Very singular solutions to a nonlinear parabolic equation with absorption.

I – Existence

Said Benachour and Philippe Laurençot

submitted: 11 January 1999

Institut Elie Cartan–Nancy Université de Nancy I BP 239 F – 54506 Vandœuvre lès Nancy cedex France E-Mail: benachou@iecn.u-nancy.fr E-Mail: laurenco@iecn.u-nancy.fr

Preprint No. 468

Berlin 1999

1991 Mathematics Subject Classification. 35K15.

Keywords. viscous Hamilton-Jacobi equation, very singular solution.

Abstract. We prove the existence of a very singular solution to

u_t − Δu + |∇u|^p = 0 in (0, +∞) × R^N ,

when 1 < p < (N + 2)/(N + 1).

1. Introduction

We investigate the existence of a very singular solution at the origin to the following viscous Hamilton-Jacobi equation

u_t − Δu + |∇u|^p = 0 in (0, +∞) × R^N .

(1.1)

A very singular solution at the origin to (1.1) is a non-negative solution to (1.1) which is smooth in (0, +∞) × R^N and fulfills the following two conditions

lim_{t→0+} ∫ {|x|≤r} u(t, x) dx = +∞, lim_{t→0+} ∫ {|x|≥r} u(t, x) dx = 0, for every r ∈ (0, +∞). The name very singular solution has been introduced by Brezis, Peletier and Terman [9] who proved the existence and uniqueness of a self-similar very singular solution W to

u_t − Δu + u^p = 0 in (0, +∞) × R^N ,

(1.2)

when 1 < p < 1 + 2/N. Such a name is justified by the fact that the singularity of W in (t, x) = (0, 0) is stronger than the singularity in (t, x) = (0, 0) of the fundamental solutions to (1.2), that is the solutions to (1.2) whose initial data is cδ, where c ∈ (0, +∞) and δ denotes the Dirac mass centered at x = 0. Indeed, when 1 < p < 1 + 2/N and c ∈ (0, +∞), (1.2) has a unique non-negative solution W_c such that W_c(0) = cδ [8] and W_c satisfies

lim_{t→0+} ∫ {|x|≤r} W_c(t, x) dx = c < +∞, while the very singular solution W satisfies

lim_{t→0+} ∫ {|x|≤r} W (t, x) dx = +∞. In fact, if 1 < p < 1 + 2/N, Oswald has proved in [20] that the following alternative holds : consider a non-negative solution u to (1.2) which is smooth in ( [0, +∞) × R^N ) \ {(0, 0)} and singular in (t, x) = (0, 0) with u(0, x) = 0 if x ≠ 0.

Then either u ≡ W or there exists c ∈ (0, +∞) such that u ≡ W_c. A complete classification of the possible isolated singularities in (t, x) = (0, 0) of solutions to (1.2) is thus available._1

Since the pioneering work of Brezis, Peletier and Terman [9], the existence, uniqueness and non-existence of non-negative very singular solutions have been extensively investigated for nonlinear parabolic equations with absorption of the form u_t − Au + u^p = 0 in (0, +∞) × R^N , where Au = Δu [9, 13], Au = Δu^m, m > 1 [22, 16, 19], Au = Δu^m, (1 − 2/N)^+ < m < 1 [21, 18], Au = div (|∇u|^{m−2}∇u), m > 2 [23, 11, 15] and Au = div (|∇u|^{m−2}∇u), 2N/(N + 1) < m < 2 [12]. Besides the description of the isolated singularities in (t, x) = (0, 0) the very singular solutions (when they exist) also play an important role in the description of the large time behaviour of the solutions to (1.2) (see, e.g., the survey paper [25]).

To our knowledge the existence of very singular solutions has not been considered for parabolic equations with absorption when the absorption term is a non-negative function of ∇u instead of being a non-negative function of u, as it is the case for (1.1). Before stating our main result let us make more precise the definition of a very singular solution to (1.1) we will use in this paper.

Definition 1.1. A very singular solution to (1.1) is a function

u ∈ C((0, +∞); L^1(R^N ))

such that

u(t) ≥ 0 a.e. in R^N and u ∈ L^p((s, t); W^{1,p}(R^N ))

for each t ∈ (0, +∞) and s ∈ (0, t) which satisfies u(t) = G(t − s)u(s) − ∫_t s G(t − σ) (|∇u(σ)|^p) dσ, (1.3)

lim_{t→0+} ∫ {|x|≤r} u(t, x) dx = +∞, r ∈ (0, +∞), (1.4)

lim_{t→0+} ∫ {|x|≥r} u(t, x) dx = 0, r ∈ (0, +∞). (1.5)

Here, G(t) denotes the linear heat semigroup in R^N .

Our result then reads as follows.

Theorem 1.2. Assume that 1 < p < (N +2)/(N +1) and put a = (2−p)/(p−1). There is at least one very singular solution U to (1.1). More precisely, there is a non-negative and non-increasing function

f ∈ L^1((0, +∞); r^{N−1}dr) ∩ C^∞((0, +∞)) such that U(t, x) = t^{−a/2} f ( |x|t^{−1/2} ) , (t, x) ∈ (0, +∞) × R^N , (1.6)

and f is a solution to the ordinary differential equation

f^{′′}(r) + ( N − 1 r + r 2 ) f^′(r) + a 2 f(r) − |f^′(r)|^p = 0, (1.7) r ∈ (0, +∞), with the boundary conditions

f^′(0) = 0 and lim_{r→+∞} r^a f(r) = 0.

(1.8)

Remark 1.3. Notice that the very singular solution to (1.1) we construct is selfsimilar by (1.6).

Remark 1.4. Let us mention at this point the related work [10] where solutions to (1.1) with homogeneous Dirichlet boundary conditions on an open bounded subset Ω of R^N are constructed with initial data taking the value +∞ on a closed subset of Ω with non-empty interior when p ∈ (1, 2). Theorem 1.2 shows that it is also possible to construct solutions to (1.1) with initial data taking the value +∞ at only one point. Indeed the very singular solution to (1.1) we constructed in the above theorem formally satisfies U(0, x) = 0 if x ≠ 0 and U(0, 0) = +∞.

There are basically two possible approaches to study the existence (and uniqueness) of a very singular solution to (1.1) and both of them have actually been employed for (1.2). The first approach relies on the fact that (1.2) is invariant by a rescaling in both space and time. Such a property then ensures that, if there is a unique very singular solution V to (1.2), it has to have a self-similar form and to be radially symmetric as well. Therefore V shall be of the form V (t, x) = t^{−α} v ( |x|t^{−β} ) , where α and β are positive real numbers depending only on N, m and p. Inserting this specific form of V into the equation (1.2) yields an ordinary differential equation for the profile v which is similar to (1.7) with boundary conditions similar to (1.8). Shooting methods are then used to prove the existence of the profile v [9, 22, 23, 18, 19] and the uniqueness of the profile may be studied by ordinary differential equations methods [9, 11]. Another possible approach is to construct a very singular solution to (1.2) as the limit of the fundamental solutions to (1.2) (i.e. the solutions to (1.2) with initial data cδ) as the initial mass c increases to infinity (when this limit exists) [13, 16, 21, 15, 12]. We will use this second approach to prove Theorem 1.2. The main step in this method is to obtain an L^∞-estimate for the fundamental solutions which does not depend on the initial mass. For (1.2) such an estimate follows from the existence of a super-solution to (1.2) which depends only on time t → ((p − 1)t)^{−1/(p−1)}.

Such a super-solution is not available for (1.1) and we have to proceed in a different way. Namely we derive an L^∞-estimate for the fundamental solutions which do not depend on the initial mass with the help of an L^∞-estimate of ∇u^{(p−1)/p} obtained in [3] and a stationary super-solution to (1.1). This is done in Section 2. Section 3 is devoted to the proof of Theorem 1.2. In the last section of the paper we prove that there is no non-negative very singular solution to (1.1) when p = 1 (though there are fundamental solutions in that case [6]). We finally mention that some of the results presented above have been announced in [4]. Furthermore in a paper which is yet to be completed we study the uniqueness of very singular solutions to (1.1) [5].

2. Preliminaries

We first recall the well-posedness of (1.1) in the space of non-negative and bounded measures M^+_b (R^N ) [3, Theorem 1 & 3].

Theorem 2.1. Consider p ∈ (1, (N + 2)/(N + 1)) and u_0 ∈ M^+_b (R^N ). There is a unique non-negative function

u ∈ C((0, T ); L^1(R^N )) ∩ L^p((0, T ); W^{1,p}(R^N )), T ∈ (0, +∞),

satisfying u(t) = G(t − s)u(s) − ∫_t s G(t − σ) (|∇u(σ)|^p) dσ, 0 < s ≤ t, lim_{t→0+} ∫ u(t, x) ψ(x) dx = ∫ ψ(x) du_0(x), ψ ∈ BC(R^N ), and sup t∈(0,+∞) t^{N/2} ‖u(t)‖_L∞ ≤ C_H ,

sup t∈(0,+∞) t^{(p(N+1)−N)/2p} ‖ ‖∇u^{(p−1)/p}(t) ‖ ‖_{L∞} ≤ C_H . (2.1)

Here BC(R^N ) denotes the space of bounded and continuous functions in R^N and C_H is a positive real number depending only on N, p and ‖u_0‖_{Mb} .

In addition, there holds sup t∈(0,+∞) t^{1/p} ‖ ‖∇u^{(p−1)/p}(t) ‖ ‖_{L∞} ≤ (p − 1)^{1−1/p} p^{−1} := C_{HJ} .

(2.2)

We now derive additional estimates for solutions to (1.1) with non-negative and compactly supported smooth initial data. Recall that (1.1) has a unique non-negative classical solution when u_0 is a non-negative function in D(R^N ) (see, e.g., [17, 2]).

For p ∈ (1, 2) we put Γ_p(r) = γ_p r^{−a}, r ∈ (0, +∞),

(2.3) where γ_p = (p − 1)^{(p−2)/(p−1)} (2 − p)^{−1}.

(2.4) Recall that a = (2 − p)/(p − 1).

Lemma 2.2. Let p ∈ (1, (N + 2)/(N + 1)) and consider a non-negative function u_0 in L^1(R^N ). We define R(u_0) = inf {R > 0 , |x|^a u_0(x) ≤ γ_p a.e. in {|x| ≥ R}}, (2.5) (R(u_0) ∈ [0, +∞]), and denote by u the non-negative solution to (1.1) with initial datum u_0 given by Theorem 2.1. If R(u_0) < +∞ there holds 0 ≤ u(t, x) ≤ Γ_p (|x| − R(u_0)) , x ∈ R^N , |x| > R(u_0). (2.6) Proof. We first assume that u_0 ∈ D(R^N ), so that u is the unique non-negative classical solution to (1.1) with initial datum u_0. Note that as u_0 is compactly supported we have R(u_0) < +∞. Consider ω ∈ S^{N−1} where S^{N−1} denotes the N − 1-dimensional unit sphere and put D_ω = (0, +∞) × { x ∈ R^N , x.ω > R(u_0) } ϑ_ω(x) = Γ_p(x.ω − R(u_0)), x ∈ R^N , x.ω > R(u_0). On the one hand a straightforward computation yields that the function ϑ_ω is a stationary solution to (1.1) on D_ω.

On the other hand it follows from the definition of R(u_0) that

u(0, x) = u_0(x) ≤ γ_p |x|^{−a} = ( x.ω − R(u_0) |x| )_a ϑ_ω(x) ≤ ϑ_ω(x) for every x ∈ R^N such that x.ω > R(u_0). Also for t ∈ (0, +∞) and x ∈ R^N satisfying x.ω = R(u_0) there holds u(t, x) < +∞ = ϑ_ω(x). Consequently u ≤ ϑ_ω on the parabolic boundary of D_ω and the comparison principle entails u(t, x) ≤ ϑ_ω(x), (t, x) ∈ D_ω. (2.7)

Now take t ∈ (0, +∞), x ∈ R^N satisfying |x| > R(u_0) and put ω(x) = x/|x|. Then (t, x) ∈ D_{ω(x)} and (2.7) yields u(t, x) ≤ Γ_p(x.ω(x) − R(u_0)) = Γ_p(|x| − R(u_0)), and the proof of the lemma is complete for u_0 ∈ D(R^N ).

We next consider a non-negative function u_0 ∈ L^1(R^N ) such that R(u_0) defined by (2.5) is finite. We then construct a sequence of non-negative functions (u_{0,n})_n in D(R^N ) such that (u_{0,n})_n converges to u_0 in L^1(R^N ) and R(u_{0,n}) ≤ R(u_0)+2/n. Denoting by u_n the unique non-negative classical solution to (1.1) with initial datum u_{0,n} we proceed as in the proof of [3, Theorem 3] to show that (u_n)_n converges towards u in C([0, T ]; L^1(R^N )) for every T ∈ (0, +∞). We now take x ∈ R^N with |x| > R(u_0). For n large enough we have |x| > R(u_{0,n}) hence, as Lemma 2.2 holds true for (u_n) 0 ≤ u_n(t, x) ≤ Γ_p (|x| − R(u_{0,n})) ≤ Γ_p ( |x| − R(u_0) − 2 n ) . The lemma then follows by letting n → +∞ in the above inequality. Remark 2.3. Let us mention at this point that the idea of using a stationary solution to (1.1) to obtain (2.6) is borrowed from [15].

We now combine (2.2) and (2.6) to obtain temporal decay estimates for the solutions to (1.1) with initial data in L^1(R^N ).

Proposition 2.4. Let p ∈ (1, (N + 2)/(N + 1)) and consider a non-negative function u_0 in L^1(R^N ). If u denotes the non-negative solution to (1.1) with initial datum u_0 given by Theorem 2.1 and R(u_0) < +∞ there holds ‖u(t)‖_L1 ≤ C_1 t^{−((N+2)−p(N+1))/(2(p−1))} ,

(2.8) ‖u(t)‖_L∞ ≤ C_1 t^{−a/2}, (2.9) ‖∇u(t)‖_L∞ ≤ C_1 t^{−1/(2(p−1))}, (2.10) for each t > τ(u_0), where C_1 is a positive real number depending only on N and p and

τ(u_0) = ( (N + 2) − p(N + 1) (N + 1)p − N )_{1−p} R(u_0)^2.

(2.11)

Recall that R(u_0) is defined in (2.5).

Proof. In the following we denote by C any positive real number depending only on N and p. We fix t ∈ (τ(u_0), +∞).

By (2.6) we have for R ≥ R(u_0) ‖u(t)‖_L1 ≤ ∫ {|x|≤2R} u(t, x) dx + ∫ {|x|>2R} u(t, x) dx

‖u(t)‖_L1 ≤ C R^N ‖u(t)‖_L∞ + ∫ {|x|>2R} Γ_p(|x| − R(u_0)) dx. (2.12)

On the one hand we infer from the Gagliardo-Nirenberg inequality [17, Theorem II.2.2] and (2.2) that ‖u(t)‖_L∞ ≤ C ‖ ‖∇u^{(p−1)/p}(t) ‖ ‖^{(Np)/((N+1)p−N)} L^∞ × ‖ ‖u^{(p−1)/p}(t) ‖ ‖^{p2/((p−1)((N+1)p−N))} L^{p/(p−1)} ‖u(t)‖_L∞ ≤ C ‖u(t)‖^{p/((N+1)p−N)} L^1 t −N/((N+1)p−N). (2.13)

On the other hand, since Γ_p is a non-increasing function, R > R(u_0) and p ∈ (1, (N + 2)/(N + 1)) we have ∫ {|x|>2R} Γ_p(|x| − R(u_0)) dx = C ∫_∞ 2R Γ_p(r − R(u_0)) r^{N−1} dr

≤ C ( sup r∈[2R,+∞) r r − R )_{N−1} ∫_∞ 2R Γ_p(r − R) (r − R)^{N−1} dr Consequently ∫ {|x|>2R} Γ_p(|x| − R(u_0)) dx ≤ C R^{((N+1)p−(N+2))/(p−1)}. (2.14)

Combining (2.12)-(2.14) then yields ‖u(t)‖_L1 ≤ C R^N ‖u(t)‖^{p/((N+1)p−N)} L^1 t −N/((N+1)p−N) + C R^{((N+1)p−(N+2))/(p−1)} hence, thanks to the Young inequality, ‖u(t)‖_L1 ≤ C ( t^{−1/(p−1)} R^{((N+1)p−N)/(p−1)} + R^{((N+1)p−(N+2))/(p−1)} ) . The above inequality being valid for every R ∈ (R(u_0), +∞) we finally obtain ‖u(t)‖_L1 ≤ C inf_{R>R(u0 )} F(R, t), (2.15) F(R, t) = R^{((N+1)p−N)/(p−1)} ( t^{−1/(p−1)} + R^{−2/(p−1)} ) . Now, since t > τ(u_0) we have

R(u_0) < ( (N + 2) − p(N + 1) (N + 1)p − N t^{1/(p−1)} )_{(p−1)/2} := R(t), and we may take R = R(t) in (2.15). We thus obtain ‖u(t)‖_L1 ≤ C t^{−((N+2)−p(N+1))/(2(p−1))} , hence (2.8). Next, (2.9) follows at once from (2.13) and (2.8). Finally since ∇u(t) = p p − 1 u(t)^{1/p} ∇u^{(p−1)/p}(t), (2.10) is a consequence of (2.2) and (2.9). Remark 2.5. As p ∈ (1, (N + 2)/(N + 1)) we have a 2 > N 2 . Consequently the L^∞-norm of the non-negative solutions to (1.1) with nonnegative initial data in L^1(R^N ) decays faster than the L^∞-norm of the nonnegative solutions to the linear heat equation with the same initial data. Remark 2.6. The temporal decay estimate (2.8) of the L^1-norm of the solutions to (1.1) with initial data satisfying R(u_0) < +∞ is in some sense optimal : indeed it has been shown in [7, Corollary 3.5] that the L^1-norm of a non-zero and integrable solution to (1.1) cannot decay as t^{−α} for α > ((N + 2) − p(N + 1))/(2(p − 1)).

3. Existence of a very singular solution In this section we assume that p ∈ (1, (N + 2)/(N + 1)) and we denote by (C_i)_{i≥2} any positive real number depending only on p and N. Let M ∈ (0, +∞). Since Mδ belongs to M^+_b (R^N ) it follows from Theorem 2.1 that (1.1) has a unique weak solution with initial datum Mδ which we denote by u_M . In the next lemma we gather some useful properties enjoyed by the family {u_M , M ∈ (0, +∞)}. Lemma 3.1. There is a constant C_2 depending only on p and N such that for every M ∈ (0, +∞) and t ∈ (0, +∞) there holds ‖u_M (t)‖_L1 ≤ C_2 t^{−((N+2)−p(N+1))/(2(p−1))} ,

(3.1) ‖u_M (t)‖_L∞ ≤ C_2 t^{−a/2}, (3.2) ‖∇u_M (t)‖_L∞ ≤ C_2 t^{−1/(2(p−1))}, (3.3) 0 ≤ u_M (t, x) ≤ Γ_p(|x|), x ∈ R^N \ {0}, (3.4) ∫ u_M (t, x) ϱ(x) dx ≤ exp (C_2t) − 1, (3.5)

where ϱ(x) = |x|^{2α} ( 1 + |x|^2 )_{−α} , x ∈ R^N , (3.6) and α = p 2(p − 1) ∈ (1, +∞).

Proof. Let φ ∈ D(R^N ) be a non-negative and radially symmetric function with support in {x ∈ R^N , |x| ≤ 1} and ‖φ‖_L1 = 1. For n ≥ 1 we put φ_n(x) = n^N φ(nx), x ∈ R^N . We fix M ∈ (0, +∞) and denote by v_{n,M} the non-negative classical solution to (1.1) with initial datum Mφ_n. It follows from the analysis of [3, Section 3] that for every t ∈ (0, +∞) and s ∈ (0, t) v_{n,M} −→ u_M in C([s, t]; L^1(R^N )), ∇v_{n,M} −→ ∇u_M in L^p((s, t) × R^N ). (3.7)

As φ is radially symmetric the rotation-invariance of (1.1) and the uniqueness of classical solutions to (1.1) ensure that v_{n,M} (t) is radially symmetric for each t ∈ (0, +∞).

(3.8) By (2.8), (2.9) and (2.10) we have ‖v_{n,M} (t)‖_L1 ≤ C_3 t^{−((N+2)−p(N+1))/(2(p−1))} ,

(3.9) ‖v_{n,M} (t)‖_L∞ ≤ C_3 t^{−a/2}, (3.10) ‖∇v_{n,M} (t)‖_L∞ ≤ C_3 t^{−1/(2(p−1))}, (3.11) 0 ≤ v_{n,M} (t, x) ≤ Γ_p(|x| − R(Mφ_n)), |x| > R(Mφ_n), (3.12) for every n ≥ 1 and t ∈ [t_{n,M} , +∞), where t_{n,M} = ( (N + 2) − p(N + 1) (N + 1)p − N )_{1−p} R(Mφ_n)^2.

(3.13)

Now, as the support of φ_n is included in {x ∈ R^N , |x| ≤ 1/n} we have lim n→+∞ t_{n,M} = lim_{n→+∞} R(Mφ_n) = 0, and we infer from (3.7), (3.9)-(3.12) and the continuity of Γ_p that u_M enjoys the properties (3.1)-(3.4).

We next check (3.5). Recalling that p < 2 we have α > 1 and ϱ ∈ C^2(R^N ) defined by (3.6) satisfies Δϱ(x) ≤ C_4 ϱ(x) |x|^{−2}, x ∈ R^N . (3.14) Let t ∈ (0, +∞) and s ∈ (0, t). Also let ξ be a function in D(R^N ) satisfying 0 ≤ ξ ≤ 1, ξ(x) = 1 if |x| ≤ 1 and ξ(x) = 0 if |x| ≥ 2, and put ξ_n(x) = ξ(x/n) for x ∈ R^N and n ≥ 1. It follows from (1.1) that ∫ u_M (t) ϱ ξ_n dx ≤ ∫ u_M (s) ϱ ξ_n dx + ∫_t s ∫ u_M (σ) Δ (ϱ ξ_n) dxdσ. Since Δ (ϱ ξ_n) converges pointwisely to Δϱ as n → +∞ and is uniformly bounded with respect to n ≥ 1 we infer from the integrability (3.1) of u_M on (s, t) × R^N and the Lebesgue dominated convergence theorem that lim n→+∞ ∫_t s ∫ u_M (σ) Δ (ϱ ξ_n) dxdσ = ∫_t s ∫ u_M (σ) Δϱ dxdσ. Since ξ_n converges pointwisely to 1 as n → +∞ we may pass to the limit in the previous inequality and use again (3.1) and the Lebesgue dominated convergence theorem to obtain ∫ u_M (t) ϱ dx ≤ ∫ u_M (s) ϱ dx + ∫_t s ∫ u_M (σ) Δϱ dxdσ. It then follows from (3.14) that ∫ u_M (t) ϱ dx ≤ ∫ u_M (s) ϱ dx (3.15)

+ C_4 ∫_t s ∫ u_M (σ) ϱ |x|^{−2} dxdσ. By (3.4) we have ∫ u_M (σ, x) ϱ(x) |x|^{−2} dx ≤ ∫ {|x|≥1} u_M (σ, x) ϱ(x) dx + ∫ {|x|≤1} Γ_p(|x|) ϱ(x) |x|^{−2} dx ≤ ∫ u_M (σ, x) ϱ(x) dx + C_5. Recalling (3.15) we obtain ∫ u_M (t) ϱ dx ≤ ∫ u_M (s) ϱ dx + C_6 ∫_t s ( 1 + ∫ u_M (σ) ϱ dx ) dσ.

The Gronwall lemma then yields ∫ u_M (t) ϱ dx ≤ ( 1 + ∫ u_M (s) ϱ dx ) exp (C_6(t − s)) − 1.

Finally, since ϱ ∈ BC(R^N ) with ϱ(0) = 0 we may let s → 0 in the above inequality and obtain (3.5).

An obvious consequence of (3.7) and (2.2) is the following result. Lemma 3.2. For each M ∈ (0, +∞) and t ∈ (0, +∞) there holds sup t∈(0,+∞) t^{1/p} ‖ ‖ ‖∇u^{(p−1)/p} M (t) ‖ ‖ ‖_{L∞} ≤ CHJ . (3.16)

We next prove that the sequence (u_M ) is monotonic with respect to M. Lemma 3.3. For each M ∈ (0, +∞) and t ∈ (0, +∞), u_M (t) is a radially symmetric and non-increasing function and M_1 ≤ M_2 =⇒ u_{M1} ≤ u_{M2} .

(3.17) Proof. We fix M ∈ (0, +∞). For n ≥ 1 we again denote by v_{n,M} the non-negative classical solution to (1.1) with initial datum Mφ_n defined at the beginning of the proof of Lemma 3.1. A straightforward consequence of (3.7) and (3.8) is that u_M (t) is radially symmetric for each t ∈ (0, +∞).

We next check that u_M (t) is non-increasing with respect to the space variable. Let n ≥ 1 and consider (y, z) ∈ R × R such that |y| + 2/n ≤ |z|. We then introduce the function w_{n,M} defined by w_{n,M} (t, x_1, x_2, . . . , x_N ) = v_{n,M} (t, y + z − x_1, x_2, . . . , x_N ) for (t, x_1, x_2, . . . , x_N ) ∈ (0, +∞) × R^N . We also put

E = (0, +∞) × { x ∈ R^N , ( x_1 − y + z 2 ) (z − y) ≤ 0 } . We first observe that v_{n,M} and w_{n,M} are solutions to (1.1) on E and enjoy the following properties on the parabolic boundary of E :

w_{n,M} (0, x) = 0 ≤ v_{n,M} (0, x) if ( x_1 − y + z 2 ) (z − y) ≤ 0, w_{n,M} (t, x) = v_{n,M} (t, x) if x_1 = y + z 2 . We may then apply the comparison principle and conclude that v_{n,M} (t, x) ≥ w_{n,M} (t, x), (t, x) ∈ E.

In particular, taking x = (y, 0, . . . , 0) we obtain v_{n,M} (t, y, 0, . . . , 0) ≥ v_{n,M} (t, z, 0, . . . , 0). (3.18)

Now take (x, x̄) ∈ R^N × R^N satisfying |x̄| ≥ |x| + 2/n. Owing to (3.8) and (3.18) there holds v_{n,M} (t, x) = v_{n,M} (t, |x|, 0, . . . , 0) ≤ v_{n,M} (t, |x̄|, 0, . . . , 0) = v_{n,M} (t, x̄). Consequently, for every (x, x̄) ∈ R^N × R^N there holds |x̄| ≥ |x| + 2/n =⇒ v_{n,M} (t, x) ≥ v_{n,M} (t, x̄), t ∈ (0, +∞). (3.19) We may then let n → +∞ in (3.19) and use (3.7) to conclude that u_M (t) is non-increasing with respect to the space variable for each t ∈ (0, +∞).

Finally, if M_1 ≤ M_2 we clearly have M_1φ_n ≤ M_2φ_n and the comparison principle entails v_{n,M1} ≤ v_{n,M2} for each n ≥ 1. This fact and (3.7) at once yields (3.17).

We are now ready to prove Theorem 1.2. Let t ∈ (0, +∞). Owing to (3.1) and (3.17), (u_M (t))_{M>0} is a non-decreasing sequence of functions in L^1(R^N ) which is bounded in L^1(R^N ). The monotone convergence theorem then entails that U(t, x) = sup_{M∈(0,+∞)} u_M (t, x), x ∈ R^N , (3.20)

belongs to L^1(R^N ) and lim M→+∞ ‖u_M (t) − U(t)‖_L1 = 0. (3.21) Now proceeding along the lines of [3, Section 3] and using (3.1)-(3.4) and (3.21) we prove that for each t ∈ (0, +∞) and s ∈ (0, t), we have U(t) ≥ 0 a.e. in R^N and U ∈ L^p((s, t); W^{1,p}(R^N )) and U satisfies U(t) = G(t − s)U(s) − ∫_t s G(t − σ) (|∇U(σ)|^p) dσ. Also, by (3.2)-(3.3) we have that both U and ∇U belong to L^∞((s, t) × R^N ). Therefore classical parabolic regularity results and a bootstrap argument entail that U ∈ C^{1,2}_{t,x} (K) for any compact subset K of (0, +∞) × R^N . Furthermore we infer from Lemma 3.3 and (3.21) that U(t) is radially symmetric and non-increasing for each t ∈ (0, +∞). (3.22)

It remains to check that U has the expected behaviour as t → 0. Fix r ∈ (0, +∞) and let ζ ∈ D(R^N ) be a non-negative function such that 0 ≤ ζ ≤ 1 and ζ(x) = 0 if |x| ≥ r and ζ(x) = 1 if |x| ≤ r/2. By (3.20) we have ∫ {|x|≤r} U(t, x) dx ≥ ∫ u_M (t, x) ζ(x) dx for every M ∈ (0, +∞). Letting t → 0 in the above inequality yields

lim inf_{t→0} ∫ {|x|≤r} U(t, x) dx ≥ M for every M ∈ (0, +∞). Therefore

lim_{t→0} ∫ {|x|≤r} U(t, x) dx = +∞. (3.23)

It next follows from (3.5) and (3.21) that ∫ U(t, x) ϱ(x) dx ≤ exp (C_2t) − 1, t ∈ (0, +∞). Consequently ∫ {|x|≥r} U(t, x) dx ≤ ( 1 + r^2 r^2 )_α ∫ {|x|≥r} U(t, x) ϱ(x) dx ≤ ( 1 + r^2 r^2 )_α (exp (C_2t) − 1) ,

hence

lim_{t→0} ∫ {|x|≥r} U(t, x) dx = 0. (3.24)

Summing up we have proved that U defined by (3.20) is a very singular solution to (1.1) in the sense of Definition 1.1 and that U(t) is radially symmetric and non-increasing for each t ∈ (0, +∞). In addition we infer from Lemma 3.2 and (3.21) that sup t∈(0,+∞) t^{1/p} ‖ ‖∇U^{(p−1)/p}(t) ‖ ‖_{L∞} ≤ C_{HJ} . (3.25)

We now prove that U has the self-similar form (1.6). For λ ∈ (0, +∞) and M ∈ (0, +∞) we define u^λ_M (t, x) = λ^a u_M ( λ^2t, λx ) , (t, x) ∈ (0, +∞) × R^N , μ(λ, M) = λ^{((N+2)−p(N+1))/(p−1)} M.

Recall that a = (2 − p)/(p − 1).

It is straightforward to check that u^λ_M is a solution to (1.1) with initial datum μ(λ, M)δ in the sense of Theorem 2.1. Such a solution being unique by Theorem 2.1 we conclude that u^λ_M = u_{μ(λ,M)}. (3.26) We then infer from (3.20) and (3.26) that λ^a U ( λ^2t, λx ) = U(t, x). As this equality is valid for every (λ, t, x) ∈ (0, +∞)^2 × R^N it is easy to deduce from (3.22) that U(t, x) = t^{−a/2} f ( |x|t^{−1/2} ) , (t, x) ∈ (0, +∞) × R^N , (3.27) where f(r) = U(1, r, 0, . . . , 0), r ∈ (0, +∞). Observe that by (3.22) f is a non-increasing function on (0, +∞).

(3.28)

As U is a solution to (1.1) a standard computation shows that f is a solution to the ordinary differential equation (1.7) and (3.22) and the smoothness of U yield f^′(0) = 0. Also, owing to (3.27) and (3.28) we have ∫ {|x|≥1} U(t, x) dx = t^{(N−a)/2} ∫ {|y|≥t^{−1/2}} f(|y|) dy ≥ t^{(N−a)/2} ∫ {2t^{−1/2} ≥|y|≥t^{−1/2}} f(|y|) dy ≥ C_7 t^{−a/2} f ( 2t^{−1/2} ) ≥ C_8 ( 2t^{−1/2} )_a f ( 2t^{−1/2} ) . Consequently for r ∈ (0, +∞) r^a f(r) ≤ C_9 ∫ {|x|≥1} U ( 4r^{−2}, x ) dx, and (3.24) entails that lim r→+∞ r^a f(r) = 0.

(3.29)

Thus f fulfills the boundary conditions (1.8).

We finally check that f ∈ C^∞((0, +∞)). Classical arguments first ensure that f ∈ C^2((0, +∞)). Also as U is not identically zero by (1.4) the function f is not identically zero. In fact we claim that f(r) > 0, r ∈ (0, +∞). (3.30)

Indeed arguing by contradiction we assume that f(r_0) = 0 for some r_0 > 0. Since f is non-increasing we obtain that f and thus f^′ vanish identically on [r_0, +∞). Then r → (f(r_0 − r), −f^′(r_0 − r)) is a solution on (0, r_0) to a secondorder ordinary differential equation with Lipschitz continuous non-linearities and initial data (0, 0) which entails f ≡ 0 and a contradiction. We next prove that f^′(r) < 0, r ∈ (0, +∞). (3.31) Indeed define S = {r ∈ (0, +∞), f^′ < 0 in [0, r)} . Since f > 0 on (0, +∞) and is non-increasing, f(0) > 0 and thus f^{′′}(0) = −(a/2N) f(0) < 0. Consequently S is non-empty and we put ρ = sup S.

If ρ < +∞ we necessarily have f^′(ρ) = 0 and it follows from (1.7) and (3.30) that f^{′′}(ρ) < 0. But then f^′ has to be positive on some interval (ρ − η, ρ) for some η > 0, hence a contradiction. Consequently ρ = +∞ and the claim (3.31) is proved.

Now as r → |r|^p is C^∞-smooth on compact subsets of (0, +∞) the smoothness of f follows from (1.7) and (3.31) by classical arguments.

4. Non-existence of very singular solutions for p = 1

In this section we consider the case p = 1, i.e. u_t − Δu + |∇u| = 0 in (0, +∞) × R^N .

(4.1)

Note that (4.1) is a nonlinear parabolic equation but has the same homogeneity as the linear heat equation. We first recall the well-posedness of (4.1) in M^+_b (R^N ) [6].

Proposition 4.1. Let u_0 ∈ M^+_b (R^N ). There exists a unique non-negative function u ∈ C([0, +∞); M^+_b (R^N )) ∩ L^1(0, +∞; W^{1,1}(R^N )) satisfying

u(t) = G(t)u_0 − ∫_t 0 G(t − s) (|∇u(s)|) ds, t ∈ [0, +∞). (4.2)

Notice that since u(t) belongs to L^1(R^N ) for almost every t ∈ (0, +∞) we have in fact u ∈ C((0, +∞); L^1(R^N )). We now supplement Proposition 4.1 with some further properties enjoyed by u.

Lemma 4.2. Let u_0 ∈ M^+_b (R^N ) and denote by u the solution to (4.1) with u(0) = u_0 given by Proposition 4.1. For each T ∈ (0, +∞) and t ∈ (0, T ) we have ∇u ∈ L^∞((t, T ); L^1(R^N ) ∩ L^∞(R^N )) and there is a positive constant C_1(T ) depending only on N and T such that ‖∇u(t)‖_L1 ≤ C_1(T ) ‖u_0‖_{Mb} t^{−1/2}, (4.3) ‖∇u(t)‖_L∞ ≤ C_1(T ) ‖u_0‖_{Mb} t^{−(N+1)/2}. (4.4) Proof. Let T ∈ (0, +∞) and t ∈ (0, T ). By the Duhamel formula (4.2) we have ‖∇u(t)‖_L1 ≤ C_1 t^{−1/2} ‖u_0‖_{Mb} + C_1 ∫_t 0 (t − s)^{−1/2} ‖∇u(s)‖_L1 ds, and a singular Gronwall lemma (see, e.g., [1, Theorem II.3.3.1]) yields (4.3). We next use again the Duhamel formula (4.2) to obtain ‖∇u(t)‖_L∞ ≤ C_1 t^{−(N+1)/2} ‖u_0‖_{Mb} + C_1 ∫_{t/2} 0 (t − s)^{−(N+1)/2} ‖∇u(s)‖_L1 ds + C_1 ∫_t t/2 (t − s)^{−1/2} ‖∇u(s)‖_L∞ ds Thanks to (4.3) we deduce

‖∇u(t)‖_L∞ ≤ C_1 t^{−(N+1)/2} ‖u_0‖_{Mb} + C_1 ∫_t 0 (t − s)^{−1/2} ‖∇u(s)‖_L∞ ds. We apply again a singular Gronwall lemma and obtain (4.4).

We now state and prove the main result of this section.

Proposition 4.3. There is no very singular solution to (4.1) in the sense of Definition 1.1.

In order to prove Proposition 4.3 we shall follow the classical approach which is to prove that a very singular solution (if it exists) is necessarily above every fundamental solution. More precisely we have the following result.

Lemma 4.4. Let M ∈ (0, +∞) and denote by u_M the non-negative solution to (4.1) with initial datum Mδ which is given by Proposition 4.1. If v is a very singular solution to (4.1) there holds u_M (t, x) ≤ v(t, x), (t, x) ∈ (0, +∞) × R^N . (4.5)

Proof. By (1.4)-(1.5) we have

lim_{t→0+} ‖v(t)‖_L1 = +∞.

By a suitable truncation it is then possible to construct a sequence of non-negative functions (v_{0,k})_{k≥kM} where k_M is a large integer such that v_{0,k}(x) ≤ v(1/k, x), x ∈ R^N , k ≥ k_M and ‖v_{0,k}‖_L1 = M. (4.6)

We next denote by v_k the unique non-negative solution to (4.1) with initial datum v_{0,k} given by Proposition 4.1. Owing to (4.6) and (4.4) we may proceed as in the proof of [3, Theorem 3] to show that there is a subsequence of (v_k) (not relabeled) and a non-negative function w ∈ C((0, +∞); L^1(R^N )) such that

v_k −→ w in C((s, t); L^1(R^N )) ∩ L^1(s, t; W^{1,1}(R^N ))

(4.7)

for every t ∈ (0, +∞) and s ∈ (0, t). Passing to the limit in (4.2) then yields w(t) = G(t − s)w(s) − ∫_t s G(t − σ) (|∇w(σ)|) dσ, 0 < s < t. It remains to identify the initial datum taken by w. For ζ ∈ D(R^N ) and t ∈ (0, 1) we infer from (4.1), (4.3) and (4.6) that | | | ∫ v_k(t) ζ dx − ∫ v_{0,k} ζ dx | | | (4.8) ≤ ‖ζ‖_W 2,∞ ∫_t 0 ∫ v_k dxds + ‖ζ‖_L∞ ∫_t 0 ∫ |∇v_k| dxds ≤ ‖ζ‖_W 2,∞ ( Mt + 2C_1(1) M t^{1/2} ) . It also follows from (4.6) that for each r ∈ (0, +∞) there holds | | | | ∫ v_{0,k} ζ dx − M ζ(0) | | | | ≤ M sup_{|x|≤r} |ζ(x) − ζ(0)| +2 ‖ζ‖_L∞ ∫ {|x|≥r} v(1/k, x) dx. We first let k → +∞ in the above estimate and use (1.5) to obtain

lim sup k→+∞ | | | | ∫ v_{0,k} ζ dx − M ζ(0) | | | | ≤ M sup_{|x|≤r} |ζ(x) − ζ(0)| .

As the above inequality is valid for every r ∈ (0, +∞) the continuity of ζ allows to conclude that lim k→+∞ ∫ v_{0,k} ζ dx = M ζ(0). (4.9)

Owing to (4.7) and (4.9) we may let k → +∞ in (4.8) and obtain | | | | ∫ w(t) ζ dx − M ζ(0) | | | | ≤ ‖ζ‖^{W 2,∞} ( Mt + 2C_1(1) M t^{1/2} ) . Consequently

lim_{t→0+} ∫ w(t, x) ζ(x) dx = M ζ(0) (4.10)

for every ζ ∈ D(R^N ). As w is a subsolution to the heat equation it can be proved that (4.10) actually holds for every ζ ∈ BC(R^N ). It then follows from (4.10) and the properties of the linear heat semigroup that in fact lim_{t→0+} ‖w(t) − Mδ‖_{Mb} = 0, which together with Proposition 4.1 yields w = u_M .

Finally, as v_{0,k} ≤ v(1/k) by (4.6) the comparison principle entails v_k(t, x) ≤ v(t + 1/k, x), (t, x) ∈ (0, +∞) × R^N . As v ∈ C((0, +∞); L^1(R^N )) by Definition 1.1 we may let k → +∞ in the above inequality and obtain (4.5).

We may now prove Proposition 4.3. Assume for contradiction that there is a very singular solution v to (4.1) in the sense of Definition 1.1. By Lemma 4.4 there holds u_M (t, x) ≤ v(t, x), (t, x) ∈ (0, +∞) × R^N for every M ∈ (0, +∞). But a simple homogeneity argument and Proposition 4.1 yield that u_M = M u_1. Consequently on the one hand M u_1(t, x) ≤ v(t, x), (t, x) ∈ (0, +∞) × R^N (4.11)

for every M ∈ (0, +∞). On the other hand a maximum principle argument entails that u_1(t, x) > 0 for (t, x) ∈ (0, +∞) × R^N [24, p. 173]. We may then let M → +∞ in (4.11) and obtain that v is identically equal to +∞ in (0, +∞)×R^N , hence a contradiction. The proof of Proposition 4.3 is then complete.

Remark 4.5. We conjecture that if p ≥ (N + 2)/(N + 1) there does not exist very singular solutions to (1.1). At least the method we have used to prove Theorem 1.2 and which is based on suitable properties of the fundamental solutions u_M to (1.1) does not work. Indeed, if p ≥ (N + 2)/(N + 1) we have proved in

[3, Theorem 4] that there is no fundamental solution to (1.1) (i.e. solutions with initial data Mδ).

Acknowledgements

This work was done while the second author enjoyed the hospitality and support of the Weierstraß–Institut für Angewandte Analysis und Stochastik in Berlin. We also thank Michel Pierre for pointing out to us Ref. [10].

References

1. H. Amann, Linear and Quasilinear Parabolic Problems, Volume I : Abstract Linear Theory, Monogr. Math. 89, Birkhäuser Verlag, Basel, 1995.

2. L. Amour and M. Ben-Artzi, Global existence and decay for viscous Hamilton-Jacobi equations, Nonlinear Anal. 31, 1998, 621–628.

3. S. Benachour and Ph. Laurençot, Global solutions to viscous Hamilton-Jacobi equations with irregular initial data, prépublication de l’Institut Elie Cartan - Nancy 98/14, 1998.

4. S. Benachour and Ph. Laurençot, “Solutions très singulières” d’une équation parabolique non linéaire avec absorption, C. R. Acad. Sci. Paris Sér. I Math., to appear.

5. S. Benachour, H. Koch and Ph. Laurençot, Very singular solutions to a nonlinear parabolic equation with absorption. II – Uniqueness, in preparation.

6. S. Benachour and M. Pierre, Comportement asymptotique des solutions de u_t −Δu+|∇u| = 0, manuscript.

7. M. Ben-Artzi and H. Koch, Decay of mass for a semilinear parabolic equation, Comm.

Partial Differential Equations, to appear.

8. H. Brezis and A. Friedman, Nonlinear parabolic equations involving measures as initial conditions, J. Math. Pures Appl. 62 (1983), 73–97.

9. H. Brezis, L.A. Peletier and D. Terman, A very singular solution of the heat equation with absorption, Arch. Rational Mech. Anal. 95 (1986), 185–209.

10. M.G. Crandall, P.L. Lions and P.E. Souganidis, Maximal solutions and universal bounds for some partial differential equations of evolution, Arch. Rational Mech. Anal. 105 (1989), 163–190.

11. J.I. Diaz and J.E. Saa, Uniqueness of very singular self-similar solution of a quasilinear degenerate parabolic equation with absorption, Publ. Mat. 36 (1992), 19–38.

12. Zhao Junning, Source-type solutions of a quasilinear degenerate parabolic equation with absorption, Chinese Ann. Math. Ser. B 15 (1994), 89–104.

13. S. Kamin and L.A. Peletier, Singular solutions of the heat equation with absorption, Proc.

Amer. Math. Soc. 95 (1985), 205–210.

14. S. Kamin, L.A. Peletier and J.L. Vazquez, Classification of singular solutions of a nonlinear heat equation, Duke Math. J. 58 (1989), 601–615.

15. S. Kamin and J.L. Vazquez, Singular solutions of some nonlinear parabolic equations, J.

Analyse Math. 59 (1992), 51–74.

16. S. Kamin and L. Véron, Existence and uniqueness of the very singular solution of the porous media equation with absorption, J. Analyse Math. 51 (1988), 245–258.

17. O.A. Ladyženskaja, V.A. Solonnikov and N.N. Ural’ceva, Linear and Quasilinear Equations of Parabolic Type, Transl. Math. Monogr. 23, Amer. Math. Soc., Providence, 1968.

18. G. Leoni, A very singular solution for the porous media equation u_t = Δ (u^m) − u^p when 0 < m < 1, J. Differential Equations 132 (1996), 353–376.

19. G. Leoni, On very singular self-similar solutions for the porous media equation with absorption, Differential Integral Equations 10 (1997), 1123–1140.

20. L. Oswald, Isolated positive singularities for a non linear heat equation, Houston J. Math.

14 (1988), 543–572.

21. L.A. Peletier and Zhao Junning, Source-type solutions of the porous media equation with absorption : the fast diffusion case, Nonlinear Anal. 14 (1990), 107–121.

22. L.A. Peletier and D. Terman, A very singular solution of the porous media equation with absorption, J. Differential Equations 65 (1986), 396–410.

23. L.A. Peletier and Junyu Wang, A very singular solution of a quasilinear degenerate diffusion equation with absorption, Trans. Amer. Math. Soc. 307 (1988), 813–826.

24. M.H. Protter and H.F. Weinberger, Maximum Principles in Differential Equations, Prentice-Hall, Inc., Englewood Cliffs, N.J., 1967.

25. J.L. Vazquez, Asymptotic behaviour of nonlinear parabolic equations. Anomalous exponents, in “Degenerate Diffusions”, W.M. Ni, L.A. Peletier & J.L. Vazquez (eds.), IMA Vol. Math. Appl. 47, Springer, New York, 1993, 215–228.