by a "nice” depen-
dence of (semi)norms of those restrictions on the subset U.

The essential point is that different norms can be considered simultaneously. The
observation that for many results the concrete nature of the Sobolev spaces is unim-
portant has had great influence on the structure of our paper. We proceed as follows.

In the first section we introduce projective and inductive systems of Banach spaces.
We show that such systems can be viewed as an "abstract” setting which allows
to create new Banach spaces like, for example, Campanato spaces. In particular,
we deal with duality: We make precise in which sense spaces created by means of
projective systems of Banach spaces are dual to spaces created by means of inductive
systems of Banach spaces.

The second section is devoted to linear operators. We show how continuity and com-
pactness properties of mappings between the newly created spaces can be reduced
to properties of mappings between the spaces of the systems we start from. Our
procedure is similar to that of interpolation theory.

In Section 3 and 4 we consider — as applications of the preceding results — the
classical Campanato spaces and Sobolev-Campanato spaces on open subsets of RY.
We show that different characterizations lead to the same spaces and to equal or
equivalent norms. Moreover we deal with some imbedding theorems.

We are well aware that there is a lot of further subjects, which should and could
be treated: trace theorems, multiplier theorems and the behaviour of Sobolev-
Campanato spaces with respect to transformation of coordinates, solvability of
boundary value problems with right hand sides in Sobolev-Campanato spaces
W -kPma(Q), to mention only a few. We omitted these points in order keep a
reasonable length of this paper.



1. Projective and inductive systems

Throughout this paper we denote by B the class of all real Banach spaces. Sometimes
B will be regarded as a category with the continuous linear mappings as morphisms.
As usual, if F and F' are Banach spaces, then L(E; F') denotes the space of all linear
continuous mappings from FE into F' and E* the dual of E.

For the time being let F be any set, and let B” be the set of all mappings from F
into B.

Definition 1.1. For X € B and p € [1, 00] we introduce

P(X) = {g=(9v)ver € I X(WU); llgllwx) < oo},

where

1
19l x) == ( > ||9U||§((U))p if p <00, ||glli=x) := sup ||gvllx@)-
UeF UeF
Here Y ycr is to be interpreted as the integral on F with respect to the counting
measure, i.e., as the limit of the net of sums over finite subsets of F.

It is easy to check — and well known — that (I?(X),]| - [[ir(x)) is a Banach space.
The following result is also known; it can easily be deduced from the corresponding
result on the standard [P-spaces.

Theorem 1.2. For X € B” let X* € B” be defined by X*(U) := (X(U))*, U € F.
Moreover, let p € [1,00] and Il7 + Z% =1. Then

(@(f),9) = Y (fusgu) for [el(X"), gelP(X),

UeF

defines an isometric linear mapping ® from P (X*) into (IP(X))*. If p < oo, then
® is surjective.

In the sequel we shall identify f and ®(f). In particular, [*°(X*) will be considered
as the dual of ['(X). The notation X* introduced in Theorem 1.2 will be used
throughout the paper without further explanation.

>From now on we assume that F is a family of subsets of some fixed set 2. This
family will be regarded as a category: The objects of F are its elements, the set of
morphisms from V' € F into U € F consists of the identical imbedding ¥ : V — U,
if V.C U, and is empty, if V ¢ U.

We remark that the family F could be replaced by any ordered set. In the appli-
cations in this paper F will be a family of open subsets of RY serving as domains
of definition of functions. This is the reason why we use the letters U,V for the
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elements of F. There exist, however, quite different applications. For example, the
construction of new Banach spaces carried out by Groger [G] can be interpreted as
a special case of the constructions described below. In that special case the role of
F had been played by the set {p € R; p > 2} with its usual ordering.

Definition 1.3. We call P a projective system of Banach spaces on F if it is a
contravariant functor from F into B. We denote by P(F) the class of all such
functors.

Thus, P € P(F) means that P assigns to each U € F a Banach space P(U) and to
each pair U,V € F satisfying V C U an operator PY := P(i¥}) € L(P(U); P(V))
such that PY is the identity map of P(U) and

PyPY =PY if WcVcCU.
Definition 1.4. Let P € P(F). We define

[(P):={f €l®(P); fy = PYfy, if V.CU and U,V € F}.

Using the notation [*°(P) we do not distinguish between the functor P € P(F)
and the underlying mapping U — P(U), U € F. Clearly, (I (P),| - lio(py) is a
Banach space. It is not the standard projective limit of P (in the sense of locally
convex spaces) but a good substitute for this limit if one wants to remain within the
framework of Banach spaces. To simplify the notation we write || - ||p for the norm

on [ (P).

Definition 1.5. We call S an inductive system of Banach spaces on F, if it is a
covariant functor from F into B. We denote by S(F) the class of all such functors.

Thus, S € S(F) means that S assigns to each U € F a Banach space S(U) and to
each pair U,V € F satisfying V C U an operator SY := S(i¥) € L(S(V); S(U))
such that SV is the identity map of S(V') and

SUSY. =SU if WcCVCU.

In the following speaking about projective or inductive systems we always have in
mind projective or inductive systems of Banach spaces on F.

Definition 1.6. Let S € S(F). We define
[(S) =1"(S)/N(S),

where N(S) is the closed linear subspace of ['(S) generated by those elements
9 = (gu)ver which, for some V, W € F such that W C V, satisfy

gv = —Siwgw, gu=0, if U#V, W. (1.1)



=

The space [(S) can be regarded as a good substitute for the inductive limit of S in
the framework of Banach spaces. It is a Banach space with the usual factor space
norm

N = inf 1(5)-
lg+N(S)ls =, inf llg + hllnes)

Here g + N(S) denotes the class of g € [*(S) in the factor space I*(S)/N(S). An
analogous notation will be used in the sequel also for other factor spaces without
further explanation.

The following statement is an immediate consequence of the definitions of projective
and inductive systems of Banach spaces.

If P is a projective system, then P*, defined by
P*(U) = (P(U))", PV = (Py),

is an inductive system. If S is an inductive system, then S*, defined by
S'(U) = (S(U))", SV =(Sy),

is a projective system. We call P* the dual of P and S* the dual of S.

Theorem 1.7. Let S be an inductive system on F and S* the dual projective system.

—

Then there exists a canonical linear isometric mapping from (I(S))* onto [ (S*).

Proof. By a standard result of linear functional analysis the dual to the factor
space ['(S)/N(S) is canonically isometric to the subspace N°(S) of those elements of
(I1(S))* = 1°°(S*) which vanish on N(S). Thus, it suffices to prove { (S*) = N°(S).
Let f € [°°(S*) and let g € [*(S) satisfy (1.1). Then

(f,9) = (fw,gw) + <fV; —Sr‘//vgw> = <fW - (SIYV)*fV,gW> .
Hence f € N°(S) if and only if
fw = (Sy)*fv forall V,W € F such that W C V,

i.e., if f € [(S*). This is the desired result. [

Remark 1.8. In the sequel we shall identify [ (S*) and (1(S))* identifying f € N°(S)
with the functional assigning the value (f, g) to the equivalence class of g € I}(S) in
the factor space I1(S)/N(S).

Next we create in a rather simple manner new spaces by means of weight functions.
We denote by Az the set of all positive valued functions on F, regarded as a group
with respect to the pointwise multiplication. For a, b € Az we write a < b if
a(U) < b(U) for every U € F. Moreover, for § € R and a € Ax we define
a®(U) := (a(U))?, U € F. The elements of Az will play the role of weight functions.
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If E is any Banach space and a €]0,00[, we denote by E, the space E equipped
with the norm «f| - ||z. Let a € Ar. For X € B” let X, € B” be defined by
Xo(U) :== X(U)aw). For P € P(F) we define P, € P(F) setting

P,(U):=PU)aw), (P)y:=PJ if UVeEF,VCU.
Analogously we define S, € S(F) for S € S(F). Obviously,
(P = (P and (S.)" = (S 1.
As a consequence of Theorem 1.7 and Remark 1.8 we have the following

Corollary 1.9. Suppose that S is an inductive system on F and a € Ar. Then

(I{Sa))=T ((5%)a)-

To conclude this section we want to compare spaces generated by means of different
families F and G. Let G be a subfamily of F. Clearly, each P € P(F) can be re-
stricted to the category G, and this restriction, denoted by P|g, is in P(G). We shall
formulate simple sufficient conditions guaranteeing that spaces generated by means
of P are canonically isomorphic to spaces generated by means of P|g. Analogously,
we shall deal with restrictions S|g of inductive system S € S(F). As usual, we call
G a directed subfamily of F, if for arbitrary V,W € G there exists U € G such that
VcUand W CU.

Lemma 1.10. Let G be a directed subfamily of F. Suppose that for P € P(F) and
c > 0 the following holds: For every V. € F there exists U € G such that V C U
and || P ccpwypvy) < ¢ Then 1(P) and T(P|g) are canonically isomorphic as
topological linear spaces.

Proof. For f = (fu)ver € [(P) we define flg := (fu)veg. We want to show that
the mapping f —> f|g is a topological linear isomorphism from [ (P) onto [ (P|g).
Obviously, || flglli=(pg) < ||flliep) and flg € I(P|g). The linearity of the mapping
f —— flg is also obvious. Moreover,

_ _ . U
1fllp = sup | fvllpoy = sup Ueéfl‘ﬁcU Py fullpev)

IN

. U
sup Ueéflxlch 1Py | ccpypoonyll foll Py

< csup || fullpw) = cllflgllpg-
veg

Consequently, the mapping f — f|g is a homeomorphism onto its image. Now,
let f' € [(Plg) be given. For every V € F we choose U € G such that V C U
and define fy := PY f{;. Because G is a directed family it is easy to check that this
definition is independent of the choice of U € G. The preceding estimate shows that

f = (fv)ver is in [ (P). Since f|g = f', the mapping f — f|g is surjective. ]



Corollary 1.11. Let G be a directed subfamily of F. Suppose that for P € P(F),
a € Ar and c > 0 the following holds: For every V € F there exists U € G such that
V U and a(V)||PY||lccpy.pevy) < ca(U). Then 1(P,) and [ (P,|g) are canonically
isomorphic as topological linear spaces.

Proof. In view of the elementary relation ||P‘(/]||£(pa(U);Pa(V)) = ZE;; ||Pg||£(p(U);p(V))
the assertion is an immediate consequence of Lemma 1.10. []

Next we state counterparts of Lemma 1.10 and Corollary 1.11 for inductive systems.

Lemma 1.12. Let G be a directed subfamily of F. Suppose that for S € S(F) and
¢ > 0 the following holds: For every V € F there exists U € G such that V C U and
1SVl eesvysy) < e. Then 1(S) and I(S|g) are canonically isomorphic as topological
linear spaces.

Proof. 1. For g’ € I*(S|g) let g € I*(S) be defined by

gy if Ueg,
=V it veg.

Clearly, g¢' — g is a continuous linear mapping I from [*(S|g) into I'(S). Moreover,
it is evident that I maps the elements generating N(S|g) (cf. (1.1)) into N(S). Hence

g + N(S|g) — g+ N(9) (1.2)

- -,

is a correctly defined mapping J from [(S|g) into I(S). We have

N(S)|ls = inf h < inf "+ 1 =|lg"+ N(S :
lg+ N(S)lls = inf llg+bllos) <, ot 1ld'+ P lsior = o'+ N (Slo) i
2. In view of Lemma 1.10 and Theorem 1.7 we find (using the same notation as in
the proof of Lemma 1.10)

lg'+ N(Slg)llsi; = sup{(f,q); £ €L((Sle)"), I l(siq) < 1}
= sup{(flg,g); £ €1(S"), |Iflglls+s <1}
< sup{(f,9); [Iflls- <c} =cllg+ N(9)|s-

Hence, the mapping J is a topological linear isomorphism onto its image. In partic-
ular, its image is closed in f(S)

3. Assume that for some f € T(S*) we have (f, g) = 0 for every g = I¢', g’ € I'(S]g)-
Then (f|g, g’y = 0 for every g’ € I'(S|g). Theorem 1.7 shows that this is possible
only if f|g = 0. In view of Lemma 1.10 this means that f = 0. By the Hahn-Banach

=

theorem this result implies that the image of J is dense in [(S).

4. Combining the results of the preceding steps of the proof we find that J is a

-, -

topological linear isomorphism from [(S|g) onto I(S). ]



Corollary 1.13. Let G be a directed subfamily of F. Suppose that for S € S(F),
a € Ar and c > 0 the following holds: For every V € F there exists U € G such that
V C U and a(U)|| SV || csvyswy < ca(V). Then 1(S,) and I(S,|g) are canonically
isomorphic as topological linear spaces.

Recall that the elements of F are subsets of a fixed set 2. For the final part of this
section we shall assume that 2 € F. In that case () is the unique maximal element
of F with respect to inclusion.

Lemma 1.14. Let P € P(F) be such that || P3| zp)pey) < 1 for every V € F
and suppose that Q € F. Then the mapping

f > fa, where f = (fv)ver GZ—(P),

is isometric from | (P) onto P(f).

Proof. The hypotheses of Lemma 1.10 are satisfied with G = {Q} and ¢ = 1.
Obviously, [ (P|g) = P(2). Moreover, for ¢ = 1 the proof of Lemma 1.10 shows that
the mapping from [ (P) onto [ (P|g) is isometric. []

Remark 1.15. In the following, whenever the hypotheses of Lemma 1.14 are sat-
isfied, we shall (tacitly) identify I (P) and P(f) identifying f and fo. As a conse-
quence, subspaces of | (P) will be treated as subspaces of P(f).

Lemma 1.16. Let S € S(F) be such that ||S3||z(s(vys0)) < 1 for every V € F and
suppose that ) € F. Then the mapping

g — g+ N(S), ¢€S(Q), where g=(gv)ver, 9a=9¢, gv=0, if V£Q, (1.3)

is isometric from S(Q) onto I(S).
Proof. One may apply Lemma 1.12 with G = {Q} and ¢ = 1. ]

Remark 1.17. In the following, whenever the hypotheses of Lemma 1.16 are satis-

-

fied, we shall (tacitly) identify S(€2) and I(S) by means of the mapping (1.3). This
corresponds to our treatment of projective systems (cf. Remark 1.15).

2. Linear operators

In the first part of this section we shall deal with linear mappings between spaces
of the kind {?(X) introduced in Definition 1.1. Here F might be any set.

For X, Y € B” we denote by £(X;Y) the linear space of all mappings A defined on
F assigning to U € F an operator Ay € L(X(U);Y(U)). Each A € L(X;Y) can
be regarded as a continuous linear mapping from [Jy . X(U) into [Tycr Y (U): The
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image Af of f € [Tyer X(U) is defined by (Af)y:=Ayfy, U € F. For X,Y € BX
and A € L(X;Y) we define Ay € Ax by

AA(U) = [|Avll cix )y wy)- (2.1)

Lemma 2.1. Leta,be Ar, X,Y € B” and A € L(X;Y). Moreover, letp € [1, o0].
Then the following holds:
i) If

b(U)

c:=sup A (U)—= < o0,
sup A(U) @)

then A maps IP(X,) continuously into [P(Y}), where the norm of A, considered as an
element of L(IP(X,);P(Y})), is bounded by c.

ii) If, for some functions by, b; € Ax, the operator A is compact as a mapping from
IP(X,) into I?(Yy,) and continuous as a mapping from [P(X,) into IP(Y;,), then A is
compact also as a mapping from IP(X,) into IP(Y;) provided that b < by~°bf, 0 € [0, 1].

Proof. 1. The assertion i) is an elementary consequence of the definition of the
norms involved.

2. Let M C I?(X,) be bounded. We have to show that A[M] is precompact in
[?(Y;). By Young’s Inequality b(U) < eby(U) + c:by(U) for arbitrarily chosen & > 0
and an appropriate constant c.. For every f € [P(X,), p < oo, we have

1A ey = (X W) Au folv))?

UeF

S =

IN

(X (eba(U) + ccbo ()| A fully o))

UeF
< el Aflles,) + el Af )

An obvious modification of the argument shows that the estimate is true also for
p = oo. We choose now fi,...,f, in M such that 1?‘12 IAf — Afillew,) < c%
for every f € M. This is possible because of the compactness hypothesis. The
preceding estimate implies that

2L AS = Afilloes) < (2 sup lglloes,) +1)
provided that f € M. Hence, A[M] has a finite e-net in [?(Y;) for every € > 0. ]

Remark 2.2. Note that, if Ay is isometric from X (U) into Y (U) for every U € F,
then A is isometric also as a mapping from [P(X,) into [P(Y,).

For arbitrary P, Q € P(F) we denote by L(P;Q) the set of all natural transforma-
tions from the functor P : F — B to the functor @ : F — B. Thus, K € L(P;Q)
means that K associates to each U € F an operator Ky € L(P(U); Q(U)) such that

Ky P = QY Ky, (2.2)

10



provided that U,V € Fand V C U. The class P(F) can be considered as a category
with the sets L(P;Q), P,Q € P(F), as the corresponding sets of morphisms.

We emphazise that, working with £(P;Q), we have to distinguish between the
functor P € P(F) and the underlying mapping U —— P(U),U € F. 1If, for
a moment, we denote this mapping by P°, then L(P°;Q°) is strictly larger than
L(P; Q) because its definition does not include the relation(2.2). It is clear, however,
that for K € L(P;Q) the function Ak is defined (cf. (2.1)) and that an analogue of
Lemma 2.1 holds for K € L(P;Q).

Theorem 2.3. Let a,b € Ar, P,Q € P(F) and K € L(P;Q). Then the following
holds:

i) If

b(U)
= sup Agx (U
¢ = e @)
then K maps [ (P,) continuously into | (Qy), where the norm of K, considered as an
element of L(I (P,);1(Qy)), is bounded by c.

ii) If, for some functions by, b, € Az, the operator K is compact as a mapping from
1(P,) into 1 (Qy,) and continuous as a mapping from | (P,) into | (Qy,), then K is
compact also as a mapping from T(Pa) into T(Qb) provided that b < by °b¢, 6 € [0,1].

< 00,

The proof of this theorem is essentially the same as that of Lemma 2.1. The relation
K[ (P,)] C T(Q) is a consequence of (2.2). We omit the details.

Remark 2.4. Whenever this seems desirable in order to avoid misunderstandings
we shall write K,; for K considered as a mapping from [ (P,) into I (Qy).

Corollary 2.5. Suppose that Q € F, and let the function a € Ar and the system
P € P(F) be such that a > const > 0 and || P cp)pery) < 1 for every V € F.
Then | (P,) is continuously imbedded into P(Q) and an element f € P(Q) is in
T(Pa) if and only if
sup a(V)|| Py f | pvy < oo (2.3)
Ver

If (2.3) holds, then
117, = sup a(V)IIPV fllpv).-
Ver
Proof. The continuous imbedding [ (P,) < [ (P) = P(f) follows from Theorem 2.3,
Lemma 1.14 and Remark 1.15. In view of the identification of f and fq we find
[fllipy = sup a(V)|[fvllpw)
Ver

= sup a(V)||PY follpe) = sup a(V)||PY fllpv)-
VeF Ver

By definition of I (P,) an element f € P(Q) is in I (P,) if and only if | fllio(py) 18
finite, and in that case ||f||p, = || f|li=r)- [
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For arbitrary S, T € S(F) we denote by £(S;T) the set of all natural transformations
from the functor S : F — B to the functor T : F — B. Thus, L € £(S;T) means
that L associates to each U € F an operator Ly € L(S(U);T(U)) such that

LySY =T Ly, (2.4)

provided that U,V € F and V C U. The class S(F) can be regarded as a category
with the sets £(S;T), S,T € S(F), as the corresponding sets of morphisms.

Theorem 2.6. Let a,b € Ax, S,T € S(F) and L € L(S;T). Then the following
holds:

i) If

c:= ls}lé[;AL(U)z((g)) < o0,

— —

then one can define Loy € L(1(S,); 1(Ty)) setting
Lap(g+ N(Sa)) := Lg+ N(Ty) for g€ l'(S,).

It holds ||La,b||L(f(Sa);f(Tb)) < c

ii) Let, for some by, by € Ag, the relations Apb; < consta, i = 0,1, be satisfied. If the
operator Lgp, is compact, then L, is compact provided that b < b(l)’ebf, 0 € [0,1].

Proof. 1. Since Apb < ca, Lemma 2.1 proves that L maps [*(S,) continuously
into [*(T3) and that the corresponding norm is bounded by c. In view of (2.4) the
operator L maps N(S,) into N(T3). This implies that L, is correctly defined.
Obviously, the norm of L, does not exceed the norm of L as a mapping from *(S,)
into ll (Tb)

2. The compactness result can be proved as the corresponding part of Lemma 2.1.

L]

Next we state as corollaries two simple consequences of the definition of the operators
L,3. We omit the elementary proofs.

Corollary 2.7. Let L € L(S;T), where S and T are inductive systems on F, and
let L* € L(T*; S*) be defined by (L*)y := (Ly)*, U € F. Then

(Lap)" = (L )p-14-1 forall a,be Ag.
Corollary 2.8. Suppose that S,S',S" are inductive systems on F. Moreover, let
L e L(S;S), L' € L(S;S") and a,d’,d" € Ax be given such that Apa’ < consta,

Ap a” < consta’. Then
(L,L)a,aﬂ = L;’,a”La,a’-

12



Lemma 2.9. Let a,b € Az, b < consta, and let I° denote the identity morphism
of S, i.e., let Ifj be the identity map of S(U). Then I3, maps 1(S,) (continuously)
onto a dense subset of [(Sy)). The adjoint (I3,)* is the imbedding of T ((S*)p-1) into

—

L((S*)a-1).
Proof. 1. The density statement follows from the obvious fact that

[(S) := {g € [] S(U); gu # 0 only for finitely many U € .7:}

UeF

is contained and dense in [*(S,) and ['(S).

2. Clearly, (I°)* = I%", where I°" denotes the identity morphism of S*. Therefore
the second assertion follows from Corollary 2.7. []

Remark 2.10. The operator If,b is not necessarily injective. Hence, generally we

-, -,

have not [(S,) < I(Sp).
Remark 2.11.  Later we shall use the following special case of Corollary 2.8: If
LeL(S;T), S, T € S(F), and b < consta, a,b € Az, then

T _ S
La,b = [a’bLa,a - Lb,bla,b)

because L = ITL = LI".

In the following we denote by e the unit element of Ag, i.e., the weight function
with the value 1 for every U € F.

Corollary 2.12. Suppose that Q2 € F, and let the function b € Ar and the system
S € S(F) be such that b < const < oo and ||SV||cserys)y < 1 for every V € F.

Then the operator I), € L(S(Q);1(Sy)) satisfies, for g € S(Q),

175, 9'lls, = inf { 3 6(V)llgvlIsoy; X Svgv = ¢/, G C F finite . (2.5)
Veg Veg

Proof. By definition of N(S;) (cf. Definition 1.6) the linear space

N.(S) := {h e I[ S(V); 3 SPhy =0, hy # 0 only for finitely many V € .7:}
VeF VeF

is dense in N(S;). Hence, if ¢’ € S(Q2) and
g = (gV)VE}'a go = g,a gv =0, it vV 7£ Qa

then (cf. Remark 1.17 and (1.3))

122, 9'lls, = llg+ N(Ss)lls, = inf {llg + hlln(s,y; k€ N(S)}
= inf { 3 6(V)llgvlisoy; D Stev =g, G C F finite}. ]
Veg Veg
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Remark 2.13.  Whenever I3, is injective we may identify g’ € S(Q2) and 15, ¢'". In

—

this way S(£2) becomes a (dense) subset of [(Sy) and it holds

I9'lls, = inf { 3= 6(V)llgvllsery; Y Stgv =g/, G C F finite} for g’ € S(Q).
Veg veg

3. Campanato spaces

Throughout this section we assume that €2 is a fixed open and bounded subset of
RY and that F is the family of all nonempty open subsets of Q. The diameter of a
set U € F (with respect to the usual Euclidean metric of R") will be denoted by
dy. We shall use the weight functions a, € Ax defined by

do

7
a,(U) = (%) for UeF, ueR. (3.1)

We define IP,,,, m € IN, as the space of polynomials of degree less than m with respect
to the coordinates of the argument z € R". For m = 0 we define P,, := {0}.

In the following measurability, integrability and integrals will always be understood
with respect to the N-dimensional Lebesgue measure. If FE is a measurable subset

of RY, then |E| denotes its measure. The letter p will always denote a number

from [1, 0o]. For given p the dual exponent p’ is defined by 1—1, + Z% = 1. The spaces

LP(U), U € F, will be equipped with their standard norms, denoted by || - ||, v or
simply || - ||p-
For m € Z, we define a projective system PP™ and an inductive systems SP'™
setting for U,V € F such that V C U:

Prm(U) = LP(U) /Py, (PP™) Y (u+ Pp) :=uly +Pp, if U#Q,

Pr™(Q) := LP(Q), (PP™)%u = uly + P, if V#Q. } (3.2)

and

SPm(U) :={u € LP(U); [puw =0 for all w € P,,}, if U # Q, 23
Spm(Q) = LP(Q), (SP™)Yu =Y. (3:3)

Here and in the sequel vV denotes the extension of v from its original domain of
definition (which will always be a subset of U) to U by 0. In (3.2),(3.3) the space P,
is to be regarded as a subspace of L?(U), LP(V) and L? (U), respectively. Similarly,
IP,, will be used below as a subspace of different function spaces (with different
domains of definition). This should not lead to misunderstandings.

The notation introduced here will be used throughout this section without further
explanation.
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Lemma 3.1. If1 < p < oo, then (SP™)* = PP"™. The space P4™(U) is isometri-
cally imbedded into (S°™(U))* for every U € F.

Proof. We have (LP(U))* = L*(U) for p € [1,00[, and L*(U) is isometrically
imbedded into (L>*°(U))*. Moreover, IP,, is the annihilator of

{u e LP(U); / vw =0 for all w € ]Pm}
U

in L (U). These facts prove the lemma. [

Definition 3.2. For y € R, we define the Banach spaces

LPmE(Q) := 1 (PP™) and LP™ H() := I(SP™),

au A—p

(cf. (3.1) for the definition of the weight functions a, and a_,).

Theorem 3.3. For u € R, it holds (LP™ #(Q))* = LF'"™#(Q), 1 < p < oo, and
LY™#(Q) is isometrically imbedded into (L°>™H(Q))*.

Proof. The theorem is a consequence of Lemma 3.1 and Corollary 1.9 (cf. also
Remark 2.2). ]

Remark 3.4.  Since V C Q, ||(PP™)%zp)pevy < 1for all V € F and a, >
const > 0 for u € R, the hypotheses of Corollary 2.5 are satisfied. Consequently,
LP™#(Q)) is to be regarded as a subspace of LP(€2), and we have

do \
Dy, 1 — y 1 f — - . 34
fullsmniey = max {ullparsup inf (G2 Vlfuly = wl ). (34)
An element of LP(Q) is in LP™#(Q2) if and only if the right hand side of (3.4) is
finite. In the following we shall write simply u instead of u|y; it should be clear that
for ||u — w||,,v the function u is to be restricted to V.

Remark 3.5. From Lemma 1.10 it follows that ||ul|zrmu(a), p € R, is equivalent to
the norm

[ulpmp0 = max {|[ullp, sup inf r7¥(|u—wllyz @ne}- (3.5)
’u}E]Pm

r>0,zEQ

(As usual, B,(z) denotes the open ball of radius r centered at z.) Indeed, one can
apply Lemma 1.10 to G := {Q N B,(z); r > 0, z € Q} because G C F and

VeF=VCW:=QnBy,(z), zeV.

Obviously, we could define another equivalent norm replacing B,.(z) in (3.5) by the
cube of side length r centered at z with edges parallel to the coordinate axes in RY.
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Remark 3.6. If Q is a bounded domain in RY, then LP™*(Q), 1 < p < oo, m € Z,
1 € R,, is the well known scale of Campanato spaces. We changed, however, the
notation of these spaces and replaced the original norms by equivalent norms (cf.
[Cal). Our notation also differs from that adopted by Triebel [T]. As mentioned
already in the introduction we replace Campanato’s notation £ (€) by LPm#(€),
where m = k + 1, p = A/p. Our notation allows to express the duality result of
Theorem 3.3 in a very simple way. This result would look more complicated with
Campanato’s or Triebel’s notation. The change of norms compared to those in
[Ca] allows a simpler description of the predual spaces LF"™~#(Q). The original
Campanato norm differs only slightly from the norm |- |, .0 introduced in the
preceding remark.

Remark 3.7. Our notation suggests that all the spaces defined above should be
considered as parts of one scale of spaces. This point of view will be justified by

some of the results below. Since both LF™%(Q2) and LP™9(Q) coincide with L?(Q)
(including the norm), our notation does not cause problems for p = 0.

Remark 3.8. Campanato [Ca| proved that LP™#(Q) = IP,, if 2 is a bounded domain
and p > m+ % On the other hand, it is easy to prove by means of Taylor’s Formula

that C™(£2) (the space of functions on Q with compact support having continuous

derivatives up to the order m) is contained in LP™*(Q) provided that u < m + %

Because of this fact and the duality theorem above we shall be interested in the
p" pr

Remark 3.9. In the sequel the number m in the notation for spaces and norms will

be omitted if it is 0. We write, for example, shortly LP*(12) instead of L»*#(€2). For

u € LP(Q) and p € R, we have (cf. Remark 3.4)

spaces LP™*(Q)) mainly for u € [-m

U|| oo su U
LPH(Q) = VEP dV p,V

The spaces LP#(2), u € R, were introduced by Morrey; they are now called Mor-
rey spaces (see [KJF]).

N]. Then the operator 15, treated in Lemma 2.9

Lemma 3.10. Let p € [0,m + D7

is injective. The space LP(QY) can be regarded as a dense subset of LP™~H(Q), and
it holds
: dy V m :
||u||Lp,m,7u(Q):1nf{ > (d—v> vy lpy; u=> v}, vy €SP™(V), G C fﬁnlte}
veg MU0 veg

for every u € LP(Q) (see (3.3) for the definition of the spaces SP"™(V') used here).

Proof. Let I3;" u =0 for some u € LP(Q). For every f € CI*(Q) C LP"™*(Q) we
have (cf. Lemma 2. 9)

foru= (U dw) = (£1500) =0
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Because of the arbitrariness of f this implies that u = 0, i.e., ICSZZ is injective. For
the proof of the remaining assertions we refer to Remark 2.13. []

Remark 3.11. In the sequel, whenever u € [0,m + %], we shall consider LP(Q) as a
subspace of LP™~#(QQ).

Theorem 3.12. Letlgqugoo,)\::%—ﬁand—m—ﬂgug)\—l—ug

p q’
m + % Moreover, let ¢ := w}\v/N, where wy denotes the measure of the unit ball

in RY. Then the following holds:

i) If p > 0, then LP"™#(Q) — L™ (Q) and the norm of the corresponding imbed-
ding operator does not exceed cdy.

ii) If p < 0 then LP(R2) is dense in LP"™#(Q) and LP(Q) — LT™*(Q). The imbedding
of LP(Q) into L¥™¥(Q) can uniquely be extended to a continuous (linear) mapping
from LP™H(Q) into L™ (Q) the norm of which does not exceed cdy.

Proof. We choose a := a, and b :=a,. For u € L4(U), U € F, we have

1_1
lullow < (U] #llullpy < cdpllullpv. (3.6)

We distinguish four cases:

1. Case 4 >0, v > 0: Let Ky be the natural imbedding of PP"™(U) into P*™(U),
U € F. Then K € L(PP™; P?™) and Ag(U) < cdyy. This follows easily from (3.6).
Theorem 2.3 yields LP™H#(Q2) C L&™*(Q) and, for u € LP™H(2),

[ull o @) = [lullpgpm < edgllullppm = edgllull Lr.me@)-

2. Case 4 < 0,v < 0 : In this case let Ly be the natural imbedding of SP™(U)
into S¢™(U). Then Az (U) < cdyy. The hypotheses with respect to x4 and v imply
that LP(Q) is contained and dense in LP™#(Q)) and L?™"(Q) (cf. Lemma 3.10). By
Theorem 2.6 we have, for u € LP(Q),

[ull pam ) = Ilullspm < edgllullspm = edg|lullzomn ).

3. Case u > 0, v < 0 : Using step 2 of this proof with (0,0) instead of (A, x) and
step 1 with O instead of v we find that L#™¥(Q) C L(Q) C L»™*(Q) and, for
u € LP™H(Q),
ullame @) < ullzamogey < cdblulomn

4. Case y < 0,v > 0 : In this case we can refer neither to Theorem 2.3 nor to
Theorem 2.6. (It is this case which indicates that it is natural to consider the spaces
defined by means of PP™ and of SP™ as one scale.) Note that —y < —v + A < %
Therefore LP(Q) is contained and dense not only in LP»™#(€) but also in LP*((Q)
(cf. again Lemma 3.10). For w € LP(Q) it holds |[upsmv) < [|ulLar) and
|w|| o) < ||| pmn(q). Therefore it suffices to prove the estimate

||| pav () < Cd?ZH'UIHLP,u(Q) for uwe LP(Q). (3.7)
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Let
u= Y vy, vy € LP(V), G finite subset of F.
vVeg

Then we obtain for W € F:

do \V
bl < (52) X Il
w

Veg
do

v
< () S edvuwllof o
W7 veg

do
cdhy 3 (52 108
veg 7V
— ol 3 a(V)of
vVeg

|q,VﬁW

IN

|p,9-

From this relation the desired estimate (3.7) follows (cf. Lemma 3.10). ]

Remark 3.13. For v > 0 part i) of the theorem had been proved already by
Campanato [Ca|. Note that the extended operator in part ii) of the theorem is not
necessarily injective.

We want to conclude this section with a result essentially due to Campanato [Cal.
To state this result we need the following definition.

Definition 3.14. A bounded set Q in RY is said to be of type A, A > 0, if for
every = € (2 and every r €10,dg] we have |Q N B,(z)| > Ar".

Theorem 3.15. Let Q be a bounded domain of type A > 0. Then LP™H(Q) and

LP™#(Q) coincide as linear topological spaces, if n < m and —n — % <pu<n+ %

Proof. 1. Let u > 0. For 1 < p < oo the assertion has been proved by Campanato
[Cal]. An inspection of his proof shows that it remains valid also for p = oo.

2. Let pu < 0. By the first step of this proof the spaces L7 ™ ~#(Q) and LF"™~#(Q)
coincide as topological linear spaces. Hence Theorem 3.3 allows to regard LP™#(Q)
and LP™*(Q) as closed subspaces of the dual to L™ #(Q2). Because we know from
Lemma 3.10 that L?(Q) is dense in LP™H(Q)) as well as in LP™H these spaces must
be equal as topological linear spaces. []

4. Sobolev-Campanato spaces
As in the preceding section we assume that an open bounded set Q C RY is fixed

and that F is the family of all nonempty open subsets of (2. Throughout this section
k and m denote numbers from Z, , and p denotes a number in |1, co[. We supplement
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the definitions of the preceding section setting IP,, := {0} and LP"™*(U) := LP*(U)
if n is a negative integer. This will help to simplify the presentation.

We want to define spaces of functions with derivatives in Campanato spaces. We
use the possibility to introduce such spaces in the same way as we introduced the
Campanato spaces in the preceding section, namely by means of appropriate pro-
jective and inductive systems. We shall use the same weight functions a, as for
Campanato spaces (cf. (3.1)).

The spaces W*?(U), U € F, are the usual Sobolev spaces equipped with their
standard norms, denoted by || - || or shortly || - [|x,. We define Wy*(U) as the
closure of the set {u € W*?(U); suppu C U} in W*P(U) and W=*¥ (U) as the
dual of W§P(U). For k = 0 this means that we identify (L?(U))* and L*' (U).

We define projective and inductive systems P*P™ and S¥P™ respectively, setting
for U,V € F such that V C U:

Pram(Q) c= Whe(Q), Pom(U) t= WHS(U)[Pyps, 1 U 9,
(Pk,p,m)f‘}u = U|V + IPm-i—k; it v 7& Q’ (41)
(Pk””m)g(u + Pm+k) = U|V + Pm+ka if U # Q.
and
Skpm(U) = {u € W(f”’(U); Jypuw =0 for all we P,,_}, if U#Q, (4.2)
Skem(Q) := WEP(Q),  (Skem)Uy .= oV, '

Definition 4.1. For p € R, we introduce

-

WhPmE(Q) = T (PEP™), WEPTTHE) = T[Sk,

a—p

Remark 4.2.  According to Remark 1.15 the space W*P™#(Q) will be regarded as
a subspace of W*?(2). The norm in WHk»™#(Q) is

doV' .
[wllwpmou () = max {Hqu,p,Q, sup { (_d ) inf lu — wHk,p,U}}, (4.3)
UeF U

and WHhPm™H(Q) consists of all elements of W*?(Q2) for which the right hand side of
(4.3) is finite (cf. Corollary 2.5).

Remark 4.3. Ifpe Ry, |a| <k I <k—la,n+l>m+k—|a|,l,n€ Z,, then
D™ € LW*P(U); WH(U)), |D*|| cowrrwywrnrwy < 1 and D[Pp,i] C Pryy.

Consequently, D is a linear bounded operator from P*?™(U) into P'*"(U) with
norm not larger than 1 for all U € F, and hence (cf. Theorem 2.3)

D* € LW*P™H(Q); WHPm(Q)), || D|| wmmns@ywimme @)y < 1

provided that 0 < v < u. Moreover, D> L(WkPmk(Q); WiPn¥(Q)) is compact,
whenever 0 < v < p and D*e L(WHP(Q); W'P(Q2)) is compact, which is the case if
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| <k —|a] and € is not too bad.

Remark 4.4. The preceding remark and Remark 3.8 show that W*»™#(Q) consists
N

of elements which are locally polynomials, if y1 > m+ Therefore we are interested

in the spaces W*P™#(Q) mainly if 0 < u < m + %

Remark 4.5. Iffpe Ry, |a| <k, [<k—la,n—1<m-—k+|a|,l,n € Z,, then
(64 k7 . l7 (64
D* e LWy (U); Wo™(U)), 1D owirwywiewyy <1

and
/ w D = (—1) / w D =0 if u € S*P(U), w e Py,
U U

Hence D* induces an operator in £(Wy®™ *(Q); W™ ™(Q)) if 0 < v < p, which

is compact if 0 < u < v and | < k — |a] (cf. Theorem 2.6).

Remark 4.6. Let [foumu = 0 for some u € Wy P(€). Then (cf. Remark 2.11)
157" Dy = D® 1557y =0,

e,a_y, a_p,a_p,eay,

where Dg‘_‘“a_” denotes the operator induced by D, considered as an element of
L(Skpm, Spm)  We have seen in Lemma 3.10 that the operator ICSZ:'; is injective

provided that u € [0, m + %] In that case D*u = 0, || = k. Since u € WJP(Q)
this implies that v = 0. Hence under the hypothesis u € [0, m + %] the operator

IfZim is injective, WP(€) is a dense subset of W™ #(Q) and, for u € Wy?(Q),
we have (cf. Remark 2.13)
dv

7
||u||Wk,P,m,—u(Q):inf{ > ( ) vv|lepr; u= D vy, vy €SHP™V), G C fﬁnite}.
veg \de Veg

For the next results we introduce some more notation.

Definition 4.7. For any bounded open set V C R" we introduce

E
o(V):= sup{%; E CcV C B, where E, B are balls}.
A bounded open set U C R" is said to be of class § > 0 if o( B, (£)NU) > & provided
that £ € U and r > 0. We denote by Fs the family of all U € F of class § > 0.

Remark 4.8. The family of sets which are of class § for some § > 0 is rather large:
It is invariant with respect to bi-Lipschitz transformations and contains the class
of domains with Lipschitz boundary (we refer to [GR] for a detailed discussion of
various types of domains). On the other hand, each element of this family is of type
A for some A > 0.

Remark 4.9. 1f Q € F;, then

=

[(PEr™) =T(PEP™ 5) and I(SEP™) = I[{SEPm

.7:5))
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where the spaces are to be understood as linear topological spaces, i.e., restricting
ourselves in the definition of the norms of W*Pmk(Q) and WEP™ #(Q) to sets
U € Fs we arrive at norms which are equivalent to those defined by means of all
U € F. Indeed, by definition of Fjs for each U € F we have U C By, () N Q € F;
for every & € U. Therefore the claim follows from Lemma 1.10 and Lemma 1.12.

Theorem 4.10. Let Q) be of class § for some § > 0, and let p € R,. Then
wkpmr(Q) = {u € LP(Q); D € [P™TE-12lv(Q)) ol < k}

and the norm || - [|wrp.muq) s equivalent to 3o < || DUl poim+i—ialu(g)-
We postpone the proof of this theorem and proceed with some auxiliary results.

Lemma 4.11. Let E and B be two open balls in RY such that E C B. Then there

ezists a finite number ¢ depending on N,p, m and % only such that

Vw € P wllp,s < cljwllpp.
Proof. 1t suffices to prove the lemma under the additional assumption that B is the

unit ball. If the assertion were wrong, then there would exist functions w, € P,
and balls B,.(¢,) C B of the same radius r > 0 such that

||wn |p,B — ]-, / |’U)n|p — 0 as n — oo.
By (n)

Without loss of generality we may assume that w,, — w in C(B) (since IP,, is finite
dimensional) and that &, — £. Then

w =1 and / w”:lim/ w,|? = 0.
[ [l =tim [l

Because w is a polynomial this is impossible. The contradiction completes the proof.

L]

Lemma 4.12. Let U € F. Then, for every u € W*P(U) there exists w € Py
such that, for |a| < k,

[1D%(w —w)llpy <c _inf D% — wallp,
Wa € P 4k —|a|

where ¢ is independent of u and depends on U wvia o(U) only (cf. Definition 4.7).

Proof. 1. First let E = {z € R"; |z| < 1}. For a given u € W*?(E) we choose w
as the unique element of P, ; such that

Vi € Py iy : /ww:/uw.
E E
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We define
golz) == (1 — |zP)? for z € E.

Using partial integration and the definition of w, we find, for any w, € Prji—|afs
[ D= w)(D™w — wa)ga = (~1)°! [ (u~w)D*(D°w ~ wa)ga) = 0.
E E
Hence

Qmw—waﬁga :/E(D“u—wa)(Daw—wa)ga < 1D — walp.5 ]| D%w — wal| .

Since w — [ W?g, is a norm on P4 %—|o| and all norms on Py, ¢_ |4 are equivalent,
this gives

| Dw — wal|p,e < co|| D" — Wa||p,&,

where ¢; is independent of u. Consequently,
1D%(u = w)lp.z < [D%u = wallp.z + [[wa — D0z < (1+ ) [[D%u — wallp.z-
Because this is true for every w, € Pp,45_|o/, Wwe have (with ¢; := 14 ¢)

[1D%(u —w)llpp <er inf D% — wallpp-
W€y k|

This is the assertion for the special case U = E. A simple scaling argument shows
that the assertion holds for every ball U.

2. For arbitrary U € F we choose balls £ and B such that £ ¢ U C B and
% < 20(U). Let u € W*P(U) be given. Using the first step of the proof we choose
w € P,y such that for |a| < k

I1D%(u —w)llpp <er inf D% — wallpp-
Wa€P k|

Then, for arbitrary wy € Pp,_|o, we find

[1D%(u = w)|lpv < ||D% = wallpv + [[wa — D*w|lp,5
< ||Dau_wa||p,U+c||wa_Daw”p,E
< (1 +0)[[D% — wallpv + [ D*u — D*w||p,p
< (T4 c+ca)||D% — wallp v,

where ¢ depends on U via o(U) only (cf. Lemma 4.11). ]

Proof of Theorem 4.10. Let Q € F;. According to Remark 4.9 we can define an
equivalent norm in W*Pm™#(Q)) as follows:

[ ll§2.pmn gy = max { ||
(@)

doV .
k,p,Q, SUP (d_> inf |lu— w“k,p,U}-
UcFs U
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By the preceding lemma

do \V
n < max{ n c su (—) inf D% —w }
[ irmeiey < maxelipasesup 3 (G0), nf, | I1D% = wallw

IN

do ) o
¢ Y max{|D" ul . sup p (53] ,.cnf D% = o }
U

o<k WeaClPmti—lal

= ¢ Z ||D°‘u||Lp,m+k,|a‘,u(m.

<k

Since the converse inequality had been obtained already with Remark 4.3 the proof
is complete. []

Next we define projective systems P~%P™ and inductive systems S—%P™ setting for
U,V € F such that V C U,

pPEPm(Q) := WkP(Q), P~RP™(U) := Wk (U) /Py, 4, if U #Q,
(PEr™Bf = flv + Py, if V£Q, (4.4)
(PP (f +Pri) i= flv + Py, if U#Q.

and
STHU)i={g € (W (U)": () =0 forall wePp U A0
ka,p,m(Q) — (Wk’p'(Q))*, (ka,p,m)gg = gU_ .

Here f|y for f € W=*P(U) is defined by (f|v, v) := <f, vU> forv € W (V), and the

extension gV of g € (W*? (V))* is defined by <gU,u> .= (g, uly) for u € Wk (U).
Obviously,
Pfk,p,m — (Sk,p’,m)* and ka,p,m — (Pk,p’,m)*,

where S¥#"™ and P*#™ are given by (4.2), (4.1).

Definition 4.13. For y € R, we introduce

=

Wkpmn(Q) = T (Pokem)  Wokemen(Q) = [(STEPm).

ay, * a—p

Remark 4.14. According to Remark 1.15 the space W —5P™#(Q) will be regarded
as a subspace of W FP(Q). The norm in W *Pm™k(Q) is

welP,, &

do .
£ lw-soemsey = max {1 fll-epar sup {(32) , dnf IS = wlspo}}s (46
ver U

and W —*Pmk(Q) consists of all elements of W *?(Q) for which the right hand side
of (4.6) is finite (cf. Corollary 2.5). The last statement can also be expressed as
follows: A functional f € W=%P(Q) is in W=F»m#(Q) if and only if there exists a
constant ¢ such that the hypotheses

€ W(f’p’(ﬂ), suppv C U and / vw =0 for all w € P,,
Q
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imply that
| (f,0) | < edgl[v]lepr,0-

By means of Corollary 1.9 one obtains immediately

Theorem 4.15. For u € R, it holds

WkPmA(Q) = (WEP™H(Q))* and WEP™H(Q) = (W,

*

ol on(@))

Remark 4.16. Combining the first part of this theorem with Theorem 3.3 and Re-
mark 4.5 we obtain the following result: If f, € LP™**lobn(Q) |a| < k, and

(f,v) = Z (fo, D%v) for v e Wok’p’(ﬂ),

o<k

then f € W—hpm(Q).

Theorem 4.17. Suppose that there exists a bijective mapping ®: Q—>S~2, where
Q c RY is convez and ®, ® ! are Lipschitzian. Moreover, let p € [0,m + %]

Then

Vu & Wk’p(Q) . ||u||Lp,m+k,u+k(Q) S ||U||p,Q +c Z ||Dau||Lp,m,u(Q)
|a|=k

where ¢ is a constant independent of u.
For the proof of this theorem we need some auxiliary results.

Lemma 4.18. Let U be a bounded open convex subset of RY and let u € W'P(U)
be such that [, u=0. Then

N
[ullpr < 2Vdy > [ Diullpu- (4.7)

i=1

Proof. Tt suffices to prove the inequality (4.7) under the additional assumption that
u e CHU)N WY (U). We obtain for z,y € U

u(z) = —|—/ —uy—l—tx—y))dt
= u)+ [ z (Daw)(y + b — 9) (@ — vi)d.
Integration with respect to y gives
Ul = [ [ zl(Diw(y o~ y)) (@ — yi)dt dy.
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Hence

Ullu@) < (UIN)ds( [ [ lfy(Diu)(yH(x —y)rdray)’

and

S =

IN

[llpu

wrinta( [ [ | §|(Diu>(y+t(x—y>>|pdydxdt)
|U—szdU</ //Z|Du ) dz dt

+/ //Z|Du —dydt)l

< 2 N7¥ dUZ | Dsullpr < 2NdUZ I Dsullp,u-

IN

This is the desired estimate. []

Lemma 4.19. Suppose that ® : @ — Q is bijective, where Q c RY is convez and
®, &' are Lipschitzian with the Lipschitz constant L. Let

G:={W e F, d(W) = B,(6)N®(Q) for some £ € B(Q), r > 0}.

Then, for every V € F there exists W € G such that V. C W and dy < 2L*dy.
Moreover, there exists a § > 0 such that o(W) > 0 for every W € G (c¢f. Defini-
tion 4.7).

Proof. 1. We have dg(v) < Ldy. We fix = ® (V') arbitrarily and define W € G by
(W) := Bra, () N ®(Q).

Then ®(V') C ®(W) and therefore V' C W. Moreover dgw) < 2Ldy. Consequently,
it holds dW S 2L2dv.

2. Elementary considerations show that o(B,(€) N ®(Q)) > (ro/dg)™ if 7y is the
radius of a ball contained in ®(U). Since the image under &' of a ball of radius r

contains a ball of radius r/L and is contained in a ball of radius Lr the last relation
implies that o(W) > (ro/L?do)N. ]

Lemma 4.20. Under the hypotheses of the preceding lemma there exists a constant
¢, such that

YW € G, Yu € WFP(WV) : 1nf Ju—wll,w < cxdly D | Dul|pw-

a=k
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Proof. We prove the assertion by induction with respect to k.
1. Let k = 1. Let W := ®(W) and @(z) := u(®(z)) for z € W, u € Wh2(W).
Using Lemma 4.18 we find, setting a := ﬁ [ u,

w

||u - a’”p,W = </W |U(.’E) — a|pdx>% = (/VNV |qj(§) _ a|pdet (‘D_l)'(f)d§>%

N o N ~ -
< L5l al,5 <2"L¥dg 3 | Dal, 5
=1

N N
< 2Ly Y| Yo (D) o @1 D@

w
=1 j—1 P

N
< 2L 2 Ndy S || Djulpw-

=1
Hence

N
Jnf flu = wllpw < ClchjZ1 | Djullp,w,
where ¢; depends on L, N and p only.

2. We prove the assertion for £ under the hypothesis that it has been proved already
for k — 1 instead of k. Let u € W*P(W). We define

ag$ﬁ

v(z) =u(z) — >

)
1Bl=k—1 A

where the ag, |3| = k — 1, are chosen such that

N
|1 DPv|lpw < crdw Y | DiDPvllpw

=1

(cf. step 1 of this proof). Using this result and the induction hypothesis we find

. k—
I A

N
Ckfldl;/:[/_lcldWZ Z ||DiDﬁU||p,W

i=1|8|=k—1

< CkflclNdll‘/:V Z | D%v]|p,w
|a|=Fk

IN

In view of the relation between u and v this proves the assertion with ¢ := cx_1¢1 V.

L]

Proof of Theorem 4.17. We introduce G as in Lemma 4.19. Let u € W*?(U) and
W € G be fixed. We choose w € P, such that for |a| =k

[1D%(u = w)llpw < ¢ inf [[D% — wa|lpw,
W €EIPm
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where ¢ is independent of u and W (cf. Lemma 4.12 and Lemma 4.19). Next we
use Lemma 4.20 to obtain

inf [u—w—tllpw < ediy D [ D*(w—w)lpw < cdyy > inf [[D*u—w,

welPy, la|=Fk |a\:kwa m

|P,W‘

In view of Lemma 1.10 and Lemma 4.19 this estimate implies that
lollimmsisnay < max{Jlullpo, e sup dy ™ inf  u = wilpw}

< max{||u||p,9,csup > dyt inf ||D°‘u—wa||p,w}
€g|a\:k Wa €Pm

< llullpa+e > D%
|a|=Fk

|p7m7”79'
This is the desired estimate. []

Remark 4.21. Let the hypotheses of Theorem 4.17 be satisfied and let [ € Z, be
such that 0 <1 < k. If |3] = k — [, then DPu € WPY(Q) and D*(DPu) € LP™*(RQ)
for |a] = I. Therefore, the theorem can be applied with DPu and [ instead of u
and k. One obtains

ID%ullpmstgurr < IID%ullp+e 30 (1D%ulpm,

o=k
|p7m7”) .

< c(full, + Y ID™

|a|=F

This result implies in particular that DPu € L™ +*=I8Lr(Q) for all B, |B| < k, which
is equivalent to u € W*P™#(Q)) by Theorem 4.10. Thus, u € WkP™#(Q) if and
only if Du € LP™H(Q) for |a| = k.

Remark 4.22.  For u € WJP(Q) the assertion of Theorem 4.17 is true for every
bounded open set © ¢ RY. This follows immediately from the fact that u can be
extended by 0 to the convex hull of Q without any change of the relevant norms.

References

[Cal S. Campanato, Proprieta di una famiglia di spazi funzionali, Ann. Scuola
Norm. Sup. Pisa (3) 18 (1964), 137-160.

[GT| D. Gilbarg, N.S. Trudinger, Elliptic partial differential equations of second
order, Springer-Verlag Berlin - Heidelberg - New York - Tokyo 1983.

[GR]  W.M. Goldstein, J.G. Reshetnjak, Introduction to the theory of distribu-
tions and quasiconformal mappings, Nauka, Moscow 1983 (in Russian).

[Gr] J.A. Griepentrog, Linear elliptic boundary value problems with non-smooth
data: Campanato spaces of functionals, to appear.

27



[GrR]

[G]

[KJF]

[LU]

[Le]

[R]

[T]

[Tr]

J.A. Griepentrog, L. Recke, Linear elliptic boundary value problems
with non-smooth data: Normal solvability on Sobolev-Campanato spaces,
Preprint 446 (1998), WeierstraB-Instut fiir Angewandte Analysis und
Stochastik.

K. Groger, Boundedness and continuity of solutions to linear elliptic bound-
ary value problems in two dimensions. Math. Ann. 298, 719-727 (1994).

A. Kufner, O. John, S. Fuc¢ik, Function spaces, Academia, Prague 1977.

O. A. Ladyshenskaya, N. N. Ural’tseva, Linear and quasilinear elliptic equa-
tions, Nauka, Moscow 1964, 1973 (in Russian); Engl. transl. Academic Press
New York 1968.

K. de Leeuw, Banach spaces of Lipschitz functions, Studia Math. 21(1961),
55-66.

L. Recke, Solvability properties of linear elliptic boundary value problems
with non-smooth data. Preprint 94-3 (1994) Fachbereich Mathematik der
Humboldt-Universitdt zu Berlin.

H. Triebel, Theory of function spaces II, Birkhduser-Verlag Basel - Boston -
Berlin 1992.

G. Troianiello, Elliptic differential equations and obstacle problems, Plenum
Press New York - London 1987.

28



