Weierstraß–Institut

für Angewandte Analysis und Stochastik

im Forschungsverbund Berlin e.V.

Preprint ISSN 0946 – 8633

The convergence and stability of splitting finite difference schemes for nonlinear evolutionary type equations

Mindaugas Radziunas^1, Feliksas Ivanauskas^2

submitted: 18th December 1998

1 Weierstraß Institut

für Angewandte Analysis und Stochastik, Mohrenstrasse 39 10117 Berlin Germany E-Mail: radziunas@wias-berlin.de

2 Faculty of Mathematics at Vilnius University, Naugarduko 24, 2600 Vilnius Lithuania E-Mail: feliksas.ivanauskas@maf.vu.lt

Preprint No. 464 Berlin 1998

WIAS

1991 Mathematics Subject Classification. 65N06, 65N12.

Key words and phrases. evolutionary equations, finite difference scheme, splitting scheme.

Edited by Weierstraß–Institut für Angewandte Analysis und Stochastik (WIAS) Mohrenstraße 39 D — 10117 Berlin Germany

Fax: + 49 30 2044975 E-Mail (X.400): c=de;a=d400-gw;p=WIAS-BERLIN;s=preprint E-Mail (Internet): preprint@wias-berlin.de World Wide Web: http://www.wias-berlin.de/

Abstract

A splitting finite difference scheme for an initial-boundary value problem for a two-dimensional nonlinear evolutionary type equation is considered. The problem is split into nonlinear and linear parts. The linear part is also split into locally one-dimensional equations. The convergence and stability of the scheme in L_2 and C norms are proved.

1 Introduction.

We consider the initial-boundary value problem for multidimensional nonlinear evolutionary equation of the type ∂u ∂t = aΔu + f(u). Here a = a_1 +ia_2 is a complex valued constant and Δ is the d-dimensional Laplacian. We consider the following cases:

1. If a_1 = 0 and a_2 ≠ 0 we have the Schrödinger equation. 2. If a_1 > 0 and a_2 ≠ 0 we have the Kuramoto–Tsuzuki equation. 3. If a_1 > 0 and a_2 = 0 we have a heat equation.

Such linear and nonlinear equations appear in many models of nonlinear optics, quantum mechanics, seismology, plasma physics, in the theory of turbulent flows and many other fields of science.

Although evolutionary problems with only one spatial dimension have been investigated during a long period, even recently there appear a lot of papers devoted to the numerical solution of these problems [1] – [4]. As a rule, the difficulties in solving such the problems arise due to the different kinds of nonlinearities.

Multi-dimensional nonlinear and linear evolutionary problems are even more complicated. Frequently, solving such problems during small time step, one splits the problem into nonlinear and linear parts [5], [6] or considers multidimensional linear part as locally one-dimensional problems [5], [8], [9].

An object of this paper is the finite difference scheme that approximates the evolutionary equation. There are many papers on finite difference schemes for initial– boundary linear and nonlinear evolutionary problems. There are two–layered schemes with weights [2], [5], [7], various three–layered schemes [2] – [4] and also splitting schemes [5], [6], [8].

In the paper [6] the splitting of the equation into nonlinear and linear parts ∂u^{(nonl)} ∂t = f(u^{(nonl)}), u^{(nonl)}_{initial} = u_{initial}, ∂u^{(lin)} ∂t = a Δu^{(lin)}, u^{(lin)}_{initial} = u^{(nonl)}_{final} , u_{final} = u^{(lin)}_{final} for a short evolution time τ was used and a proof of the existence and stability of the solution was given.

In a series of papers, for example in [5], locally one-dimensional finite difference schemes for the solution of multidimensional linear evolutionary problems have been constructed. These schemes have allowed to compute a value of the unknown solution on the next time level using differential operators in different directions step by step, i.e., splitting the d-dimensional linear part of the equation into the onedimensional problems: ∂u^{(k)} ∂t = a ∂^2u^{(k)} ∂x^2_k , k = 1, . . . , d, u^{(1)}_{initial} = u_{initial}, u^{(k)}_{initial} = u^{(k−1)}_{final} , u^{(d)}_{final} = u_{final}. The other method for splitting the linear d-dimensional heat equation into local one-dimensional problems was investigated in [8]. When looking for the unknown solution on the next time level, instead of solving step by step the one-dimensional problems, one can solve all these problems simultaneously and get the solution on the new time level from the obtained data afterwards. Such splitting can be described as follows: α_k ∂u^{(k)} ∂t = a ∂^2u^{(k)} ∂x^2_k , k = 1, . . . , d, u^{(k)}_{initial} = u_{initial}, d∑ k=1 α_k = 1, u_{final} = d∑ k=1 α_ku^{(k)}_{final}. It seems that such a splitting of the multidimensional problem can be very useful in parallel computations.

A purpose of the present paper is to prove the convergence and stability of the locally one-dimensional difference scheme for a broad class of two-dimensional nonlinear evolutionary type equations. The evolutionary problem is split into nonlinear and linear parts, as in [6]. A linear part of this problem is also split into locally onedimensional problems as it had been done in [8].

The nonlinear evolutionary equations which are considered in this paper represent a much broader class of equations than only linear heat equations that were considered in [8]. The difference schemes require a more precise investigation due to nonlinearity as well as to some specific properties of the Schrödinger and the Kuramoto-Tsuzuki equations.

Therefore, our paper presents new results proving convergence and stability of the splitting scheme for nonlinear evolutionary type equations. Doing so, we also show convergence of another splitting scheme, where the fully explicit difference scheme for the two-dimensional linear part is used.

It should be mentioned that to prove the convergence and stability of difference schemes we use a new type of a priori estimates that were introduced and developed in [6], [7]. This approach allows us to avoid any restrictions on the time and space grid steps.

In Section 2 the differential problem and the corresponding finite difference schemes are formulated. In Section 3 some grid embedding and multiplicative inequalities are proved, and some formulae for the finite difference differentiation are derived. In Section 4 some estimates for the nonlinear part of the equation are obtained. Section 5 contains various properties of the difference schemes. Sections 6 and 7 are devoted to a proof of the convergence of the two finite difference schemes. Section 8 contains an investigation of the stability for both schemes.

2 Formulation of the problem.

Let us consider an initial-boundary value problem with Dirichlet boundary conditions for the nonlinear Schrödinger, Kuramoto–Tsuzuki or heat equation: ∂u ∂t = a Δu + f(u, u^∗), (x, t) ∈ Q; u(x, 0) = u_0(x), x ∈ Ω̄; u(x, t) = 0, (x, t) ∈ ∂Ω × [0, T ]. (1)

Here x = (x_1, x_2); u(x, t) is a complex-valued function; u^∗ is the complex conjugate function; i = √ −1; Δ =^∂_{x21} +^∂_{x2} is the two-dimensional Laplacian; a = a_1 + ia_2, a_1 ≥ 0, |a| > 0; Ω̄ = [0, 1] × [0, 1], Q̄ = Ω̄ × [0, T ].

Assume that the nonlinear function f(u, u^∗) satisfies the following conditions:

The partial derivatives of the function f(u, u^∗) with respect to u and u^∗ are continuous up to the second order and | | ∂^{|k|}f(u, v^∗) ∂u^{k1} ∂v^{∗k2} | | ≤ φ(max{|u|, |v|}), k_1 + k_2 = |k| ∈ {0, 1, 2}, (2) where φ is a continuous nondecreasing function;

Re(f(u, u^∗)u^∗) ≤ 0. (3)

Condition (2) is necessary for the evaluation of the differentiated nonlinear function. Estimate (3) allows to obtain the integral dissipation property ‖u(t)‖_{L2} ≤ ‖u(0)‖_{L2} , t ∈ [0, T ]. This inequality can be proved multiplying both sides of (1) by 2u^∗, integrating the obtained equation over Ω, taking a real part and using the condition a_1 = Re a ≥ 0.

Note that in the case of the Schrödinger equation a = ia_2 and condition (3) reads as Re(f(u, u^∗)u^∗) = 0, the integral conservation law holds: ‖u(t)‖_{L2} = ‖u(0)‖_{L2} , t ∈ [0, T ]. It should be also mentioned that more general a priori estimates hold.

Remark 1 Suppose (2) and (3) are satisfied, u_0 ∈ W^2_2 (Ω) and there exists a solution u ∈ C(Q̄) of problem (1). Then the following estimate holds:

‖u(t)‖_W 2_2 ≤ c_1‖u_0‖_W 2_2 , t ∈ [0, T ], c_1 = c_1(φ(‖u‖_{C(}¯_{Q)}), ‖u_0‖_W 1_2 , T ).

Proof. The proof of this remark can be found in [7].

We assume that there exists a solution of (1) which satisfies the following condition: max t∈[0,T ] {‖ ‖ ‖ ∂^2u(t) ∂t^2 ‖ ‖ C , ‖ ‖ ∂^4u(t) ∂x^4_1 ‖ ‖ C , ‖ ‖ ∂^4u(t) ∂x^4_2 ‖ ‖ C } ≤ C < ∞. (4) This smoothness is required to get a good approximation of the difference schemes. Note that the estimate max_{t∈[0,T ]} ‖u(t)‖_C ≤ C also follows from (4). Let us introduce a uniform grid in the domain Q̄: ω_τ = {t_j = τj; j = 0, . . . , M − 1, Mτ = T }, ω̄_τ = {t_j; j = 0, . . . , M}, ω_x = {x = (x_{1l1} , x_{2l2} ); x_{jlj} = l_jh_j, l_j = 1, . . . , N_j − 1, j = 1, 2, N_jh_j = 1}, ω̄_x = {x = (x_{1l1} , x_{2l2} ); l_j = 0, . . . , N_j, j = 1, 2}.

Denote Q_{hτ} = ω_x ×ω_τ , Q̄_{hτ} = ω̄_x ×ω̄_τ . Let ∂ω_x = ω̄_x \ω_x be the set of grid boundary points on ∂Ω. We require 0 < 1/d ≤ h_1/h_2 ≤ d < ∞ for h_1, h_2 → 0. For simplicity we assume h = h_1 ≤ h_2 = dh. In the sequel we use the notation u = u(x, t_j) = u(x_1, x_2, t_j), û = u(x, t_{j+1}), u̇ = (û + u)/2, u_t = (û − u)/τ. I is the identity operator, T^+_k and T^−_k are shift operators, that is Iu = u and T^±_k u = u(x ± h_ke_k, t_j), where e_1 = (1, 0) and e_2 = (0, 1) are unit vectors. Let D_{hk} be a first order grid differentiation operator and

u_{x̄k} = (I − T^−_k )u/h_k = D_{hk} u, u_{xk} = (T^+_k − I)u/h_k = D_{hk} T^+_k u, u_{x̄kxk} = D_{hk} u_{xk} = D^2_{hk} T^+_k u, Δ_hu = u_{x̄1x1} + u_{x̄2x2} .

We associate problem (1) with two different splitting finite difference schemes. The finite difference equation for the nonlinear part and the initial conditions are the same for both of these schemes:

z_t = f(ż, ż^∗), (x, t) ∈ ω̄_x × ω_τ ; z = p, p(x, 0) = u_0(x), x ∈ ω̄_x. (5)

In general, the equation is nonlinear and we can solve it using iterations:

z^{(n+1)} − z τ = f( z^{(n)} + z 2 ) , z^{(0)} = z, n → ∞. For the linear part of (1) we have two different finite difference equations.

First, we approximate the two-dimensional linear problem: g_t = a Δ_hĝ, (x, t) ∈ Q_{hτ} ; g = ẑ, p̂ = ĝ; ĝ = 0, (x, t) ∈ ∂ω_x × ω_τ . (6) Second, we introduce the locally one-dimensional equations: g^{(k)} − g 2τ = a (g^{(k)} + g 2 ) x̄_kx_k , (x, t) ∈ Qhτ , g^{(k)} = 0, (x, t) ∈ ∂ω_x × ω_τ , g = ẑ, p̂ = ĝ = (g^{(1)} + g^{(2)})/2. (7)

It appears that we can exclude the functions g^{(1)} and g^{(2)} in (7) and obtain the following equivalent equation: g_t =a Δ_hĝ − 2a^2τġ_{x̄1x1x̄2x2} , (x, t) ∈ Q_{hτ} ; g =ẑ, p̂=ĝ; ĝ =0, (x, t) ∈ ∂ω_x × ω_τ . (8) Lemma 1 The finite difference equations (7) and (8) are equivalent.

Proof. Adding the equations (7) for k = 1, 2 and using the expression for ĝ via g^{(k)} we obtain ĝ − g τ = a 2 ( Δ_hg + g^{(1)}_{x̄1x1} + g^{(2)}_{x̄2x2} ) = a 2 ( Δ_hg + 2Δ_hĝ − g^{(2)}_{x̄1x1} − g^{(1)}_{x̄2x2} ) . Applying the finite difference operators (·)_{x̄2x2} and (·)_{x̄1x1} respectively to the equations in (7) where k = 1 and k = 2 one can find that

g_t = a 2 ( Δ_hg + 2Δ_hĝ) − a 2 ( Δ_hg + aτ(g^{(1)} + g^{(2)} + 2g)_{x̄1x1x̄2x2} ) . It is exactly the same equation as (8). The lemma is proved.

Due to the equivalence of the schemes, all the results obtained for (8) are also valid for (7).

3 Some properties of the grid functions.

Let us introduce grid analogues of some functional spaces. We shall say that the grid function v belongs to some functional space if there exists h_0 such that for all positive h_1, h_2 ≤ h_0 the corresponding norm of the function v is bounded by a constant which does not depend on grid steps.

Let l be any operator acting on some grid function. Denote by l(ω̄_x) the subset of the grid ω̄_x where the operator l is defined.

We shall define the L_p = L_p(ω_x) norm of the grid functions u or lu, and an inner product in L_2 as follows: ‖u‖_p = ( h_1h_2 ∑ x∈ω̄x |u|^p )1/p , ‖lu‖_p = ( h_1h_2 ∑ x∈l(ω̄x) |lu|^p )1/p , (u, v) = h_1h_2 ∑ x∈ωx uv^∗.

For simplicity, we define ‖ · ‖_2 = ‖ · ‖.

Let us introduce the grid analogues of the Sobolev spaces W^l_p = W^l_p(ω_x) with norms ‖u‖_{l,p} = ( ∑ 0≤|k|≤l ‖D^k_hu‖^p )1/p , 1 ≤ p < ∞, l = 1, 2, . . .

Here D^k_h = D^{(k1,k2)}_h = D^{k1}_{h1} D^{k2}_{h2} are finite difference operators.

In the sequel we also use the shift operator T^k = T^{(k1,k2)} = (T^−_1 )^{k1} (T^−_2 )^{k2} . It is easy to check that T^l(vw) = T^lvT^lw, T^l(v + w) = T^lv + T^lw. The operators T^l and D^k_h are commutative. Note that, due to a definition of the L_p(ω_x) norm for the grid function u, the estimate ‖T^kD^l_hu‖_p ≤ ‖D^l_hu‖_p holds.

Denote by^∘W^1_2 a subset of functions of the space W^1_2 which have zeroes on the boundary ∂ω_x, W =^∘W^1_2 ∩ W^2_2 .^∘C=^∘C (ω̄_x) is the space of the grid functions having zeroes on the boundary and with norm ‖u‖_C = max_{x∈ω̄x} {|u|}. We can prove some relations concerning different norms of the grid functions.

Lemma 2 Suppose that u is the grid function defined on ω̄_x with zero boundary conditions and that ‖D^k_hu‖ ≤ C < ∞ for all positive h_1, h_2 ≤ h_0. Then the following estimates hold: ‖D^{k−ej}_h u‖ ≤ c_2‖D^k_hu‖, k_j ≥ 1, 0 ≤ k_1, k_2 ≤ 2. (9) Proof. Let us denote by w_{lj} (x_j) the functions √ 2 sin(l_jπx_j), j = 1, 2. Here x = (x_1, x_2) is some point of the grid ω̄_x.

Since zero boundary conditions hold for the grid function u we can define the function u on the grid ω̄_x as follows:

u(x_1, x_2) = N_1−1∑ l_1=1 N_2−1∑ l_2=1

a_{l1,l2} w_{l1} (x_1)w_{l2} (x_2).

Due to completeness and orthogonality of the functions w_{l1} (x_1)w_{l2} (x_2) in the space ∘ W^1_2, the Fourier coefficients al_1,l_2 can be found as

a_{l1,l2} = h_1h_2 1∑ x_1=h_1 1∑ x_2=h_2

u(x_1, x_2)w_{l1} (x_1)w_{l2} (x_2).

Due to Parsevall’s equality, the L_{2h} norm of the grid function u can be expressed as follows:

‖u‖^2 = h_1h_2 ∑ x∈ω̄x |u(x)|^2 = h_1h_2 1∑ x_1=h_1 1∑ x_2=h_2

|u(x)|^2 = N_1−1∑ l_1=1 N_2−1∑ l_2=1 |a_{l1,l2} |^2.

Let us introduce the eigenvalues of the operator −D^2_{hj} T^+_j corresponding to the eigenfunctions w_{l1} (x_1)w_{l2} (x_2):

−(w_{l1} (x_1)w_{l2} (x_2))_{x̄j xj}=λ^{(j)}_{lj} (w_{l1} (x_1)w_{l2} (x_2)), λ^{(j)}_{lj} = 4 h^2_j sin^2(l_jπh_j/2), j = 1, 2.

Note that for h_j small enough, say, h_j ≤ 2/π, we have min_{lj} {λ^{(j)}_{lj} } = 4 h^2_j sin^2(πh_j/2) ≥ π^2 2 . Using the formula of summation by parts for the grid functions and the zero boundary conditions, we have

‖D_{h1} u‖^2 = h_1h_2 1∑ x_1=h_1 1∑ x_2=0

|D_{h1} u(x)|^2 = −h_1h_2 1−h_1∑ x_1=h_1 1∑ x_2=0 u_{x̄x}(x)u^∗(x) = h_1h_2 1∑ x_1=h_1 1∑ x_2=h_2 (N1−1∑ l_1=1 N_2−1∑ l_2=1

λ^{(1)}_{l1} a_{l1,l2} w_{l1} (x_1)w_{l2} (x_2) ) u^∗(x) = N_1−1∑ l_1=1 N_2−1∑ l_2=1

λ^{(1)}_{l1} |a_{l1,l2} |^2.

Similarly, we can find the expressions for some other differentiated function norms via the Fourier coefficients and eigenvalues:

‖D^k_hu‖^2 = N_1−1∑ l_1=1 N_2−1∑ l_2=1

(λ^{(1)}_{l1} )^{k1} (λ^{(2)}_{l2} )^{k2} |a_{l1,l2} |^2, 0 ≤ k_1, k_2 ≤ 2.

Note that for other values of k this equality can be not satisfied, since D^k_h(ω̄_x) is just a subset of the grid ω_x.

Finally, the estimates from below for the eigenvalues λ^{(j)}_{lj} imply (9) where c_2 = √ 2/π. The lemma is proved.

Lemma 3 Let v_1, v_2 be the grid functions defined on ω̄_x. Suppose that l_1, l_2 are two operators, ω̃_x = l_1(ω_x) ∩ l_2(ω_x) = [l^′_1h_1, l^{′′}_1 h_1] × [l^′_2h_2, l^{′′}_2 h_2] ⊂ ω̄_x, (l^{′′}_j − l^′_j + 1)h_j ≥ 0.5, j = 1, 2 and ‖D_{h1} l_1v_1‖, ‖D_{h2} l_2v_2‖ ≤ C < ∞ for all positive h_1, h_2 ≤ h_0. Then the following inequality holds:

‖l_1v_1 l_2v_2‖^2 ≤ 4‖l_1v_1‖‖l_2v_2‖(‖l_1v_1‖ + ‖D_{h1} l_1v_1‖)(‖l_2v_2‖ + ‖D_{h2} l_2v_2‖) (10) Proof. For any fixed grid point coordinate x_2 we denote by x̃_1(x_2) the value of x_1 such that |l_1v_1(x̃_1(x_2), x_2)| = min_{x1∈[l}0_{1h1,l}00_{1 h1]}{|l_1v_1(x_1, x_2)|}. Therefore, |l_1v_1(x̃_1(x_2), x_2)|^2 ≤ 2h_1 l00_{1 h1} ∑ x_1=l0_1h_1

|l_1v_1(x_1, x_2)|^2, h_2 l00_{2 h2} ∑ x_2=l0_2h_2

|l_1v_1(x̃_1(x_2), x_2)|^2 ≤ 2‖l_1v_1‖^2.

Similarly, we define x̃_2(x_1), |l_2v_2(x_1, x̃_2(x_1))| = min_{x2∈[l}0_{2h2,l}00_{2 h2]}{|l_2v_2(x_1, x_2)|}, and have h_1

∑l00_{1 h1}

x_1=l0_1h_1 |l2v2(x1, x̃2(x1))|

2 ≤ 2‖l_2v_2‖^2.

Now we can have the following estimate:

‖l_1v_1 l_2v_2‖^2 ≤ h_2 l00_{2 h2} ∑ x_2=l0_2h_2 ( |l_1v_1(x̃_1(x_2), x_2)|^2 + h_1 l00_{1 h1} ∑ ζ=(l0_1+1)h_1

|D_{h1} |l_1v_1(ζ, x_2)|^2| )

× h_1 l00_{1 h1} ∑ x_1=l0_1h_1 ( |l_2v_2(x_1, x̃_2(x_1))|^2 + h_2 l00_{2 h2} ∑ η=(l0_2+1)h_2

|D_{h2} |l_2v_2(x_1, η)|^2| ) .

Estimate (10) follows from here. The lemma is proved.

A direct consequence of the two previous lemmas is the following corollary:

Corollary 1 Suppose that v_1, v_2 are the grid functions defined on ω̄_x with zero boundary conditions and that ‖D^k

0_h v_1‖, ‖D^k 00_h v_2‖ ≤ C < ∞ for all positive h_1, h_2 ≤ h_0.

Then the following inequalities hold: ‖T^r 0 D^k 0_{−e1h} v_1 T^r 00 D^k 00_{−e2} h v_2‖ ≤ c_3 ( ‖D^k 0_{−e1h} v_1‖‖D^k 00_{−e2} h v_2‖‖D^k 0_h v_1‖‖D^k 00_h v_2‖ )1/2 ≤ c_2c_3‖D^k

0_h v_1‖‖D^k 00_h v_2‖, k^′_1, k^{′′}_2 ∈ {1, 2}, k^′_2, k^{′′}_1 ∈ {0, 1, 2}. (11)

Proof. Let us denote l_1 = T^r 0 D^k 0_{−e1h} , l_2 = T^r 00 D^k 00_{−e2} h . The first part of (11) follows from (10), ‖T^rv‖ ≤ ‖v‖ and (9). Here c_3 = 2(1 + c_2). The second part of this estimate immediately follows from (9). The corollary is proved.

In the two-dimensional case the following multiplicative inequality and grid embedding theorem holds: ‖u‖_C ≤ c_4‖u‖^{(1/2−γ)}‖u‖^{(1/2+γ)}_{2,2} , 0 < γ < 0.5, ‖u‖_p ≤ c_5‖u‖_{1,2} p ∈ [2, ∞), c_5 = c_5(p). (12)

Both estimates can be found in [7].

In the sequel we also use the results of the following lemma:

Lemma 4 In all points of the grid D^k_h(ω̄_x) the following formula for the function D^k_h (∏ s j=1 v_j ) is valid: D^k_h ( s∏ j=1 v_j ) = ∑ l^{(1)}+...+l^{(s)}=k

k_1!k_2! ∏s j=1 l^{(j)}_1 ! l^{(j)}_2 ! s∏ j=1 T^{l(1)+...+l(j} �1) D^{l(j)} v_j. (13)

Here l^{(j)} = (l^{(j)}_1 , l^{(j)}_2 ), l^{(j)}_1 ∈ {0, 1, . . . , k_1}, l^{(j)}_2 ∈ {0, 1, . . . , k_2}, j = 1, . . . , s.

Proof. Let us prove (13) for s = 2. We use the method of mathematical induction with respect to k = (k_1, k_2). We must prove the formula

D^k_h(v_1v_2) = ∑ l^{(1)}+l^{(2)}=k

k_1!k_2!

l^{(1)}_1 ! l^{(2)}_1 ! l^{(1)}_2 ! l^{(2)}_2 !

D^{l(1)} v_1 T^{l(1)} D^{l(2)} v_2.

Note that here we have l^{(2)}_j = k_j − l^{(1)}_j and, therefore,^{kj !}_{l(1)j ! l(2)j !} = C^l (1) j k_j , j = 1, 2.

This formula is obvious in the case when k = 0 = (0, 0), k = e_1 = (1, 0) and k = e_2 = (0, 1). Suppose that it is also valid for all r, 0 ≤ r_1 ≤ k_1, 0 ≤ r_2 ≤ k_2. Let us consider this formula for D^{k+e1}_h = D^k

0_h : D^{k+e1}_h (v_1v_2) = D^{e1}_h (D^k_h(v_1v_2)) =

k_1∑

l_1=0 k_2∑

l_2=0

C^{l1}_{k1} C^{l2}_{k2} D^{e1}_h ( D^lv_1T^lD^{k−l}v_2 )

= k_1∑

l_1=0 k_2∑

l_2=0

C^{l1}_{k1} C^{l2}_{k2} (D^lv_1T^lD^{k−l+e1} v_2 + D^{l+e1} v_1T^{l+e1} D^{k−l}v_2) = k_2∑

l_2=0 C^{l2}_{k2} [ k_1∑ l_1=1

(C^{l1}_{k1} + C^{l1−1}_{k1} )D^lv_1T^lD^k 0_{−l} v_2 + v_1D^k 0 v_2 + D^k 0 v_1T^k 0 v_2 ] . Here the last expression is equivalent to the formula for D^k_h(v_1v_2) with k^′ instead of k. We can complete the proof of the formula for D^{k+e2}_h in the same way and, therefore, complete the proof of the induction step.

Now we can prove a general form of (13) using the mathematical induction with respect to s.

Formula (13) is obvious for s = 1. We have also proved it above for s = 2. Suppose that it is also valid for all r, 2 ≤ r ≤ s. Let us introduce w = ∏s j=1 v_j and consider this formula for D^k_h( ∏s+1 j=1 v_j) = D^k_h(wv_{s+1}): D^k_h (s+1∏ j=1 v_j ) = D^k_h(wv_{s+1}) = ∑ r+l^{(s+1)}=k

k_1!k_2!

r_1!l^{(s+1)}_1 !r_2!l^{(s+1)}_2 !

D^rwT^rD^{l(s+1)} v_{s+1} = ∑ r+l^{(s+1)}=k ∑ l^{(1)}+...+l^{(s)}=r

k_1!k_2! ∏s+1 j=1 l^{(j)}_1 !l^{(j)}_2 ! s+1∏ j=1 T^{l(1)+...+l(j} �1) D^{l(j)} v_j. According to this, (13) is valid for D^k_h( ∏s+1 j=1 v_j). It proves the induction step and, therefore, (13) is valid. The lemma is proved.

4 Estimates of the nonlinear function.

We can also derive some estimates for the nonlinear part of the difference schemes. First, we show some properties which can be obtained for the nonlinear functions f(u, u^∗) due to requirement (2).

Lemma 5 Let (2) be satisfied. Then the following estimate holds: |f(v, v^∗) − f(w, w^∗)| ≤ 2φ(max{|v|, |w|)})|v − w|. Proof. We have the following equalities: f(v, v^∗)−f(w, w^∗) = f(v, v^∗)−f(w, v^∗) v − w (v−w)+ f(w, v^∗)−f(w, w^∗) v^∗ − w^∗ (v−w)^∗

= ∂ ∂u f(ṽ_1, v^∗)(v − w) + ∂ ∂u^∗ f(w, ṽ^∗_2)(v − w)^∗. Here ṽ_j = θ_jv +(1−θ_j )w, θ_j ∈ [0; 1], j = 1, 2. The supposition of this lemma follows from (2).

Lemma 6 Assume that v ∈ W and (2) is satisfied. Then the following estimates are valid: ‖D^k_hf(v, v^∗)‖ ≤ d_k‖v‖_{|k|,2}, |k| = 1, 2, d_k = d_k(φ(‖v‖_C), ‖v‖_{|k|−1,2}). (14) If, additionally, condition (2) for the function f(u, u^∗) is valid up to the fourth order derivatives, the following estimates are valid: ‖D^k_hf(v, v^∗)‖ ≤ d_k ( ‖D^{(1,2)}_h v‖ + ‖D^{(2,1)}_h v‖ ) , k ∈ {(1, 2), (2, 1)}, ‖D^{(2,2)}_h f(v, v^∗)‖ ≤ d_{(2,2)}‖D^{(2,2)}_h v‖. (15)

Here we suppose that the norms in the right-hand side of the inequalities are bounded ‖D^k_hv‖ ≤ C < ∞ for all positive h_1, h_2 ≤ h_0 and

d_k = { d_k(φ(‖v‖_C ), ‖v‖_{2,2}) if k ∈ {(1, 2), (2, 1)}; d_k(φ(‖v‖_C ), ‖D^{(1,2)}_h v‖, ‖D^{(2,1)}_h v‖) if k = (2, 2).

Proof. If |k| = 1 the statement of this lemma follows from Lemma 5. Assume |k| ≥ 2. The finite difference differentiation D^k_hv can be written as D^k_hv | | | x=x̄ = 1 h^{k1}_1 h^{k2}_2 ∑ y∈A_k(x̄) e(y)v(y) = 1 h^{|k|}d^{k2} ∑ y∈A_k(x̄) e(y)v(y). Here A_k(x̄) = ([x̄_1 − k_1h_1; x̄_1] × [x̄_2 − k_2h_2; x̄_2]) ∩ ω̄_x is the set of neighbouring points of x̄ on which the differentiation D^k_h is defined. For y ∈ A(x̄) we have e(y) = e(x̄_1 − l_1h_1, x̄_2 − l_2h_2) = (−1)^{|l|}C^{l1}_{k1} C^{l2}_{k2} and ∑ y∈A(x̄) |e(y)| = 2 |k|. Using these notation and an expansion of the function f(v, v^∗) into the Taylor series in the neighbourhood of v̄ = v(x̄) we get the following formula: D^k_hf(v, v^∗) | | | x=x̄ = 1 h^{|k|}d^{k2} ∑ y∈A_k(x̄) e(y)f(v(y), v^∗(y)) = 1 h^{|k|}d^{k2} ∑ y∈A_k(x̄) e(y) ∑ |s|<|k| ∂^sf(v̄, v̄^∗) ∂^{s1} v ∂^{s2} v^∗ (v(y) − v̄)^{s1} (v(y) − v̄)^{∗s2} s_1! s_2! + 1 h^{|k|}d^{k2} ∑ y∈A_k(x̄) e(y) ∑ |s|=|k| ∂^sf(ṽ_{1y}, ṽ^∗_{2y}) ∂^{s1} v ∂^{s2} v^∗ (v(y) − v̄)^{s1} (v(y) − v̄)^{∗s2} s_1! s_2! = ∑ 1≤|s|<|k| 1 s_1! s_2! ∂^sf(v̄, v̄^∗) ∂^{s1} v ∂^{s2} v^∗ D^k_h ( (v − v̄)^{s1} (v − v̄)^{∗s2} )| | x=x̄ + ∑ y∈A_k(x̄) e(y) ∑ |s|=|k| 1 d^{k2} s_1! s_2!

∂^sf(ṽ_{1y}, ṽ^∗_{2y}) ∂^{s1} v ∂^{s2} v^∗ ( v(y) − v̄ h )s_1 ( v(y) − v̄ h )∗s_2 .

Here we have set ṽ_{jy} = θ_{jy}v(x̄) + (1 − θ_{jy})v(y), θ_{jy} ∈ [0, 1], j = 1, 2.

Using (2), Newton’s binom and the expression of e(y) we have | | |D^k_hf(v, v^∗) | | | ≤ ∑ 1≤|s|<|k| φ(‖v‖_C) s_1! s_2! | | | |D^k_h ( s1∑ r_1=0 s_2∑

r_2=0

C^{r1}_{s1} C^{r2}_{s2} v^{r1} v^{∗r2}v̄^{s1−r1}v̄^{∗s2−r2} )| | | + φ(‖v‖_C)2^{|k|} d^{k2} |k|! k_1∑

l_1=0 k_2∑

l_2=0

C^{l1}_{k1} C^{l2}_{k2} | | | l_1−1∑ r_1=0

D_{h1} T^{(r1,l2)}v + d l_2−1∑ r_2=0

D_{h2} T^{(0,r2)}v | | | |k| . Taking L_2(ω_x) norms, applying Hölder’s inequality and taking into account that ‖T^kD^l_hu‖_p ≤ ‖D^l_hu‖_p, we obtain the following estimates: ‖D^k_hf(v, v^∗)‖ ≤ (4|k|d)^{|k|} |k| |k|! φ(‖v‖_C ) ( k_1‖D_{h1} v‖^{|k|}_{2|k|} + k_2‖D_{h2} v‖^{|k|}_{2|k|} )

+ ∑ 1≤|s|<|k| s_1∑

r_1=0 s_2∑

r_2=0 φ(‖v‖_C)‖v‖^{|s−r|}_C r_1!r_2!(s_1 − r_1)!(s_2 − r_2)!

‖D^k_hv^{r1} v^{∗r2} ‖ = μ_1 + μ_2.

Assume that |k| = 2. Using (11) we find that μ_1 ≤ 32d^2φ(‖v‖_C )c^2_3‖v‖_{1,2}‖v‖_{2,2} and μ_2 = 2φ(‖v‖_C)‖D^k_hv‖. This completes the proof of (14).

For k ∈ {(1, 2), (2, 1), (2, 2)} we estimate μ_1 using the second inequality from (12) and estimate (9):

μ_1 ≤ (4|k|d)^{|k|} |k| |k|! φ(‖v‖_C )c^{|k|}_5 ‖v‖^{|k|−1}_{2,2} ( k_1‖D_{h1} v‖_{1,2} + k_2‖D_{h2} v‖_{1,2} )

≤ (4|k|dc_5)^{|k|} |k| |k|! ‖v‖^{|k|−1}_{2,2} φ(‖v‖_C )c_2 √ 2 + c^2 ( k_1‖D^{(2,1)}_h v‖ + k_2‖D^{(1,2)}_h v‖ )

≤ (4|k|dc_5)^{|k|} |k|! ‖v‖^{|k|−1}_{2,2} φ(‖v‖_C )c^2 √ 2 + c^2 ‖D^{(2,2)}_h v‖.

We write v_1, v_2, v_3 instead of T^rv or T^rv^∗. We do not specify a value of the vector r since ‖D^l_hv_j‖ ≤ ‖D^l_hv‖ for any l and r. Let l^′ + l^{′′} = k and |l^′|, |l^{′′}| ≥ 1. For the given k we can suppose that l^′_1 < k_1 and l^{′′}_2 < k_2. Let us also set k_j = max{k_1, k_2} = 2. Then (11) and (9) lead to the following estimate: ‖D^l 0_h v_1D^l

00_h v_2‖ ≤ c_2c_3‖D^l

0_{+e1h} v‖‖D^l 00_{+e2} h v‖ ≤ c^{|k|−2}_2 c_3‖D^{k−ej}_h v‖‖D^k_hv‖. For k = (2, 2) we put l + e_j + e_l = k, ē_j = (1, 1) − e_j. Using (10) we can derive the estimate ‖D^l_hv_1D^{ej}_h v_2D^{el}_hv_3‖≤ [ ‖D^{ej}_h v_2D^{el}_hv_3‖+‖D^{ej}_h v_2D^{el+ēj}_h v_3‖+‖D^{(1,1)}_h v_2D^{el}_h T^{ēj}v_3‖ ]1/2 ×‖D^{ej}_h v_2D^{el}_h v_3‖^{1/2} √ 2c_2c_3‖D^{l+ej}_h v‖ ≤ √ 2c^4_2c^2_3‖D^{(1,2)}_h v‖‖D^{(2,1)}_h v‖‖D^k_hv‖.

Therefore, for k ∈ {(1, 2), (2, 1), (2, 2)} we can use (13) and obtain ‖D^k_hv_1v_2‖ ≤ (2‖v‖_C + (2^{|k|}− 2)c^{|k|−2}_2 c_3‖D^{k−ej}_h v‖)‖D^k_hv‖, here k_j = 2;

‖D^{(2,2)}_h v_1v_2v_3‖ ≤ ( 3‖v‖^2_C +6 [ 7‖v‖_C +6 √ 2c^2c_3‖D^{(2,1)}_h v‖ ] c^2c_3‖D^{(1,2)}_h v‖ ) ‖D^{(2,2)}_h v‖. Let us suppose that k ∈ {(1, 2), (2, 1)}. Then we get the following estimate: μ_2 = 2φ(‖v‖_C )‖D^k_hv‖ + ∑ |s|=2 s_1∑ r_1=0 s_2∑ r_2=0 φ(‖v‖_C)‖v‖^{|s−r|}_C r_1!r_2!(s_1 −r_1)!(s_2 −r_2)! ‖D^k_hv^{r1} v^{∗r2} ‖ ≤ 2φ(‖v‖_C ) ( 1 + 4‖v‖_C + 6c_2c_3‖D^{(1,1)}_h v‖ ) ‖D^k_hv‖. Due to the first inequality of (12) we obtain the first estimate of (15) with a corresponding coefficient d_k for these values of k.

Finally, let us consider k = (2, 2). Similarly as above we find that μ_2 ≤ φ(‖v‖_C ) ( 2+4‖v‖_C +4‖v‖^2_C ) ‖D^{(2,2)}_h v‖+φ(‖v‖_C)(2+4‖v‖_C)‖D^{(2,2)}_h v_1v_2‖ + 4 3 φ(‖v‖_C)‖D^{(2,2)}_h v_1v_2v_3‖ ≤ 2φ(‖v‖_C ) ( 1 + 4‖v‖_C + 8‖v‖^2_C +c^2c_3 [ 14 + 56‖v‖_C + 24 √ 2c^2c_3‖D^{(2,1)}_h v‖ ] ‖D^{(1,2)}_h v‖ ) ‖D^{(2,2)}_h v‖. Due to the first inequality of (12) and (9) this leads to (15). The lemma is proved.

5 General properties of the difference schemes.

In order to prove convergence and stability of difference schemes (5), (6) and (5), (8) we use some auxiliary statements.

Lemma 7 Let g ∈ W . Then there exists a unique solution ĝ ∈ W of (6) (or (8)) and the following estimates are valid: ‖D^k_hĝ‖ ≤ ‖D^k_hg‖, 0 ≤ |k| = k_1 + k_2 ≤ 2 If, additionally, ‖D^k_hg‖ ≤ C < ∞ for all positive h_1, h_2 ≤ h_0 then these estimates are also valid for k ∈ {(1, 2), (2, 1), (2, 2)}.

Proof. Analogously as in Lemma 2, for both cases of equations (6) and (7) we define the following functions on the grid ω̄_x: g(x_1, x_2) = N_1−1∑ l_1=1 N_2−1∑ l_2=1

a_{l1,l2} w_{l1} (x_1)w_{l2} (x_2),

g^{(j)}(x_1, x_2) = N_1−1∑ l_1=1 N_2−1∑ l_2=1

q^{(j)}_{lj} a_{l1,l2} w_{l1} (x_1)w_{l2} (x_2),

ĝ(x_1, x_2) = N_1−1∑ l_1=1 N_2−1∑ l_2=1

q_{l1,l2} a_{l1,l2} w_{l1} (x_1)w_{l2} (x_2).

For difference scheme (6) the constants q_{l1,l2} , l_j = 1, . . . , N_j − 1, j = 1, 2 can be found from the equations q_{l1,l2} − 1 2τ = −a(λ^{(1)}_{l1} + λ^{(2)}_{l2} )q_{l1,l2} .

It follows from here and from the condition Re a = a_1 ≥ 0 that

|q_{l1,l2} |^2 = | | | | 1 1+ aτ(λ^{(1)}_{l1} + λ^{(2)}_{l2} ) | | | | 2 = 1 (1+ a_1τ(λ^{(1)}_{l1} +λ^{(2)}_{l2} ))^2 + (a_2τ(λ^{(1)}_{l1} +λ^{(2)}_{l2} ))^2 ≤ 1. Similarly, in the case of difference scheme (7) we can find the constants

q_{l1,l2} = (q^{(1)}_{l1} + q^{(2)}_{l2} )/2, l_j = 1, 2, . . . , N_j − 1, j = 1, 2,

where q^{(j)}_{lj} can be derived from the equations

(q^{(j)}_{lj} − 1)/2τ = −aλ^{(j)}_{lj} (q^{(j)}_{lj} + 1)/2.

It follows that

|q^{(j)}_{lj} |^2 = | | | 1 − aτλ^{(j)}_{lj} 1 + aτλ^{(j)}_{lj} | | | 2 = 1 − 4a_1τλ^{(j)}_{lj} (1 + a_1τλ^{(j)}_{lj} )^2 + (a_2τλ^{(j)}_{lj} )^2 ≤ 1 and |q_{l1,l2} | ≤ (|q^{(1)}_{l1} | + |q^{(2)}_{l2} |)/2 ≤ 1.

Thus, similarly as in Lemma 2, for both schemes (6) and (7) and for all 0 ≤ k_1, k_2 ≤ 2 we have

‖D^k_hĝ‖^2 = N_1−1∑ l_1=1 N_2−1∑ l_2=1

(λ^{(1)}_{lj} )^{k1} (λ^{(1)}_{ll} )^{k2} |q_{l1,l2} a_{l1,l2} |^2 ≤ N_1−1∑ l_1=1 N_2−1∑ l_2=1

(λ^{(1)}_{l1} )^{k1} (λ^{(2)}_{l2} )^{k2} |a_{l1,l2} |^2 = ‖D^k_hg‖^2.

Since the coefficients q_{l1,l2} and q_{l1,l2} exist and can be written in unique way for all l_j = {1, 2, . . . , N_j − 1}, j = 1, 2, the unique function ĝ exists in the case of both schemes. The function ĝ belongs to the space W due to the estimates derived above. The lemma is proved.

Lemma 8 Let (2) and (3) be satisfied and z ∈^∘C (ω̄_x). Then there is a constant τ_0, such that for all positive τ ≤ τ_0 there is a unique solution of (5) ẑ ∈^∘C (ω̄_x) and the estimate |ẑ| ≤ |z| holds.

Proof. See in [6].

Lemma 9 Let (2) and (3) be satisfied and z ∈ W . Then there is a constant τ_0, such that for all positive τ ≤ τ_0 a solution of (5) ẑ ∈ W and the following estimates hold: ‖ẑ‖_{|k|,2} ≤ (1 + 2d_{|k|}τ)‖z‖_{|k|,2}, d_{|k|} = d_{|k|}(φ(‖z‖_C ), ‖z‖_{|k|−1,2}) |k| = 1, 2. If, additionally, condition (2) for the function f(u, u^∗) is valid up to the fourth order derivatives and ‖D^{(2,2)}_h z‖ ≤ C < ∞ for all positive h_1, h_2 ≤ h_0, then the following estimates also hold: ( ‖D^{(1,2)}_h ẑ‖^2 + ‖D^{(2,1)}_h ẑ‖^2 )1/2 ≤ (1 + 2d_3τ) ( ‖D^{(1,2)}_h z‖^2 + ‖D^{(2,1)}_h z‖^2 )1/2 ; ‖D^{(2,2)}_h ẑ‖ ≤ (1 + 2d_4τ)‖D^{(2,2)}_h z‖.

Here d_3 = d_3(φ(‖z‖_C ), ‖z‖_{2,2}) and d_4 = d_4(φ(‖z‖_C ), ‖D^{(1,2)}_h z‖, ‖D^{(2,1)}_h z‖).

Proof. Let us denote the coefficients d̃_{|k|} = ∑ 1≤|k0|≤|k| d_k0, |k| = 1, 2, d̃_3 = max{d_{(1,2)}, d_{(2,1)}}/2, d̃_4 = d_{(2,2)}.

Here d_k0 = d_k0(ż) are the coefficients from Lemma 6 with the function ż instead of v. Let us apply the operator D^k_h on both sides of equation (5), multiply scalarly both sides of the equation by 2τD^k_hż and take real parts. We obtain ‖D^k_hẑ‖^2=‖D^k_hz‖^2 + 2τ Re(D^k_hf(ż, ż^∗), D^k_hż)≤‖D^k_hz‖^2 + 2τ‖D^k_hf(ż, ż^∗)‖‖D^k_hż‖. Let us summate these equations for all k^′, |k^′| ≤ |k| ≤ 2 and apply the estimate ‖ẑ‖ ≤ ‖z‖ which follows from Lemma 8. Using (14) we obtain ‖ẑ‖^2_{|k|,2} ≤ ‖z‖^2_{|k|,2} + 2τd̃_{|k|}‖ż‖^2_{|k|,2} ⇒ ‖ẑ‖^2_{|k|,2} ≤ ( 1 + 2τd̃_{|k|} 1 − τd̃_{|k|} ) ‖z‖^2_{|k|,2}. It follows from Lemmas 6 and 8 that d̃_1 = d̃_1(φ(‖ż‖_C )) ≤ d̃_1(φ(‖z‖_C ))= d_1(φ(‖z‖_C )). Taking τ ≤ τ_0 = 1/2d_1, we find that ‖ẑ‖_{1,2} ≤ (1 + 2d_1τ)‖z‖_{1,2}.

Due to this estimate we can introduce the coefficient d_2 = d_2(φ(‖z‖_C ), ‖z‖_{1,2}) such that d̃_2 = d̃_2(φ(‖ż‖_C ), ‖ż‖_{1,2}) ≤ d_2. Now for all positive τ ≤ τ_0 = 1/2d_2 we have the estimate ‖ẑ‖_{2,2} ≤ (1 + 2d_2τ)‖z‖_{2,2}. This estimate completes the proof of the first part of this lemma.

Similarly, using the lower order grid derivative estimates, we can find the estimates for ( ‖D^{(1,2)}_h ẑ‖^2 + ‖D^{(2,1)}_h ẑ‖^2 )1/2 and ‖D^{(2,2)}_h ẑ‖ where d_{|k|} = d_{|k|}(z) ≥ d̃_{|k|}(ż). The lemma is proved.

Corollary 2 Let (2) and (3) hold and a solution of (5), (6), or (5), (8) satisfy the estimate ‖p(t_l)‖_C ≤ α, l = 0, 1, . . . , j. Then for any u_0 ∈ W there is a constant τ_0, such that for all positive τ ≤ τ_0 the following estimate is valid: ‖p(t_{l+1})‖_{2,2} ≤ ‖g(t_l)‖_{2,2} ≤ c_6‖u_0‖_{2,2}, l = 0, 1, . . . , j. If, additionally, condition (2) for the function f(u, u^∗) is valid up to the fourth order derivatives, and the norm ‖D^{(2,2)}_h u_0‖ ≤ C < ∞ is bounded for all h_1, h_2 ≤ h_0, the following estimate is also valid:

‖D^{(2,2)}_h p(t_{l+1})‖ ≤ ‖D^{(2,2)}_h g(t_l)‖ ≤ c^′_6‖D^{(2,2)}_h u_0‖, l = 0, 1, . . . , j. Here c_6 = c_6(φ(α), ‖u_0‖_{1,2}), c^′_6 = c^′_6(φ(α), ‖D^{(1,2)}_h u_0‖, ‖D^{(2,1)}_h u_0‖). Both these constants do not depend on the grid steps.

Proof. We consider p̂ = p(t_{l+1}) = ĝ(t_l), g = g(t_l) = ẑ(t_l), z(t_l) = p(t_l) = p. Therefore, the results of Lemmas 7 and 9 lead to the estimates

‖p̂‖_{1,2} ≤ ‖g‖_{1,2} ≤ (1+ 2d_1τ)‖p‖_{1,2} ≤ (1 + 2d_1τ)^{l+1}‖u_0‖_{1,2} ≤ exp(2d_1T )‖u_0‖_{1,2}. Here d_1 = d_1(φ(α)) and l = 0, . . . , j. Thus, we have shown that ‖p(t_{l+1})‖_{1,2} is bounded with a constant, which depends only on ‖u_0‖_{1,2} and φ(α). Applying the same idea for ‖p(t)‖_{2,2} we obtain analogous result:

‖p(t_{l+1})‖_{2,2} ≤ ‖g(t_l)‖_{2,2} ≤ exp(2d_2T )‖u_0‖_{2,2}, l = 0, 1, . . . , j. Here d_2 depends on φ(α) and, due to Lemma 9 and the previous result, on max t∈ω̄τ ,t≤t_j {‖ p(t)‖_{1,2}} ≤ exp(2d_1T )‖u_0‖_{1,2}.

A first statement of the corollary follows from here with c_6 = exp(2d_2T ). Using the lower order grid derivative estimates, similarly we can find similar estimates for ( ‖D^{(1,2)}_h p(t)‖^2 + ‖D^{(2,1)}_h p(t)‖^2 )1/2 and ‖D^{(2,2)}_h p(t)‖ with c^′_6 = exp(2d_{(2,2)}T ).

The corollary is proved.

6 Convergence of the scheme (5, 6).

Let us introduce a truncation error Φ on the grid ω̄_τ :

Φ(t_j) = u(t_{j+1}) − u(t_j) τ − aΔ_hu(t_{j+1}) − f (u(t_{j+1}) + u(t_j) 2 , u^∗(t_{j+1}) + u^∗(t_j) 2 ) . Here and below u(x, t) is the solution of (1). This error satisfies the estimate max_{t∈ω̄τ} {‖Φ(t)‖} ≤ c_7(τ + h^2) if condition (4) holds.

Now we can show, that finite difference scheme (5), (6) converges to the solution of (1).

Theorem 1 Let (2), (3) and (4) be satisfied and u_0 ∈ W . Then there exist h_0 and τ_0 such that for all positive h_1, h_2 ≤ h_0 and τ ≤ τ_0 the solution of difference scheme (5), (6) converges to the solution of differential problem (1) and the following estimates hold: max_{t∈ω̄τ} {‖p(t) − u(t)‖} ≤ c_8(τ + h^2), max_{t∈ω̄τ} {‖p(t) − u(t)‖_C } ≤ c^′_8(τ^{(1/2−γ)} + h^{(1−2γ)}), γ ∈ (0, 0.5) (16) Here c_8, c^′_8 depend only on c_7, |a|, α = 2‖u‖_{C(}¯_{Q)}, φ(α), T , ‖u_0‖_{2,2}. c^′_8 depends also on c_4. Both these coefficients do not depend on the grid steps. Proof. Adding equations (5) and (6) we get the scheme p_t = aΔ_hp̂ + f(ż, ż^∗).

We have the following difference scheme for the error of the solution ε = u − p: ε_t = aΔ_hε̂ + (f(u̇, u̇^∗) − f(ż, ż^∗)) + Φ, (x, t) ∈ Q_{hτ} , ε(x, t) = 0, (x, t) ∈ ∂ω_x × ω̄_τ , ε(x, 0) = 0, x ∈ ω_x. (17) Let as denote the constant α = 2‖u‖_{C(}¯_{Q)}. By mathematical induction we can show that there exist constants τ_0 and h_0 such that for all positive τ ≤ τ_0, h_1, h_2 ≤ h_0 and for all t ∈ ω̄_τ the estimate ‖p(t)‖_C ≤ α holds.

It is clear, that ‖p(t_0)‖_C ≤ α. Suppose that for all l = 0, 1, . . . , j the estimate ‖p(t_l)‖_C ≤ α holds. Then from Corollary 2 and from (12) we know that the estimate ‖p(t_l)‖_{2,2} ≤ c_6‖u_0‖_{2,2} for all l = 0, 1, . . . , j +1 is valid. Note also that, due to Lemma 5 and to (6), we have the following estimates: ‖f(u̇, u̇^∗) − f(ż, ż^∗)‖ ≤ 2φ(max{‖u‖_{C(}¯_{Q)}, ‖p‖_C})(‖ε̇‖ + 0.5τ‖g_t‖) ≤ 2φ(α)(‖ε̇‖ + τ|a|c_6‖u_0‖_{2,2}). Multiplying scalarly (17) by τε̂, taking real parts, applying Cauchy inequalities, using the property Re a = a_1 ≥ 0, we can obtain the following inequalities: ‖ε̂‖^2 ≤ ‖ε‖ ‖ε̂‖ + τ(‖Φ‖ + ‖f(u̇, u̇^∗) − f(ż, ż^∗)‖)‖ε̂‖. From here and from the estimates for ‖Φ‖ and ‖f(u̇, u̇^∗) − f(ż, ż^∗)‖ it follows: ‖ε̂‖ ≤ ‖ε‖ + 2τφ(α)‖ε̇‖ + τc_7(τ + h^2) + 2τ^2|a|c_6‖u_0‖_{2,2}φ(α). Taking time step τ ≤ τ_0 = 1/2φ(α), we obtain

‖ε̂‖ ≤ (1 + 4φ(α)τ)‖ε‖ + τ(2c_7 + 4φ(α)|a|c_6‖u_0‖_{2,2})(τ + h^2).

Adding these estimates for time layers, using the grid Gronwall’s inequality and knowing that ‖ε(t_0)‖ = 0, we can obtain ‖ε(t_{j+1})‖ ≤ c_8(τ + h^2) → 0.

Remark 1, condition (4) and the induction’s supposition lead to ‖ε(t_{j+1})‖_{2,2} ≤ ‖u(t_{j+1})‖_{2,2} + ‖p(t_{j+1})‖_{2,2} ≤ (c_1 + c_6)‖u_0‖_{2,2}.

Thus, from multiplicative inequality (12) we have ‖ε(t_{j+1})‖_C ≤ c^′_8(τ + h^2)^{(1/2−γ)} → 0.

Therefore, taking time and spatial grid steps small enough we can achieve that ‖p(t_{j+1})‖_C ≤ 2‖u(t_{j+1})‖_C ≤ α. Thus, a step of induction is completed. Therefore, the estimates for the L_2 and C norms of ε(t_{j+1}) are valid for all time layers and (16) holds. The theorem is proved.

7 Convergence of the scheme (5, 7).

Now we can switch to the investigation of the other difference scheme. As it was mentioned earlier, it is enough to investigate the scheme (5), (8). Using similar ideas as earlier we can prove the following theorem:

Theorem 2 Let the assumptions of Theorem 1 be satisfied. Then there exist h_0 and τ_0 such that for all positive h_1, h_2 ≤ h_0 and τ ≤ τ_0 the solution of difference scheme (5), (8) converges to the solution of differential problem (1) and the following estimates are satisfied:

max_{t∈ω̄τ} {‖p(t) − u(t)‖} ≤ c_9(τ^{1/2} + h^2), max_{t∈ω̄τ} {‖p(t) − u(t)‖_C } ≤ c^′_9(τ^{(1/4−γ)} + h^{(1−2γ)}), γ ∈ (0, 0.25). (18)

If, additionally, condition (2) for the function f(u, u^∗) is valid up to the fourth order derivatives and ‖D^{(2,2)}_h u_0‖ ≤ C < ∞ for all positive h_1, h_2 ≤ h_0, then (16) holds. Coefficients c_9, c^′_9, c_8, c^′_8 depend on c_7, |a|, α = 2‖u‖_{C(}¯_{Q)}, φ(α), T , ‖u_0‖_{2,2}. c^′_9, c^′_8 additionally depend on c_4; c_8, c^′_8 depend also on ‖D^{(2,2)}_h u_0‖. All these coefficients do not depend on the grid steps.

Proof. Let us denote by p^′, z^′, g^′ the solution of (5), (6) and p, z, g the solution of (5), (8). Let us also denote by ε, ε_z, ε_g the differences between these two solutions p^′ − p, z^′ − z and g^′ − g respectively.

We have the following difference scheme for ε, ε_g and ε_z:

(ε_z)_t = f(ż^′, ż^{′∗}) − f(ż, ż^∗), (ε_g)_t = aΔ_hε̂_g + 2τa^2(ġ)_{x̄1x1x̄2x2} , (x, t) ∈ Q_{hτ} ; ε_z = ε, ε_g = ε̂_z, ε̂ = ε̂_g; ε̂ = 0, (x, t) ∈ ∂ω_x × ω_τ ; ε(x, 0) = 0, x ∈ ω̄_x. (19) Denote again α = 2‖u‖_{C(}¯_{Q)}. Due to Theorem 1 we have the estimates ‖p^′(t)‖_C ≤ α and ‖p^′(t)‖_{2,2} ≤ c_6‖u_0‖_{2,2} for all t ∈ ω̄_τ .

Following Theorem 1 we suppose that ‖p(t_l)‖_C ≤ α holds for all l = 0, 1, . . . , j. Analogously as earlier, the estimate ‖p(t_l)‖_{2,2} ≤ c_6‖u_0‖_{2,2} holds for all l = 0, 1, . . . , j + 1. Due to Lemmas 5 and 8, the first equation of (19) leads to the estimate ‖ε̂_z‖ ≤ ‖ε_z‖ + 2τφ(max{‖p‖_C, ‖p^′‖_C })‖ε̇_z‖ ≤ ‖ε_z‖ + 2τφ(α)‖ε̇_z‖. For all positive τ ≤ τ_0 = 1/2φ(α) we can find that ‖ε̂_z‖ ≤ (1 + 4φ(α)τ)‖ε‖ ⇒ ‖ε̂_z‖^2 ≤ (1 + 16φ(α)τ)‖ε‖^2. Note that the following estimates for grid functions v, w on ω̄_x with zero boundary conditions are valid: |(v_{x̄1x1x̄2x2} , w)| = |(v_{x̄1x1} , w_{x̄2x2} )| ≤ ‖v_{x̄1x1} ‖ ‖w_{x̄2x2} ‖ ≤ ‖v‖_{2,2}‖w‖_{2,2}. Thus, multiplying scalarly the second equation of (19) by τε̂_g, taking real parts, applying Cauchy inequalities we can obtain the estimates

‖ε̂_g‖^2 ≤ ‖ε_g‖ ‖ε̂_g‖ + 2τ^2|a|^2‖ġ‖_{2,2}‖ε̂_g‖_{2,2} ≤ ‖ε̂_z‖^2 + 2τ^2|a|^2‖p̂ + ẑ‖_{2,2}‖p̂^′ − p̂‖_{2,2}. Using the results of Lemma 9, Corollary 2 and the previous estimate for ‖ε̂_z‖, we have ‖ε̂‖^2 ≤ (1 + 16φ(α)τ)‖ε‖^2 + 8c^2_6|a|^2‖u_0‖^2_{,2}τ^2.

Similarly as in Theorem 1 this leads to the estimate ‖ε(t_{j+1})‖ ≤ c̃_9τ^{1/2} → 0.

This estimate, (12) and boundedness of ‖ε(t_{j+1})‖_{2,2} lead to ‖ε(t_{j+1})‖_C ≤ c̃^′_9τ^{(1/4−γ)} → 0, γ ∈ (0, 0.25).

It follows from here, that for all τ small enough ‖p(t_{j+1})‖_C ≤ α and, therefore, the induction step is proved.

Since |u − p| ≤ |u − p^′| + |p^′ − p| → 0, (18) is valid. The convergence rates for the C or L_2 norms of the first term at the right-side of the estimate were found in Theorem (1), and the convergence rates for the second term were obtained above in this theorem.

Suppose that condition (2) is satisfied for the functions f(u, u^∗) up to the fourth order derivatives and ‖D^{(2,2)}_h u_0‖ ≤ C < ∞ for all h_1, h_2 ≤ h_0. Similarly we can prove the second part of the theorem and obtain (16).

Assume that ‖p(t_l)‖_C ≤ α, l = 0, 1, . . . , j. Then ‖p(t_l)‖_{2,2} ≤ c_6‖u_0‖_{2,2} and, due to Corollary 2, ‖D^{(2,2)}_h p(t_l)‖ ≤ c^′_6‖D^{(2,2)}_h u_0‖ for all l = 0, 1, . . . , j + 1. From the first and the second equations of (19) we have the estimates ‖ε̂_z‖ ≤ (1 + 4φ(α)τ)‖ε‖, ‖ε̂‖ ≤ ‖ε̂_z‖ + 2c^′_6|a|^2‖D^{(2,2)}_h u_0‖τ^2.

From these two estimates, the grid Gronwall’s inequality and multiplicative inequalities (12) we find

‖ε(t_{j+1})‖ ≤ c̃_8τ → 0, ‖ε(t_{j+1})‖_C ≤ c̃^′_8τ^{(1/2−γ)} → 0, γ ∈ (0, 0.5).

Analogously as above, these estimates lead to (16), where coefficients c_8 and c^′_8 satisfy the supposition of our theorem. The theorem is proved.

8 Stability of the difference schemes.

Suppose that p_1 and p_2 are the two solutions of the same difference scheme with different initial conditions u_{0,1} and u_{0,2} respectively. We shall say that the scheme is stable in the norm of the space B, if the inequality max_{t∈ω̄τ} {‖p_1(t) − p_2(t)‖_B} ≤ c‖u_{0,1} − u_{0,2}‖^ν_B, ν ∈ (0, 1]. holds for all positive τ ≤ τ_0, h_1, h_2 ≤ h_0. Here we suppose that constant c is not dependent on the grid steps.

Theorem 3 Let the conditions of Theorem 1 be satisfied. Then difference schemes (5), (6) and (5), (7) (or (8)) are stable in the norm of the spaces L_2 and C and the following estimates hold:

max_{t∈ω̄τ} {‖p_1(t) − p_2(t)‖} ≤ c_{10}‖u_{0,1} − u_{0,2}‖,

max_{t∈ω̄τ} {‖p_1(t) − p_2(t)‖_C } ≤ c^′_{10}‖u_{0,1} − u_{0,2}‖^{(1/2−γ)}_C , γ ∈ (0, 0.5). (20)

here c_{10}, c^′_{10} depend on T , α = 2 max{‖u_1‖_{C(}¯_{Q)}, ‖u_2‖_{C(}¯_{Q)}}, φ(α). c^′_{10} additionally depends on c_4, ‖u_{0,1}‖_{2,2} + ‖u_{0,2}‖_{2,2}. Both these coefficients do not depend on the grid steps.

Proof. We shall investigate both schemes together. Analogously as in Theorem 2 we denote ε = p_1 − p_2, ε_z = z_1 − z_2, ε_g = g_1 − g_2. The difference schemes for ε, ε_z and ε_g can be written as follows:

(ε_z)_t = f(ż_1, ż^∗_1) − f(ż_2, ż^∗_2), (ε_g)_t = aΔ_hε̂_g − 2κτa^2(ε̇_g)_{x̄1x1x̄2x2} , (x, t) ∈ Q_{hτ} ; ε_z = ε, ε_g = ε̂_z, ε̂ = ε̂_g; ε̂ = 0, x ∈ ∂ω_x × ω_τ , ε(x, 0) = u_{0,1} − u_{0,2}, x ∈ ω̄_x.

Here κ = 0 in a case of difference scheme (5), (6) and κ = 1 in a case of (5), (8).

Analogously as in Theorem 2, from the first equation we can obtain the estimate ‖ε̂_z‖ ≤ (1 + 4τφ(α))‖ε‖ for τ ≤ τ_0 = 1/2φ(α).

Due to Lemma 7, the second equation for both difference schemes leads to the estimate ‖ε̂‖ ≤ ‖ε_g‖.

Combining both these estimates, adding them for all time layers and applying Gronwall’s inequality we came to the first inequality of (20) indicating stability in L_2 norm with the parameter ν = 1 and c_{10} = exp(4φ(α)T ).

Due to multiplicative inequality (12) and the boundedness of ‖p_1(t)‖_{2,2} + ‖p_2(t)‖_{2,2}, the stability in L_2 norm leads also to the stability in C norm with the coefficient c^′_{10} = c^{1/2−γ}_{10} ( c_6(‖u_{0,1}‖_{2,2} + ‖u_{0,2}‖_{2,2}) )1/2+γ and the parameter ν = 1/2 − γ. The theorem is proved.

References

[1] Yi-Fa Tang, V.M. Perez-Garcia and L. Vazquez “Symplectic methods for the Ablowitz – Ladik model”, Appl. Math. Comput., vol. 82 (1997), pp. 17–38 .

[2] T.R. Taha and M.J. Ablowitz, “Analytical and Numerical Aspects of Certain Nonlinear Evolution Equations. II. Numerical, Nonlinear Schrödinger Equation”, J. Comput. Phys., 55 (1984), pp. 203–230.

[3] Z. Fei, V. Perez-Garcia and L. Vazquez, “Numerical Simulation of Nonlinear Schrödinger Systems: A New Conservative Scheme”, Appl. Math. Comput., vol. 71 (1995), pp. 165–177.

[4] L. Wu, “DuFort–Frankel–type methods for linear and nonlinear Schrödinger equations”, SIAM J. Numer. Anal., vol. 33 (1996), pp. 1526–1533.

[5] A.A. Samarskii, “Theory of Difference Schemes”[in Russian], Nauka, Moscow, 1989.

[6] F. Ivanauskas, “Splitting method for the solution of nonlinear Schrödinger type equations”[in Russian], Zh. Vychisl. Mat. i Mat. Fiz., vol. 29, No. 12 (1989), pp. 1830–1838.

[7] F. Ivanauskas, “On convergence of difference schemes for nonlinear Schrödinger equations, the Kuramoto-Tsuzuki equation and reaction-diffusion type systems”, Lithuanian Math. J., vol. 34, No. 1(1994), pp. 30–44.

[8] S.B. Zaitseva and A.A. Zlotnik, “Optimal error estimates of one local one-dimensional method for multidimensional heat equation ”[in Russian], Mat. Zametki, vol. 60, No.2 (1996), pp. 185–197.

[9] B. Li, G. Fairweather and B. Bialecki, “Discrete-time orthogonal spline collocation methods for Schrödinger equations in two space variables, SIAM J. Numer. Anal., vol. 35 (1998), pp. 453–477.

[10] A.A. Samarskii and V.B. Andreev, “Difference methods for elliptic equations”, Nauka, Moscow, 1976; French transl., Mir, Moscow, 1978.