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Abstract. We are interested in algorithms for constructing surfaces I' of possibly
small measure that separate a given domain €2 into two regions of equal measure.
Using the integral formula for the total gradient variation, we show that such separa-
tors can be constructed approximatively by means of sign changing eigenfunctions of
the p-Laplacian, p — 1, under homogeneous Neumann boundary conditions. These
eigenfunctions are proven to be limits of continuous and discrete steepest descent
methods applied to suitable norm quotients.

1 Introduction

Let 2 C IR", n > 1, be an open, bounded, connected Lipschitzian domain. There
is a practical interest [12] in algorithms for constructing surfaces I" of possibly small
measure |I'| which separate € into two regions of approximately equal measure, i.
e. , in solving minimum problems like

v El - 19\ B
2]

where Po(E) = |T'| is the perimeter of FE relative to Q and |E| is the measure of E.

01(E) =2 Po(E) + —min, ECQ, v>0, (1)

This paper aims to solve the geometrical problem (1) by analytical tools. Roughly
speaking, we look for approximative solutions of the form E = {z € Q, u(z) > 0},
where v minimizes

_ JolDul gl

, v>0, ue BV. (2)
[lully

Fl (U)

Here || - ||, is the norm in the Lebesgue space LP = LP(Q2), @ is the mean value of
u and [ |Du| has to be interpreted in the sense of the space BV of functions of
bounded variation on € [9], i.e.,

/ | Du| = sup (/ W-gdx), g€ Cy(Q,R"), |g(z)] <1, z €.
Q g Q

(We have [, |Du| = |||Vul||1, provided u belongs to the Sobolev space H'(2).)

The key idea for this approach is Federer’s observation (comp. [4]), that the infimum
of the functional

Po(E
o(E) = 19( ) — —min, £ECQ, p"= n : (3)
min(|E|»",|Q\ E|77) n—1
coincides with that of
D
(u) = _Jo[Dul — min, u € BV, (4)
[l — o ()] |p«

where the functional ¢, is defined by

to(u) =sup{t: |Ei| > |Q\ E¢|}, By = {z € Q,u(z) > t}. (5)
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To specify the connection between (3) and (4) we quote some basic facts from [4],

[5]:

(i) Let u be locally integrable on €. Then

Lump:f:Rﬂamt

(ii) Let Q C IR™ be an open, bounded and connected Lipschitzian domain. Then
satisfies a relative isoperimetric inequality, i. e., there exists a constant Q@ = Q(2),
such that

: 1 1 . n
min(|E|>",|Q — E|7") < QPo(E), p* = — (6)

(iii) Let ©Q, @ be as in (ii) and let u be as in (i). Then
lu=tolly <@ [ |Dul (7)

A special case of (i) is
| 1Dx5| = Pa(B),

where x is the characteristic function. Hence the map E — xg — xo\g directly
connects (1) and (2). The inverse direction may be indicated by the map u — E,
with

E,={z € Q, u(z) > 0}.

The functional F} still is unpleasant from the algorithmical point of view. Therefore
we shall approximate F; by (apart from zero) differentiable functionals

_ Vullp +luf

F,(u) = , u€ H"" pe(1,2], v>0. (8)

[lullp

Remark 1 Our considerations can be generalized to the functionals

oo IVullp s yap

pa(u) =

, g€ (1, .
all; ey

The next section contains notations and some results clarifying the connection be-
tween 1, Fi and F,, p > 1. In Section 3 we analyse a continuous steepest descent
method for F,. That leads to nonlinear nonlocal evolution equations which are
proven to have global solutions u,. The asymptotic behavior of w, is studied in
Section 4. It is shown that F},(u(t)) tends monotonously decreasing to F'(u;), where
u,, are sign changing eigenfunctions of p-Laplaciens. Moreover, we show that u,
approximates for p — 1 a function u* € BV with

Fi(u*) < lin}aianp(u;), u* =0.

A time discretization of the evolution equations is established in the last section.



2 Notations, Preliminaries

We denote by L?, BV, H'"*, H' = HY? (H'")*=H " 1<p<2 p = 2 the
usual spaces of functions defined on €2 and by (-,-) the pairing between spaces and
their duals. The norm in L? is denoted by || ||, || - || = || - ||2. Fort > 0 and a
Banach space X

L*(0,T; X), C(0,T;X), Cu(0,T; X), H'(0,T;X)={ue L*0,T;X), u; € L*(0,T; X)}

are the usual [6], [10] spaces of functions on [0, 7] with values in X.
Finally, for u € L' we define the mean value

1
U= — dz.

To prepare the replacement of ¢ by F), we state some explanatory facts.

Proposition 1 Let Q be the relative isoperimetric constant from (6). Then

1
<ot (B on1w QlF H', 1 L 9
ull, <277 5 Q| Vull, + Q7 [to(u)], u € €1, 1] 9)

PROOF: By Hélder’s inequality we get from (7)
lu=tolly < 192177 Q [ |Dul = [+~ Q| Vul 1.
However, an inspection of the proof of (7) (c

shows, that herein |Q2| can be replaced by
once more, we get

comp. the proof of Theorem 2 in [5])
. Thus, applying Holder’s inequality

:o/\

|

|
u— tall, <2 (7 QlIval,

and by the triangle inequality (9). O

Remark 2 The inequality (9) specifies the constant in Poincaré’s inequality. For
p=1, (9) is sharp. Indeed, suppose equality is altained in (6) for a set E with
E| = 1 as for ezample in the case of convexr domains Q (comp. [1]). Then

2 )
u=xg — Xo\r € BV satisfies i = to(u) = 0 and
Ql\ »
<|—2|> QPo(E)

lully = |Q|_z<|‘;|) (%)’%‘:2
= ('7) Q [ Dl



For conver domains Q another specification is well known [8]

l1—n
o) "
full < (1) 7 ol + 0 al

n

where w, is the volume of the unit sphere in IR"™ and d is the diameter of €.

The following result clarifies the connection between the functionals ¢;(F) and
F]_(U,)

Proposition 2 Let u; be minimizer for Fy. Then the set By = {z € Q, u;(z) > 0}
is minimizer for ¢1.

PROOF:

Let £ C Q be an arbitrary set with Po(E) < oco. We show ¢1(F) > ¢1(F1) in two
steps:

(i) Define v = xg — xo\g € BV. Then

E|—|Q\FE
pi(E) _ 2Po(B) + LEGREL  f 1Dy| 440
0] 0] Tolls

= Fi1(v) > Fi(uy).

(ii) Let for e > 0

we(z) = tanh ( .

Since u; is minimizer of F; and w, € BV, we have

1 o p
Tl (Ilwellsy +sign 0 @ — Fyun)llwelh) = = Fi(us + twe) o = 0.

Passing € — 0, the lower semicontinuity of the BV -norm [9] and Lebesgue’s domi-
nated convergence theorem imply

2Po(E1) + sign Ty sign u; < Fi(uq)[Q]. (10)
Now using once more that u; is minimizer of Fi, we find

1

w1 l]1

. - d
(ysign wy — F'(uq)sign ui Q) = %Fl(ul + txa)|t=0 = 0,

that is

sign Uy = sign sign uy.

Thus by (10) we have
2Po(E1) + v|sign uy | < Fi(uq)|Q.

Because of (i) the assertion follows. O



Now we turn to the functional

|[[Vullp +y|al?
Fp(u) = -

ol , wuC HY pec (1,2, y>0
p

as regularization of Fj from (2). By Poincaré’s inequality F}, is bounded from below.
Minimizers of F}, satisfy necessarily the Euler Lagrange equations, i. e., the nonlinear
eigenvalue problem (comp. [3])

Ayu = Byu, (11)

where the operators A,, B, € (H? — (H'P)*) are defined by

(Apu,h) = (|VulP2Vu, Vh) + vsign a|a[° 'h, Vh € H"P,
Byu = Fy(u)by(u), by(u) = [ul"u.
(12)

F,, approximates Fj in the following sense.

Proposition 3 Let u, € H'?, 1< p < 2, be minimizer for F,, such that

+ [[upllp < c. (13)
luplls

Then a sequence p — 1 and a minimizer v € BV of Fy exist such that
u; = u,, —u in L', F,,(u;) = A > Fi(u). (14)
PROOF:
(i)Let w € H' be fixed. Using that u, is minimizer and (13), we find
Q[ V| [} < V| [f + (8P = Fp(w)|[uplly < Fp(w)][ullf < c.

Since H*! is compactly imbedded into L!, a sequence p; — 1 and u € BV exist
such that
u; = up, — uin L', F,.(u;) — A

(ii) Using the lower semicontinuity of the BV-norm, Hélder’s and Young's inequali-
ties, we get from (11), setting p = p; temporaryly,

/|Du| < liminf/ | Du;| = liminf || V]|,
Q Q

p— -1 1
< liminf(|Q"F || Vu]],) < liminf(Z=—=|0| + =||Vu,]|[2)
p
< lim inf||Vui||g = lim inf(Fp(ui)||ui||§ — v|@;|P)
= lim inf(Fp(u;)||ui|[2) — ~]@f?) = Mim inf||u,| 5 — y|al?
< Aliminf(|[w] ;7w P®7Y) — y|al?
< Aliminf((2 — p)|Jwills + (p — V)]|us| |*) — ~|af?

Allully = ~laf?



and hence
Fi(u) <A (15)

(iii) Let v € BV, v # 0. We want to show that Fi(u) < Fi(v). To this end let
(vj) C C* be a sequence (comp. [9]) such that

v = vin L, /Q|Dv]-|—>/Q|Dv|. (16)

Fi(v) = F(v)+ ) = Fi(v) = F(v)) + Fi(v) = Fp(v;) + Fi(v) = Fi(vj)
> Fp(up) = [Fi(v;) = Fyp(v;)] = [Fi(v) = Fi(vy)].
(17)
By (16) we can choose j such that for given ¢ > 0
|F1(U) — F]_(’U])| <eE.
Further we have
P p—1 o 1 p P—1 P
Vol < 11Vl Vol < ZlIVosli + ==Vl
1 _ p—1
< Vol + Vol P+ — Vol

and

p—1 p—

1 1 1
losllp < Sllusll + [osllE0 < ozl (14 [ os 17 P+ Jicr]es

Consequently, we can choose p; = p;(j) such that
IFy(og) — F(v)] <.
Thus, using (14) and (15), we get from (17)
Fi(u) < Fp,(u;) < Fi(v) + 2e.

Passing to € — 0, we finish the proof. O

3 Continuous steepest descent method

Due to the Propositions 2,3 the original minimum problem (2) is approximatively
reduced to the construction of minimizers for the functionals F,, p € (1,2] from
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(8). Because of (11), these minimizers are steady states of the nonlinear, nonlocal

evolution problem
uy + Au = Bu, u(0) =u, € H, (18)

where the operators A = A,, B, are defined by (12).

In this section we fix p and drop the index p in order to simplify the notation.

The initial value problem (18) can be understood as continuous steepest descent
method applied to the functional F' = F, from (8). Accordingly, F' turns out to
be Lyapunov functional of (18). This will be essential as well for proving existence
of global solutions u to (18) in the present section, as for showing that u(¢;) tends
to steady states u*, i. e., solutions to the nonlinear eigenvalue problem (11), for
suitable sequences t; — oo, in the forthcoming section.

The function b and consequently the operator B are not Lipschitz continuous. The
inequalities (comp. [2])

0< (Il — [z )yl = l2l) < (ylP?y — 2P 22,y —2) < e(p)ly — 2", y,2 € R,
(19)
imply only continuity and monotonicity of the operators A and B. We introduce
be(u) = (u® +&)?*>lu, £ >0,

as Lipschitz continuous approximation of b. Accordingly we define

B.u = F (u)be(u),

Vul|lp + v|ul?
R = B (20
(u? + &)z ][y
and consider auxiliary problems
(u — eAu); + Au = Bu, u(0) = up € H". (21)

Lemma 1 Let € > 0. Then the initial value problem (21) has a unique solution
u. € CY(0,T; HY). Moreover, fort € [0,T] u. satisfies

e (8)]12 < [uol|2, (22)
eI ds+1wu%@»—px%»:o, (23)
|Mﬁ+s|h p
where
[v][2 := |]v]|* + ]| Vv]]?.
PROOF:

(i) By (19) the operator A € (H' — H™!) is continuous and monotone [6], [13]. Set
for K >0

min(K, [|Vu|[7) + y|al”

BaKu = FEK(u)bE(u)’ FK = P
[I(u? + &)z |)x

€



Then BX € (H' — H™') is Lipschitz continuous. Hence
C:=A-BE
is continuous and satisfies,
(Cu — Cv,v —w) > —c(K,&,p)||u—v||2.
Consequently [7], the pseudo-parabolic initial value problem
(u —eAu); + Cu =0, u(0) =ug € H',
has a unique solution u € C*(0,T; H').

(ii) Testing (24) with u gives

1 i _
SO+ [[Vullp +vlal” = (Bfu,u) <[|Vullf +ylaf

and, after integrating with respect to ¢, (22). From this we get
[Vu(@)ls < QI P2|[Vu@)|[” < |25 uo| 2 =: Ko(e).
Thus, choosing K > K, we see that actually
B (u(t)) = B(u(t)).

Hence, u, := uX is the unique solution to (21).
(iii) For proving (23), we test (21) with u./||(u? + €)?/?||; to get

1d
I12/]1(w? + e)P’?||y + == F(u) = 0.
w2/ 11(u” +€) ||1+pdt (u)

Integration over ¢ yields (23).
Now we will let € — 0 in order to obtain existence for (18).

(24)

Theorem 1 Let u. be the solution to (21). Then a sequence €; — 0 and a solution

uwe C(0,T; H'"*)N H'(0,T; L?) to (18) exists such that
u; = u,, —u in C(0,T;L*N H"P)

and
lu(®)[| = l[uol|, t € [0,T],

[l s + (o) - Fuo) <o

Moreover, the function t — F'(u(t)) is decreasing.

(25)



PROOF:
(i) (22), (23) along with the compactness of the imbedding ([10])

W = L*(0,T; H**)n H'(0,T; L*) C L*(0,T; L?)

and the continuity of the imbedding of H'(0,T’; L?) into C(0, T’; LP) guarantee exis-
tence of a sequence ¢; — 0 and of a function u € W such that

u; :=ue, —> u in C(0,T;LP), (28)
u; —u in L*(0,T;L?) and L*(0,T; H?), |lu(®)| < |luol|, t€[0,T], (29)
u — uy in L2(0,T; L?). (30)
Further the relation (23) shows, that the function family
Ae(t) = Fe(ue(t))

is uniformly bounded and decreasing with respect to ¢. Thus we can suppose [11],
that
Ai(t) == A, (1) = A(t) Yie[o,T], (31)

where the limit function A is also bounded and decreasing. Because the weak lower
semicontinuity of the L? norm and (29), we have in addition

F(u(t)) < At). (32)

(ii) For passing € — 0 we apply the usual monotonicity arguments. Define
g = Ab(u)
Now, (28) and (31) imply

t t
limsup | (ui + Aus,u;) ds = limsup [ (||[Vui| 2+ ~]@if?) ds + &:(|[Vuo||* — | Vue, [|?)
' 0

1—00 0 i—00

t t t
< lim A,-||u,-||gds:/ Allull? ds:/(g,u) ds
0 0 0

1—00

(33)

and, due to the continuity of b (comp. (19)), (22)), (30) and (31),

t

t t
lim [ (uy+ Aui, h) ds = lim [ (e;Auiy + g, h) ds = / (g,h) ds, h e L*(0,t;H").
0

1—00 J( 1—00 J(

Since H' lies densely in H'? and wu; + Aw; is bounded in L2(0,T; (HP)*), that
means
uy + Au; — g in L*(0,T; (H"P)*). (34)
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Since A € (L(0,T; H*?) — L?(0,T; (H'?)*) is continuous and monotone, (29), (33)
and (34) imply (comp. [6], [10])

u; + Au = g. (35)
Testing (35) with « and using (32) yield

a4

t t t t t
JullP+ [ (Au,u)ds = [ (g,u) ds = [ Alullds > [ F(u)l[ullds = [ (Au,u) ds.
2dt 0 0 0 P 0 P 0

This implies ||u(t)|| > ||uo|| and by (29)
u@)[| = [[uol], 1 _d|| I=0
u ugl], i.e.
0]l c., dt u )

and
A= F(u). (36)

From this and (35) the equation (18) follows.
Finally (28), (31) and (36) show that

Vi)l = [[Vu(@)]lp-

Since H'P is uniformly convex, this along with (30) prove (25) and (27). O

4 Global behavior

In this section we shall show that the trajectories u,(t) of the initial value problem
(18) for t — oo tend to solutions u; of the nonlinear eigenvalue problem (11).
Further the behavior of u; for p — 1 is studied.

Theorem 2 Let u be a solution to (18) as guaranteed by Theorem 1 and let be

A" = lim F(u(t)).

t—o00

Then a sequence (t;) — oo and a solution u* € L?> N H'? to (11) exist such that

u; = u(t;) — w* in L*NHYP, (37)
Il = lluoll, F(u) =A%,
u; — 0 in L2

PROOF:
(i) By (26), (27) we have

t
||u(t)||2+/0 luel[*ds < ¢, [[u(®)ll =|uoll, ¢ >0.

10



Testing (18) with |u|>~Pu gives

1 _ P 2 s o p-1T e
m(Hulli_ﬁ)ﬁ(5)”(3—p)I|VIuIPI|£ = F(u)|[ul|* - ysign a|af"*[u]? Pu

Y — —
F (uo)|uol[* + WHUH’{ lulls
g
|

IN

< (F(uo) + H)HUOHZ-

By integrating over ¢ we get
t
/0 1V [ul? |2 ds < c(1+1).

(ii) Since HP is compactly imbedded into L?, these a priori estimates ensure the
existence of a sequence (t;) — oo and a function u* € L2 N H'?, such that

ui:=u(t;) — u* in LP and a.e. in , (38)
|u,|1% — |u*|1% in LP, w; —u* in L7 (39)
uy; — 0 in L%, w; —u* in HP. (40)

Further, (39) implies
u; — u* in L? and ||u*|| = [|uol|-
Moreover, since F'(u;) is decreasing, we have
F(u;) L A" (41)

(iii) In order to show that u* is solution to (11), we repeat the monotonicity argu-
ments of step (ii) in the proof of Theorem 1:

Define
g = A"b(u"),
then (20) and (38) yield
Zlirglo(AuZ, u;) = zlgglo(HVUzHZ +v|@;|P) = zlgglo(F(uz)H“zHZ)
= XN = (g,u"). (42)

Further, using the continuity of b, (38), Lebesgue’s dominated convergence theorem
(40) and (41), we get
Au; — g. (43)

Since A € (H*? — (H?)*) is continuous and monotone, (40), (42) and (43) imply
Au* = g.
Testing this equation with u* yields
V([ +ylu” = (Au", u”) = (g,u”) = A"[[u"[[F,

11



that means
A* = F(u"), (44)

and that u* satisfies (11):
Au* = F(u*)b(u").

Finally, (38), (41), and (44) imply
[IVaillp = [[Vu|p,

thus, in view of (40) and the uniform convexity of H*?, (37) follows. O
The next result gives a condition ensuring that u* changes the sign in Q (comp.
Proposition 2).

Theorem 3 Let F(ug) < oy Let
Euy ={z € Q, u*(z) > 0}.
Then 0 < |Ey-| < |9].
PROOF: Suppose |Eyu«| =0 or |Ey«| = |©2|. Then, testing (11) with 1, we get
YIQ |l = F(u) /Q |w* P~ dz < F(uo) [Ju”[[P7H QI

but this contradicts our assumption. O
Finally we study the behavior of solutions uy of (11) for p — 1.

Theorem 4 Let 7
F,(up) < —. (45)
g 19

Let uy,, 1 < p < 2, be a solution to (11) as guaranteed by Theorem 2. Then there
exists a sequence (p;) — 1 and a function u* € BV such that

uj i=uy — u*in L', (46)
il — [ =0, (47)
Fi(uj) — X' > Fi(u"). (48)
PROOF:
(i) By Theorem 2 we have
[lupll = [luoll, Fp(up) < Fp(uo) < ¢(uo)
and hence
/ |Du| < c.
Q

Since BV is compactly imbedded into L' [9], there exist a sequence (p;) — 1 and a
function u* € BV such that

u; ==u, —u’ in L' and a.e. in Q,

12



Fp (ui) — A"
(ii) Testing the equation
Aup = By, (uf) [uf [P~ uj

with sign uf, we get

pi—1 Pi*zuz‘d$|

vl By ()] [ ui
Fy, () [ /2 7+
Fpi

(up) g [P~ |2/277:/

<
<

and hence )
() -
@) < (f ol

Letting p; — 1 and taking into account (45) and (46) we get (47).
(iii) For proving that Fj(u*) < A*, we can proceed as in step (ii) of the proof of
Proposition 3. O

5 Time discretization

In this section we establish a (discrete) steepest descent method for solving (11). To
this end we consider the following time discrete version of (18):

Yim %l | Au = Bugq, i=1,2,..., w_o=ug, T>0. (49)
-

Theorem 5 Problem (49) has a unique solution u; € L? N H'. The sequence
(F(u;)) is decreasing. Let \* = lim; o F'(u;). Let TF(up) < 1. Then a subsequence
(u;) and a solution u* € L* N H'P to (11) exist such that

uj — u* in >N HY, F(u*) =\ (50)

PROOF: (i) The operator A € (L* N H“ — (L*> N (H?)*) is continuous, strictly
monotone and coercitiv. The operator B maps H? into (L? N H'*)*. Thus the
Browder-Minty theorem ensures existence of a unique solution u; € L? N H'? for
given u;_, € HP,

(ii) Testing (49) with u; — u; 1, applying Holder’s and Young’s inequalities, we get

||ui — ui—1||2

(A’U,i, Ul) = (AU“ U,‘_l) + F(ui—l) /Q |ui_1|‘”_2ui_1(ui — ui—l) dzx

IVl b 1V allp + ylws P s + F (i) (|l lp — [ [f)

T

IN

< 21— DIVl + [ Vaiallp (00— )i + [l
PG )l ~ 1) = P~ 1)) + P )

13



and hence )
Jui —ug 4|[? 1

+_FUZ' —Fui_l SO 51
(P ) Fu) (51)
Testing (49) with u; gives
112 . .
||u7z—|| + (Aui,ui) — M + F(Uz‘—l) /Q |ui_1|p—2ui_1ui dz
1 F(u;—1)
< §(||Uz'||2 + [Juia|P) + T((p = Dlfwit[[f + [uil[5)

1
= Z(HquZ + |Jui-|]?) + (Aui1, ui1)

+ % (||Ui||§(F(Uz'—1) — F(us)) + | ul [P F(us) — ||Uz'—1||§F(Ui—1)) ;

that is
Ll = sl + 22 (A ) — (A, )) <
27_ 1 11— p (3] (3 1— 1 11— —_— p

Summing over ¢ = 1,j and taking into account that (F(u;)) is decreasing by (51),
we get

il 5

(F(ui1) = F(w)).

|Juj| |2 p—1 lugl]?  p—1 1

Y51 P2 A us) < A - APY(F(ug) — F(u;

o T (Auj,uy) < ==+ ; (uO,Uo)+pmgX{|IUI|p}( (wo) — F'(uy))
(2—p)

ug! |2 -1 1
< Ll 2t o)+ L sl + B2y ) - )

Since this holds for all j, we conclude

9 1 9 2T
mas{ul?) < s (ol + 2716~ 1) Ao, w) + (2 = DI

and thus

2 -1
L(Au]',u]') S ||U[)||2+CT. (52)

[Jusl* +
1v) Testin with |u;|“ Pu; yields
iv) Testing (49) with |u;|? Pu; yield

1 _ P 2 1 _
;(||ui|lifﬁ) + PG =pIIVIwl ] = —(uic, [ ui)

2
— ’ysign Ei|ﬁi|p*1|ui|2fpui + F(ui,l)/ |ui,1|p*2ui,1|ui|2*pui dx
Q
1 4— 4— Y -1 3—
< m(@ — P)lwills—p + [Juia[lsp) + WHuill’f [|uil 3
+ F(uo)l[us—a [P w7
and by (52)
e (lllf e [52) + BP 6 - IVl <. (53)
7(4 — p) P P 2 p=
(v) Using (51)-(53), we can proceed as in the steps (ii) and (iii) of the proof of
Theorem 2, in order to prove (50). O
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