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ABSTRACT. The logarithmic kernel integral equation of the first kind is investi-
gated as improperly posed problem considering its right-hand side as observed
quantity in a suitable space with a weaker norm. The improperly posed pro-
blem is decomposed into a well-posed one, extensively studied in the literature
(cf. e.g. [11], [13], [14]), and an ill-posed imbedding problem. For the ill-posed
part a modified truncated singular value decomposition regularization method is
proposed that allows an easily performable a—posteriori parameter choice. The
whole problem is then solved by combining the regularization method with a nu-
merical procedure from [13] for the well-posed part. Finally, an error estimate is
given revealing the influence of the observation error on the approximation error
of the numerical procedure. For a specification of the discretization parameter
as a known function of the noise level only, the optimal convergence order is
achieved.
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1. INTRODUCTION

The logarithmic kernel integral equation, called Symm’s integral equation
g g q

= / log v(q)dsq o(p), p € L,
and‘also other equations of the ﬁrst kind
k Bu=f : (1.1)

with smoothing linear operators B, have been examined extensively durmg the
last years. In suitable spaces of smooth functions those problems are well-posed in
Hadamard’s sense: Existence, uniqueness and continuous dependence on the data
f can be shown (cf. e.g. [14] for Symm’s equation). In [4], [11], [13] and references
given there, approximation methods are presented and an error analysis is carried
out.

However, considering technical applications those methods are not usable immedia-
tely. In that case the data are not given exactly as a smooth function but gained by
unexact observation or measurement. Interpolating a smooth function from given
noisy data and inserting it as right-hand side makes little sense because nothing is
known about stability or error analysis. The problem is ill-posed in Hadamard’s
sense.

The approach to such improperly posed problems consists in the development of
regularization procedures. Examples are discretization procedures where the regu-
larization is achieved by a proper choice of the discretization parameter relative
to the observation error (cf. e.g. [12] for the general principle and [8] and papers
cited there for Symm’s equation).

In this paper however another approach is chosen. It consists in decomposing the
problem

Au=g9, A=LB,
into a (possibly nonlinear) well-posed part (1.1) and an 111—posed part

Lf=g,

L being a linear frequently compact mapping into the observation space. Examples
are the approaches in [5] concerning the parameter determination in partial differen-
tial equations where the parameter-to—observation operator was decomposed into
the parameter—to—solution mapping and the solution-to-observation mapping, and
in [1] concerning a nonlinear Abel’s integral equation of the first kind where the
operator was decomposed into an operator of the second kind and the integration
mapping.

In problems considered here this decomposition approach is advantageous as the
well-posed part is very well-known and this knowledge can be used treating the
problem as a whole. '

In this paper that program is performed for the example of Symm’s equation on
a closed smooth plane curve. (The case of the open arc is completely analogous.)
The well-posed part is considered on the Sobolev scale H?(T) where T is the one-
dimensional torus JR/Z. The papers [14] resp. [13] are taken as basic literature
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for existence, uniqueness, stability resp. approximation method and error analysis.
The facts taken from those papers are summarized in Section 2. In Section 3
the abstract decomposition method is described. Section 4 is dedicated to the
regularization of the imbedding

HP(T) — Ly(T).

A seemingly new modification of the truncated singular value decomposition meth-
od is carried out allowing an a—posteriori parameter choice by a Morozov’s like
principle.

Finally in Section 5 an approximation method for the solution of the ill-posed
Symm’s equation is given representing a combination of the collocation method in
[13] and the regularization of the imbedding operator. Instead of the procedure
in [13] an arbitrary other procedure could be taken, provided its error analysis is
available in Sobolev spaces H?(T). The regularization can be interpreted as a data
smoothing process. For the entire problem an error estimate is given reflecting the
effect of the measurement error on the approximation error. Because of unknown
constants the value of the error estimate mainly consists in its asymptotic proper-
ties. With a suitably chosen discretization parameter the optimal convergence rate
is achieved.

The author is indepted to S. Profidorf for pointing out the problem and to J.
Elschner, R. Gorenflo, B. Hofmann, S. Préfidorf, A. Rathsfeld, G. Schmid’g for

fruitful discussions.

2. PRELIMINARIES

In this Section Symm’s integral equation is considered as a well-posed problem in
the Sobolev scale H%(T). Here results from the literature [13], [14] are quoted. The
- useful formulation over T = IR/Z, the one-dimensional torus, is ta.ken from [11],
the definition of Sobolev spaces frorn [9].

Symm'’s integral equation

1/ 1
—[lo v(q) = ,perl,
.y g@_ﬂ(ﬂ 9(p)

T' a plane smooth closed curve, can be transformated by a C*-parametrization y
of I’ with a non-vanishing Jacobian into an operator equation *

Bu=fonT, (2.1)

where

(Bu)(e) = -2 [ log r(2) = 7(¥)lu(y)dy, = € T

holds (cf. [11]).

Now, let us recall from [9 [9] the definition of H?(T), p € R. We summarize it as
follows. :

Consider the space L,(T) with the orthonormal basis
‘Pl() Zthz’meT’lez



and let for [ € Z

w={1 1%

Then, let for p € R

1(T) = {u, Y (0P¥|(u; 90" < oo

leZ

be the Hilbert space with scalar product

(u7 v)? = Z {l]zp(u) (pl)('v) (Pl)

leZ
where for p > 0
4,0 € Ly(T), (v, 1) = (u, 1)1,
and for p < 0 ‘
u,v are bounded linear functionals on H7?(T), (u, ¢1) = u(er).

For k € N let WF(T) be the Sobolev space (in the usual sense) of functions with
square integrable derivatives up to the order k.

From [14] we quote the following Lemma 2.1 and Theorem 2.1.
Lemma 2.1. (Cf. [14, Propos. 2.1].) H*(T)= WF(T) if k € N.

Theorem 2.1. (Cf. [14, Thm. 4.1].) Let T’ be a smooth, simple curve with trans-
finite diameter differing from 1. Then B is1—1 and "onto” as a continuous, linear
mapping of H*(T) to H*Y'(T) for any s € R.

As a consequence we have the

Corollary 2.1. Given f € H**Y(T), (2.1) has ezactly one solution u € H*(T) and
lulls < ()] fllsrr (2.2)

holds, i.e. B has a continuous inverse operator that is everywhere defined, 1 — 1
and ”onto”. '

For proof of the corollary it suffices to mention that from the closedness of the
range of B the stability (2.2) immediately follows. However, ¢(s) is not known.

a

Now, as an example of a numerical procedure' let us consider the collocation method
from [13]. Let N be a natural number,

N N
In=2lcl ——<l<=
N {€Z’2 l—z}

and

Tn =span {¢, | € Zn}
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a space of trigonometric polynomials. Let ij,j =1,..., N be a uniform mesh of T,
tj=17-h, h=1/N. Consider the trigonometric interpolation polynomial

uhEKN

- at (tj,u;) as approximated solution of (2.1). Here uj, 1 < 7 < N, is the solution of
the linear system ‘

ot Jui + h; k(ti, 1) (u; — wi) = f(2:) (2.3)
where k(z,y) = log [7(z) — 7(y)| and (=) = [p k(=z, y)dy.

Theorem 2.2. (Cf. [18, Thm. 3.2].) Let u € H(T), s > —1/2 and b > 0 be
small. Then uy is uniquely determined and

[l — wnlle < CR*~|full,
where —1 <t < s <t+3 and||-||p is the norm in H?(T).

For proof take 8 = —1, case a_ = 0 in Thm. 3.2 of [13].

3. DECOMPOSITION OF THE IMPROPERLY POSED PROBLEM

From now on let us consider the right-hand side of (2.1) to be observed or measured.
Imagine that in the general situation
vEw Ly,
where V,W,Y are normed spaces and B, L are continuous mappings, L is linear
with nonclosed range, the two following problems have been settled.
Problem 1: Concerning the (well-posed) equation
Bu=f

the following are known:

()1 Existence, i.e. the range R(B) of B is known.
(22); Uniqueness, i.e. B is on R(B) uniquely invertible.
(441); Stability, i.e. |Juy —ua||lv < cs||Buy — Bus||w, u1,us € D(B).
(1v); For every f € R(B) a stable approximation procedure uy, can be constructed
with given error analysis (possibly in a weaker norm):

|lu —unl|ly» =0 (h—0) where V C V' v < cEHuHV
Problem 2: Concerning the (ill-posed) equation
Lf=g

()2 a regularization R, :y — R(B) C W,
(12)2 a suitable parameter choice a(§), é the noise level, g° the measured data,
(7i1), an error analysis

||Ra(s9’ — fllw = 0 (6 —0)

are known.



Let us suppose (z); — (3v); and (4);, (42)2, (422); to be true. Then the problem
LBu=g (3.1)
can be solved in the following way.

Theorem 3.1. Let g° be an observed approzimation of the right-hand side g with
the property ||g — ¢°|| < 6 and let u® be the solution of ,

Buf = Ra(g)gs.
Then , ‘ o~
|lu — w3 |lvr < eges||Ragsyg® — fllw + |[u® — |y (3.2)
Here uj, is the approzimated solution for f* = Ry(5g° € R(B) in the sense of (iv);.
Consequently, if h — 0, § — O, |

u —»u in V.

Proof. From
e = whllvr < Jlu = flyr + |’ — g [l
inserting (#12); and (2v); the assertion (3.2) immediately follows. Moreover, it is

clear that (iv); and (4i2); imply u} — w if both § and A — 0. O

Notice that in the case of the logarithmic kernel integral equation (2); — (iv); are -
fulfilled by Section 2. In that case V = H*(T), W = H**}(T), V' = H{T), ¢t < s,
Y = Ly(T), R(B) = W, L is the (compact) imbedding H***(T) — L,(T). To
solve the problem (3.1) with noisy data (i), (i1)2, (212); have to be settled for the
ill-posed imbedding problem. ~

4. A REGULARIZATION METHOD

In this Section let us consider a linear continuous injective compact operator .
T:X-Y

between Hilbert spaces X,Y with the property m = Y and known singular
value decomposition. We shall develop a modified truncated singular value de-
composition method with a-posteriori parameter choice and finally apply it to the
Sobolev imbedding operator in the one-dimensional case. The used literature is
[10], especially chapter 3.5, besides [3] and [7].

Let {u;,v;,0;} be the singular value decomposition of T, i.e. {u;} resp. {v,} are
orthonormal bases of X resp. Y and

Tu; = oyv;, T = oguyy
hold.

Let us recall the definition of an adjoint Hilbert scale from [3], [7] or [10], and
summarize it as follows.

Consider the selfadjoint operator

S = (T*T)'?
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from X to X with eigen values {o;} and eigen functions {u;}. Then by definition,
forve R ‘ ’ ~

H,=5"X L (41)

is a Hilbert space with norm ‘deﬁned by
5%z, = ||=||, ze€X, | o (42)
and scalar product defined by V
(5¥zq, S%z2), = (z1,22), 1,22 € X, - (43)
where || - || is the norm and (-, -) the scalar product of X. Notice that for

z=>) (z,u)u; € X
S¥z can (formally) be written as
S§Yz = of(z,u:)u.
Ifk>0 '
Hy = {:U € X, > o7 %|(z,w) < oo} ={z e X, S*z c X}. (4.4)
H,, v € R, is a scale of Hilbert spaces with
H,CH, ifv>y

and compact imbedding operator,

lellu < IISIP*llzlh, o € H, | (45)
and logarithmic convexity of the norms.
, =
Let the inverse operator of T be denoted by T*. Tt is densly defined with
D(T*) = R(T)
and given by
Ttg = Z o Mg, vi)u;. (4.6)
In order to handle noisy data g° ¢ R(T) let us consider a regularization method
Ryy =3 Fy(o0)o (y, vi)us (4.7)
that is for every fixed y > 0 a continuous everywhere on Y defined operator, |
R,:Y - X \
with the property R,g — TFg (y — 0) if g € R(T'). If the function F satisfies
Fy(t) = {3; 27 (4.8)

the method is called "truncated singular value decomposition”.

7



Here, for the purpose of an easy a—posteriori parameter choice the following contin-
uous modification of the ”filter” (4.8) is considered. Let b; be the positive pairwise
different singular values of T arranged in the natural order

by >by>b3>...>b;>...>0.
Then for 0 < 4 < oo let us define

1 if b; > :
F(bj)=4q0  if bf <~y (4.9)
T(7,b;) if bi<y< b;!'
where
bj-y if 7>1
bf=¢" 4.10
I {oo if 7=1 (4.10)
and

7 b ; (4.11)

i 4>t b
T(7,65) = ) ‘
bi/y if 4 <bf —b;.

Lemma 4.1. 7(-,b;) is @ monotone stmctly decreasing continuous function,
0<7(,b;) <1 4f bj<y<b}.

Lemma 4.2.

sup b (b)) <y (4.12)
J
sup [1 — Fo(b;)[6f < +*, k> 0. (4.13)
J

Proof. To prove (4.12) consider first the case 7 < b;. In that case b;'F,(b;) =
b;' <47 as Fy(b;) = 1. In the case b; <y < b}

- b+—’)’ 1_7_(b+—b)
by 'r(’y,b)--bJ b o b-<b —bJ_—-b—

<~ if 726}'—61-
and
b%IT(q,b-) =yt i y<bf—b;.

(4 13) is clear as F,(b;) = 1if b; > v, and |1 - F,(b;)] <1 because of Lemma 4.1
in the opposite case. [ ’

Now, let us consider the operator equation

Tf=g
where f is the searched—for solution, ¢’ € Y are noisy data with noise level &, i.e.

lg—9°ll <6, (4.14)
g € R(T) is unknown. ' ‘



Moreover, let us regard the regularization method (4.7) with (4.9), (4.10), (4.11).

Theorem 4.1. (A-priori parameter choice)
(7,) Ify—0, 6§/y— 0 then R,g° — f.
(i4) If f € Hy, k>0, and 7(8) = (/|| f11s)/*+) then
1 Rogerg® — £11 < 26755 [|F[IF

Theorem 4.2. (A-posteriori parameter choice).
Let 4(6) be such that

lg° — TRys)s°l| = RS, (4.15)
where R > 1 is fized, then Rys9® — f (6 —0).
If in addition f € Hy, k > 0, then

| Ryyg® — fII < cab™i Pilse
where cg = (R — 1)_m +(R+ 1)F+_f.
" The proofs of Theorems 4.1 and 4.2 are omitted here. They go along the lines of
[10, chapter 3.5.], Lemmas 4.1 and 4. 2 are needed to fit into the assumptions of
that place. :
g
Now, let us have a look at the performability of the parameter choice (4.15) in the
case of our regularization method (4.9), (4.10), (4.11).
We have
9’ —TRy* = 3 (¢, vi)vi — T(Y Fy(o:)o7 (g’ vi)ws)
= D (1~ Fy(o)(g’, vl

“where the summation runs over all i with o; # 0. If 4y = 0 or less or equal to the
least singular value, g — TR,g% = 0. Let b(7) be a suitable singular value with

b(y) <v < b*(“/)'
Then

95—TR195= > (Fouut A =1(7) X (¢ )

;i <b(v) ai=b()

~ where 7(y) = 7(v, b('y)) (cf. (4.11)).
7(7) is continuous, decreasing, 0 < 7(y) < 1, 7(y) — 0 (y — o). Hence,

1/2
¢(7) = |l¢° — TR,g"|| ='( o I w)P+ (1 =T())? X l(ga,vi)lz)
v a:<b(v) , ‘ V ai=b(v)
is a continuous, non—decreasing function with the property

0 < ¢(7) < llg°ll-
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Consequently, for every ¢,, 0 < ¢, < ||¢°|| the equation
¢(v) =
is solvable.
It is quite natural to assume that the signal-to-noise ratio ||g®||/é has the property
1g°]1/6 > R > 1 (4.16)

(cf. [7], p. 43). (R should be chosen such that (4.16) holds.) Then R§ < ||g°|| and
the equation ¢(y) = Ré is solvable.

Let us solve (4.15). Choose the singular value b such that

> (g% v)* < (RE? < 37 |(g°swi)?

o;<b oi<b
holds. Then there is ar, 0<7<1,with

(REY =3 1%, w)lP + (1 —7)* 32 I(g°,s)?

oi<b oi=b
i.e.
| (REY = ¥ ict |(g6,v,->|2)‘”
r=1- i , 4.17
| ( e (55, 00)P (&17)
Then (4.11) and (4.17) imply '
bt — (bt —b)r if T < b/(bt —b)
- = 4.18
K {b/'r i 7> b/(bt —b). (+18)

Notice that + is uniquely determined calculating it in the prescribed way. The
calculated v is a solution of (4 15). We take it as our parameter choice v(§).
We obtain '

1 o;,>0b
F1(5)(Uj) =4¢0 o;<b
T 0= b

and

R»,(g)y = Z U (y,v,)u, +T Z g; 1(y,v,)

ai>b oi=b
O

To finish this Section consider the Hilbert scale (4.1) and recall (4.2)-(4.5). In what
follows we are going to apply our method (4.9), (4.10), (4. 11) to the imbedding
operator

E:H,—- X, p>0ﬁxed

First, let us determme its singular value decompos1t10n and the adjoint mapping
E*. ForuEHp,vEH X we have

(Bu,v) = (u,E*), = (S?SPu,SPSPE*v),,
(§7Pu, S"PE*v) = (u, ST E*y),

10



ie. v=S"?E*y,

E* = 5%
Moreover, ;
(0Fui, ofui)p = (8Pui, SPu;)p = (i, ;) = 65,
‘E(o'fu.') = oPu;, E*u; = §%u; = of(ofu;)

hence the singular value decomposition of E is

{oPu;,ui, 07} . (4.19)
The adjoint Hilbert scale has the form
(E*E)V/ZHP = Hpypo (4.20)

as (E*E)'/? = S»,

The trivial identity ||Eull, = ||u||p says that E is "smoothing of the step p” (in
the sense of Louis [10]), i.e. the image of u € H, under E is p steps smoother than
a (non-smooth) element of X. '

Besides, o} being the largest singular value, the imbedding constant is o7, i.e.
| Eul| < oflullp. |

We are now ready to apply our regularization method. According to (4.6) and
(4.19) we have

E+g = Z o-;p(gaui)o-?ui = Z (ga ui)ui =g
as it should be! And (4.7) reads |
R’Yy = Z F‘Y(U?)(ya ui)ui )
u; being the orthonormal basis of X. ‘

To be short we restrict ourselves to the application of Theorem 4.2. Assume that
(4.14) holds and R is suitable chosen according to (4.16).

Corollary 4.1. Let v(8) be such that

lg° = ERys)g’|| = RS
then Rys9° — f (6 — 0) in H,. '
If additionally f € Hpipk, k> 0, then

- L. ;’.
IRy5)9" = fllo < cr6%T||fII3T0e
where cRi = ‘(R — 1)‘T:LT +(R+ 1)&?

The proof of the Corollary 4.1 follows easily from Theorem 4.2 taking (4.20) into
account.. ‘ '

It is not difficult to translate the corollary to the case of the Sobolev scale considered
in Section 2, where X = L,(T), H, = H?(T) and o; = 1/[l] hold. That case will
be applied in Section 5. S
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5. A NUMERICAL PROCEDURE

In this Section we are going to show how for the improperly posed Symm’s equation
one can find an approximation procedure and gain its error analysis — using a known
procedure and its analysis for the well-posed equation. Let us restrict ourselves to
the case of a closed smooth curve. (The open arc proceeds analogously.)

Let be given a mesh on T of M equidistant points
ti=jd,7=1,..,.M,d=1/M,
and at every t; a measured value g; of g(%;) with the property

lg(t;) — g1 <6, (5.1)

where § > 0 is the noise level and g is the (unknown) smooth right-hand side of
Symm’s equation. Recalling the notations of Section 2 consider the trigonometric
interpolation polynomial ,
OB O (5.2)
I€Z

where
(4%, 1) Zgy ~Emili/M
]—1

is the discrete Fourier transform. It has the property
g6(tj):gj) j :1""M'
Let be g € C(T) and
| . 1 M 1M
gu(z) = 3 372 9(t)e™™ M | o
. IEZM j=1

be the M-th interpolation polynomial of g. Then

log(M +2)

|g - ngC' S C(ky g) Mk+a

provided g € C**(T) (cf. |2 ])
Lemma 5.1. Let be g € CY(T) and M > |g — gulc/8. Then

(5.3)

| lg = °llz, < 26
where ¢, does not depend on 6, M,q,4°.

Proof. Using the trapezoidal rule and its error analysis (cf. e.g. [6]) we obtain

llg—d°ll3, = /lg(t O] 2dt<ﬁj§_:|g(ta) g2 +en,

en = & [ Kalt, d)lg"(t) - g(t)"at

< 20 [ Ko(t, d)1g"(e) ~ ane (O + lone(t) — o(0))

12



Moreover, from the estimate

@) —am(@)] = | 5 (37300 - gt M) e
1EZ 0t j=1
< zEZ:( Zlgg o(6)) < M5

we get
e < & 2/1er(f,d)dt(M252 + 19— gml2),
and by the assumption,
ep < 4cé?,

where ¢ = f; K5(t, d)dt is bounded in d.
Finally, by (5.1) we get the asserted estimate. [

Now, recall Theorems 2.1 and 2.2 of Sectlon 2 and consider Symm’s 1ntegra1 ope-
rator as a mapping from H*(T) to H***(T), s > 0. Let be

p=s+1
and consider the regularization method of Section 4 for the imbedding
E: H?(T) — Ly(T).
~After replacing é by
6 =16,

o; by 1/[l]P, w by ¢ = €*™!= and after having performed the parameter choice
v(61) along the lines (4.16), (4.17), (4.18) we calculate

Ryng’ = Y Fysy(1/1IP)(g°, 01)n  (5.4)

leZ

where F, is defined by (4.9), (4.10), (4.11). Applying Corollary 4.1 we get the
Lemma 5.2. Let g, ¢° be defined by (5.1), (5.2) and let v(61) be such that

“96 - R’Y(ﬁ)g&lv‘Lz = Ré; )
R > 1, fized, then

Ryspg” =g (6—0) in HY(T).
If in addition g € Hb+pk('ll‘), k>0, then
' k 1
1 Ry5)9° — gllo < crOT™ lgll3Tow (5.5)
where cg = (R — 1)"%T + (R + 1)1,

13



The regularization (5.4) can be interpreted as a data smoothing process as higher
oszillations are cut off.

Finally we come to the announced numerical procedure and its error analysis for
the solution of the improperly posed Symm’s integral equation. ‘Let u® be the
solution and uf the approximate solution concernmg the procedure (2.3) for the
equation (2.1) with the right-hand side R,,)g°. Then using Theorems 3.1, 2.2
and Lemmas 5.1, 5.2 we obtain the '

Theofem 5.1. Let the assumptions of Theorems 2.1, 2.2 and 3.1 and Lemmas
5.1, 5.2 be fulfilled. Let

geCYT)NH*™(T), a=s5+(s+1)k, k>0,
0<t<s<r<3,
ifs<r,g® €Iu,d=1/M;ifs=r,d=1.
Then
[ — I < emesensE [lgl[E + e ~ta*~" - (59)
where cg = 1, cg = stability constant (dependening on s), cr = (R — 1)_'=+Ll

+(R+ 1)7?:_1, c a constant depending on r,s,t.

Proof. Adapting (3.2) to our situation we know from Theorem 3.1

llu — ullls < ces||Rys)9® — gllp + [1u® — ul]le -

After having inserted (5.5) in what follows there is only need to consider the expres-
sion |[ué —ug]l:.

To this end let us first reahze that u® € H*(T) for any A € R. Indeed, since
Bub = f® where f® = Rys,) g’ is a trigonometric polynomial (5.4) bemg element of
an arbitrary Sobolev space H**!(T) we find from Theorem 2.1 that u5 € H*(T).

Now, applying Theorem 2.2 to the situation
uwb e HT, t$s§r§3
we obtain
[lu® = whlls < BT[], (5.7)
Moreover, by Corollary 2.1 7
| ]l < )1 f ]l | (5.8)

Since g° € Tpr we have also f¢ € Tps. Then the inverse property of the trigonomet-
ric polynomials gives

1011 < crod™ [ £l | | (5.9)

(Recall p = s + 1. (5.9) can easily be verified by direct calcula.tlon of the Sobolev
norms using (4.1), (4.4).) By (5.5)

. 2 L
1£°1le < 11£° = gllo + llglle < croF* lgllath + llglle < <o

Now, from (5.9), (5.8), (5.7) the assertion (5.6) follows. O
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In order to apply Theorem 5.1 to concrete cases we have to specify the parameters
d, h,r,s,t. The quantity d = 1/M characterizes the number of measurement points
necessary at the noise level §. Taking

d=4? for somep >0

and g € CY(T), to fulfil the assumption of Lemma 5.1 we obtain from (5.3) (since
CY(T) C C*(T))

2) .
|g —_ thC S C}_O_g_(_MA_J_i___) S 659(1_‘)

for ¢ > 0 and small §. Moreover
c6e1=9) < §1-e — 5]

provided 1 — p < (1 —¢), i.e.

2> 5 (5.10)
Furthermore, let us specify the discretization parameter b as
h = 6% for somexk >0 : (5.11)
to be given later.
According to (5.10)
_a-—s k a-—s
s+1" k+1 a+1°
Then the asymptotics of (5.6) for § — 0 read as
llw — ué]e = O(5Min{ZIC . "(r—t)+9(s—r)}) _
Choosing |
t=s,7r=3,0<s<3 (5.12)
the velocity 0(5 :_If) is achieved if
kDo 275 (5.13)
J—sa+l

With the choice (5.11), (5.12) and (5.13) we get

lu—wil, = O(855)..

That is the optimal order of regularization procedures in the sense of [10] where
the operator maps H* to L, and the solution lies in H*. Especially in the usually

considered case s = 0 one has the optimal order 0(67-'3;'_'1) for mappings from L, to
L,.
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