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ABSTRACT. We show the convergence of a certain family of Markov chains, defined
on the state space of a N —particle system (as the Bird’s method), to the solutions
of the (regularized) Boltzmann equation. '

1. INTRODUCTION

Particle methods are widely used to simulate the Boltzmann dynamics of a rarefied
gas (cf. [9], [5], [1], [10]). Among them, Bird’s method [2], and many of its variants,
is based on the implementation of a Markov chain, defined on the state space of a
particle system. The convergence of such a scheme was proved by one of the authors
of the present paper by using martingale techniques [11]. However this approach,
based on compactness arguments, is not constructive and cannot provide an explicit
rate of convergence.

In this paper we prove the convergence of a class of Markov chains, with state space
given by a particle system, in the limit as the number of particles tends to infinity,
by an explicit control of the marginal distributions of the process. This method is
inspired by previous results (see in [6], [7] the analysis of the Kac model, and also
(3], [8]), where problems of propagation of chaos were approached.



2. PRELIMINARY CONSIDERATIONS

We consider the Boltzmann equation in R? (cf. [4])

%f(t,a:,v)-i— (v, Vo) f(t,z,v) = Q(f)(z,v), (2.1)

where f(t,z,v), z € R?, v € R? is the distribution function which will be normalized
to one:

/d:c/d’uf(t,a:,v)-—- 1. (2.2)

We could also consider bounded domains with reasonable boundary conditions with
minor modifications in what follows.
The collision operator is given by

Q@)= [ dw [ deq(v,w,e)x

gd—1
X [f(t,m,v*) fit,z,w*) — f(¢,z,v) f(t,m,w)] , (2.3)
where
v =v+ele,w—v), w'=w+ele,v—w) (2.4)

are the postcollisional velocities, and q(v,w, €) is the collision kernel which, for hard
spheres, takes the form

(e,w—v)x({e,w~v) 20), (2.5)

where x(A) is the indicator of the set A and (.,.) denotes the scalar product.
Together with Eq. (2.1) we consider also a regularized version of it:

2 1(t,2,) + (v, V) F(t,2,9) = Q()(@:0). (26)

To define Qs we partition R? into a union of identical, disjoint square cells of side §.
The generic cell will be denoted by A. Consider the function

1
hs(z,y) = %:x(w €cA)x(yed) 5 (2.7)
Then [ hs(z,y)dz = [ hs(z,y)dy = 1. Finally, setting
1
gs(v,w,e) = x(|v—w|< g) q(v,w,e) (2.8)

we define

Qs(Nev) = [ dy [ dw [ dehs(a,y)as(o, w,e)x
x [£(t,2,9) f(t,y,w*) — f(t,2,v) f(t,9, )] - (2.9)
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Eq. (2.9) is much better, from a mathematical point of view, than Eq. (2.1). Indeed
it is easy to prove the following Lipschitz condition in L;(dz, dv):

1Qs(f) = Qs(D < Cs [ f+glllf —gls, (2.10)
which allows us to formulate an L;-theory for the initial value problem associated
with Eq. (2.6).

On the other hand 1t is rather straightforward to prove that ”if one assumes” the
existence of a sufficiently smooth solution of Eq. (2.1), this can be approximated, in
the limit § — 0, by solutions f° of Eq. (2.6) with the same initial datum. Therefore,
for our approximation problem we shall consider solutions to Eq. (2.6).

3. THE BASIC MARKOV CHAIN

We first introduce the following quantities:

&(Z,i,j, e) = h5(mi7mj) qcf(vi)vj’e): (31)
a(e) = sup &(z,1,5,¢€), (3.2)
2,1,
a= /., deaf(e). (3.3)
We consider a time discretization (7,), n=0,1, ..., where 7o=0, 7, =7,_1+A7T, and
2
AT = Z(N——f)- . (34)

The simulation of our random particle system

{(m, ), vi(t)) } , (zi(t),vi(2)) € RY x R,

in the time interval [7,—1,Ty) is splitted into free flow simulation and collision simu-
lation. The system resulting from the free flow simulation is the starting point for
the collision simulation. We define the collision simulation according to the following
rules:

i) the indices ¢ and j of the colliding partlcles are generated according to the
uniform distribution among all indices;

ii) an element e € S~ is generated a.ccording to the probability density o' &(e);

iii) a random number 7 is sampled in [0, 1] with the uniform distribution;

iv) if

&(z,t,7,€)
——————&(e) (3.5)

n <
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the new state is obtained from the old one by replacing v; and v; by
v =vit+ele,v; —vi), vi=uvj+ele,vi—1v;).

If (3.5) is not fulfilled, then the system does not change and the collision is called
fictitious.
Notice that, if 2; and z; are not in the same cell the collision is always fictitious.
Let us now consider the time evolution of the probability density p = p(m,,2)
defined on the state space of our particle system, which is symmetric in the exchange
of any pair of particles. It is easy to realize that -

W) =TS p(1n-1), (3.6)
where

(S p)(z1,v1, . 2N, vN) = (@1 —v1 AT, vy, .., sy —vN AT, V) (3.7)

is the free-stream operator and

1 1
T = d dn a o .
T = Fa7, 2 o te |, M ue+daiien), (9
where
.. i d(i’i’j’e)
'Qb(z,i,j, e,'f]) — {C(z) 7:).7) e) b 1 TI <. a(E) bl (39)
0 , otherwise.
and .
. (0,0) yif m#a, g,
m = : e 3.10
{=nie) {(o,u;—vm) Jif m=i,j. (3:10)
In what follows it will be convenient to write Eq. (3.6) in the form
(1) = S p(Tn-1) + AT An S p(Tnz1) (3.11)
where
& de [ dna 1,7 3.12
(Avi@) =5 3 [ de [ dnate) (ule+¥Ga,ig,em) — w(a)} . (312)

1<i<<N

The advantage of the formulation (3.11) is to make more transparent the meaning of
our Markov chain. Indeed we have

. N ;
(Awp)() = 3 [, dehio 5)as(vi,vs, ) s + C(2,4,,)) — wl2)} . (313)

{,7=1

i<j
Notice that Ay is the generator of a (continuous in time) Markov process for which
the particles are moving freely and collide (whenever they are in the same cell, with
random impact parameter e) with an intensity depending on the state of the system.
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The introduction of the formulation (3.12) (and hence the concept of fictitious col-
lisions) allows us to consider the same process with a constant intensity given by
Eg—l a = (A7)~!. Therefore Eq. (3.11) can be interpreted as the time discretization
of this process (with fictitious collisions) in which the exponential waiting time is
replaced by its expectation.

Now define the marginal distributions of the density u:

V= /;Ldz,+1 dzy, s=1,.,N. (3.14)

Starting from Eq. (3.11), one can show that fV satisfies the following hierarchy of
equations

N—
£ () = 8 £ (rnca) + A7 35 A8 fY(7aes) + AT =7 Coia S f(7-a), (3.15)

where

Cs,a+1 Sfﬂ.l(an). = g./l.xdxmd /Sd_1 /01 o‘z(e)‘ (3.16)

{s fﬁq(Tn—l,z +¢(z,1,s+ 1,e,7m)) — Sfﬁ.1(7n—1, z)}dndedz,y, .

The hierarchy is derived from the evolution equation for densities (3.11) by integrating
with respect to the last (N — s) variables 2,41 ... 25

(7)) =S f¥(ras) + AT /AN S p(Tn-1)dzgy1 ... dzy . (3.17)

(Here we used the identity fS pdzsq1...dzy = S [ pdzet1 ... dzy). The last term of
(3.17) can be considerably simplified and expressed in terms of f¥ by making the
following distinctions among the terms of the sum (3.12):

1) case i > s: these terms do not contribute to the integral;

i) case ¢ < s and j < s: these terms form the s—particle operator A, ;

iii) case 2 < s and j > s: these terms form the following sum

—11\7 Z . /;d—l _/: a(e)[s'u'(z + ¢(z’i7j7 6)77)) - S,u,(z)] dT} de.

i=1,..,

j=s+1,...,N

Because of the symmetry of p, each term in the sum over j makes the same contribu-
tion. Hence we have (N — s) terms equal to the term with j = s + 1. By integrating

we find

f NJ; - i/;d_l /01 a(e){S u(z + (2,4, +1,e,7)) — S u(2)} dn de dzyys ... dan

N —s
N

Ca,s+1 S fﬁ-l (Tn—l) .



4. CONVERGENCE

Let us come back now to the regularized Boltzmann equation (2.6). We formulate
the following time discretization:

gV (1a) = S gV (Taz1) + AT Q5(S g (Tac1)) - (4.1)
Notice that gV (7,) is positive, if g¥(70) = go > 0. Indeed,
gN(Tn.) > SgN(Tn-l) —Ata SgN(Tn-1) y (4:2)

and since A7 o < 1if N > 4, under such hypothesis we prove the non-negativity by
induction.

We want to compare f¥ introduced in the previous section with the products

g.lqv(Tm za) = HgN(Tm mi’vi) )y Rs = (531; V1y... Ty, Ua) . (4'3)

1=1
To this end we derive a recursive formula from (4.1) and (4.3):

§

95 (Tny 20) = 115 9" (a1 (s 1) + AT Qs(S g" (7n-1)) (s, v:)] =

=1

= gy (Tno1)(z) + g:l AT Qs(S g™ (Tn-1))(@ks ve) I S 9" (1) (s, vi)

itk
+R*(Tn1), (4.4)
where R°(Tp-1) denotes the remaining terms. From (3.16) and (2.9) we obtain
95 (7a) = 8 g (Ta-1) + AT Copop1 8 9351 (Tam1) + B (7n1). (4.5
Comparing (3.15) and (4.5) one obtains
fl(7a) = 97 (1) = (4.6)

S [ffv(’fn—l) - gfv(Tn—l)] + AT Cop041 5] ﬁr}-l(Tﬂ—l) - gﬁ_l(mq)]

FAT 15 A S £ (ra) = AT 5 Conir 8 F5a(rnr) = R (7).

Let us now establish some preliminary estimates which will be useful in the con-
vergence proof. We have

1Qs(H)ll1< 2 [ 11, (4.7)
“ C’,d+1 fa+1 ”1 < 2sa ” fs+1 “1 ) (4'8)
IS5 falls <l folla (4.9)

[As folli < (s=De || follx, (4.10)
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8 S ‘

| R*(7n) [l1 < const v (4.11)

Inequalities (4.7)-(4.10) are obvious consequences of the definitions of the correspon-

ding operators. To prove (4.11) we observe that by the positivity of gV we have
lg¥]l1 = L. Therefore, from (4.4) and (4.7) we obtain

[R*(ma)ll1 < Z:Z(Z) (2aAT)F = (1+_Ni—1)’_ (1+ N4j 1)
< D ()T () <

where (3.4) has been used.
With the notation

A (1) = £ () = g7 (7)1

we obtain from (4.6), (4.8)—(4.11),

AN(ro1) < AY(1)+Ar2s0 Aﬁ_l(rn) (4.12)
g s : 52
—|—A7']—V-(s - 1)a+A7'7V—2sa -I-cc?'nstj-v_—z.
Using (3.4) we derive from (4.12) the following basic inequality
N ~ AN S AN s
A (Tnt1) € A (7n) + e1 7 Bepa(Ta) + €2 3755 (4.13)

where ¢; and c; are appropriate constants.
Iterating the first term on the right-hand side of (4.13) we obtain

k-1 ] s2
Aiv('rnﬂc) < Aﬁv('rn) + Z ¢ ﬁ Aﬁ-l(Tn-i-j) + co “]\"ﬁ
=l
s k1
= okt oy 2 AralTnii), | (4.14)
7=0
where
32

o = AV (Ta) + 2k —. (4.15)

N2
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Now we iterate the term under the sum on the right-hand side of (4.14) with respect
to s and obtain

k-1
C
AY (Tasr) < €ap + ﬁl § D Eaptgy t+ - (4.16)
51=0
Ji—2—1

+ (%)HS(SH) (s+l—2)Z - D Esbl

J1=0 J1-1=0
a 1 Ji—1~1
+ (%) s+ (=) Y S A ().
71=0 5i=0

Notice that €, increases with & and AY(7,) < 2. Hence, one derives from (4.16)

A (Tn+k) < Esk + N 3€s+1k0k1 +. (4:].7)

4]

-1
+ (N) S (S + 1) . (S -+ [ — 2) Estl-1,k Ok,I-1

4
+ 2(%) 3(3+1)-...(3+l—1)0'k»1’7

where

Ji—1—-1

a“—z Zl

Ji=0 21=0

Using the estimate oy < ;‘—: we obtain from (4.17)

kc; s '
A (Tntk) S Eap+ 0 T Etip F (4.18)
N ke \'™ s(s+1)...(3+l—2)8
N (—1)! i
ko) s(s+1)...(s+1—1)
(i) ettt

With the estimate

s(s+1)...(s+1-1) <2;+1_1
I! - ’

(4.18) implies

-1 G 2 k J 2 k A
Afr('rn—i-k) < E’Es-f-j,k 23—1 ( NCI) +2° N61 . (419)

3=0




Using the explicit form (4.15) of €, , we derive from (4.19)

a—1 2 k Cy J
AV(1oi) < Z AN (1a)2 — )t (4.20)
(s—l—])2 1 (2kc d 2kc\’
gk — 27" | —— 2° .
Lo v )
Consider a number AN € (——— -1, N ] a.nd introduce moments of time ¢; = 7;anN.

Notice that limy_, t; = ¢ At, with At =
It follows from (4.20) that

st s Batior () + 2 52 () +r () e

7=0

2ac :

Now we suppose that
AY(t) < B, Vs<Al, ' (4.22)
and show that
AN(ti) <BN., Vs<aY,, - (4.23)

for some appropriately deﬁned bounds BN and 4 such that limy_,. BY = 0 and
limy oo YN = 0.

Let I € (v =N, ,v¥ =N, +1] so that s+i—1 5 ¥ if s < +¥,. Hence, we obtain
from (4.21) that

2
AN t < N2s C2 ('71. ) 98 23—1
s ( +1) = 131. 401 N +

N2
< Vo 2 Ol g, oanl 4.94
- ’8’ et 4¢, N ot ' ( )

We denote the terms on the right-hand side of (4.24) by Ty, Tin, and T3, re-

spectively. In order to establish (4.23) it remains to assure

T+ TO + TS < 6%, (4.25)

To this end, we introduce the following explicit expressmns for the bounds " and
ﬂN

7' =a'ylog; N, (4.26)

BN = fio-betlon _ j, ( )b“i _ (4.27)
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Using (4.26) and (4.27) we obtain
. T(}\; _ —i 2—ba€ loga N 2ai+1 Floga N — B‘i 2—(b—a‘7) at logzN,

T = (03] (loga ) 270N 5% Tiom
51
=\ 2
< 2 [27) 9-(t-ei-a™' 9)log;N
TG\ & v ’
\ 2
(Here we used the estimate z%27°% < (f) , >0, €>0), and

T(?\; — 22 at*t! 3logy N —at §loga N — 2—-(1—2 a)a*Floga N
1, i )

Consequently, to assure (4.25), the following ineqﬁa.lities are sufficient:

(b—— a”?) o’ 2 ba'tt )
(1—¢& —a*'q) > ba't?,

(1-2a)a'y > ba't',

i=\ 2 -
B+ 2 (“ 7) +1< Fipa

c
&1 i
In order to simplify the above inequalities, we choose
~ 1
gi=¢a', €€(0,1), ac (0,5),
and define
- =\ 2
Bi=fo+1 [6—2 (Z—) +1] .

1
Thus, (4.31) is fulfilled, and (4.28)-(4.30) reduce to
b—aqy >ba,

1—8Z(b+'7)0:,

(1—2a)5 > ba.

(4.28)
(4.29)

(4.30)

(4.31)

(4.32)

(4.33)
(4.34)

(4.35)

After replacing the constants ¢; and c¢; by their maximum (cf. (4.13)) the correspon-

ding quotient in (4.32) disappears.
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The parameters ¥, B, and b are determined by the assumption concerning the
initial chaos. The parameter a is an arbitrary positive number such that

agmin( b_,l—a, 7 )
b+5 b+7 b+2%

Thus, we have proved the following theorem.

Theorem 4.1. Suppose that

_ /1\"
1F¥ () — gY (t)h € Bo (=) , Vs<FlogN,
N

for some positive parameters Bo, 7 and b.
Then, fori=1,2,...,

_ /1\¢b .
1@ - @ < B () 5 Vs TlogN,

where

= = 7\ . ) b 1—¢ ~
1= - 1 ) < — —_ .
hi=bott [(8) + ] 0<a m’m(b+’y b+ b+2%

and ¢ € (0,1) is an arbitrary parameter.

It is interesting to consider the special case, when the initial values factorize, i.e.

F(to) = g¥ (to).

In this case, one can choose the parameters By, 7 and b arbitrarily.

Example 4.2. First we look for the largest possible value @ of the parameter a. It
follows from (4.33) and (4.35) that

< s b/7 1
a < min b +1'5712)
Thus, we find @ = 3—'23@, when b/y = 352‘—1 Choosing b= 1—¢ and 5 = (1—¢) 3@2*1,

one obtains the estimate

1

17 - el < [5+1] (£)77 we<apon LEL

2

N logzN .
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Example 4.3. Now we look for the best possible order of convergence after one time
step. Thus, we want to mazimize the value of the product ab. For this purpose, we

choose a=¢,b=1=2¢ §=1. Inequalities (4.33)~(4.35) are fulfilled for sufficiently

small €, and one obtains the estimate

1 e~ (1-2¢) )
) , Vs<e'logaN.

1) — g (ta)] < i [51_2“] (_]\7

Thus, in this case the rate of convergence is arbitrarily close to 1 after one time step,
but later it becomes much worse than in Ezample 4.2.

From Theorem 4.1 we show that fN converges, in the limit N — oo, to the product

[Ti—1 f(t, %, v:), where f(t) solves Eq. (2.6). Indeed it is straightforward to prove the
L, convergence of g”(t) (given by Eq. (4.1)) to f(t) when N — oo (and hence
AT — 0, according to (3.4)).
Remark. In our scheme we alternate the free stream with a (maybe fictitious)
collision. Obviously one ¢an perform more than one collision for each time step. This
is actually one variant of the Bird scheme (cf. [2]). It is clear that our convergence
argument can work as well in that case.
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