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ABSTRACT. The problem of minimizing the difficulty of the inverse estimation of
some unknown element zo from noisy observations ys = Azo + 6£ in dependence
of the nature of the random noise £ is considered. It is shown that a combination
of a Tikhonov regularization estimator with a certain projection scheme is order
optimal in the sense of difficulty for a wide class of operators A4 acting along Hilbert
scales.

1. INTRODUCTION

Suppose we wish to recover an element z of some Hilbert space X, but we are only
able to observe data near y = Az, where A is a compact linear operator from X to
X. Such linear inverse problems arise in scientific settings, ranging from stereological
microscopy (Abel’s integral equation) and physical chemistry (Fujita’s equation) to
satellite geodesy (gravity gradiometry equation).

Moreover, we assume that the data are noisy, so that we observe ys given by
ys = Az + 8¢, (1.1)

where £ is some stochastic process and § is a small positive number, used for mea-

suring the noise level. Operator equation (1.1) with random noise is an example of a

statistical ill-posed inverse problem. Typically A is an integral operator of the form
1

Az(t) = /a(t,T)az(T)dT, (1.2)
0

acting from X = L5(0,1) to Ly(0,1) and z(¢) is the probability density function
of some random variable that we cannot observe directly. The statistical prob-
lem we address is to estimate z(t) from noisy measurements (1.1). Such noisy
integral equations (1.1), (1.2) are considered throughout Wahba’s work, see, e.g.
Wahba (1977). We further mention Nychka and Cox (1989), Johnstone and Silver-
man (1991), Donoho (1995), Mair and Ruymgaart (1996), Lukas (1998). For direct
density and regression estimation, when A is the identity operator I, the reader
is referred to Nussbaum (1985), Speckman (1985), Donoho and Johnstone (1991),
Kerkyacharian and Picard (1992).

Suppose further that even the observations (1.1) cannot be observed exactly but
they can only be observed in discretized or binned form. To be precise, assume that
instead of (1.1) we have only vector ¢(ys) = {ys: = (¥i,ys)}2, defined by

Ysi = (pi,ys) = (y, 1) + 6& = (Az, ;) + 6(&, i), (1.3)

where (-, -) is the inner product in X and ¢ = {¢; € X, 1 = 1,2,... ,n} is the so-
called design of the statistical experiment consisting in obtaining the values (1.3).
In the sequel we denote by @, the set of all designs ¢ determined by collections
of at most n elements ¢, € X. If we have the possibility to choose the design ¢,
then typically elements of the singular value decomposition or wavelet-vaguelette
decomposition of the operator A play the role of ;. The methods for regularized
solution of integral equations (1.1), (1.2) from discrete noisy data (1.3) for such
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@; were recently studied by Johnstone, Silverman (1991) and Donoho (1995) and

Golubev, Khasiminskii (1997). But very often the design ¢ is fixed beforehand
and does not depend on the operator A. A simple example is that of estimating
a continuous probability density function z(¢) from binned data or histogram for
ys(t). In the case of noisy integral equation (1.1), (1.2) we assume that the interval
[0, 1] is partitioned into histogram bins [u;—1 n, U;n) With bin limits 0 = ugn < U1, <
.. < Upyn =1 and instead of (1.1), (1.2) we have the vector with components

1
Y§i = ————— / Az(t)dt + 8¢, +=1,2,...,n, (1.4)

Uin — Ui—1,n

Ui—1,n

having the form (1.3) for ¢;(¢) = (Uin — Ui—1.n) ' Xin(t), where x; (%) is the char-
acteristic function of [u;j_1m,uin). The approximate solution of Abel’s integral
equation based on histograms (1.4) was considered by Nychka and Cox (1989).
It is easy to see that fixed designs of normalized characteristic functions ¢;(t) =
(Uim — Uim1.n) " " Xin(t) of histogram bins are not generated by the wavelet-vaguelette
decomposition of Abel’s integral operator. Therefore, the powerful scheme proposed
by Donoho (1995) does not apply. It is the purpose of this paper to provide a com-
mon background for a variety of discretized observations (1.3). For this reason we
will only need that the design ¢ = {@;, € X, + = 1,2,...,n} has good approxima-
tion properties, but does not necessarily depend on the operator A. Note, that for
@ € ®, the number n defines the amount of discrete information used for recovering
the unknown solution zq of the equation Az = y.

On the other hand, as was indicated by Johnstone and Silverman (1991), there
is a substantial statistical literature which is concerned with such questions; how
many bins to use with a histogram estimator and a given noise intensity §. If we
concentrate on the case of linear estimators of zy from discretized observations of
more general form (1.3) and it is a priori known that the unknown solution belongs
to some set M C X then the answer is connected with the behavior of the quantity

Aps(A,M, €)% ;= inf inf sup E|lz — S o p(Az + 88|, (1.5)

$€&n SELA(X) gein

where £,(X) denotes the set of all linear mapping from R™ to X and E denotes the
expectation with respect to the noise ¢. Below we indicate designs and estimators
which are order optimal in the sense of (1.5) simultaneously for all operators A from
some sufficiently wide class. We note that a quantity, related to (1.5) was considered
earlier by Donoho et al. (1990) in the specific case when A = I and S o ¢ is the
orthogonal projector on span {¢1,®s,... ,¢¥n}-

The recovery of the unknown solution z from indirect measurements (1.3), blurred by
random noise is usually studied under the assumption that prior knowledge regarding
the smoothness of the solution is available. For greater flexibility we embed the
general problem (1.1) into an abstract Hilbert scale. Regularization of ill-posed
problems in Hilbert scales was introduced by Natterer (1984). Statistical inverse
estimation in Hilbert scales has first been studied by Mair and Ruymgaart (1996).



3
But in their asymptotic consideration these authors did not consider the case of

noisy discretized observations (1.3).

2. SETUP

To be precise, a Hilbert scale {X,}ser is a family of Hilbert spaces X, with in-
ner product (z,y)s := (L°z, L°y), where L is some unbounded self-adjoint strictly
positive operator in a dense domain of X, and X, is defined as the completion

of the intersection of domains of all operators {Lk}kek, endowed with the norm

1/2

l|z||s := (=, 2)s’". A Hilbert scale satisfies the following interpolation inequalities

zflo < [lz]|2F (2], =€ X, (2.1)

where || - ||[o = || - || is the norm in the initial Hilbert space X. Moreover, we assume
that the Hilbert scale {X,} is scaled as the Sobolev scale W;(0,1). Namely, if

Js : Xy — X is the canonical embedding, then we assume that
an(Js) := inf{||Js; — U]

where a, is n-th approximation number (see Pietsch (1978)) and ” X< ” means
equivalent in the sense of order.

x,-x, rank U <n} xn° (2.2)

We turn to properties required of the operator A. We assume that A acts along the
Hilbert scale in the following way: For some parameter a > 0 there exist constants

d, D > 0 such that
dl|z]l,-o < [|Az], < Dl|z|[s—a (2.3)

holds for all z € X,_, and v € R. The parameter a in (2.3) can be interpreted as a
"degree of ill-posedness' of equations involving A, analytical in nature.

Moreover, in the sequel we will assume, that the exact solution zg of the equation
Az = y belongs to some fixed ball

XF:={z, |zoll, <R} (2.4)
for some X,,.

Remark 2.1. We illustrate assumption (2.3) by introducing Symm’s equation

/Flog(|u —v|)z(v)dS, = g(u), ue€eT, (2.5)

arising from the Dirichlet boundary value problem for the Laplace equation in some
region with boundary curve I'. Assuming that I' admits a C'*°—smooth 1-periodic
parameterization y: [0,1] — I' we can rewrite (2.5) as

(Az)(t) = / log(|7(t) — A(r))a(r)dr = y(2),

where z(t) := 2(7v(t)) |7'(¢)| and y(¢) := g(7(t)). It can be seen that the operator A,
just defined obeys condition (2.3) with @ = 1 within the scale X, := W;(O, 1),s € R,
of Sobolev spaces of 1-periodic functions, see e.g. Bruckner et al. (1995) for details.
We add that more generally, given an operator A that does not fit some standard
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Hilbert scale, one can often construct a scale, adapted to this operator. This is the

case when A: X — X acts compactly and injectively in some Hilbert space X. Then
A meets condition (2.3) with @ = 1/2 in the scale generated by L: = (A*A)™!, see
Natterer (1984) and Hegland (1995) for further details.

We turn to assumptions made for the noise. The first model of random noise was
initially considered by Bakushinskii (1969). Here ¢ is supposed to be a centered
X-valued random vector defined on some probability space (€, 2, P) with bounded
variance, 1.e.,

E(¢) =0, E|¢l<1 (2.6)

The second model is connected with Gaussian white noise. Here ¢ is a weak or
generalized random element, such that for any f € X the inner product (f,£) is a
measurable function, mapping a probability space (Q,%,P) into R equipped with
its Borel o-field. Moreover, for any f,g € X the functions (f,¢),(g,&) are square-
summable with respect to the probability measure P and

E(f,£) =E(9,§) =0, E(f,{)(9,¢) =(f,9) (2.7)

We extend this to a parameterized family of noise by introducing £&?, where &P
is such that for some constant c¢g and for some orthonormal basis {ug} of X we
have &, = cghP(ug, €P), k = 1,2,..., are i.i.d N(0,1). Note that for 8 = 0 and
co =1 £&° is Gaussian white noise with properties (2.7). On the other hand, for
arbitrary small € > 0 the noise 5;—4-5 is an X-valued random function satisfying
(2.6) for appropriate cg.

We note that noise introduces an additional degree of ill-posedness, this time of
statistical nature.

The notion of "degree of ill-posedness" has been coined by Wahba (1977) to quantify
the interplay between '"nastiness' of operator A and "dimensionality" of the regu-
larizing set Xf. On the other hand, we can expect additional influence of the noise
¢ on the degree of ill-posedness. This influence has been observed by Nussbaum
(1994) for the special case when the operator A is a-fold integration and the Hilbert
scale consists of Sobolev spaces, i.e. X, = W3(0,1). Namely, for deterministic noise
& € Ly(0,1), ||€]| £ 1, the optimal order for recovering zq € W,'(0,1) from noisy
data (1.3) is §#ta. On the other hand, it might be interesting to note that in the
example thus mentioned, but for Gaussian white noise £(¢) the optimal (minimax)

rate of convergence for recovering zo € W3'(0,1) is §#¥e+172  where the error criterion
is modified appropriately.

In the present paper we obtain the same rates of convergence for the general case
of equations (1.1) with operators satisfying (2.3) and for different type of random
noise which cover deterministic and Gaussian white noise.



3. DISCRETIZED NOISY OBSERVATIONS AS GALERKIN DATA FOR
REGULARIZATION IN HILBERT SCALES

Below we derive an order optimal numerical scheme to solve problem (1.1).

3.1. Description of the method. For the sake of simplicity we assume that the
{¢1,¢2,... ,pn} are orthonormal. Then

n

Qnf =) (fr0:)ei

=1
denotes the orthogonal projector onto span {e;,¢as,...,¢n}. Using @, we can
rewrite (1.3) as

This is the standard form of the Galerkin projection scheme for the approximate so-
lution of operator equation (1.1). But if (1.1) is ill-posed, regularization techniques
are required for solving (3.1). The most widely used method for regularization in
Hilbert scales is the Tikhonov method. In statistics this method is called regular-
ization estimator. Statistical justification for such estimator has been given by Li
(1982) and Speckman (1985). Tikhonov regularization of the Galerkin method for
the approximate solution of (3.1), and hence of (1.1) is obtained by minimizing

|QnAz — Quysllo + ol (3.2)

over some finite-dimensional subspace V;, of X,, where we assume that the true
solution zo € X, C X, for p > s.

It follows from Neubauer (1988) that the unique minimizer z° of (3.2) has the

a,n,m

form

mi,n,m = mi,n,m(g) = Ga,ﬂ,my57 (33)

where
Gonm = (ijan,m + af)—lijm = L™*(Bjs nBnm + o) ' B;,

Tn,m — QnAPm,sy Bn,m — QnAPm,sL_sy

P, s is the orthogonal projector form X, onto V,, and K*, K# denote the adjoint
operators of K with respect to the corresponding inner products (-,-) and (-, ). In
particular

TF = PmsL ™ A*Qn, By, =L°Pn, L *A*Qn,.

Note that representation (3.3) is needed only for the analysis of the rate of conver-
gence. The construction of azi,n,m actually reduces to solving a system of min{m,n}
linear algebraic equations and is completely determined by the choice of design
v € ®,, parameter s, finite dimensional subspace V,,, C X, and finally by choosing
the regularization parameter « in (3.2).

To estimate the performance of the approximating azi,n,m additional properties of

the design ¢ € ®,, as well as of the choice of spaces V,, are required.
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To be precise, we assume that for all z € X, .,

inf o —gllo < @ allars, v <s, (3.4)
g€span{p1,p2,... ,on}

where c¢ is some positive constant (for simplicity we often use the same symbol ¢ for
possibly different constants). Note, that from (2.2) we deduce that the best possible
order of approximating elements from X,,, in Xy by linear combinations of at most
n design elements is n~(**), Thus we assume in (3.4) that this order is achieved by
the chosen design ¢ € ®,,.

Moreover, as in Neubauer (1988) we require, that the finite-dimensional space V,,

obeys

inf ||z — glls < em )|z lar2s, = € Xatas. (3.5)
gEVm

Conditions (3.4) and (3.5) can be written in the form

||I - Qn||Xa+u—>X <c n—(a-l—l/), v < S, (36)

and

17— Prnyoll xosnimx, < em(F9), (3.7)

If (3.7) is fulfilled and s > (g — a)/2 then standard interpolation techniques, we
refer to Babuska and Aziz (1972) for details, yield inequality

(I = Pp.o)zo||s < cm~ (=) (3.8)

whenever zg € Xf, which will be useful below.

The performance of the Tikhonov regularization estimator azi,n,m will be based on

the risk E|lzq — az‘;,n,m(f)Hz. Making use of (2.6) or (2.7), respectively, this can be
rewritten
E|jzo — 25 (I = Ell(GanmA — I)zo + §Ganmé]|?
=BG A — Dol
— 20E(G, o i (GanmA — I)xo, €) (3.9)

+ 6%E||Gonmé]|
= [[(GanmA — I)zo||* + 6°E| Ganmé]|*.

In the sequel the terms
bomm(@0) 1= [(GanmA — Dzol*,  vamm(§) = 8"E||Gonméll”

will be considered as bias and variance of the risk, respectively. Now we turn to
estimate these quantities separately.



3.2. Estimate of the bias. The bias is bounded from above in

Lemma 3.1. Let the assumptions (2.3), (2.4), (3.7), (3.6) be fulfilled. Assume that

for some 3 < 1
1] = Qullx,—x < 3¢ D71(2°d%) 7 a2, (3.10)

where D,d are the constants from (2.3). Then

beynm (o) < c e cin) +m=e (1 T ma _Z(aa:l-_s)) (QZ&_TSS) +||(1 — Pm,s)azons)].

Proof. Let yo = Az be the true free term of our equation. Consider the elements
z0 = GanmYo and

a,n,m

z° (T#Ty, + o)~ T y,,

am

where T, = AP, s, T# = P, L™ A*. Tt follows from Lemma 2.2, Lemma 3.2 by

m

Neubauer (1988) that

(AT + al) T | xx < (2%d7) #0759, (3.11)
and
|20 — 22|
s . s (3.12)
< el 4 m= (14 =t ) (o 4 (1~ Praaol )|
Note that
bamm(20) = |20 — 2% mll < 20 — 2%l + 12200 — 2%l (3.13)

Moreover, from (3.10), (3.11) and (2.3) it follows that

128, = 25
= (T2 T + ) (T — T2, g0 — (T2 T — T T )25 ]|
= (TET + L) TH[( — Qu)yo — (I — Qu)APm .2,
= (T2 T + o) TE(I — Qu)A(zo — 25,0 (3.14)
< (2°d) = T |1 — Qullxamx, | Alzo — 22, la
< D(2°d*) 5 o o9 || T — Qnl| %, X bamm( o)

S J’fbr.\n,rL,rn(:I;O)-

Combining (3.13) and (3.14) we obtain

bomm(o) < (1 —3¢) 2o — = (3.15)

gn,m”

The assertion of the lemma follows from (3.12) and (3.15). O
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3.3. Estimate of the variance. We turn to bounding the variance. The basic

step towards this goal is given by
Lemma 3.2. Let the assumptions (2.3), (2.4), (3.7), (3.6) be fulfilled. If n x m =<

a T then
|Cammllx—x < ca” %ot

where ¢ does not depend on a,n,m.

Proof. 1t is well known that for an arbitrary compact operator B from X to X

I(B*B +al) 'B*|xox < ——, |B(B*B+al) 'B|xox <1.  (3.16)

M

In particular we have for any f € X the bound
|Ganmflls = [|11°Gonmfll

1 (3.17)
= (B}, Bnm I 'B* < —= .
(BB + 1) B 1 < 511
Moreover, from (2.3) and (3.16) it follows that
|Gammfll-a < d7[AGanm ]
= d|AL™*(B}, . Bum + aI) 7 B, L ]|
-1 * -1 x*
S d ||B”7m(Bn,mB”,m + Oé]) Bn,mf” (318)
+d 7 (AL™* = Bom)(By i Bam + o) B, L f]]
<d? (1+—||AL * = Bumllx—x) ]
\/_
Now we derive an estimate for ||AL™° — B |
||AL—£ - Bn,m||X—>X S ||AL—£ - APm,sL_SHX—)X (3 19)
+ ||APpm s L° — QunAPy L7 °||xox. '
By (2.3) and (3.7) we can continue
JAL™ — AP o L7°||xox X ||(I = Pm,s) L% x5x .
= [[L7%(] = Prn,e)L7°|| xx
= [ L°L7*7(] = P )L 7% || xx
= [[L7°7%(I = Pn,s)l x,-x, (3.20)
= (I = Pma ) L°7% x5,
= ||(I - Pmys)HXZs-I-a_’Xs

<ec m~(sta),
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(Note that L™ : X; — X; is self-adjoint for v > ¢). Further, using (2.3) and (3.6)
we find

[APm,s L™ = @nAPmsL7°|xox < = @nllxey—x [|APm o L 7% x s,
S cn_(a—l—‘G)||F)1'n,sL_s||X—>X‘g (321)
= n—(a—l—s) ||Pm,s| —(a—l—s)‘

X=X, =1
If n < m < o %9 then (3.18)—(3.21) imply

|Ganmfll-a < cllfl
Together with (2.1) and (3.17) this yields

a

|Ganmfllo < |Gopnmflls™ Il-

The lemma is proved. O

3
Ganmfl|ZH <ca” 3(ars)

Now we are in a position to estimate the variance vanm(€) for X-valued random
noise ¢ meeting the conditions (2.6). Namely, from Lemma 3.2 it follows that for
1

nxXmx o At
Vanm(§) = 8Bl Ganm|® < 8[| Ganm| % x Bl

< ¢ 6% a o,

(3.22)

But such straightforward way is unsuitable for generalized white noise ¢ satisfying
(2.7) because in this case E||{]|* = co. Instead we note that Ganmé = Ganm@né,
and we conclude

Vanm(£) = 6Bl Ganm@né|l” < 6| Ganmlx - xEll@né|l".

Using (2.7) and keeping in mind that {¢;} is an orthonormal system we have
E(¢:,6)? = (i, 0:) =1, ¢ =1,2,... ,n, such that, applying Lemma 3.2 again,
we arrive at

n

vanm(€) < ¢ 82 @ GIB(Y (pi,€)?) = ¢ 82 o on (3.23)

k=1

1
for n xm x o 2ets),

3.4. Parameter choice and convergence rates. In order to optimize the rate
of convergence for the global risk we will determine a = «(§) in such a way that
the rates of bias and variance in (3.9) are of the same order as § — 0. This is
accomplished in
Theorem 3.1. Let the assumptions (2.3), (2.4), (3.7), (3.6) be fulfilled and s >
(b —a)/2.

2ate)

If the random noise ¢ satisfies the conditions (2.6) then for o X § +F6 , n X m
1

X

—l _——
a_ 2(ats) > 5 atp

E|zo — 25, (6|2 < ¢ §3ts. (3.24)

a,n,m
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In the case of generalized white noise & satisfying (2.7) for a X §=+#+12 ' n x m X

__1 .
o 2(ets) X5 atputi/2

Elzo — 25, (¢)|? < ¢ §7etim. (3.25)

a,n,m

In (3.24) and (3.25) the constant ¢ does not depend on 6, a,n, m.

Proof. We prove only (3.25). The estimate (3.24) is established in a similar manner.

From (3.6) it follows that for some n < o~ Ters condition (3.10) is fulfilled. Then,
_ 1 2(a+s
using Lemma 3.1 and (3.23) for n xm X o™ =9, a < a1 we obtain
E||a:0—a:5 (&7 < caats +cn §2a s

a,n,m

_ 2at1 2u
S C(ai + 520[ 2(a+s)) S 5a+y,+l/27

which yields the required result. O

4. LOWER BOUNDS FOR A, s(A, M, )

In this section we obtain lower bounds in Hilbert scales under additional assump-
tions, relating properties of the operator A to the generator L of the Hilbert scale.

Following Mair and Ruymgaart (1996) we assume that the eigenvectors of the opera-
tor L generating the Hilbert scale {X,} coincide with the eigenvectors of A*A. This
means that both the operator L™! and the operator A from (1.1) can be represented
in the form

L7 =Y (g, f)fe, Ag =) (g, fu)us, (4.1)
k=1 k=1

where {fx}, {uzr} are some orthonormal bases of X. >From (4.1), (2.2) and (2.3)
it follows, in particular, that

h<k™ wxk® (4.2)
Now we can state
Theorem 4.1. Let the assumptions (2.2) — (2.4) and (4.1) be fulfilled. Then
Ans(A, XE €0) > c[n ™" 4 siraprirs}
We rely on the following Lemma, originally proven in Korostelev and Tsybakov
(1993), Chapt. 9.
Lemma 4.1. Suppose we are given
vp = O + borb, k=1,2,..., (4.3)
where & are 1.i.d N(0,1), ox < k® and 6 = (61,0,,...) is unknown, but belongs to
BR:={0: > N6, <R’ N x<k'}.
k
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Then

inf sup E||f — é(v)”lz2 = 5;&:751/27
6(v) 6eBE

where the inf is taken over all estimators é(v) based on observations (4.3).

Proof of Theorem 4.1. We observe that the composition S o ¢ is a linear mapping
in X with rank at most n. Then by (2.7) and arguing as in (3.9) we obtain

Ellz — Sop(Az + 67| = ||z — S0 p(Az)|® + 8E||S 0 o(¢”)||?
> |lz — Sop(Az)|.
Uniformly for z € Xf this yields
An,é(A,Xf,fﬂ)z > inf inf sup ||z — S o p(Az)|?

‘P€q)n SE»C'n.(X) EEX;IL?' (4 4)
> Rz&iﬂ(*}u) < n7H,
where we used (2.2) for the last asymptotics. On the other hand, it follows from the
very definition that
Ans(A, X7, ¢°)? > inf sup Ellz — 2|, (4.5)

z :EEX,?’

where the inf is taken over all estimators based on observations

ys = Az + 6¢° (4.6)

Let 0 = (z, fx) and vk = (ys,ux)v; , k = 1,2,.... We can represent (4.6) in the
equivalent form

Ve — Hk + 5Uk€k; O = Cﬂk_’g’yk_l = ka_’g, k= 1,2, ce (47)

and any estimator § based on (4.7) gives the estimator ¢ = ), 01 f, for z, and
conversely. Applying Lemma 4.1 with b = a — 8, A = [.* < k* we obtain

inf sup E|jz — &||2 ~ inf sup || — §|[2 x see-prirm (4.8)
T zeXF 6 6eBE
The assertion of the theorem follows from (4.4), (4.5), (4.8). O

Remark 4.1. As in Donoho et al. (1990) the number n can be understood as the
difficulty of the estimator Sop(Az+6¢) based on the design ¢ € &,,. For 8 = 1/2+¢,
g > 0 arbitrarily small, the noise £° is X -valued and satisfies conditions (2.6). Then
Theorem 4.1 and Lemmas 3.1 and 3.2 yield for m x a~V/(2(ets)) < g-1/(a+s) ynd
sufficiently large n > c§~1/(@+#) the estimate

T < Ans( A, XEE < sup Bllz — of,, (67| < e85,

:I:EXfL2 o
For such noise the lower bound for the difficulty of estimation with optimal precision
gu/(uta=e) jg §=/(wta=e)  The estimator z¢,,,.(¢#) however has difficulty §-*/(#+e)
at precision §#/(#+e) which is close to being optimal. We stress that within the
framework of Tikhonov regularization (3.2) and (3.3), the precision will not change
by enlarging the design beyond §~1/(#+e),
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For Gaussian white noise £° the situation is different. Theorems 3.1 and 4.1 imply

for n > m x o Y(2(e+9)) the bounds

o (7 4 §FFI) < A, s(A, XE, £°9)

< sup Ellz -2} ,.(E)?
zEXf

< 02(au/(a+8) 4 n52a—a/(a+8))7

and the corresponding estimator azi,n,m(fo) with n x o V/@ets)) < §-1/(utat1/2)
attains the lower bound for the difficulty nep < §~U(wtat1/2) of estimation with
optimal precision simultaneously for all operators A meeting conditions (2.3) and
(4.1). But using designs larger than ng, can spoil the precision of the Tikhonov

regularization estimator.

Remark 4.2. If we allow the randomness to be degenerate then for n < m x

__1 2(ats) . .
) a}ru, a < § «f+ and for deterministic noise &, ||€|| < 1, from (3.9), Lemma 3.1,

Lemma 3.2 it follows that
2o — 25, (O] < [(GammA — Izo|| + 8| Ganmé]| < 57+ (4.9)

a,n,m

Formally (4.9) coincides with the classical nonrandom result by Natterer (1984)
and Neubauer (1988). But in Natterer (1984) the discretization effects in ill-posed
problems were not considered. Neubauer (1988) studied only semi-discrete schemes,
that 1s when we pass from equation Az = ys to AP, ;& = ys. Therefore, it seems
that estimate (4.9) is new even in the deterministic case.

5. APPLICATION TO ABEL’S EQUATION

Here we apply the results of the previous sections to the regularization of his-
tograms (1.4), where A is Abel’s integral operator of the form

1
L [ z(r)dr
Az(®) = = | BT 4 e (0,1). 5.1
o)== [ S ve o 5.1)
t

Noisy Abel’s equation (1.1), with operator (5.1) arises from a diverse range of ap-
plications in the physical sciences and in stereological microscopy. Some pertinent
references are Nychka and Cox (1989), Johnstone and Silverman (1991) and Donoho

(1995).

In order to apply our results we let X = Ly(0,1). Then as mentioned in Remark 2.1
we generate a Hilbert scale via L = (A*A)™!. In this case the conditions (2.3) are
fulfilled for @ = 1/2. For simplicity we let 4 = 1 in (2.4) . This means that zo(t)
can be represented in the form

zo(t) = A*Ago(?), (5.2)
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where go(t) € L2(0,1). Using Corollary 1 in Samko (1968) we obtain the following

representations

Af(t) = AV (), A*f(

m (5.3)

and the operator

1
1 VT (T)dT
7r\/£ T—1
0
acts boundedly from L,(0,1) into the space L 2.(0,1) of functions that are square-

summable on (0,1) with weight ¢**, where ¢ > 0 is arbitrarily small. This means
that for any f € Ly(0,1) there exists f, € Ly(0,1) such that

V() =17/(t) and |[|f]| <[ f]] (5.4)

Moreover, from the properties of fractional integration we have

Vf(t):=

A*A*f / flr (5.5)

Then (5.2)—(5.5) imply that
¢
zo(t) = A*Ago(t) = A*A*Vgo(t) = /T_Ego,E(T)dT. (5.6)
0

Thus, @ has derivative zj € L3 2.(0,1) for any small € > 0. In terms of the modulus
of continuity

1/2
wo(f h) = sup/|ft—|—7' )|d7’} , 0<h<l,

0<it<h

for functions f € Ly(0,1) we can estimate the smoothness of the solution zo by
wa(zo, h) = O(hl_e) (5.7)

for any small € > 0.

As in Nychka and Cox (1989) we assume that bin limits of histograms (1.4) obey

1r£11a<}7{1(um Uim1pn) X 1121;2(%,1 — Ui 1) X 1T (5.8)

As before we represent (1.4) in the form (3.1), where @, is the orthogonal projector
on the subspace of piecewise constant functions having discontinuities at the points

{uin}. It is well known (see, e.g. Plato (1998)) that under (5.8) we have
||(I - QH)AHL2—>L2 <c n_1/27 ||(I - QH)A*HL2—>L2 < cn M2,
This is just the condition (3.6) for ¢ = 1/2 and v = 0.

A straightforward application of Theorem 3.1 in the present case requires to take
= %. On the other hand, it is inconvenient to use Tikhonov estimator (3.2),
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(3.3) when s has the form of a fraction. But for s = 1 the condition (3.6) breaks

down for our case because using @),, we cannot obtain an accuracy being superior to
O(n~'). Therefore we let s = 0. Then condition s > 2% is violated, but if we only
slightly change the value m (m = o~ 1= instead of m = a™!) then estimate (5.7)
allows to obtain the same order of global risk as in Theorem 3.1.

Since s = 0, we let P, 9 = Qm, the orthogonal projector like @, but corresponding
to m bins. Estimate (5.7) implies

(1 = Prmo)zollo = [[(1 — Qm)zollz, < cws(zo,m™") < em ™, (5.9)
for any small € > 0. Using (5.9) instead of (3.8) we arrive at

Theorem 5.1. Let us suppose that the ezact solution of Abel’s equation (1.1), (5.1)
satisfies the condition (5.2), and let z5 (&) be a regularized solution obtained

a,n,m

from noisy histogram date (1.4), (5.8) within the framework of Tikhonov regular-
ization (3.2), (3.3) for Pmo = Qm. If the random noise & satisfies condition (2.6)
then for a < 63, n < 6§23, m x §7230-9) where 0 < € < 1, the following
estimate holds true

E||z0 — g m(€)]|* < c 6*°.

a,n,m

In the case of generalized white noise ¢ satisfying (2.7), fora < 62, n < §71/2 m <

§-1/2(1-¢)
Elzo — 20, m(E)|* < cé.

a,n,m

Remark 5.1. Under condition (5.2), which means p = 1, for Abel’s integral equation
(1.1), (5.1) with generalized white noise we obtained the same order of precision §
as in Donoho (1995), where wavelet-vaguelette estimator was used. But we can
not apply the Theorem 4.1 for estimating the difficulty because the exact order of
the eigenvalues of operator L™ = A*A is unknown (see, for example, Nychka, Cox

(1989)).
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