Weierstraß-Institut für Angewandte Analysis und Stochastik

im Forschungsverbund Berlin e. V.

PREPRINT ISSN 0946 – 8633

Hysteresis in phase–field models with thermal memory

Gianni Gilardi Dipartimento di Matematica “F. Casorati” Università di Pavia, Via Ferrata 1, I–27100 Pavia, Italy E–mail address: gilardi@dimat.unipv.it

Pavel Krejčí Mathematical Institute, Academy of Sciences, Žitná 25, CZ–11567 Praha 1, Czech Republic, and Weierstraß–Institut für Angewandte Analysis und Stochastik Mohrenstraße 39, D–10117 Berlin, Germany E–mail address: krejci@wias-berlin.de, krejci@math.cas.cz

Jürgen Sprekels Weierstraß–Institut für Angewandte Analysis und Stochastik Mohrenstraße 39, D–10117 Berlin, Germany E–mail address: sprekels@wias-berlin.de

submitted: 16th June 1999

Preprint No. 497

Berlin 1999

1991 Mathematics Subject Classification. 35K55, 80A22, 47H30 Key words and phrases. Phase transitions, hysteresis operators, phase-field models, heat conduction with memory, integrodifferential equations

Abstract. Phase-field systems as mathematical models for phase transitions have drawn increasing attention in recent years. However, while capable of capturing many of the experimentally observed phenomena, they are only of restricted value in modelling hysteresis effects occurring during phase transition processes. To overcome this shortcoming, a new approach has recently been proposed by the last two authors which is based on the mathematical theory of hysteresis operators developed in the past fifteen years. In this paper this approach is extended to cases where the material exhibits an additional thermal memory, i.e., where the heat flux contains a time convolution of the spatial gradient of temperature. It is shown that the corresponding system of field equations admits a unique strong solution that depends continuously on the data of the system.

1. Introduction

This paper is devoted to the study of initial-boundary value problems for systems of partial differential equations of the form

μw_t + f_1[w] + f_2[w] ϑ = 0 , (1.1) (ϑ + F_1[w])_t − κ_1 Δϑ − κ_2 Δ(m ∗ ϑ) = ψ(x, t, ϑ) , (1.2)

in Ω × (0, T ), where Ω is a bounded open subset of R^3 with Lipschitz boundary, T > 0 is some final time, μ > 0, κ_1 > 0, κ_2 ≥ 0 are physical constants, and, for functions a, b of one variable t > 0, a ∗ b denotes the time convolution which we define by (a ∗ b)(t) = ∫_t 0 a(t − s) b(s) ds, t ≥ 0, (1.3) whenever this is meaningful.

Systems of the form (1.1–2) arise as phase-field equations from the mathematical study of phase transitions and have been studied repeatedly in the literature when f_1, f_2, F_1, ψ are (possibly nonlinear) smooth functions of their respective variables; also cases where (1.1) is replaced by an inclusion as in the so-called relaxed Stefan model (see, for instance, [9]) have been under continuing study. We only refer to the monographs [3] and [20] for the case κ2 = 0 and to [2, 4–8] for the case κ2 > 0, respectively.

Models where f_1, f_2, F_1, ψ are functions or graphs are of restricted value in cases where, due to cycling loads, the phase transition may run in both directions. In such a situation usually hysteresis effects – like undercooling or overheating in a solid-liquid transition – occur. In a series of previous papers [15–17], the last two authors have proposed a new approach to incorporate the occurrence of hysteresis effects into the model by assuming that f_1, f_2, F_1 are hysteresis operators (for the notion of hysteresis operators see the monographs [3, 13, 14, 19]) instead of functions. The possible occurrence of hysteresis effects is not the only reason to consider hysteresis operators in (1.1): in fact, it has been pointed out in [15–17] that already classical models like the relaxed Stefan model (cf. [9]) can be brought into the form (1.1) with suitable hysteresis operators f_1, f_2, F_1; in this connection, the quantity w can be interpreted as a sort of time-integrated memory that the system keeps with respect to changes of the thermodynamic force acting on the system. For details, we refer the reader to [15–17].

In this paper, we extend the results of [15] obtained for the case κ_2 = 0 to the case κ_2 > 0. In physical terms, this means that the heat flux q is no longer assumed in the Fourier form q = −κ_1 ∇ϑ; instead it is assumed that q contains an additional term that accounts for the thermal evolution during the past history, that is, we put q(x, t) = −κ_1 ∇ϑ(x, t) − κ_2 ∫_t −∞ m(t − s) ∇ϑ(x, s) ds , (1.4) with a given smooth function m. Assuming that ϑ is known for t ≤ 0, we may rewrite (1.4) as q(x, t) = −∇ϑ(x, t) − κ_2 (m ∗ ∇ϑ)(x, t) + q_0(x, t) , (1.5) where q_0 is a given function and m ∗ ∇ϑ is defined as in (1.3) by (m ∗ ∇ϑ)(x, t) = ∫_t 0 m(t − s) ∇ϑ(x, s) ds . (1.6) Note that (1.4) is just the Gurtin-Pipkin law for the heat flux. Heat flux laws of this and similar types have originally been introduced in order to explain the occurrence of heat waves and to predict the finite speed of thermal disturbances. To give an idea of the interest of this subject and of the number of involved material scientists, we refer to the review papers [11] and [12]; for thermodynamic considerations, we refer to [10].

In what follows, we aim to show that the phase-field system (1.1–2) with hysteresis operators f_1, f_2, F_1 instead of functions or graphs, complemented by suitable initial and boundary conditions, admits a unique strong solution that depends continuously on the data of the system. To simplify the notation, we shall always assume that κ_1 = κ_2 = 1; this has no bearing on the mathematical analysis.

2. Statement of the problem

We consider in Ω × (0, T ) the system of equations

μw_t + f_1[w] + f_2[w] ϑ = 0 , (2.1) (ϑ + F_1[w])_t − Δ(ϑ + m ∗ ϑ) = ψ(x, t, ϑ) , (2.2)

coupled with the initial conditions

w(x, 0) = w^0(x), ϑ(x, 0) = ϑ^0(x), for (x, t) ∈ Ω , (2.3)

and with the no-flux boundary condition

(∇ϑ + m ∗ ∇ϑ) · n = 0, on ∂Ω × (0, T ) , (2.4)

where n denotes the unit outward normal vector field to ∂Ω, μ > 0 and T > 0 are given numbers. Moreover, the memory kernel m, the function ψ, and the hysteresis operators f_1, f_2, F_1 satisfy the precise assumptions specified below. Note that any hysteresis operator is causal, i.e. for every w ∈ C[0, T ] and t ∈ (0, T ), the value of the output function at time t depends only on the restriction of the input to the interval [0, t]. Finally, w^0 and ϑ^0 are prescribed initial data.

Remark 2.1. Different boundary conditions could be considered, e.g., Dirichlet or mixed boundary conditions, with some minor changes in the sequel. Moreover, we could also deal with the 1D and 2D cases.

We now state our precise assumptions on the hysteresis operators f_1, f_2, F_1, the right-hand side ψ and the memory kernel m. For the sake of convenience, we use the notation Q_t := Ω × (0, t) for 0 < t ≤ T. (2.5)

The following hypotheses are natural in the context of hysteresis operators, see the abovementioned monographs and the papers [15–17].

Hypothesis 2.2. We assume that f_1, f_2 map C[0, T ] into itself and that there exists a constant K_1 such that the inequalities

|f_i[w_1](t) − f_i[w_2](t)| ≤ K_1 max_{0≤s≤t} |w_1(s) − w_2(s)| , i = 1, 2 , (2.6)

|f_2[w](t)| ≤ K_1 (2.7)

hold for every w_1, w_2, w ∈ C[0, T ] and t ∈ [0, T ].

Hypothesis 2.3. We assume that F_1 maps H^1(0, T ) into itself and that there exist a constant K_2 and a function φ : R^+ → R^+ such that | | | d dt F_1[w](t) | | | ≤ K_2 | | | dw dt (t) | | | a.e. in (0, T ), ∀ w ∈ H^1(0, T ) , (2.8)

|F_1[w_1](t) − F_1[w_2](t)| ≤ φ(R) ‖w_1 − w_2‖_H1_{(0,T )} (2.9)

for any R > 0 and w_1, w_2 ∈ H^1(0, T ) with ‖w_i‖_H1_{(0,T )} ≤ R.

Moreover, we assume that ψ : Q_T × R → R satisfies

ψ_0 := ψ(·, ·, 0) ∈ L^2(Q_T ) and |ψ_ϑ(x, t, ϑ)| ≤ K_2 a.e. in Q_T × R. (2.10)

Hypothesis 2.4. We assume that

m ∈ W^{1,1}(0, T ) , (2.11)

and that there exists a constant α_0 > 0 such that ∫_t 0 (v + m ∗ v)(s) v(s) ds ≥ α_0 ∫_t 0 v^2(s) ds ∀ v ∈ L^2(0, t) ∀ t ∈ [0, T ]. (2.12)

Condition (2.12) can be illustrated by the example m(t) = a exp(−εt) for some a, ε ≥ 0. Then the heat conduction law (1.4) for κ_1 = κ_2 = 1 can be formally written in the form q_t + εq = −∇ϑ_t − (a + ε)∇ϑ .

It is easy to check that, in this case, condition (2.12) is fulfilled with α_0 = 1.

Remark 2.5. As done in [15], we extend the meaning of f_i[w] and F_1[w] allowing w to depend also on the space variable and setting for instance

F_1[w](x, t) := F_1[w(x, ·)](t).

We now state our existence and continuous dependence results. Uniqueness follows obviously.

Theorem 2.6. Assume Hypotheses 2.2, 2.3, and 2.4. Then, for every w^0 ∈ L^∞(Ω) and ϑ^0 ∈ H^1(Ω) ∩ L^∞(Ω), Problem (2.1–4) has a solution (w, ϑ) such that w, ϑ ∈ L^∞(Q_T ) , ϑ_t, Δϑ ∈ L^2(Q_T ), w_t ∈ L^∞(Q_T ) ,

and (2.1–4) are satisfied almost everywhere.

Theorem 2.7. Assume Hypotheses 2.2, 2.3, and 2.4. Let w^0_i ∈ L^∞(Ω), ϑ^0_i ∈ H^1(Ω) ∩ L^∞(Ω), and ψ_i : Q_T × R → R, i = 1, 2, be given functions. Let each of the functions ψ = ψ_1 and ψ = ψ_2 satisfy (2.10), and let there exist a function d_ψ ∈ L^2(Q_T ) such that | |ψ_1(x, t, ϑ^1) − ψ_2(x, t, ϑ^2) | | ≤ d_ψ(x, t) + K_2 | |ϑ^1 − ϑ^2 | | (2.13)

for a.e. (x, t, ϑ^i) ∈ Q_T × R, i = 1, 2. Let (w_i, ϑ_i) be solutions to (2.1–4) corresponding to the data w^0_i , ϑ^0_i , ψ_i, i = 1, 2. Then there exists a constant C > 0 such that, for all t ∈ [0, T ], ∫∫ Q_t |ϑ_1 − ϑ_2|^2 (x, s) dx ds ≤ C { t ( ‖w^0_1 − w^0_2‖^2_L2_{(Ω)} + ‖ϑ^0_1 − ϑ^0_2‖^2_L2_{(Ω)} ) + ∫∫ Q_t d^2_ψ(x, s) dx ds } , (2.14) ∫ Ω ‖w_1 − w_2‖^2_H1_{(0,T )} (x) dx ≤ C { ‖w^0_1 − w^0_2‖^2_L2_{(Ω)} + ‖ϑ^0_1 − ϑ^0_2‖^2_L2_{(Ω)} + ∫∫ Q_T d^2_ψ(x, t) dx dt } . (2.15)

Theorems 2.6 and 2.7 will be proved in Section 4. The next section is devoted to some preliminary remarks on an abstract integro–differential equation. In the sequel, we widely use the elementary inequality ab ≤ σa^2 + 1 4σ b^2 ∀ a, b ∈ R ∀ σ > 0 and the well–known Young inequality

‖a ∗ v‖_L2_{(0,T ;X)} ≤ ‖a‖_L1_{(0,T )} ‖v‖_L2_{(0,T ;X)} ∀ a ∈ L^1(0, T ) ∀ v ∈ L^2(0, T ; X) (2.16)

where X is a Banach space.

3. An integro–differential equation

Let V and H be two Hilbert spaces and assume that V is a dense linear subspace of H. Then we identify H with a dense subspace of V^′ in a usual way and write V ⊂ H ⊂ V^′. In this framework, we consider the integro–differential problem

u^′ + A(u + m ∗ u) = f , (3.1) u(0) = u^0 , (3.2)

where A : V → V^′ is a continuous linear operator.

Sufficient conditions for the well–posedness of (3.1–2) are well–known. Indeed, one can find a very general theory, e.g., in [1]. Nevertheless, for the reader’s convenience, we sketch the proof of the simple result stated below. We introduce the notation

‖ · ‖ := ‖ · ‖_V , | · | := ‖ · ‖_H , ( · , · ) := ( · , · )_H , and ⟨ · , · ⟩ :=_V 0 ⟨ · , · ⟩ V (3.3)

and observe that ⟨ u, v ⟩ = (u, v) for every u ∈ H and v ∈ V .

Proposition 3.1. With the above notation, assume that A ∈ L(V ; V^′) is symmetric and denote its norm by M. Assume moreover that

m ∈ L^1(0, T ) , (3.4)

and that there exist constants α, λ > 0 such that ⟨ Av, v ⟩ ≥ α ‖v‖^2 − λ |v|^2 ∀ v ∈ V, (3.5) ∫_t 0 ⟨ A(v + m ∗ v)(s), v(s) ⟩ ds ≥ α ∫_t 0 ‖v(s)‖^2 ds − λ ∫_t 0 |v(s)|^2 ds (3.6) ∀ v ∈ L^2(0, T ; V ), ∫_t 0 ( (v + m ∗ v)(s), v(s) ) ds ≥ α ∫_t 0 |v(s)|^2 ds ∀ v ∈ L^2(0, T ; H), (3.7) for every t ∈ [0, T ]. Then, for any f ∈ L^2(0, T ; H) and u^0 ∈ V , there exists a unique solution u to (3.1–2) satisfying

u ∈ C^0([0, T ]; V ) ∩ H^1(0, T ; H) and Au ∈ L^2(0, T ; H). (3.8)

Moreover, the following estimate holds:

‖u‖_L1_{(0,T ;V )} + ‖u^′‖_L2_{(0,T ;H)} + ‖Au‖_L2_{(0,T ;H)} ≤ C_0 ( ‖f‖_L2_{(0,T ;H)} + ‖u^0‖ ) , (3.9)

where C_0 depends only on T , ‖m‖_L1_{(0,T )}, α, λ, and M.

Proof. Uniqueness is easy to prove. As far as existence is concerned, we just show the a priori estimate (3.9) formally. A complete proof could rely, e.g., on a Galerkin method.

Moreover, note that the condition u ∈ C^0([0, T ]; V ) is a well–known consequence of (3.5) and the other regularity requirements of (3.8). In the sequel, we use the same symbol C_0 for different constants which have the properties specified in the statement.

Testing (3.1) with u, integrating over (0, t), and using (3.6), we obtain 1 2 |u(t)|^2 + α ∫_t 0 ‖u(s)‖^2 ds − λ ∫_t 0 |u(s)|^2 ds ≤ 1 2 |u^0|^2 + ∫_t 0 ( f(s), u(s) ) ds ≤ 1 2 |u^0|^2 + 1 2 ∫_t 0 |u(s)|^2 ds + 1 2 ∫_T 0 |f(s)|^2 ds which implies

‖u‖_L1_{(0,T ;H)} + ‖u‖_L2_{(0,T ;V )} ≤ C_0 ( ‖f‖_L2_{(0,T ;H)} + |u^0| ) (3.10)

via Gronwall’s lemma. Now, we test (3.1) with Au and use (3.5) and (3.7). We get α 2 ‖u(t)‖^2 − λ 2 |u(t)|^2 + α ∫_t 0 |Au(s)|^2 ds ≤ 1 2 ⟨ Au^0, u^0 ⟩ + ∫_t 0 ( f(s), Au(s) ) ds ≤ M 2 ‖u^0‖^2 + α 2 ∫_t 0 |Au(s)|^2 ds + 2 α ∫_T 0 |f(s)|^2 ds. Using (3.10), we derive the second estimate

‖u‖_L1_{(0,T ;V )} + ‖Au‖_L2_{(0,T ;H)} ≤ C_0 ( ‖f‖_L2_{(0,T ;H)} + ‖u^0‖ ) . (3.11)

Finally, we test (3.1) with u^′. We have ∫_t 0 |u^′(s)|^2 ds = − 1 2 ⟨ Au(t), u(t) ⟩ + 1 2 ⟨ Au^0, u^0 ⟩ − ∫_t 0 ( (m ∗ Au)(s), u^′(s) ) ds + ∫_t 0 ( f(s), u^′(s) ) ds ≤ 1 2 ( ‖u(t)‖^2 + ‖u^0‖^2 ) + ∫_T 0 |(m ∗ Au)(s)|^2 ds + 1 2 ∫_t 0 |u^′(s)|^2 ds + ∫_T 0 |f(s)|^2 ds. On the other hand, the Young inequality (2.16) yields ∫_T 0 |(m ∗ Au)(s)|^2 ds ≤ ‖m‖^2_L1_{(0,T )} ‖Au‖^2_L2_{(0,T ;H)} . Hence, using (3.11), we conclude

‖u^′‖_L2_{(0,T ;H)} ≤ C_0 ( ‖f‖_L2_{(0,T ;H)} + ‖u^0‖ ) . (3.12)

We now deal with the particular situation we are interested in, i.e., we choose V , H, and A according to the problem we want to solve. We set

V = H^1(Ω) and H = L^2(Ω) , (3.13) ⟨ Au, v ⟩ = ∫ Ω ∇u(x) · ∇v(x) dx ∀ u, v ∈ V. (3.14) Note that (3.5) holds and that (3.6–7) are fulfilled if m satisfies (2.12). Hence, Proposition 3.1 can be applied. In this case, α and λ depend on the constant α_0 which appears in (2.12), whence also C_0 does. We now prove the following boundedness property for the solution

Proposition 3.2. Let the hypotheses of Proposition 3.1 hold and assume the notation (3.13–14), where Ω is a bounded open subset of R^3 with Lipschitz boundary. Assume moreover

m ∈ L^2(0, T ), f ∈ L^∞(0, T ; H), and u^0 ∈ V ∩ L^∞(Ω) , (3.15)

as well as condition (2.12) for m. Then the solution u to (3.1–2) belongs to L^∞(Q_T ) and satisfies the estimate

‖u‖_L1_{(QT )} ≤ C_1 ( ‖f‖_L1_{(0,T ;H)} + ‖u^0‖ + ‖u^0‖_L1_{(Ω)} ) , (3.16)

where C_1 depends only on Ω, T , α_0, and ‖m‖_L2_{(0,T )}.

Proof. Assume first m = 0. Then it suffices to apply [18, Th. 7.1, p. 181] with n = 3, r = ∞, and q = 2, with just one modification. Indeed, the argument of [18] deals with Dirichlet boundary conditions and uses inequality [18, (3.4) p. 75] to derive the estimate. On the other hand, this inequality still holds even though the functions involved do not vanish at the boundary, provided that Ω is bounded and Lipschitz and we allow the constant to depend also on Ω.

In the general case, we write (3.1) in the form u^′ + Au = f − m ∗ Au , and we can apply the first part of the proof provided that we estimate the norm of the convolution. To do that, we use the Cauchy inequality ‖m ∗ Au‖_L1_{(0,T ;H)} ≤ ‖m‖_L2_{(0,T )} ‖Au‖_L2_{(0,T ;H)} , and owing to (3.9) we derive ‖m ∗ Au‖_L1_{(0,T ;H)} ≤ c ( ‖f‖_L2_{(0,T ;H)} + ‖u^0‖ ) where c depends only on the quantities specified in the statement.

Remark 3.3. The choice (3.13–14) corresponds to the Neumann condition, of course. However, we could deal with different boundary conditions, as we already observed in Remark 2.1.

Remark 3.4. The same argument works if equation (3.1) is replaced with

u^′ + A(u + m ∗ u) + νu = f (3.17)

where ν is a given positive number.

4. Existence and continuous dependence

This section is devoted to the proof of Theorems 2.6 and 2.7. We follow [15] and just modify the argument when necessary. Moreover, we keep the notation used in Section 3, in particular (3.3) and (3.13–14).

First of all, we solve (2.1) with respect to w for a given ϑ. Under the Hypothesis 2.2, by Lemmas 3.1 and 3.2 of [15], to every ϑ ∈ L^1(0, T ) and w^0 ∈ R we can associate a unique solution w ∈ W^{1,1}(0, T ) to the problem μ dw dt + f_1[w] + f_2[w] ϑ = 0 a.e. in (0, T ) and w(0) = w^0. (4.1)

Moreover, the estimate | | | dw dt (t) | | | ≤ c ( 1 + |w^0| + ‖ϑ‖_L1_{(0,t)} + |ϑ(t)| ) (4.2)

holds for a.a. t ∈ (0, T ) and a constant c independent of t, w^0, and ϑ. In particular, w ∈ H^1(0, T ) whenever ϑ ∈ L^2(0, T ) and, following [15] with p = 2, we define the causal operator

P : R × L^2(0, T ) → H^1(0, T )

by means of P[w^0, ϑ] = w , (4.3)

where w is the corresponding solution to (4.1). We now allow both w^0 and ϑ to depend on x. Hence, we can define the operator

V : D(V) → L^2(Ω; H^1(0, T ))

through the formulas

D(V) := L^2(Ω) × L^2(Q_T ) (4.4) V[w^0, ϑ](x, t) := F_1 [P[w^0(x), ϑ(x, ·)]] (t) (4.5)

for a.a. x ∈ Ω and t ∈ [0, T ]. Clearly, V is causal and can be seen as a family of operators mapping L^2(Ω) × L^2(Q_t) into L^2(Ω; H^1(0, t)) for every t ∈ [0, T ]. Arguing as in [15], we have the following result

Proposition 4.1. Let Hypotheses 2.2 and 2.3 hold. Then there exist a constant C_3 > 0 and a function ~ψ : R^+ → R^+ such that, for every R > 0, every t ∈ [0, T ], and every (w^0, ϑ), (w^0_i , ϑ_i) ∈ D(V) satisfying ‖w_i‖_L1_{(Ω)} ≤ R and ‖ϑ_i‖_L1_{(Qt)} ≤ R, i = 1, 2, it holds

‖V[w^0, ϑ]_t‖_L2_{(Qt)} ≤ C_3 ( 1 + |w^0| + ‖ϑ‖_L2_{(Qt)} , ) (4.6)

‖V[ϑ]_t‖_L1_{(0,T ;H)} ≤ C_3 ( 1 + |w^0| + ‖ϑ‖_L1_{(0,T ;H)} , ) (4.7)

‖V[w^0_1, ϑ_1] − V[w^0_2, ϑ_2]‖_L2_{(Ω;L}1_{(0,t))} (4.8) ≤ ~ψ(R) ( |w^0_1 − w^0_2| + ‖ϑ_1 − ϑ_2‖_L2_{(Qt)} ) .

At this point, we can replace the system (2.1–2) and the first Cauchy condition in (2.3) with a single equation by means of the operator V. Therefore, (2.1–4) is formally equivalent to the problem of finding ϑ such that

(ϑ + V[w^0, ϑ])_t + A(ϑ + m ∗ ϑ) = ψ(ϑ) , (4.9) ϑ(0) = ϑ^0 , (4.10)

where ψ(ϑ) stands for the function (x, t) → ψ(x, t, ϑ(x, t)). Note that (4.9) contains both a partial differential equation and a Neumann boundary condition. More precisely (see [15, Th. 4.2]), Theorem 2.6 is equivalent to the following statement:

Theorem 4.2. Assume Hypotheses 2.2, 2.3, 2.4, and take w^0 ∈ L^∞(Ω) and ϑ^0 ∈ H^1(Ω) ∩ L^∞(Ω). Then there esists a unique ϑ such that

ϑ ∈ L^∞(Q_T ), ϑ_t, Δϑ ∈ L^2(Q_T ) , (4.11)

which satisfies (4.9–10).

Proof. We write V[ϑ] in place of V[w^0, ϑ], for the sake of simplicity. We follow the argument used in the proof of [15, Th. 4.2] and modify it when necessary. We start from ϑ^0 and define ϑ^k by induction through

ϑ^k_t + A(ϑ^k + m ∗ ϑ^k) + ϑ^k = Ψ_k , (4.12) ϑ^k(0) = ϑ^0 , (4.13)

for k ≥ 1, where Ψ_k := ϑ^{k−1} + ψ(ϑ^{k−1}) − V[ϑ^{k−1}]_t. (4.14) We have to show that these equations actually define the sequence {ϑ^k}. Indeed, by (2.10) and (4.6–7), we have

‖ψ(ϑ^{k−1})‖_L2_{(QT )} ≤ |ψ_0| + K_2 ‖ϑ^{k−1}‖_L2_{(QT )} , (4.15) ‖V[ϑ^{k−1}]_t‖_L2_{(QT )} ≤ C_3 ( 1 + |w^0| + ‖ϑ^{k−1}‖_L2_{(QT )} , ) (4.16) ‖ψ(ϑ^{k−1})‖_L1_{(0,T ;H)} ≤ |ψ_0| + K_2 ‖ϑ^{k−1}‖_L1_{(0,T ;H)} , (4.17) ‖V[ϑ^{k−1}]_t‖_L1_{(0,T ;H)} ≤ C_3 ( 1 + |w^0| + ‖ϑ^{k−1}‖_L1_{(0,T ;H)} ) . (4.18)

Hence, Propositions 3.1 and Remark 3.4 ensure that the sequence {ϑ^k} is well defined.

We now derive some a priori estimates. From (4.15–16) we deduce

‖Ψ_k‖_L2_{(0,T ;H)} ≤ c ( 1 + ‖ϑ^{k−1}‖_L2_{(0,T ;H)} )

for any k and some c independent of k. Hence, Proposition 3.1 and Remark 3.4 imply

‖ϑ^k‖^2_L1_{(0,T ;H)} ≤ c ( 1 + ‖ϑ^{k−1}‖^2_L2_{(0,T ;H)} ) with a new c. Replacing T by t, we obtain |ϑ^k(t)|^2 ≤ c ( 1 + ∫_t 0 |ϑ^{k−1}(s)|^2 ds ) ∀ t ∈ [0, T ] ∀ k , and assuming also c ≥ |ϑ^0|, we easily derive that |ϑ^k(t)|^2 ≤ c e^{cT} ∀ t ∈ [0, T ] ∀ k , i.e., the sequence {ϑ^k} is bounded in L^∞(0, T ; H). Therefore, taking (4.17–18) into account, we see that Propositions 3.1, 3.2 and Remark 3.4 ensure that the estimate

‖ϑ^k‖_L1_{(0,T ;V )} + ‖ϑ^k_t ‖_L2_{(0,T ;H)} + ‖Δϑ^k‖_L2_{(0,T ;H)} + ‖ϑ^k‖_L1_{(QT )} ≤ C (4.19)

holds for any k and for some C independent of k. This estimate yields a convergent subsequence, by well–known weak and weak* compactness results. However, we have to show that the whole sequence {ϑ^k} converges in some topology. Hence, we prove that {ϑ^k} is a Cauchy sequence in L^2(Q_T ). In view of using (4.8), we choose a constant R ≥ ‖w^0‖_L1_{(Ω)} such that ‖ϑ^k‖_L1_{(QT )} ≤ R for every k.

We integrate (4.12) with respect to t and subtract the resulting identities corresponding to k + 1 and k. This yields

ϑ(t) + AΘ(t) + Θ(t) = (1 ∗ Ψ)(t) − A(m ∗ Θ)(t) (4.20)

where we have set

ϑ := ϑ^{k+1} − ϑ^k, Θ := 1 ∗ ϑ, and Ψ := Ψ_{k+1} − Ψ_k. (4.21)

Testing (4.20) with ϑ = Θ_t and integrating over (0, t), we obtain ∫_t 0 |ϑ(s)|^2 ds + 1 2 ⟨ AΘ(t), Θ(t) ⟩ + 1 2 |Θ(t)|^2 (4.22) = ∫_t 0 ( (1 ∗ Ψ)(s), ϑ(s) ) ds − ∫_t 0 ⟨ A(m ∗ Θ)(s), Θ_t(s) ⟩ ds. By (3.14), the left hand side is given by ∫_t 0 |ϑ(s)|^2 ds + 1 2 ⟨ AΘ(t), Θ(t) ⟩ + 1 2 |Θ(t)|^2 = ‖ϑ‖^2_L2_{(Qt)} + 1 2 ‖Θ(t)‖^2 .

The first term on the right hand side can be handled as follows: ∫_t 0 ( (1 ∗ Ψ)(s), ϑ(s) ) ds ≤ 1 4 ‖ϑ‖^2_L2_{(Qt)} + ‖1 ∗ Ψ‖^2_L2_{(Qt)} (4.23) ≤ 1 4 ‖ϑ‖^2_L2_{(Qt)} + 3 ‖1 ∗ (ϑ^k − ϑ^{k−1})‖^2_L2_{(Qt)}

+ 3 ‖1 ∗ (ψ(ϑ^k) − ψ(ϑ^{k−1}))‖^2_L2_{(Qt)} + 3 ‖V[ϑ^k] − V[ϑ^{k−1}]‖^2_L2_{(Qt)} .

The second term on the right hand side can be treated using the Cauchy inequality, while we can estimate the last two terms owing to (2.10) and (4.8). We have

‖1 ∗ (ϑ^k − ϑ^{k−1})‖^2_L2_{(Qt)} ≤ ∫_t 0 (∫ s 0 |(ϑ^k − ϑ^{k−1})(τ)| dτ )_2 ds , ≤ T ∫_t 0 ‖ϑ^k − ϑ^{k−1}‖^2_L2_{(Qs)} ds ‖(1 ∗ (ψ(ϑ^k) − ψ(ϑ^{k−1}))‖^2_L2_{(Qt)} ≤ K^2_2 T ∫_t 0 ‖ϑ^k − ϑ^{k−1}‖^2_L2_{(Qs)} ds , ‖V[ϑ^k] − V[ϑ^{k−1}]‖^2_L2_{(Qt)} ≤ ∫_t 0 ‖V[ϑ^k] − V[ϑ^{k−1}]‖^2_L2_{(Ω;L}1_{(0,s))} ds

≤ ( ~ψ(R))^2 ∫_t 0 ‖ϑ^k − ϑ^{k−1}‖^2_L2_{(Qs)} ds. Hence (4.23) yields that ∫_t 0 ( (1 ∗ Ψ)(s), ϑ(s) ) ds ≤ 1 4 ‖ϑ‖^2_L2_{(Qt)} + c ∫_t 0 ‖ϑ^k − ϑ^{k−1}‖^2_L2_{(Qs )} ds

for any t ∈ [0, T ] and k ≥ 1 and for some constant c. Finally, we estimate the last integral in (4.22) integrating by parts as follows: − ∫_t 0 ⟨ A(m ∗ Θ)(s), Θ_t(s) ⟩ ds = − ⟨ A(m ∗ Θ)(t), Θ(t) ⟩ + ∫_t 0 ⟨ A(m ∗ Θ)^′(s), Θ(s) ⟩ ds ≤ ‖(m ∗ Θ)(t)‖ ‖Θ(t)‖ + ∫_t 0 ‖(m ∗ ϑ)(s)‖ ‖Θ(s)‖ ds ≤ 1 4 ‖Θ(t)‖^2 + ‖(m ∗ Θ)(t)‖^2 + 1 2 ∫_t 0 ‖Θ(s)‖^2 ds + 1 2 ∫_t 0 ‖(m ∗ ϑ)(s)‖^2 ds. On the other hand, we observe that

‖(m ∗ Θ)(t)‖^2 ≤ ‖m‖^2_L2_{(0,T )} ∫_t 0 ‖Θ(s)‖^2 ds , and treat the last integral in the previous chain using (2.11) and (2.16) this way: ∫_t 0 ‖(m ∗ ϑ)(s)‖^2 ds = ∫_t 0 ‖ ‖((m(0) + 1 ∗ m^′) ∗ ϑ)(s) ‖ ‖^2 ds = ∫_t 0 ‖m(0)Θ(s) + (m^′ ∗ Θ)(s)‖^2 ds

≤ 2m^2(0) ∫_t 0 ‖Θ(s)‖^2 ds + 2 ∫_t 0 ‖(m^′ ∗ Θ)(s)‖^2 ds

≤ 2m^2(0) ∫_t 0 ‖Θ(s)‖^2 ds + 2 ‖m^′‖^2_L1_{(0,T )} ∫_t 0 ‖Θ(s)‖^2 ds.

At this point, we collect (4.21–22) and all these inequalities and obtain ‖ϑ^{k+1} − ϑ^k‖^2_L2_{(Qt)} + ‖Θ(t)‖^2 ≤ c ∫_t 0 ‖ϑ^k − ϑ^{k−1}‖^2_L2_{(Qs)} ds + c ∫_t 0 ‖Θ(s)‖^2 ds

for any k ≥ 1 and t ∈ [0, T ] and for some c independent of k and t. Applying the Gronwall lemma, we get rid of the last integral and deduce the estimate

‖ϑ^{k+1} − ϑ^k‖^2_L2_{(Qt)} ≤ c ∫_t 0 ‖ϑ^k − ϑ^{k−1}‖^2_L2_{(Qs)} ds

with a new c, whence we easily conclude that {ϑ^k} is a Cauchy sequence in L^2(Q_T ). Recalling (4.19), we see that {ϑ^k} converges to a solution to problem (4.9–10) as in [15]. This concludes the proof of Theorem 4.2, thus the proof of Theorem 2.6. Proof of Theorem 2.7. We write (4.9–10) for both solutions and initial data, then we take the difference and integrate the resulting identity on (0, t). We obtain an equation similar to (4.20), namely ϑ(t) + AΘ(t) = (1 ∗ Ψ)(t) − A(m ∗ Θ)(t) with the notation ϑ := ϑ^1 − ϑ^2, Θ := 1 ∗ ϑ, Ψ := Ψ_1 − Ψ_2 Ψ_i = ψ(ϑ^i) − V[w^0_i , ϑ^i]_t, i = 1, 2.

Then, we can argue as in the second part of the previous proof and get ‖ϑ‖^2_L2_{(Qt)} + ‖Θ(t)‖^2 ≤ c ∫_t 0 ‖ϑ‖^2_L2_{(Qs)} ds + c ∫_t 0 ‖Θ(s)‖^2 ds + c { t ( |w^0_1 − w^0_2|^2 + |ϑ^0_1 − ϑ^0_2|^2 ) + ∫∫ Q_t d^2_ψ(x, s) dx ds }

for any t ∈ [0, T ] and some constant c. Hence, noting that the term in braces is an increasing function of t, we apply the Gronwall lemma and obtain (2.14), while (2.15) follows as in [15] from the properties of the map P given by (4.3).

Acknowledgements This work has been supported by M.U.R.S.T. (Italy) and by the Vigoni Program 1998.

References [1] C. Baiocchi: Sulle equazioni differenziali astratte lineari del primo e del secondo ordine

negli spazi di Hilbert, Ann. Mat. Pura Appl. (4), 76 (1967), 233–304.

[2] G. Bonfanti, P. Colli, M. Grasselli, and F. Luterotti: Nonsmooth kernels in a

phase relaxation problem with memory, Nonlinear Anal., 32 (1998), 455–465.

[3] M. Brokate and J. Sprekels: “Hysteresis and Phase Transitions”, Appl. Math. Sci., 121, Springer-Verlag, New York, 1996.

[4] P. Colli and M. Grasselli: Phase transitions in materials with memory, in Progress

in Partial Differential Equations: Calculus of Variations, Applications, C. Bandle, J. Bemelmans, M. Chipot, M. Grüter & J. Saint Jean Paulin (ed.), Pitman Res. Notes Math. Ser. 267, Longman Sci. Tech., Harlow 1992, 173–186.

[5] P. Colli and M. Grasselli: An existence result for a hyperbolic phase transition

problem with memory, Appl. Math. Lett. 5 (1992), 99–102.

[6] P. Colli and M. Grasselli: Phase transition problems in materials with memory, J.

Integral Equations Appl., 5 (1993), 1–22.

[7] P. Colli and M. Grasselli: Phase change problems in materials with memory, in

“Proceedings of the seventh European Conference on Mathematics in Industry”, A. Fasano and M. Primicerio eds., pp. 183-190, Teubner, Stuttgart, 1994.

[8] P. Colli and J. Sprekels: Weak solution to some Penrose-Fife phase-field systems with

temperature-dependent memory, J. Differ. Equations, 142 (1998), 54–77.

[9] M. Frémond and A. Visintin: Dissipation dans le changement de phase. Surfusion.

Changement de phase irréversible. C. R. Acad. Sci. Paris Sér. II Méc. Phys. Chim. Sci. Univers Sci. Terre, 301 (1985), 1265–1268.

[10] G. Gentili and C. Giorgi: Thermodynamic properties and stability for the heat flux

equation with linear memory, Quart. Appl. Math., 51 (1993), 343–362.

[11] D.D. Joseph and L. Preziosi: Heat waves, Rev. Modern Phys., 61 (1989), 41–73. [12] D.D. Joseph and L. Preziosi: Addendum to the paper “Heat waves” [Rev. Mod. Phys.

61 (1989), 41–73], Rev. Modern Phys., 62 (1990), 375–391.

[13] M.A. Krasnosel’skii and A.V. Pokrovskii: “Systems with Hysteresis”. Springer-

Verlag, Heidelberg, 1989 (Russian edition: Nauka, Moscow, 1983).

[14] P. Krejčí: “Hysteresis, Convexity and Dissipation in Hyperbolic Equations”, Gakuto Int.

Series Math. Sci. & Appl., 8, Gakkōtosho, Tokyo, 1996.

[15] P. Krejčí and J. Sprekels: A hysteresis approach to phase–field models, Preprint

WIAS No. 364 (1997), to appear in Nonlinear Anal.

[16] P. Krejčí and J. Sprekels: Hysteresis operators in phase-field models of Penrose-Fife

type. Appl. Math., 43 (1998), 207–222.

[17] P. Krejčí and J. Sprekels: Phase-field models with hysteresis, Preprint WIAS No. 458

(1998), submitted.

[18] O.A. Ladyženskaja, V.A. Solonnikov, and N.N. Ural’ceva: “Linear and quasi-

linear equations of parabolic type”, Trans. Amer. Math. Soc., 23, Amer. Math. Soc., Providence, RI, 1968.

[19] A. Visintin: “Differential Models of Hysteresis”. Springer-Verlag, New York, 1994.

[20] A. Visintin: “Models of Phase Transitions”. Progress in Nonlinear Differential Equations

and Their Applications, 28, Birkhäuser, Basel 1996.